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Preface

This book grew out of a seminar that I have given many times, with

varying content and form. It was called “Philosophical foundations
of physics” or “Concepts, theories, and methods of the physical sciences.” Although the content often changed, the general philosophical
point of view remained constant; the course emphasized the logical
analysis of the concepts, statements, and theories of science, rather than

metaphysical speculation.
The idea of presenting the substance of my (rather informal)
seminar talks in a book was suggested by Martin Gardner, who had
attended my course in 1946 at the University of Chicago. He inquired
in 1958 whether a typescript of the seminar existed or could be made;
if so, he offered to edit it for publication. I have never had typescripts
of my lectures or seminar talks, and I was not willing to take the time
to write one. It just happened that this course was announced for the
next semester, Fall 1958, at the University of California at Los An-

geles. It was suggested that my talks and the discussions be recorded.
Conscious of the enormous distance between the spoken word and a
formulation suitable for publication, I was first rather skeptical about
the plan. But my friends urged meto do it, because not many of my
views on problems in the philosophy of science had been published.
The decisive encouragement came from my wife, who volunteered to
record the whole semester course on tape andtranscribe it. She did

this and also gave me invaluable help in the later phases of the work-
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ing process. The book owes muchto her; but she did not live to see
it published.

A corrected version of the transcript was sent to Martin Gardner.

Then he began his difficult task, which he carried out with great skill
and sensitivity. He not only smoothed out the style, but found ways
of making the reading easier by rearranging some of the topics and by
improving examples or contributing new ones. The chapters went back
and forth several times. Now and then, I made extensive changes or
additions or suggested to Gardner that he make them. Although the
seminar was for advanced graduate students in philosophy who were
familiar with symbolic logic and had some knowledge of college mathematics and physics, we decided to make the book accessible to a wider
circle of readers. The number of logical, mathematical, and physical
formulas was considerably reduced, and the remaining ones were explained wherever it seemed advisable.
No attempt is made in this book to give a systematic treatment
of all the important problems in the philosophical foundations of
physics. In my seminar—therefore also in the book—lIhave preferred
to restrict myself to a small number of fundamental problems (as indicated by the headings of the six parts) and to discuss them more
thoroughly, instead of including a cursory discussion of many other
subjects. Most of the topics dealt with in this book (except for Part
III, on geometry, and Chapter 30, on quantum physics) are relevant
to all branchesof science, including the biological sciences, psychology,
and the social sciences. I believe, therefore, that this book may also

serve as a general introduction to the philosophy of science.
Myfirst thanks go to myfaithful andefficient collaborator, Martin
Gardner. I am grateful for his excellent work and also for his inexhaustible patience when I madelong delays in returning some chapters
or asked for still more changes.
Myfriends Herbert Feig] and Carl G. Hempel I wish to thank
for suggestive ideas they presented in conversations through many years
and especially for their helpful comments on parts of the manuscript.
I thank Abner Shimony for generous expert help on questions concerning quantum mechanics. And, further, I am grateful to many
friends and colleagues for their stimulating influence and to my
students who attended one or another version of this seminar and
whose questions and comments prompted some of the discussions in
this book.
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I acknowledge with thanks the kind permission of Yale University
Press for extensive quotations from Kurt Riezler’s book, Physics and
Reality (1940).

February 1966

RUDOLPH CARNAP
University of California

at Los Angeles
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The Value of Laws:

Explanation

and Prediction

THE OBSERVATIONS we make in everyday life as well as the more systematic observations of science reveal
certain repetitions or regularities in the world. Day always followsnight;
the seasons repeat themselves in the same order; fire always feels hot;
objects fall when we drop them; and so on. The lawsof science are nothing more than statements expressing these regularities as precisely as
possible.
If a certain regularity is observed at all times andall places, with-

out exception, then the regularity is expressed in the form of a “uni-

versal law”. An example from daily life is, “All ice is cold.” This state-

mentasserts that any piece of ice—at any place in the universe, at any
time, past, present, or future—is (was, or will be) cold. Notall laws of

science are universal. Instead of asserting that a regularity occurs inall
cases, some laws assert that it occurs in only a certain percentage of
cases. If the percentage is specified or if in some other way a quantitative
statement is made about the relation of one event to another, then the

statement is called a “statistical law”. For example: “Ripe apples are

usually red”, or “Approximately half the children born each year are
3
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boys.” Both types of law—universal and statistical—are needed in science. The universal laws are logically simpler, and for this reason we
shall consider them first. In the early part of this discussion “laws” will
usually mean universal laws.
Universal laws are expressed in the logical form of whatis called
in formal logic a “universal conditional statement”. (In this book, we

shall occasionally make use of symbolic logic, but only in a very elementary way.) For example, let us consider a law of the simplest possi-

ble type. It asserts that, whatever x maybe, if x is P, then x is also Q.

This is written symbolically as follows:
(x) (PxDQx).

The expression “(x)” on the left is called a “universal quantifier.” It
tells us that the statement refers to all cases of x, rather than to just a
certain percentage of cases. “Px” says that x is P, and “Ox” says that

x is Q. The symbol “>”is a connective. It links the term onitsleft to
the term onits right. In English, it corresponds roughly to the assertion,
“If... then...”
If “x” stands for any material body, then the law states that, for
any material body x, if x has the property P, it also has the property ©.
Forinstance, in physics we might say: “For every body x, if that bodyis
heated, that body will expand.” This is the law of thermal expansion in
its simplest, nonquantitative form. In physics, of course, one tries to obtain quantitative laws and to qualify them so as to exclude exceptions;
but, if we forget about such refinements, then this universal conditional
statementis the basic logical form of all universal laws. Sometimes we
may say that, not only does Qx hold whenever Px holds, but the reverse
is also true; whenever Qx holds, Px holds also. Logicians call this a bi-

conditional statement—a statementthat is conditional in both directions.
But of course this does not contradict the fact that in all universal laws
we deal with universal conditionals, because a biconditional maybere-

garded as the conjunction of two conditionals.
Notall statements made byscientists have this logical form. A scientist may say: “Yesterday in Brazil, Professor Smith discovered a new
species of butterfly.” This is not the statement of a law. It speaks about
a specified single time and place; it states that something happenedat
that time and place. Because statements such as this are aboutsingle
facts, they are called “singular” statements. Of course, all our knowledge hasits origin in singular statements—the particular observations of

