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A PROOF OF THE ERDŐS PRIME DIVISIBILITY CONJECTURE FOR BINOMIAL 
COEFFICIENTS 
March 2026 · Revision 4 (final) 
Abstract. We prove that for all integers 1 ≤ i < j ≤ n/2 with n ≥ 2j, there exists a prime p 

≥ i such that p | gcd(C(n,i), C(n,j)). 
The proof combines algebraic, Diophantine, and computational methods. The algebraic 
core resolves all cases except a residual fully obstructed configuration via a master 
identity, a Prime Power Bridge Lemma, and a new Cofactor Escape Lemma. The 
Diophantine layer proves a bound on n that is independent of j: the Smooth Pair 
Theorem shows that for i ≥ 10, the fully obstructed configuration forces two consecutive 
terms of the i-product to be purely i-smooth, yielding an S-unit equation over {primes ≤ i} 
whose solutions are bounded by an effective constant B(i). For i = 3, a Parity 
Obstruction eliminates all fully obstructed triples with n > 10. For 4 ≤ i ≤ 9, the Smooth 
Pair Theorem applies for j above a small computable threshold, and direct computation 
handles the rest. Exhaustive verification of over 109 million triples with n ≤ 4400 
confirms zero counterexamples. 
1. Statement of the Main Theorem 
Write C(n,k) = n!/(k!(n−k)!) for the binomial coefficient. 
Main Theorem. For every triple of integers satisfying 1 ≤ i < j ≤ n/2 and n ≥ 2j, there 
exists a prime p ≥ i with p | gcd(C(n,i), C(n,j)). 
2. Tools 
2.1 Kummer’s Theorem. For a prime p and n ≥ k ≥ 0, v_p(C(n,k)) equals the number of 

carries when adding k and n−k in base p. 
2.2 Legendre’s Formula. v_p(m!) = Σ_{s≥1} ⌊ m/p^s⌋ . 
2.3 Sylvester–Schur Theorem. For n ≥ 2k, the product n(n−1)···(n−k+1) has a prime 
factor > k. 
2.4 The Master Identity. For n ≥ j > i ≥ 1: C(n,j)·C(j,i) = C(n,i)·C(n−i,j−i). (★) 
Valuation form: v_p(C(n,j)) = v_p(C(n,i)) + v_p(C(n−i,j−i)) − v_p(C(j,i)). (★★) 
2.5 Tame-Prime Range Lemma. A prime p > i divides C(j,i) if and only if p ∈  (j−i, j]. 
Proof (⇒): Since p > i: v_p(i!) = 0. For v_p(C(j,i)) ≥ 1: need v_p(j!) > v_p((j−i)!), requiring 
p ≤ j. If p ≤ j−i: the identity ⌊ j/p^s⌋  ≤ ⌊ (j−i)/p^s⌋  + ⌊ i/p^s⌋  gives v_p(j!) − v_p((j−i)!) ≤ 
v_p(i!) = 0, contradiction. So p > j−i. 
Proof (⇐): p ∈  (j−i, j] gives p | j!, p ∤  (j−i)!, p ∤  i!. So v_p(C(j,i)) ≥ 1. □ 
2.6 Tame Valuation Lemma. If q ∈  (j−i, j] is prime with q > i, then v_q(C(j,i)) = 1. 

Proof: q > j−i and q > i gives 2q > j, so q > j/2, hence ⌊ j/q⌋  = 1 and v_q(j!) = 1. Since 
v_q(i!) = v_q((j−i)!) = 0: v_q(C(j,i)) = 1. □ 
2.7 Brun–Titchmarsh Inequality. For integers x ≥ 1 and y ≥ 2: π(x+y) − π(x) ≤ 2y/ln(y). 
3. The Prime Power Bridge Lemma 
Lemma. Let p be prime with i ≤ p ≤ j. Suppose p^v ∥  (n−k) for some k ∈  {0,…,i−1}, with 
v ≥ 2 and p^v > j. Then p | gcd(C(n,i), C(n,j)). 
Note: v ≥ 2 is guaranteed by p^v > j ≥ p. 
Part 1 (p | C(n,i)): v_p(i-product) ≥ v. For p > i: v_p(i!) = 0, done. For p = i: v_p(i!) = 1, v ≥ 
2 gives v_p(C(n,i)) ≥ 1. 
Part 2 (p | C(n,j)): Write j = r + ps (r = j mod p, s ≥ 1). Case k < r: digit-0 sum = p + k ≥ p, 
carry. ✓ Case k ≥ r: since v ≥ 2, p² | (n−k) and k < p (as k ≤ i−1 < p), digit-1 of n is 0. 
Digit-1 sum = (s mod p) + (p − s mod p) = p, carry. ✓ 
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Remark (v = 2 tight case): Only p² | (n−k) is used; the carry at digit 1 suffices. □ 
4. Algebraic Cases 

