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Continuity

Used later for defining Analytic Functions
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Removable Discontinuity

Sample Application: Sampling Theorem allows for a finite number of
Removable Discontinuities
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Removable Discontinuity (Example)
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Ordinary Discontinuity (Example)
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Ordinary Discontinuity (Example)

Using and replacing
 |t| with +t and -t respectively.
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Infinite Discontinuity
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Point of Oscillatory Discontinuity
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Point of Oscillatory Discontinuity
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Continuity in an Interval

[.] means closed interval
(.) means open interval
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Boundedness
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Degree of Continuity

Sample Application: Fogel’s 
Sampling Theorem
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Degree of Continuity

An Analytic 
function will be 
defined soon.

Sample Application: Proof of Reconstruction of Sampling Theorem
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Convexity and Concavity of Functions

Applications:
Optimization Theory
Probability Theory
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Convexity and Concavity of Functions

Proof: See the textbook 
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Convexity and Concavity of Functions
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Convexity and Concavity of Functions

These definition also work for gradients (vector) and 
Hessians (second gradient matrix) in higher dimensions
Hessian (G) can be positive definite, negative definite, and positive/negative semi-definite
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Odd, Even, and Periodic Functions
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Odd, Even, and Periodic Functions
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Odd, Even, and Periodic Functions

x =

odd odd even
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Odd, Even, and Periodic Functions

x =

odd oddeven
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Odd, Even, and Periodic Functions

x =

eveneven even
Copyright:Homayoon Beigi

22

Intro. to Continuous Control
homayoon.beigi@columbia.edu

https://www.recotechnologies.com/beigi
mailto:homayoon.beigi@columbia.edu


Sep 24, 2025

Odd, Even, and Periodic Functions
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Complex Variables: Differentiation
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Complex Variables: Differentiation
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Complex Variables: Partial Differentiation
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Complex Variables: Laplace’s Equation
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Complex Variables: Analyticity
(shows up in the Residue Theorem)

If the function satisfies the Cauchy-Riemann conditions at each point in the domain, then the 
existence of the derivatives may be relaxed to only the existence of the first derivative.

An Analytic function is also known as a Holomorphic or Regular function.
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Complex Variables: Analyticity
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Complex Variables: Analyticity

Proof: 

(see Definition 24.12)
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Continuity does not imply Analyticity

Example:

Polar 
Coordinate

s
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Cauchy-Riemann Conditions
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Cauchy-Riemann Theorem

Proof: 
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Cauchy-Riemann Theorem
Proof (Continued): 
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Cauchy-Riemann Theorem
Proof (Continued): 
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Cauchy-Riemann Theorem
Proof (Continued): 
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Alternative Cauchy-Riemann Theorem

Proof: 

0
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Alternative Cauchy-Riemann Theorem
Proof (Continued): 

0
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Cauchy-Riemann Theorem

See the book for the proof.
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Analyticity of the Exponential Function

Proof: 
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Analyticity of the Trigonometric Functions

Prove for Homework 
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Cauchy Integral Theorem
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Cauchy Integral Theorem
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Cauchy Integral Theorem
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Morera’s Theorem
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Power Series Expansion of Functions

Consequence of Cauchy Integral 
Formula for the nth derivative

Recall,

Taylor series expansion of 
H(s) about s=s0
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Taylor Series Expansion – Continued
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Radius of Convergence of Taylor Series
(Examples)

Control Systems
homayoon.beigi@columbia.edu
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Laurent Series
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Uniqueness of Power Series
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Addition and Multiplication of Power Series
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Division of Power Series
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Zeros and Poles of a Function
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