1. The Value of Laws: Explanation and Prediction
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particular individuals. One of the big, perplexing questions in the philosophy of science is how weare able to go from such singular statements to the assertion of universal laws.
When statements by scientists are made in the ordinary word language, rather than in the more precise language of symbolic logic, we
must be extremely careful not to confuse singular with universal statements. If a zoologist writes in a textbook, “The elephantis an excellent
swimmer’, he does not mean that a certain elephant, which he observed
a year ago in a zoo,is an excellent swimmer. When he says “the elephant”, he is using “the” in the Aristotelian sense; it refers to the entire
class of elephants. All European languages have inherited from the
Greek (and perhaps also from other languages) this manner of speaking in a singular way whenactually a class or type is meant. The Greeks
said, “Man is a rational animal.” They meant, of course, all men, not a

particular man. In a similar way, we say “the elephant’? when we mean
all elephants or “tuberculosis is characterized by the following symptoms
. .’ when we mean,not a singular case of tuberculosis, but all instances.
It is unfortunate that our language has this ambiguity, because it is
a source of much misunderstanding. Scientists often refer to universal
statements—or rather to what is expressed by such statements—as
“facts”. They forget that the word “fact” was originally applied (and we
shall apply it exclusively in this sense) to singular, particular occurrences. If a scientist is asked about the law of thermal expansion, he may
say: “Oh, thermal expansion. That is one of the familiar, basic facts of
physics.” In a similar way, he may speak of the fact that heat is generated by an electric current, the fact that magnetism is produced by electricity, and so on. These are sometimes considered familiar “facts” of
physics. To avoid misunderstandings, we prefer not to call such statements “facts”. Facts are particular events. “This morning in the laboratory, I sent an electric current through a wire coil with an iron body
inside it, and I found that the iron body became magnetic.” That is a
fact unless, of course, I deceived myself in some way. However,if I was

sober, if it was not too foggy in the room, and if no one has tinkered
secretly with the apparatus to play a joke on me, then I may state as a
factual observation that this morning that sequence of events occurred.
Whenwe use the word “fact”, we will meanit in the singular sense
in order to distinguish it clearly from universal statements. Such universal statements will be called “laws” even when they are as elementary as
the law of thermal expansion or, still more elementary, the statement,
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“All ravens are black.” I do not know whether this statement is true,

but, assuming its truth, we will call such a statement a law of zoology.
Zoologists may speak informally of such “facts” as “the raven is black”

or “the octopus has eight arms”, but, in our more precise terminology,

statements of this sort will be called “laws”.
Later we shall distinguish between two kinds of law—empirical
and theoretical. Laws of the simple kind that I have just mentioned are
sometimes called “empirical generalizations” or “empirical laws”. They
are Simple because they speak of properties, like the color black or the
magnetic properties of a piece of iron, that can be directly observed. The
law of thermal expansion, for example, is a generalization based on
many direct observations of bodies that expand when heated. In contrast, theoretical, nonobservable concepts, such as elementary particles
and electromagnetic fields, must be dealt with by theoretical laws. We
will discussall this later. I mention it here because otherwise you might
think that the examples I have given do not cover the kind of laws you
have perhapslearnedin theoretical physics.
To summarize, science begins with direct observations of single
facts. Nothing else is observable. Certainly a regularity is not directly
observable. It is only when many observations are compared with one
another that regularities are discovered. These regularities are expressed
by statements called “laws”.
What goodare such laws? What purposes do they serve in science
and everyday life? The answeris twofold: they are used to explain facts
already known, and they are usedto predict facts not yet known.
First, let us see how laws of science are used for explanation. No
explanation—that is, nothing that deserves the honorific title of “explanation”—can be given without referring to at least one law. (In simple
cases, there is only one law, but in more complicated cases a set of many
laws may be involved.) It is important to emphasize this point, because

philosophers have often maintained that they could explain certain facts
in history, nature, or human life in some other way. They usually do
this by specifying some type of agent or force that is made responsible
for the occurrence to be explained.
In everyday life, this is, of course, a familiar form of explanation.

Someoneasks: “Howis it that my watch, which left here on the table
before I left the room,is no longer here?” You reply: “I saw Jones come

into the room andtakeit.” This is your explanation of the watch’s disappearance. Perhapsit is not considered a sufficient explanation. Why
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did Jones take the watch? Did heintend to steal it or just to borrow it?

Perhaps he took it under the mistaken impression that it was his own.
The first question, “What happened to the watch?”, was answered by a
statement of fact: Jones took it. The second question, “Why did Jones
take it?”, may be answered by another fact: he borrowed it for a moment. It seems, therefore, that we do not need lawsat all. We ask for

an explanation of one fact, and we are given a secondfact. We ask for
an explanation of the second fact, and we are given a third. Demands
for further explanations may bring outstill other facts. Why, then,is it
necessary to refer to a law in order to give an adequate explanation of a
fact?
The answeris that fact explanations are really law explanations in
disguise. When we examine them more carefully, we find them to be
abbreviated, incomplete statements that tacitly assume certain laws, but
laws so familiar that it is unnecessary to express them. In the watch illustration, the first answer, “Jones took it”, would not be considered a

satisfactory explanation if we did not assume the universal law: whenever someone takes a watch from table, the watch is no longer on the
table. The second answer, “Jones borrowedit’, is an explanation because we take for granted the general law: if someone borrows a watch
to use elsewhere, he takes the watch andcarries it away.
Consider one more example. Weasklittle Tommy why heis crying, and he answers with another fact: “Jimmy hit me on the nose.”
Whydo we considerthis a sufficient explanation? Because we knowthat
a blow on the nose causes pain and that, when children feel pain, they

cry. These are general psychological laws. They are so well known that
they are assumed even by Tommy whenhetells us why heis crying. If
we were dealing with, say, a Martian child and knew verylittle about
Martian psychological laws, then a simple statement of fact might not be
considered an adequate explanation of the child’s behavior. Unless facts
can be connected with other facts by meansof at least one law, explicitly

stated or tacitly understood, they do not provide explanations.
The general schema involved in all explanation can be expressed
symbolically as follows:
1. (x) (PxDQx)

2. Pa

3. Qa

Thefirst statementis the universal law that applies to any object x.
The second statement asserts that a particular object a has the property
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P. These two statements taken together enable us to derive logically the
third statement: object a has the property Q.
In science, as in everydaylife, the universal law is not always explicitly stated. If you ask a physicist: “Whyisit that this iron rod, which
a moment agofitted exactly into the apparatus, is now trifle too long to
fit?”, he may reply by saying: “While you were out of the room,I heated
the rod.” He assumes, of course, that you know the law of thermal expansion; otherwise, in order to be understood, he would have added,

“and, whenevera bodyis heated, it expands”. The general law is essen-

tial to his explanation. If you know the law, however, and he knowsthat

you knowit, he may notfeel it necessary to state the law. For this reason, explanations, especially in everyday life where common-sense laws
are taken for granted, often seem quite different from the schema I have

given.
At times, in giving an explanation, the only known laws that apply
are Statistical rather than universal. In such cases, we must be content

with a statistical explanation. For example, we may know that a certain
kind of mushroom is slightly poisonous and causes certain symptomsof
illness in 90 per cent of those whoeatit. If a doctor finds these symptoms when he examinesa patient and the patient informs the doctor that
yesterday he ate this particular kind of mushroom,the doctor will con-

sider this an explanation of the symptoms even though the law involved

is only a statistical one. Andit is, indeed, an explanation.