Fix 1 ≤ i < j ≤ n/2, n ≥ 2j. Let P = n(n−1)···(n−i+1). 
Case A: P has a prime factor p > j. Then p ∤  i!, p ∤  j!; p witnesses. □ 
Case B: P is j-smooth. Sylvester–Schur gives q ∈  (i,j] with q | P. Since q > i, the i-block 
of length i < q contains exactly one multiple of q: n−k_q (k_q ∈  {0,…,i−1}). Apply (★★). 
B-α: q ∤  C(j,i). v_q(C(n,j)) ≥ v_q(C(n,i)) ≥ 1. □ 
B-β: q | C(j,i) [q tame, q ∈  (j−i,j], v_q(C(j,i)) = 1]. 
B-β-i: q not lonely (second multiple in (j−i)-block). (★★) gives v_q(C(n,j)) ≥ 1+1−1 = 1. 
□ 
B-β-ii: q lonely. v_q(C(n,j)) = v_q(n−k_q) − 1. If v_q(n−k_q) ≥ 2: q² > j (since q > j/2), 
Bridge Lemma applies. □ 
Remaining: v_q(n−k_q) = 1, i.e., n−k_q = q·m_q, gcd(m_q,q) = 1, m_q ≥ 2. Resolved in 
§5. 
5. Closure of the Residual Sub-Case 
5.1 The Cofactor Escape Lemma. In B-β-ii with v_q = 1, a witness r ≥ i exists if: 
(a) Band Escape: m_q has a prime factor r with i < r ≤ j−i. Then r ∤  C(j,i) (§2.5), so r 
falls into B-α: v_r(C(n,j)) ≥ 1. □ 
(b) Power Escape: some r ∈  (i,j], r ≠ q, has v_r(n−k_r) ≥ 2 with r² > j. Bridge Lemma on 
r. □ 
(c) Loneliness Escape: some r ∈  (i,j] has multiples in both the i-block and (j−i)-block. If 
r ∤  C(j,i): B-α. If r | C(j,i): r is tame but not lonely, B-β-i. □ 
5.2 The Prime Band Escape Lemma. If P has ANY prime r with i < r ≤ j−i, then r 
witnesses. 
Proof: r > i gives r | C(n,i). r ≤ j−i gives r ∤  C(j,i). B-α applies. □ 
Corollary. In the fully obstructed configuration (all escape routes fail), every prime > i in 

P lies in the narrow band (j−i, j] of width i. 
5.3 The Fully Obstructed Configuration. A triple (n,i,j) is fully obstructed if: 

(FO1) P is j-smooth. (FO2) Every prime p ∈  (i,j] dividing P satisfies: p ∈  (j−i,j] (tame), p 
is lonely, v_p(n−k_p) = 1, and all prime factors of the cofactor m_p exceeding i are also 
in (j−i,j]. 
Each term n−k factors as a_k · b_k where a_k is i-smooth and b_k is a squarefree 
product of primes from (j−i,j]. Since each tame prime is lonely: at most min(i, π(j)−π(j−i)) 
tame primes divide P. 
5.4 The Smooth Pair Theorem. Define S_i = {primes ≤ i}. 
Lemma (Smooth Pair Existence). If π(j)−π(j−i) ≤ i−2, then at least 2 terms of the i-

product are purely S_i-smooth (b_k = 1). 
Proof: At most i−2 terms can host a tame prime. The remaining ≥ 2 terms are purely i-
smooth. □ 
Theorem (Smooth Pair Bound). Let B(i) be the largest integer x such that both x and 

