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Asymptotic Stability (Testing)
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Asymptotic Stability (Testing)

Partial Fraction Expansion:

Even if only a single root is unstable,
the entire system is unstable

Intro. to Continuous Control
homayoon.beigi@columbia.edu

See plot_output_lti_unstable2.m
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Asymptotic Stability (Testing)

Intro. to Continuous Control
homayoon.beigi@columbia.edu

See plot_output_lti_unstable2.m
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Asymptotic Stability (Routh Criterion)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Stable only if all these 
coefficients are strictly positive

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Easy way to remember

Negative of determinant

scale

sign change = 1 root in the RHP

sign change = 1 root in the RHP

Total of 2 roots in the RHP

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Simple Example for Controller Design

Intro. to Continuous Control
homayoon.beigi@columbia.edu

Characteristic Equation
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Asymptotic Stability (Routh Criterion)

Simple Example for Controller Design

K=0.5

K=5

K=8Root Locus as 0 < K < 6

Intro. to Continuous Control
homayoon.beigi@columbia.edu

K=0.5

K=5

K=8
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Asymptotic Stability (Routh Criterion)

two special cases where some intervention 
is necessary to come to a conclusion

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Example

 Explore the stability of,

Compute the Routh array,

Two sign changes
Two roots in the right half place

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Example

 Explore the stability of,

Compute the Routh array,

No sign changes
Stable

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Example Case 1

 Explore the stability of,

Compute the Routh array,

Two roots in the right-half plane
Two sign changes for small

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Example Case 2

 Explore the stability of,

One roots in the right-half plane
One sign change 

Since there is a sign change in the coefficients, we know that the 
polynomial is unstable. However, we would like to know the number 
of roots in the right-half plane.

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Stability Margin
Have all the poles to the left of -1

Use the Routh-Hurwitz test on the new
polynomial

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Stability Margin

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Routh Criterion)

Damping Margin

Testing for a specific damping margin may be done by a 
coordinate rotation and the generation of a new polynomial in 
the new coordinate system and testing for stability.

Another method would be through the use of the Nyquist 
stability criterion.

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Aleksandr Mikhailovich Lyapunov (1857-1918)

Uses a scalar energy of the system
Also works for time-variant and nonlinear systems
We only consider the linear time-invariant case here

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Consider the following homogeneous linear time-invariant system,

Note that a measure of the energy of the above system may be written as

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

 In fact, this would work for any quadratic function,

where Q is a symmetric positive definite matrix, in which case,

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Definition (Quadratic Lyapunov Function).

Intro. to Continuous Control
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Asymptotic Stability (Lyapunov Stability)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

(continued)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Since

using the homogeneous differential equation,

then

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Intro. to Continuous Control
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Asymptotic Stability (Lyapunov Stability)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Better Alternative

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Better Alternative
Theorem (Lyapunov Function Determination).

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Better Alternative
Theorem (Lyapunov Function Determination).

(Continued)

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Asymptotic Stability (Lyapunov Stability)

Example

 Find a Lyapunov function for

Intro. to Continuous Control
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Root Locus Plots

Intro. to Continuous Control
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Root Locus Plots

G(s)

H(s)

+
-

Y(s)R(s) C(s)

Intro. to Continuous Control
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Root Locus Plots

Closed-loop transfer function

Closed-loop characteristic equation

Assume C(s)G(s)H(s) has a free parameter, K

Intro. to Continuous Control
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Root Locus Plots

What if K is not a multiplicative factor in C(s)G(s)H(s)

Rearrange the equation to have K as a factor

Intro. to Continuous Control
homayoon.beigi@columbia.edu
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Root Locus Plots

Intro. to Continuous Control
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Root Locus Plots

Therefore we can say the following about the magnitude of the above equation,

We can define new transfer functions that do not contain K,

Such that,

Intro. to Continuous Control
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Root Locus Plots

Also, the following phase angle conditions also hold

Intro. to Continuous Control
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Root Locus Plots

Intro. to Continuous Control
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Root Locus Plots

Use to draw 
Root Loci

Intro. to Continuous Control
homayoon.beigi@columbia.edu

https://www.recotechnologies.com/beigi
mailto:homayoon.beigi@columbia.edu


Nov 12, 2025Copyright:Homayoon Beigi

44
Root Locus Plots

After the Root Locus is created, use the following to compute the value of K

Intro. to Continuous Control
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