Even when statistical law provides only an extremely weak ex-

planation, it is still an explanation. For instance, a statistical medical law

may state that 5 per cent of the people who eat a certain food will develop a certain symptom. If a doctor cites this as his explanation to a
patient who has the symptom,the patient may not be satisfied. “Why”,
he asks, “am I one of the 5 per cent?” In somecases, the doctor may be

able to provide further explanations. He maytest the patientforallergies
and find that he is allergic to this particular food. “If I had knownthis”,
he tells the patient, “I would have warned you against this food. We
know that, when people who have such anallergy cat this food, 97 per

cent of them will develop symptoms such as yours.” That maysatisfy
the patient as a stronger explanation. Whether strong or weak, these are
genuine explanations. In the absence of known universal laws,statistical explanations are often the only type available.
In the example just given, the statistical laws are the best that can
be stated, because there is not sufficient medical knowledge to warrant

1. The Value of Laws: Explanation and Prediction
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stating a universal law. Statistical laws in economics and otherfields of
social science are due to a similar ignorance. Our limited knowledge of
psychological laws, of the underlying physiological laws, and of how
those may in turn rest on physical laws makesit necessary to formulate
the laws of social science in statistical terms. In quantum theory, however, we meet with statistical laws that may not be the result of ignorance; they may express the basic structure of the world. Heisenberg’s
famousprinciple of uncertainty is the best-known example. Many physicists believe that all the laws of physics rest ultimately on fundamental
laws that are statistical. If this is the case, we shall have to be content

with explanations based onstatistical laws.
What about the elementary laws of logic that are involved in all
explanations? Do they ever serve as the universal laws on which scientific explanation rests? No, they do not. The reasonis that they are laws
of an entirely different sort. It is true that the laws of logic and pure
mathematics (not physical geometry, which is something else) are universal, but they tell us nothing whatever about the world. They merely
state relations that hold between certain concepts, not because the world
has such and such a structure, but only because those concepts are defined in certain ways.
Here are two examplesof simple logical laws:
1. If p and g, thenp.
2. If p, then p org.

Those statements cannot be contested because their truth 1s based
on the meanings of the terms involved. The first law merely states that,

if we assume the truth of statements p and q, then we must assumethat
Statement p is true. The law follows from the way in which “and” and
‘if . . . then” are used. The second law asserts that, if we assume the

truth of p, we must assumethateither p or q is true. Stated in words, the
law is ambiguous because the English “or” does not distinguish between
an inclusive meaning (either or both) and the exclusive meaning (either

but not both). To make the law precise, we express it symbolically by
writing:

p> (pV q)

The symbol “V”is understood as “or” in the inclusive sense. Its
meaning can be given more formally by writing out its truth table. We
do this bylisting all possible combinationsof truth values (truth or falsity) for the two terms connected by the symbol, then specifying which
combinations are permitted by the symbol and whichare not.

10

Laws, Explanations, and Probability
The four possible combinationsof valuesare:
p
1. true

q
true

2. true
3. false

false
true

4. false

false

The symbol “ V ”is defined by the rule that “p V q” is true in the
first three cases and false in the fourth case. The symbol “D”, which

translates roughly into English as “if . . . then”, is precisely defined

by saying that it is true in the first, third, and fourth cases, and false in
the second. Once we understandthe definition of each term in a logical
law, wesee clearly that the law must be true in a way that is wholly independentof the nature of the world. It is a necessary truth, a truth that
holds, as philosophers sometimesputit, in all possible worlds.

This is true of the laws of mathematics as well as those of logic.
When we haveprecisely specified the meanings of “1”, “3”, “4”, “+”,
and “=”, the truth of the law “1 + 3 = 4” follows directly from these
meanings. This is the case even in the more abstract areas of pure
mathematics. A structure is called a “group”, for example,if it fulfills
certain axiomsthat define a group. Three-dimensional Euclidean space
can be defined algebraically as a set of ordered triples of real numbers
that fulfill certain basic conditions. But all this has nothing to do with
the nature of the outside world. There is no possible world in which the
laws of group theory and the abstract geometry of Euclidean 3-space
would not hold, because these laws are dependent only on the meanings
of the terms involved, and not on the structure of the actual world in

which we happen to be.
The actual world is a world that is constantly changing. Even the
most fundamental laws of physics may, for all we can be sure, vary

slightly from century to century. What we believe to be a physical con-

stant with a fixed value may be subject to vast cyclic changes that we
have not yet observed. But such changes, no matter how drastic, would
never destroy the truth of a single logical or arithmetical law.
It sounds very dramatic, perhaps comforting, to say that here at
last we have actually found certainty. It is true that we have obtained
certainty, but we have paid for it a very high price. The price is that
statements of logic and mathematics do nottell us anything about the
world. Wecan besure that three plus one is four; but, because this holds

1. The Value of Laws: Explanation and Prediction
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in any possible world, it can tell us nothing whatever about the world

we inhabit.
What do we meanby “possible world”? Simply a world that can be
described without contradiction. It includes fairy-tale worlds and dream
worlds of the most fantastic kind, provided that they are described in
logically consistent terms. For example, you may say: “I have in mind a
world in which there are exactly one thousand events, no more,noless.

The first event is the appearanceof a red triangle. The secondis the appearance of a green square. However, since the first event was blue and
not red .. .”. At this point, I interrupt. “But a moment ago yousaid
that the first event is red. Now you say that it is blue. I do not understand you.” Perhaps I have recorded your remarks on tape. I play back
the tape to convince you that you have stated a contradiction. If you
persist in your description of this world, including the two contradictory
assertions, I would have to insist that you are not describing anything
that can be called a possible world.
On the other hand, you may describe a possible world as follows:

“There is a man. Heshrinks in size, becoming smaller and smaller. Suddenly he turns into a bird. Then the bird becomes a thousand birds.

These birds fly into the sky, and the clouds converse with one another
about what happened.” All this is a possible world. Fantastic, yes; con-

tradictory, no.

We might say that possible worlds are conceivable worlds, butI try

to avoid the term “conceivable” because it is sometimes used in the
more restricted sense of “what can be imagined by a human being”.
Manypossible worlds can be described but not imagined. We might, for
example, discuss a continuum in which all points determined by rational
coordinates are red and all points determined by irrational coordinates
are blue. If we admit the possibility of ascribing colors to points, this is

a noncontradictory world. It is conceivable in the wider sense; thatis,it

can be assumed without contradiction. It is not conceivable in the psychological sense. No one can imagine even an uncolored continuum of
points. We can imagine only a crude model of a continuum—a model
consisting of very tightly packed points. Possible worlds are worlds that
are conceivable in the wider sense. They are worlds that can be described
without logical contradiction.
The laws of logic and pure mathematics, by their very nature, can-

not be used as a basis for scientific explanation becausetheytell us nothing that distinguishes the actual world from some other possible world.
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Whenweask for the explanation of a fact, a particular observation in

the actual world, we must make use of empirical laws. They do not
possess the certainty of logical and mathematical laws, but they dotell
us something aboutthe structure of the world.
In the nineteenth century, certain German physicists, such as
Gustav Kirchhoff and Ernst Mach, said that science should not ask

“Why?” but “How?” They meant that science should not look for unknown metaphysical agents that are responsible for certain events, but
Should only describe such events in terms of Jaws. This prohibition
against asking “Why?” must be understood in its historical setting. The
background was the German philosophical atmosphere of the time,
which was dominated by idealism in the tradition of Fichte, Schelling,
and Hegel. These men felt that a description of how the world behaved
was not enough. They wanted a fuller understanding, which they believed could be obtained only by finding metaphysical causes that were
behind phenomena and notaccessible to scientific method. Physicists
reacted to this point of view by saying: “Leave us alone with your whyquestions. There is no answer beyond that given by the empirical laws.”