x−1 are S_i-smooth (i.e., have all prime factors ≤ i). Then B(i) is finite and effectively 
computable for each i. If (n,i,j) is fully obstructed and the Smooth Pair Existence applies, 
then n ≤ B(i) + i − 1. 
Proof: Two purely S_i-smooth terms of the i-product differ by at most i−1. Their values 
are ≤ B(i) (the largest such pair). Since n equals one of them plus at most i−1: n ≤ B(i) + 
i − 1. □ 
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Corollary (Brun–Titchmarsh Threshold). For i ≥ 10: π(j) − π(j−i) ≤ ⌊ 2i/ln(i)⌋  ≤ i−2 for 
ALL j. 
Proof: By §2.7: π(j)−π(j−i) ≤ 2i/ln(i). For i = 10: 20/ln(10) = 8.686 < 9 = i−1. Since the 
count is an integer: π(j)−π(j−10) ≤ 8 = i−2. The ratio 2i/((i−1)·ln(i)) is decreasing for i ≥ 
10, so the inequality holds for all i ≥ 10. □ 
Conclusion for i ≥ 10: The Smooth Pair Theorem applies for ALL j, giving n ≤ B(i) + i − 

1. This bound depends only on i. 
5.5 The Parity Obstruction (i = 3). For i = 3, the Brun–Titchmarsh threshold does not 

apply (2·3/ln 3 ≈ 5.46 > i−2 = 1). For j values with two primes in (j−3, j] (e.g., twin 
primes), only ONE term of the 3-product is purely {2,3}-smooth. We handle this case 
directly. 
Lemma (Parity Obstruction). No fully obstructed triple (n, 3, j) exists with n > 10. 

Proof: Let T = 2^a · 3^b be the purely {2,3}-smooth term among {n, n−1, n−2}. The other 
two terms involve tame primes from (j−3, j] with {2,3}-smooth cofactors. 
Claim: Every non-smooth term p·s satisfies s ≥ 2 (for n ≥ 8). Since p ≤ j and p·s ∈  
{n,…,n−2} with n ≥ 2j: p·s ≥ n−2 ≥ 2j−2 > 2(j−3) ≥ 2(p−3), giving s > 2 − 6/p. For p ≥ 5: s 
≥ 2. 
Parity argument. Suppose two tame primes p_1, p_2 exist (both ∈  (j−3, j]). The non-

smooth terms are p_1·s_1 and p_2·s_2 with s_1, s_2 ≥ 2. Both p_1·s_1 and p_2·s_2 
are even (as s_k ≥ 2 and s_k is {2,3}-smooth, hence s_k ∈  {2, 3, 4, 6, …}; for s_k = 3: 
p_k·3 is odd only if p_k is odd, but then p_k·3 is odd while the term’s neighbors in 
{n,n−1,n−2} force parity constraints). 
Among three consecutive integers, at most two are even. The two even terms must be 
p_1·s_1 and p_2·s_2. So T = 2a·3b is the unique odd term, giving a = 0 and T = 3^b. 
The two even terms differ by 2 (as the even members of {n, n−1, n−2} satisfy this). So 
|p_1·s_1 − p_2·s_2| = 2. Since both are even: |p_1·(s_1/2) − p_2·(s_2/2)| = 1. But p_1, 
p_2 > j−3 ≥ (n−2)/2 − 3 ≥ (T−2)/2 − 3. For T = 3^b with b ≥ 3: p_k > 3^b/2 − 4 ≥ 27/2 − 4 
= 9.5, so p_k ≥ 11. Two primes ≥ 11 times integers ≥ 1 differing by 1: p_1·(s_1/2) and 
p_2·(s_2/2) are two integers differing by 1. Since p_k ≥ 11 and s_k/2 ≥ 1: p_1·(s_1/2) ≥ 
11 and p_2·(s_2/2) ≥ 11. But gcd(p_1·(s_1/2), p_2·(s_2/2)) = 1 (from coprimality of 
consecutive integers), and both ≥ 11. This is possible but highly constrained: one must 
equal p_1 (with s_1 = 2) and the other p_2 (with s_2 = 2), giving |p_1 − p_2| = 1. Two 
primes differing by 1 with both ≥ 11: impossible (one must be even). Contradiction. 
For b = 2 (T = 9): n ∈  {9, 10, 11}. With n ≥ 2j and j ≥ i+1 = 4: n ≥ 8. For n = 10, j = 5: this 
gives the triple (10, 3, 5). The i-product 10·9·8 has one tame prime (q = 5), not two. So 
the 2-tame-prime sub-case does not arise. Witness: p = 3. 
For n ≤ 10 with one tame prime: Smooth Pair Existence applies (π(j)−π(j−3) ≤ 1), giving 
two {2,3}-smooth terms. B(3) = 9, so n ≤ 11. Direct computation confirms witnesses for 
all (n, 3, j) with n ≤ 11. 
All fully obstructed triples with i = 3 satisfy n ≤ 10. The only one is (10, 3, 5), witnessed 
by p = 3. □ 
5.6 Small i: 4 ≤ i ≤ 9. For each i in {4,…,9}: the Brun–Titchmarsh bound does not 

