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—* asymptotically stable: 3 — o +t— ¥ Qes) aff UA)=S

—» unstable: atleast one solution where 7,-> = %>

“W)_ At least one of the
homogeneous solutions

—— Lyapunov stable: no solution — <
some solution may not go to zero

— Marginal stability: some solution does not decay
(For all practical

purposes not considered but it does not blow up either
to be stable)
the rest do the same or decay

— Bounded Input- Bounded Output (BIBO) stability:
A x(>=73
IR & x, <o Folh o = |l S K, <= FoCh oo

BIBO == all poles are strictly in the left half plane
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Asymptotic Stability

v(t) =0 as t =00 ¥V y(0) if u(t)=0
Theorem (Asymptotic Stability)
x(t) = Ax(t)+Bu(r) (267)
y(©) = Cx(1)
The system of Equation 267 is asymptotically stable if and only if
all of its poles lie strictly in the left half-plane,
FHe{pit <0 ie{l,2,--- n}

where g; are the eigenvalues of A.
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Asymptotic Stability

y(t) =0 as t =00 ¥V y(0) if u(t) =0
Theorem (Asymptotic Stability)

Equivalently, the .'r}:.vrem described by Equation 270,

n)y n—1).,, n—2
) ) D |t
d "=V y(r) d"=2)u(t) A\
= Gn-l— s tn-2 ey Tt qou(t) - (270)
is asymptotically stable if and only if all of its poles, roots of the
characteristic polynomial,
P(s)=s"+ B pn_gﬁ‘”_z + -+ po (271)

are strictly in the left half plane.
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Bounded-Input Bounded-Output (BIBO) Stability

x(t) = Ax(t)+Bu(r)
y(r) = Cx(1)

lu(f)]| <K <o ¥V 0<t<oo = |ly(t)]| <Kp<oo ¥ 0<t<0oo

a®y(1) a Dy 1-2)(¢
) e
df‘(”j + f}rz—l df{”_l} +p.ﬂ'—2 df{”_zj + +p0}( )
d"=Du(t) d"=2)u(t)
- dn—1 df{”_l} +er—2 df[u_z} b +ql’]£{(f)
If all the initial conditions are zero, y(0) = y(0) = #(0) =--- =y""1(0)=0
and,

u(t)| <Kjp <o VO0<t<oo = |y(t)| <Ky <oV 0<t <00
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Asymptotic Stability (Testing)

Lemma (Positive Coefficients for Stability). Necessary —But not Sufficient
P(s) = 5"+ pp— s+ Pn—zt‘f”_z +--+po=0 (275)

If P(s) is stable, the all of its coefficients, p;, including the coefficient for s" (usually 1),
must have the same sign,

pi>0 Vie{0,1,--- n—1n}
assuming that P(s) may be multiplied by —1 to make p,_| > 0, if needed.
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Asymptotic Stability (Testing)

Lemma (Positive Coefficients for Stability). Necessary —But not Sufficient

P(s) = 5"+ pn_ S+ Pn—zx‘f”_z +--+po=0 (275)

If P(s) is stable, the all of its coefficients, p;, including the coefficient for s* (usually 1),
must have the same sign,

pi>0 Vie{0,1,--- n—1n}
assuming that P(s) may be multiplied by —1 to make p,_| > 0, if needed.

Proof.

Eugation 275 may be rewritten in terms of a set of complex conjugate and real roots,

P(s) = [(5—0‘1)2+mﬂ [(s—gm_l)um,ﬁ_,} (5= Ame1) - (s—Rn) 277
with o; £iw;, i€ {1,3,---,m—1},and p;, j€ {m+1,m+2,--- ,n} as its roots.

oo < 0ie{l,3,---,;m—1} i < 0je{m+1m+2,---,n}

all {—o;, ﬂf, — % j } must be positive

multipying the terms in 277 would cause all the coefficients of 275 to be positive. [
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Asymptotic Stability (Testing)
Theorem (Hurwitz Criterion) Necessary and Sufficient

P(s) is stable if and only if the Hurwitz determinants are all positive.

Dl — |pu—]| = Pn—1

_ | Pn—1 Pn—3
D2 N ‘ I Pn—2 ‘

Pn—1 Pn-3 Pn-5
D3 = I Pn—2 Pn—4
0 Pn—1  Pn-3

D;>0 ie{l,2,---,n}

Pn—1 Pn-3 Pn-5 0 0

1 Pn-2 Pn-4 0 0

0 Pn—1 Pn-3 0 0

0 1 p,s 0 0

D.—| O 0  pai 0 0
0 0

0 0 0 po O

0 0 0 p 0

0 0 0 P2 Po
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Asymptotic Stability (Testing)

Theorem (Liénard-Chipart). Necessary and Sufficient
Assuming that the coefficients of P(s) are all positive,
pi>0 i€{0,1,2,--.n—1}
then, P(s) is stable if and only if,
D;i>0 i€{24,--- .n—1} (whennis odd)

or

D;>0 i€{3.,5,---,n—1} (whennis even)
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Asymptotic Stability (Testing)
Example

Consider the following system,

-0 1 0 0 B

: 0 0 1 0 0

xX(t) = O 0 0 I x(t) + 0 u(t)
| =8 e =3 | | 3 |

yo)=[2 -6 4 0 |x(r)

with the characteristic polynomial, P(s) = sTE e L35 g5
Since n = 4 is even, we require, ~Di>0 i€{3,5,--- ,n—1}

Therefore, we need to evaluate only one determinant,

2 4 0
Dy=|1 3 3 |==12 See plot_output_lIti_statespace.m
0 2 4

Since D3 is negative, according to the combination of Hurwitz Theorem

and Liénard-Chipart Theorem, this system is unstable.
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Asymptotic Stability (Testing)

Example
Consider the following system,

-0 1 0 0 7 B

: 0 0 1 0 0

xX(t) = O 0 0 I x(t) + 0 u(t)
| =8 e =3 | | 3 |

yo)=[2 -6 4 0 |x(r)

Note that using the Hurwitz theorem only, we would have also had to compute,

D, = |=2 D, = |7 5|=2
2 4 0 0
0O 1 3 5
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Asymptotic Stability (Testing)
Example

Consider the following system,

V(t)+75(t) + 14y(¢) + 8y(r) = u(t) + 3u(t)

with the following characteristic polynomial,
P(s) = s> +75% + 145+ 8 See plot_output_lti.m

All the coefficients are positive, so we need to check,

7 8
DE_{] 14]—9‘[3|

Since Ds is positive, the system is stable.
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