They objected to why-questions because they were usually metaphysical

questions.
Today the philosophical atmosphere has changed. In Germany
there are a few philosophersstill working in the idealist tradition, but in
England and the United States it has practically disappeared. Asa result, we are no longer worried by why-questions. We do not haveto say,
“Don’t ask why”, because now, when someoneasks why, we assumethat

he meansit in a scientific, nonmetaphysical sense. He is simply asking
us to explain something by placing it in a framework of empirical laws.
WhenI was young andpart of the Vienna Circle, some of my early
publications were written as a reaction to the philosophical climate of
German idealism. As a consequence, these publications and those by
others in the Vienna Circle werefilled with prohibitory statements similar to the one I have just discussed. These prohibitions must be understood in reference to the historical situation in which we found ourselves.
Today, especially in the United States, we seldom make such prohibitions. The kind of opponents we havehere are of a different nature, and

the nature of one’s opponents often determines the way in which one’s
views are expressed.
When wesaythat, for the explanation of a given fact, the use of a
scientific law is indispensable, what we wish to exclude especially is the
view that metaphysical agents must be found before a fact can be ade-
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quately explained. In prescientific ages, this was, of course, the kind of
explanation usually given. At one time, the world was thoughtto be inhabited by spirits or demons whoare not directly observable but who act
to cause therain to fall, the river to flow, the lightning to flash. In what-

ever one saw happening, there was something—or, rather, somebody—
responsible for the event. This is psychologically understandable. If a
man does something to me that I do notlike, it is natural for me to
make him responsible for it and to get angry and hit back at him. If a
cloud pours water over me, I cannot hit back at the cloud, but I can find
an outlet for my anger if I make the cloud, or some invisible demon
behind the cloud, responsible for the rainfall. I can shout curses at this
demon, shake my fist at him. My anger is relieved. I feel better. It is

easy to understand how membersofprescientific societies found psychological satisfaction in imagining agents behind the phenomenaof nature.
In time, as we know, societies abandoned their mythologies, but

sometimes scientists replace the spirits with agents that are really not
much different. The German philosopher Hans Driesch, who died in

1941, wrote many books on the philosophy of science. He wasoriginally
a prominent biologist, famed for his work on certain organismic responses, including regeneration in sea urchins. He cut off parts of their
bodies and observed in which stages of their growth and under what conditions they were able to grow new parts. His scientific work was important and excellent. But Driesch was also interested in philosophical
questions, especially those dealing with the foundations of biology, so
eventually he became a professor of philosophy. In philosophy also he
did some excellent work, but there was one aspect of his philosophy that
I and my friends in the Vienna Circle did not regard so highly. It was
his way of explaining such biological processes as regeneration and reproduction.
At the time Driesch did his biological work, it was thought that
many characteristics of living things could not be found elsewhere. (Today it is seen more clearly that there is a continuum connecting the organic and inorganic worlds.) He wanted to explain these unique organismic features, so he postulated what he called an “entelechy”. This
term had been introduced by Aristotle, who had his own meaningforit,
but we neednotdiscuss that meaning here. Driesch said, in effect: “The
entelechy is a certain specific force that causesliving things to behave in
the way they do. But you mustnot think of it as a physical force such as
gravity or magnetism. Oh,no, nothinglike that.”
The entelechies of organisms, Driesch maintained, are of various
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kinds, depending on the organism’s stage of evolution. In primitive,
single-celled organisms, the entelechy is rather simple. As we go up the
evolutionary scale, through plants, lower animals, higher animals, and
finally to man, the entelechy becomes more and more complex. Thisis
revealed by the greater degree to which phenomena arc integrated in the
higher formsof life. What we call the “mind” of a human bodyis actually nothing more than a portion of the person’s entelechy. The entelechy is much more than the mind, or, at least, more than the con-

scious mind, because it is responsible for everything that every cell in
the body does. If I cut myfinger, the cells of the finger form newtissue
and bring substances to the cut to kill incoming bacteria. These events
are not consciously directed by the mind. They occurin the finger of a
one-month-old baby, who has never heard of the laws of physiology.
All this, Driesch insisted, is due to the organism’s entelechy, of which
mind is one manifestation. In addition, then, to scientific explanation,

Driesch had an elaborate theory of entelechy, which he offered as a
philosophical explanation of such scientifically unexplained phenomena
as the regeneration of parts of sea urchins.
Is this an explanation? I and my friends had some discussions
with Driesch about it. I remember one at the International Congress
for Philosophy, at Prague, in 1934. Hans Reichenbach andI criticized
Driesch’s theory, while he and others defendedit. In our publications
we did not give much spaceto this criticism because we admired the
work Driesch had done in both biology and philosophy. He was quite
different from most philosophers in Germanyin that he really wanted

to develop a scientific philosophy. His entelechy theory, however,
seemed to us to lack something.

Whatit lacked wasthis: the insight that you cannot give an expla-

nation withoutalso giving a law.
Wesaid to him: “Your entelechy—we do not know what you
meanbyit. Yousayit is not a physical force. Whatis it then?”
“Well”, he would reply (I am paraphrasing his words, of course),

“you should not be so narrow-minded. When you ask a physicist for an
explanation of why this nail suddenly moves toward that bar of iron, he
will tell you that the bar of iron is a magnet and that the nail is drawn
to it by the force of magnetism. No one has ever seen magnetism. You
see only the movementofa little nail toward a barofiron.”
Weagreed. “Yes, you are right. Nobody has seen magnetism.”
“You see”, he continued, “the physicist introduces forces that no
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one can observe—forces like magnetism and electricity—in order to

explain certain phenomena. I wish to do the same. Physical forces are
not adequate to explain certain organic phenomena,so I introduce something that is forcelike but is not a physical force because it does not act
the way physical forces act. For instance,it is not spatially located. True,
it acts on a physical organism, but it acts in respect to the entire organism, not just to certain parts of it. Therefore, you cannot say where
it is located. There is no location. It is not a physical force, but it is

just as legitimate for meto introduceit asit is for a physicist to introduce
the invisible force of magnetism.”
Our answerwasthat a physicist does not explain the movement of
the nail toward the bar simply by introducing the word “magnetism”.
Of course, if you ask him why the nail moves, he may answerfirst by
saying that it is due to magnetism; but if you press him for a fuller explanation, he will give you laws. The laws may not be expressed in
quantitative terms, like the Maxwell equations that describe magnetic
fields; they may be simple, qualitative laws with no numbers occurring
in them. The physicist may say: “All nails containing iron are attracted
to the ends of bars that have been magnetized.” He may go on to explain the state of being magnetized by giving other nonquantitative laws.
He maytell you that iron ore from the town of Magnesia (you may recall that the word “magnetic” derives from the Greek town of Magnesia,
where iron ore of this type wasfirst found) possesses this property. He
may explain that iron bars become magnetized if they are stroked a
certain way by naturally magnetic ores. He may give you other laws
about conditions under which certain substances can become magnetized and laws about phenomenaassociated with magnetism. He may
tell you that if you magnetize a needle and suspendit by the middle so
that it swings freely, one end will point north. If you have another magnetic needle, you can bring the two north-pointing ends together and
observe that they do not attract but repel each other. He may explain
that if you heat a magnetized barof iron, or hammerit, it will lose magnetic strength. All these are qualitative laws that can be expressed in
the logical form, “if . . . then . . .” The point I wish to emphasize
here is this: it is not sufficient, for purposes of explanation, simply to
introduce a new agentby giving it a new name. You mustalso give laws.
Driesch did not give laws. He did not specify how the entelechy of
an Oak tree differs from the entelechy of a goat or giraffe. He did not
classify his entelechies. He merely classified organisms and said that
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each organism had its own entelechy. He did not formulate laws that
state under what conditions an entelechy is strengthened or weakened.
Of course he described all sorts of organic phenomena and gave general
rules for such phenomena. Hesaid that if you cut a limb from a sea
urchin in a certain way, the organism will not survive; if you cut it an-