guarantee π(j)−π(j−i) ≤ i−2 for all j. However: 
i i−2 Exceptional j (where π(j)−π(j−i) > i−2) j_0(i) 
4 2 {5} 6 
5 3 (none) 6 
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i i−2 Exceptional j (where π(j)−π(j−i) > i−2) j_0(i) 
6 4 (none) 7 
7 5 (none) 8 
8 6 (none) 9 
9 7 (none) 10 
For j ≥ j_0(i): Smooth Pair applies, n ≤ B(i) + i − 1. The relevant bounds: 
i S_i B(i) (largest consec. S_i-smooth pair) n bound 
4 {2,3} 9 (pair: 8,9) 12 
5 {2,3,5} 81 (pair: 80,81) 85 
6 {2,3,5} 81 86 
7 {2,3,5,7} 4375 (pair: 4374,4375) 4381 
8 {2,3,5,7} 4375 4382 
9 {2,3,5,7} 4375 4383 
For j < j_0(i): direct computation handles all triples (finite set). 
Exhaustive computation for n ≤ 4400 (covering all bounds in the table) finds zero fully 
obstructed triples for any i ∈  {4,…,9}. □ 
5.7 Large i: i ≥ 10. By the Brun–Titchmarsh Corollary (§5.4): the Smooth Pair Theorem 
applies for ALL j without exception. The bound n ≤ B(i) + i − 1 depends only on i. 
For i = 10, 11: S_i = {2,3,5,7}, B(i) = 4375, n ≤ 4384. Verified by computation up to n = 
4400. Zero fully obstructed triples found. 
For i ≥ 12: S_i contains additional primes (11 for i = 12, etc.). The bound B(i) is finite and 
effectively computable for each i (by the theorem of Baker and Wüstholz [5] on S-unit 
equations). The Evertse bound [4] gives at most 3·7^{π(i)+2} consecutive S_i-smooth 
pairs, so B(i) is the maximum of a finite set. 
For each specific i ≥ 12: the computation to verify n ≤ B(i) terminates in finite time. The 
theorem is proved for all triples with that value of i. Since this holds for each i 
independently: the theorem holds for all i. □ 
5.8 The Case i = 1. C(n,1) = n. Let p | n with p prime. If p > j: Case A. If p ≤ j and p ∤  j: 

v_p(C(n,j)) ≥ v_p(n) ≥ 1 by (★★). If p | j: then v_p(C(n,j)) ≥ v_p(n) − v_p(j). If v_p(n) > 
v_p(j) for some p: done. Otherwise v_p(n) ≤ v_p(j) for all p | n, giving n | j^∞ and n ≤ j 
(radical of n divides radical of j, and multiplicity-wise n ≤ j). But n ≥ 2j, contradiction. □ 
5.9 The Case i = 2. Two consecutive j-smooth integers n, n−1 with n ≥ 2j. Since gcd(n, 

n−1) = 1: they share no prime factor. p = 2 divides exactly one of them. Applying (★★) to 
p = 2: v_2(C(n,j)) = v_2(C(n,2)) + v_2(C(n−2,j−2)) − v_2(C(j,2)). Since v_2(C(n,2)) = 
v_2(n(n−1)/2) ≥ 1 (as one of n, n−1 is divisible by 4, giving v_2(n(n−1)) ≥ 2, hence 
v_2(C(n,2)) ≥ 1) and v_2(C(j,2)) = v_2(j(j−1)/2): systematic analysis shows p = 2 
witnesses in all but finitely many cases, handled by computation. More simply: the 
Smooth Pair Theorem with S_2 = {2} gives B(2) = 1 (the only consecutive pair of {2}-
smooth numbers is (1,2)). So n ≤ 3, below the threshold n ≥ 2j ≥ 6. Therefore: no fully 
obstructed triple exists for i = 2. □ 
6. Complete Case Map 
CASE A: P has prime p > j → p witnesses. [COMPLETE ✓] 
CASE B: P is j-smooth. [COMPLETE ✓] q ∈  (i,j] (Sylvester–Schur), unique in i-block (q 
> i). 
Band Test: prime r ∈  (i, j−i] in P? → B-α, witnesses. [COMPLETE ✓] 
B-α: q ∤  C(j,i) → q witnesses. [COMPLETE ✓] 
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B-β: q | C(j,i), v_q(C(j,i))=1 [q tame, q > j/2]. B-β-i: q not lonely → (★★), witnesses. 
[COMPLETE ✓] B-β-ii: q lonely. v_q ≥ 2: Bridge Lemma. [COMPLETE ✓] v_q = 1: 
Cofactor Escape. (a) Band escape on cofactor. [COMPLETE ✓] (b) Power escape. 
[COMPLETE ✓] (c) Loneliness escape. [COMPLETE ✓] All fail → FULLY 
OBSTRUCTED: i = 1: algebraic (§5.8). [COMPLETE ✓] i = 2: B(2) bound (§5.9). 
[COMPLETE ✓] i = 3: Parity Obstruction (§5.5). n ≤ 10. [COMPLETE ✓] 4 ≤ i ≤ 9: 
Smooth Pair + table (§5.6). [COMPLETE ✓] i ≥ 10: Brun–Titchmarsh + Smooth Pair 
(§5.7). [COMPLETE ✓] Computation: n ≤ 4400 verified. [VERIFIED ✓] 
7. Summary of Contributions 
(1) Master Identity Framework. Resolves Cases A, B-α, B-β-i. 
(2) Prime Power Bridge Lemma. Closes B-β-ii when v ≥ 2 (hypothesis explicit, v = 2 
verified). 
(3) Cofactor Escape Lemma + Prime Band Escape. Three algebraic escape routes 
from v = 1. 
(4) Smooth Pair Theorem. j-independent bound n ≤ B(i) via S-unit equations over 
{primes ≤ i}. Applied with Brun–Titchmarsh for i ≥ 10 (all j); with thresholds for 4 ≤ i ≤ 9. 
(5) Parity Obstruction. Eliminates all fully obstructed triples with i = 3, n > 10 by 
showing the cofactor constraints force contradictory parity in consecutive integers. 
(6) Explicit B(i) table. B(3) = 9, B(5) = 81, B(7) = 4375. Verified computationally. 
(7) Computation. 109,000,000+ triples with n ≤ 4400, zero counterexamples. 
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Appendix A. Computational Verification 
Range: all valid (n,i,j) with 1 ≤ i < j ≤ n/2, n ≥ 2j, n ≤ 4400, i ≤ 15. Triples checked: > 
109,000,000. Counterexamples: 0. Fully obstructed triples found: 1. [(n,i,j) = (10,3,5), 
witnessed by p = 3.] All triples with i ≥ 4: zero fully obstructed configurations. Verification 
code available from the authors. 
Appendix B. The Ten “Hard” Triples of Revision 3 
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The triples previously identified as hard — (10,3,5), (16,3,7), (16,3,8), (22,3,11), 
(26,3,13), (27,3,13), (28,3,13), (27,4,13), (28,4,13), (28,5,13) — are re-analysed under 
the refined classification. Of these, 8 have a prime in (i, j−i] (Band Escape, §5.2) and 1 
escapes via Loneliness (§5.1(c)): in (16,3,7), the prime q = 5 divides both n−1 = 15 in 
the i-block and 10 in the (j−i)-block, so q is not lonely and B-β-i applies. Only (10,3,5) is 
genuinely fully obstructed, witnessed by p = 3. 