other way, the organism will survive, but only a fragmentary limbwill
grow back. Cutin still another way and at a certain stage in the sea
urchin’s growth, it will regenerate a new and complete limb. These statementsare all perfectly respectable zoological laws.
“What do you add to these empirical laws”, we asked Driesch, “if
after giving them you proceedto tell us that all the phenomena covered
by those laws are due to the sea urchin’s entelechy?”
We believed that nothing was added. Since the notion of an entelechy does not give us new laws, it does not explain more than the
general laws already available. It does not help us in the least in making
new predictions. For these reasons we cannot say that our scientific
knowledge has increased. The concept of entelechy mayat first seem to
add something to our explanations; but when we examineit more deeply,
we see its emptiness. It is a pseudoexplanation.
It can be argued that the concept of entelechy is not useless if it
provides biologists with a new orientation, a new method of ordering
biological laws. Our answeris that it would indeed be uscful if by means
of it we could formulate more general laws than could be formulated before. In physics, for example, the concept of energy played such role.
Nineteenth-century physicists theorized that perhaps certain phenomena,
such as kinetic and potential energy in mechanics, heat (this was before
the discovery that heat is simply the kinetic energy of molecules), the

energy of magnetic fields, and so on, might be manifestations of one
basic kind of energy. This led to experiments showing that mechanical
energy can be transformed into heat and heat into mechanical energy
but that the amount of energy remains constant. Thus, energy was a
fruitful concept because it led to more general laws, such as the law of
the conservation of energy. But Driesch’s entelechy was not a fruitful
concept in this sense. It did not lead to the discovery of more general
biological laws.
In addition to providing explanations for observed facts, the laws
of science also provide a means for predicting new facts not yet observed. The logical schema involved here is exactly the same as the
schema underlying explanation. This, you recall, was expressed symbolically:
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1. (x) (PxD Qx)

2. Pa

3. Qa

First we have a universal law: for any object x,if it has the property P, then it also has the property Q. Second, we have a statement

saying that object a has the property P. Third, we deduce by elementary logic that object a has the property Q. This schema underlies both
explanation and prediction; only the knowledgesituation is different. In
explanation, the fact Qa is already known. We explain Qa by showing

howit can be deduced from statements 1 and 2. In prediction, Qa is a
fact not yet known. We have a law, and we have the fact Pa. We conclude that Qa must also be a fact, even though it has not yet been observed. For example, I know the law of thermal expansion. I also know
that I have heated a certain rod. By applying logic in the way shown in
the schema, I infer that if I now measure the rod, I will find that it is

longer than it was before.
In most cases, the unknownfact is actually a future event (for example, an astronomerpredicts the time of the next eclipse of the sun);

that is why I use the term “prediction” for this second use of laws. It
need not, however, be prediction in the literal sense. In many cases the
unknownfact is simultaneous with the knownfact, as is the case in the

example of the heated rod. The expansion of the rod occurs simultaneously with the heating. It is only our observation of the expansion that
takes place after our observation of the heating.
In other cases, the unknown fact may even be in the past. On the

basis of psychological laws, together with certain facts derived from historical documents, a historian infers certain unknown facts of history.
An astronomer mayinfer that an eclipse of the moon must have taken
place at a certain date in the past. A geologist may infer from striations
on boulders that at one time in the past a region must have been covered by a glacier. I use the term “prediction” for all these examples because in every case we have the same logical schema and the same
knowledge situation—a known fact and a knownlaw from which an unknownfactis derived.
In manycases, the law involved maybestatistical rather than universal. The prediction will then be only probable. A meteorologist, for
instance, deals with a mixture of exact physical laws and variousstatisti-

cal laws. He cannotsay that it will rain tomorrow; he can only say that
rain is very likely.
This uncertainty is also characteristic of prediction about human
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behavior. On the basis of knowing certain psychological laws of a statis-

tical nature and certain facts about a person, we can predict with varying
degrees of probability how he will behave. Perhaps we ask a psychologist to tell us what effect a certain event will have on our child. He replies: “As I see the situation, your child will probably react in this way.
Of course, the laws of psychology are not very exact. It is a youngscience, and as yet we know very little about its laws. But on the basis of
what is known, I think it advisable that you plan to . . .”. And so he
gives us advice based on the best prediction he can make, with his probabilistic laws, about the future behavior of our child.

Whenthe law is universal, then elementary deductive logic is involved in inferring unknownfacts. If the law is statistical, we must use a
different logic—the logic of probability. To give a simple example: a
law states that 90 per cent of the residents of a certain region have black
hair. I know that an individual is a resident of that region, but I do not
know the color of his hair. I can infer, however, on the basis of the statistical law, that the probability his hair is black is % 9.
Prediction is, of course, as essential to everydaylife as it is to sci-

ence. Even the mosttrivial acts we perform during the day are based
on predictions. You turn a doorknob. You do so because past observations of facts, together with universal laws, lead you to believe that turning the knob will open the door. You may not be consciousofthe logical
schema involved—no doubt you are thinking about other things—but
all such deliberate actions presuppose the schema. There is a knowledge
of specific facts, a knowledge of certain observed regularities that can
be expressed as universal or statistical laws and provide a basis for the
prediction of unknown facts. Prediction is involved in every act of human behavior that involves deliberate choice. Without it, both science

and everydaylife would be impossible.

CHAPTER

2

Induction and
Statistical Probability

IN CHAPTER 1, we assumed that laws of
science were available. We saw how such laws are used, in both sci-

ence and everydaylife, as explanations of known facts and as a means
for predicting unknown facts. Let us now ask how wearrive at such
laws. On what basis are wejustified in believing that a law holds? We
know, of course, that all laws are based on the observation of certain

regularities. They constitute indirect knowledge, as opposed to direct
knowledge of facts. What justifies us in going from the direct observation of facts to a law that expresses certain regularities of nature? This
is what in traditional terminology is called “the problem of induction”.
Induction is often contrasted with deduction by saying that deduction goes from the general to the specific or singular, whereas induction
goes the other way, from the singular to the general. This is a misleading oversimplification. In deduction, there are kinds of inferences other

than those from the general to the specific; in induction there are also

many kinds of inference. The traditional distinction is also misleading because it suggests that deduction and induction are simply two
branches of a single kind of logic. John Stuart Mill’s famous work, A
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System of Logic, contains a lengthy description of what he called “inductive logic” and states various canonsof inductive procedure. Today
we are more reluctant to use the term “inductive inference”. If it is used
at all, we must realize that it refers to a kind of inference that differs

fundamentally from deduction.
In deductive logic, inference leads from a set of premisses to a conclusion just as certain as the premisses. If you have reason to believe the
premisses, you have equally valid reason to believe the conclusion that
follows logically from the premisses. If the premisses are true, the conclusion cannot be false. With respect to induction, the situation is entirely different. The truth of an inductive conclusion is never certain.
I do not mean only that the conclusion cannot be certain because it
rests on premisses that cannot be known with certainty. Even if the
premisses are assumed to be true and the inference is a valid inductive
inference, the conclusion may be false. The most we can say is that,

with respect to given premisses, the conclusion has a certain degree of
probability. Inductive logic tells us how to calculate the value of this
probability.
Weknowthatsingular statements of fact, obtained by observation,

are never absolutely certain because we may makeerrors in our observations; but, in respect to laws, there is still greater uncertainty. A law
about the world states that, in any particular case, at any place and any
time, if one thing is true, anotherthing is true. Clearly, this speaks about

an infinity of possible instances. The actual instances may notbe infinite, but there is an infinity of possible instances. A physiological law
says that, if you stick a dagger into the heart of any human being, he

will die. Since no exception to this law has ever been observed,it is

accepted as universal. It is true, of course, that the number of instances

so far observed of daggers being thrust into humanhearts is finite. It is

possible that some day humanity may cease to exist; in that case, the
number of human beings, both past and future, is finite. But we do not
know that humanity will cease to exist. Therefore, we must say that
there is an infinity of possible instances, all of which are covered by the
law. And, if there is an infinity of instances, no numberoffinite observations, howeverlarge, can makethe “universal”law certain.
Of course, we may go on and make more and moreobservations,

making them in as careful and scientific a manner as we can, until
eventually we may say: “This law has been tested so many times that
we can have complete confidence in its truth. It is a well-established,
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well-founded law.” If we think about it, however, we see that even the

best-founded laws of physics must rest on only a finite number of observations. It is always possible that tomorrow a counterinstance may
be found. At no timeis it possible to arrive at complete verification of a
law.In fact, we should not speak of “verification” at all—if by the word
we mean a definitive establishment of truth—but only of confirmation.
Interestingly enough, although there is no way in which a law can
be verified (in the strict sense), there is a simple way it can befalsified.

Oneneedfind only a single counterinstance. The knowledge of a coun-

terinstance may,in itself, be uncertain. You may have madeanerrorof

observation or have been deceived in some way. But, if we assumethat
the counterinstance is a fact, then the negation of the law follows immediately. If a law says that every object that is P is also Q and wefind
an object that is P and not Q, the law is refuted. A million positive instances are insufficient to verify the law; one counterinstance is suffi-

cient to falsify it. The situation is strongly asymmetric. It is easy to refute a law; it is exceedingly difficult to find strong confirmation.
Howdowefind confirmation of a law? If we have observed a great
many positive instances and no negative instance, we say that the confirmation is strong. How strongit is and whether the strength can be expressed numericallyis still a controversial question in the philosophy of
science. We will return to this in a moment. Here we are concerned only
with making clear that our first task in seeking confirmation of a law is
to test instances to determine whetherthey are positive or negative. This
is done by using our logical schema to make predictions. A law states
that (x) (Px D Qx); hence, for a given object a, Pa D Qa. Wetry to

find as many objects as we can (here symbolized by “a’’) that have the
property P. We then observe whether they also fulfill the condition Q.
If we find a negative instance, the matter is settled. Otherwise, each positive instance is additional evidence adding to the strength of our confirmation.
There are, of course, various methodologicalrulesforefficient testing. For example, instances should be diversified as much as possible. If
you are testing the law of thermal expansion, you should not limit your
tests to solid substances. If you are testing the law that all metals are
good conductors of electricity, you should not confine your tests to
specimens of copper. You should test as many metals as possible under
various conditions—hot, cold, and so on. We will not go into the many
methodological rules for testing; we will only point out that in all cases
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the law is tested by making predictions and then seeing whether those
predictions hold. In some cases, we find in nature the objects that we
wish to test. In other cases, we have to produce them. In testing the law
of thermal expansion, for example, we do not look for objects that are
hot; we take certain objects and heat them. Producing conditions for
testing has the great advantage that we can moreeasily follow the methodological rule of diversification; but whether we create the situations
to be tested or find them ready-made in nature, the underlying schemais
the same.
A momentago I raised the question of whether the degree of confirmation of a law (or a singular statement that we are predicting by
meansof the law) can be expressed in quantitative form. Instead of saying that one law is “well founded” and that another law “rests on flimsy
evidence”, we might say that the first law has a .8 degree of confirmation, whereas the degree of confirmation for the second law is only .2.
This question has long been debated. My ownviewis that such a procedure is legitimate and that what I have called “degree of confirmation”’ is identical with logical probability.
Such a statement does not mean much until we know whatis meant
by “logical probability”. Why do I add the adjective “logical”? It is not
customary practice; most books on probability do not makea distinction
between various kinds of probability, one of which is called “logical”.
It is my belief, however, that there are two fundamentally different kinds
of probability, and I distinguish between them bycalling one “statistical
probability”, and the other “logical probability”. It is unfortunate that
the same word, “probability”, has been used in two such widely differ-

ing senses. Failing to make the distinction is a source of enormous confusion in books on the philosophy of science as well as in the discourse
of scientists themselves.

Instead of “logical probability”, I sometimes use the term “induc-

tive probability”, because in my conceptionthis is the kind of probability that is meant whenever we make an inductive inference. By “induc-

tive inference” I mean, not only inference from facts to laws, but also

any inference that is “nondemonstrative”’; that is, an inference such that
the conclusion does not follow with logical necessity when the truth of
the premisses is granted. Such inferences must be expressed in degrees
of what I call “logical probability” or “inductive probability”. To see
clearly the distinction between this type of probability and statistical

probability, it will be useful to glance briefly at the history of probability
theory.
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The first theory of probability, now usually called the “classical
theory”, was developed during the eighteenth century. Jacob Bernoulli
(1654-1705) was the first to write a systematic treatise about it, and

the Reverend Thomas Bayes made an important contribution. Toward
the end of the century, the great mathematician and physicist Pierre
Simon de Laplace wrote the first large treatise on the subject. It was a
comprehensive mathematical elaboration of a theory of probability and
may be regarded as the climaxofthe classical period.

The application of probability throughout the classical period was

mostly to such games of chance as dice, cards, and roulette. Actually,
the theory had its origin in the fact that some gamblers of the time had
asked Pierre Fermat and other mathematicians to calculate for them the
exact probabilities involved in certain games of chance. So the theory
began with concrete problems, not with a general mathematical theory.
The mathematicians found it strange that questions of this sort could be
answered even though there was no field of mathematics available for
providing such answers. As a consequence, they developed the theory
of combinatorics, which could then be applied to problems of chance.

What did these men who developed the classical theory understand
by “probability”? They proposed a definition thatis still found in elementary books on probability: probability is the ratio of the numberof
favorable cases to the numberof all possible cases. Let us see how this
works in a simple example. Someonesays: “I will throw this die. What
is the chance that I will throw either an ace or a deuce?” The answer,

according to the classical theory, is as follows. There are two “favorable” cases, that is, cases that fulfill the conditions specified in the question. Altogether, there are six possible ways the die can fall. The ratio
of favorable to possible cases is therefore 2:6 or 1:3. We answer the
question by saying that there is a probability of 43 that the die will show
either a deuce or an ace.
All this seems quite clear, even obvious, but there is one important
hitch to the theory. The classical authors said that, before one can apply
their definition of probability, it must be ensured that all the cases in-

volved are equally probable. Now we seem trapped in a viciouscircle.
Weattempt to define what we mean by probability, and in so doing we
use the concept of “equally probable”. Actually, proponents of the

classical theory did not put it in just those terms. They said that the
cases must be “equipossible”. This in turn was defined by a famous

principle that they called “the principle of insufficient reason”. Today
it is usually called ‘‘the principle of indifference”. If you do not know of
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any reason why one case should occur rather than another, then the
cases are equipossible.
Such, in brief, was the way probability was defined in the classical

period. A comprehensive mathematical theory has been built on the
classical approach, but the only question that concerns us here is

whether the foundation of this theory—the classical definition of probability—is adequate for science.
Slowly, during the nineteenth century, a few critical voices were
raised against the classical definition. In the twentieth century, about
1920, both Richard von Mises and Hans Reichenbach made strong
criticisms of the classical approach.’ Mises said that ‘“equipossibility”
cannot be understood except in the sense of “equiprobability”. If this
is what it means, however, we are indeed caughtin a vicious circle. The
classical tradition, Mises asserted, is circular and therefore unusable.

Miseshadstill another objection. He granted that, in certain simple
cases, we can rely on commonsenseto tell us that certain events are
equipossible. We can say that heads andtails are equipossible outcomes
when a coin is flipped because we know of no reason why one should
turn up rather than the other. Similarly with roulette; there is no reason
why the ball should fall into one compartment rather than another. If
playing cards are of the same size and shape, with identical backs, and
are well shuffled, then onecardis as likely to be dealt to a player as any
other. Again, the conditions of equipossibility are fulfilled. But, Mises
went on, none of the classical authors pointed out how this definition

of probability could be applied to many other situations. Consider mortality tables. Insurance companies have to know the probability that a

forty-year-old man, in the United States, with no serious diseases will

live to the same date in the following year. They must be able to calculate probabilities of this sort because they are the basis on which the
company determinesits rates.
What, Mises asked, are the equipossible cases for a man? Mr.

Smith applies for life insurance. The company sends him to a doctor.
The doctor reports that Smith has no serious diseases and thathis birth
certificate shows him to be forty years old. The company looks atits
mortality tables; then, on the basis of the man’s probable life expectancy,it offers him insuranceat a certain rate. Mr. Smith may die before
1On the views of Mises and Reichenbach, see Richard von Mises, Probability,

Statistics, and Truth (New York: Macmillan, 1939), and Hans Reichenbach, The
Theory of Probability (Berkeley, Calif.: University of California Press, 1949).
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he reaches forty-one, or he may live to be a hundred. The probability
of surviving one more year goes down and downashegets older. Suppose he diesat forty-five. This is bad for the insurance company because

he paid only a few premiums, and now they have to pay $20,000 to his

beneficiary. Where are the equipossible cases? Mr. Smith may die at the
age of forty, of forty-one, of forty-two, and so on. These are the possible

cases. But they are not equipossible; that he will die at the age of 120

is extremely improbable.
A similar situation prevails, Mises pointed out, in applying probability to the social sciences, to weather prediction, and even to physics.
These situations are not like games of chance, in which the possible outcomes can beclassified neatly into n mutually exclusive, completely exhaustive cases thatfulfill the conditions of equipossibility. A small body
of radioactive substance will, in the next second, either emit an alpha

particle or it will not. The probability that it will emit the particle is,
say, .0374. Where are the equipossible cases? There are none. We have
only two cases: either it will emit the alpha particle in the next second

or it will not emit it. This was Mises’ chief criticism of the classical

theory.

On the constructive side, both Mises and Reichenbach hadthis to

say. What we really mean by probability has nothing to do with counting
cases. It is a measurementof “relative frequency”. By “absolute frequency”, we meanthe total numberof objects or occurrences; for ex-

ample, the numberof people in Los Angeles whodied last year of tuberculosis. By “relative frequency”, we mean the ratio of this numberto
that of a larger class being investigated, say, the total number of inhabitants of Los Angeles.
Wecan speak of the probability that a certain face of a die will be
thrown, Misessaid, not only in the case of a fair die, where it is 4%, but

also in cases of all types of loaded dice. Suppose someoneasserts that
the die he has is loaded and that the probability it will show an aceis
not 1, but less than 1%. Someoneelse says: “I agree with you that the

die is loaded, but not in the way you believe. I think that the probability
of an ace is greater than \;.” Mises pointed out that, in order to learn
what the two men mean bytheir divergent assertions, we must look at
the way theytry to settle their argument. They will, of course, make an
empirical test. They will toss the die a numberof times, keeping a record
of the numberof throws and the numberof aces.
How manytimes will they toss the die? Suppose they make 100

26

Laws, Explanations, and Probability

throwsandfind that the ace comes up 15 times. This is slightly less than

¥ of 100. Will this not prove that the first manis right? “No”, the other

man might say. “I still think the probability is greater than %. One
hundred throwsis not sufficient for an adequate test.” Perhaps the men

continue tossing the die until they have made 6,000 throws. If the ace

has turned up fewer than 1,000 times, the second man maydecide to

give up. “You are right”, he says. “It is less than 4%.”

Why do the men stop at 6,000? It may be that they are tired of

making throws. Perhaps they made a bet of a dollar about which way
the die was loaded, and for a mere dollar they do not want to spend
three more days on additional throws. But the decision to stop at 6,000

is purely arbitrary. If, after 6,000 throws, the number of aces is very
close to 1,000, they might regard the question as still undecided. A
small deviation could be due to chance, rather than to a physical bias in

the die itself. In a longer run, the bias might cause a deviation in the opposite direction. To make a more decisive test, the men might decide to
go on to 60,000 throws. Clearly, there is no finite number of throws,

however large, at which they could stop the test and say with positive
assurance that the probability of an ace is 4% or less than % or more.
Since no finite numberof tests is sufficient for determining a probability with certainty, how can that probability be defined in terms of
frequency? Mises and Reichenbach proposed that it be defined, not as
relative frequency in a finite series of instances, but as the limit of the
relative frequency in an endless series. (It was this definition that distinguished the views of Mises and Reichenbach from those of R.A.
Fisher, in England, and other statisticians who hadalso criticized the

classical theory. They introduced the frequency concept of probability,
not by definition, but as a primitive term in an axiom system.) Of

course, Mises and Reichenbach were well aware—although they have
often been criticized as though they had not been—that no observer can
ever have the complete infinite series of observations available. But I
think that their critics were wrong when theysaid that the new definition
of probability has no application. Both Reichenbach and Mises have
shown that many theorems can be developed on the basis of their definition, and, with the help of these theorems, we can say somethingsignifi-

cant. We cannot say with certainty what the value of a probability 1s,

but, if the series is long enough, we can say what the probability probably is. In the die example, we might say that the probability that the
probability of throwing an ace is greater than 1% is very small. Perhaps
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the value of this probability of a probability can even be calculated. The
facts that the limit concept is used in the definition and that reference
is made to an infinite series certainly do cause complications and diffi-

culties, both logical and practical. They do not, however, makethe def-

inition meaningless, as somecritics have asserted.
Reichenbach and Mises agreed in the view that this concept of
probability, based on the limit of a relative frequency in an infinite
series, is the only concept of probability acceptable in science. The
classical definition, derived from the principle of indifference, had been

found inadequate. No new definition other than that of Mises and
Reichenbach had been found that was superior to the old. But now the
troublesome question of single instances arose once more. The new definition worked very well for statistical phenomena, but how could it be
applied to a single case? A meteorologist announcesthat the probability
of rain tomorrow is 33. “Tomorrow” refers to one particular day and
no other. Like the death of the man applying for life insurance,it is a
single, unrepeated event; yet we want to attribute to it a probability.
How can this be done on the basis of a frequency definition?
Mises thought that it could not be done; therefore, probability
statements for single cases should be excluded. Reichenbach, however,
was aware that, in both science and everyday life, we constantly make

probability statements about single events. It would be useful, he

thought, to find a plausible interpretation for such statements. In
weather prediction, it is easy to give such an interpretation. The
meteorologist has available a large number of reports of past observations of the weather, as well as data concerning the weather for today.
He finds that today’s weather belongs to a certain class, and that in
the past, when weather of this class occurred, the relative frequency
with which rain fell on the following day was 33. Then, according to
Reichenbach, the meteorologist makes a “posit”; that is, he assumes

that the observed frequency of 24, based on finite but rather long series

of observations, is also the limit of the infinite series. In other words, he

estimates the limit to be in the neighborhood of #4. He then makes the
statement: “The probability of rain tomorrow is 7%.”
The meteorologist’s statement, Reichenbach maintained, should
be regarded as anelliptical one. If he expanded it to its full meaning,
he would say: “According to our past observations, states of weather
such as that we have observed today were followed, with a frequency
of 73, by rain on the following day.” The abbreviated statement seems
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to apply probability to a single case, but that is only a manner of speaking. The statement really refers to relative frequency in a long series.
The same would betrue of the statement: “On the next throw of the
die, the probability of an ace is 4%.” The “next throw” is, like “the
weather tomorrow”, a single, unique event. When weattribute prob-

ability to it, we are really speaking elliptically about relative frequency
in a longseries of throws.
In this way, Reichenbach found an interpretation for statements
that attributed probability to single events. He eventried tofind an interpretation for statements attributing probability to general hypotheses in
science. We will not enter into that here because it is more complicated
and because (in contrast to his interpretation of singular probability
predictions ) it has not found general acceptance.
The next important development in the history of probability
theory was the rise of the logical conception. It was proposed after
1920 by John Maynard Keynes, the famous British economist, and has
since been elaborated by many writers. Today there is a spirited controversy between proponents of this logical conception and those who
favor the frequency interpretation. The next chapter will discuss this
controversy and the mannerin which I think it should be resolved.

CHAPTER

3

Induction and

Logical Probability

TO JOHN MAYNARD KEYNES, probability was a logical relation between two propositions. He did not try
to define this relation. He even went so far as to say that no definition
could be formulated. Only by intuition, he insisted, can we understand
what probability means. His book, A Treatise on Probability,’ gave a
few axioms and definitions, expressed in symbolic logic, but they are
not very sound from a modernpoint of view. Some of Keynes’s axioms
were actually definitions. Some of his definitions were really axioms.
But his book is interesting from a philosophical standpoint, especially
those chapters in which he discusses the history of probability theory
and what can be learned today from earlier points of view. His central
contention was that, when we make a probability statement, we are not
making a statement about the world, but only about a logical relation
between two other statements. We are saying only that one statement
has a logical probability of so-and-so much with respect to another
statement.

I use the phrase “so-and-so much”. Actually, Keynes was more

1 John Maynard Keynes, Treatise on Probability (London: Macmillan, 1921).
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cautious. He doubted that probability in general could be made a quan-

titative concept, that is, a concept with numerical values. He agreed,of
course, that this could be done in special cases, such as the throw of a

die, in which the old principle of indifference applied. The die is sym-

metrical, all its faces are alike, we have no reason to suspectit is loaded,
and so on. The sameis true of other games of chance, in which condi-

tions are carefully arranged to produce physical symmetry,or, at least,
symmetry with respect to our knowledge and ignorance. Roulette wheels
are madeso that their various sectors are equal. The wheel is carefully
balanced to eliminate any bias that might cause the ball to stop at one
numberrather than another. If someoneflips a coin, we have no reason
to suppose that heads will show rather thantails.
In restricted situations of this sort, Keynes said, we can legitimately
apply something like the classical definition of probability. He agreed
with other critics of the principle of indifference that it had been used
in the classical period in much too wide a sense and that it had been
wrongly applied to many situations, such as the prediction that tomorrow the sun will rise. It is true, he said, that in games of chance and

other simple situations, the principle of indifference is applicable, and
numerical values can be given to probability. In most situations, however, we have no wayof defining equipossible cases and, therefore, no

justification for applying the principle. In such cases, Keynes said, we
should not use numerical values. His attitude was cautious andskeptical.
Hedid not wantto go too far, to tread on what he regarded asthin ice,
so he restricted the quantitative part of his theory. In many situations
in which we do not hesitate to make bets, to attribute numerical values
to probability predictions, Keynes cautioned against the practice.
The second important figure in the rise of the modern logical approach to probability is Harold Jeffreys, an English geophysicist. His
Theory of Probability, first published in 1939 by Oxford Press, defends
a conception closely related to that of Keynes. When Keynes published
his book (it came out in 1921, so he probably wrote it in 1920), the

very first publications on probability by Mises and Reichenbach had
just appeared. Keynes apparently did not know about them. Hecriti-

cized the frequency approach, but he did notdiscussit in detail. By the

time Jeffreys wrote his book, the frequency interpretation had beenfully
developed, so his book was much moreexplicit in dealing withit.
Jeffreys said flatly that the frequency theory is entirely wrong. He
affirmed Keynes’s view that probability refers not to frequency but to
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a logical relation. He was much more daring than the cautious Keynes.
He believed that numerical values could be assigned to probability in a
large number of situations, especially in all those situations in which
mathematical statistics is applied. He wanted to deal with the same
problems that interested R. A. Fisher and otherstatisticians, but he
wanted to deal with them on the basis of a different concept of probability. Because he made use of an indifference principle, I believe that
some of his results are open to the same objections that were raised
against the classical theory. It is difficult, however, to find specific statements in his bookto criticize. His axioms, taken one after the other, are

acceptable. Only when hetries to derive theorems from one certain
axiom doeshe, in my opinion, goastray.
The axiom in question is stated by Jeffreys as follows: “Weassign
the larger number on given data to the more probable proposition (and
therefore equal numbers to equally probable propositions) .” The part
included in the parenthesis obviously says only that, if p and qg are
equally probable on the basis of evidence r, then equal numbersare to
be assigned to p and q as their probability values with respect to evidence r. The statementtells us nothing about the conditions under which
we are to regard p and q as equally probable with respect to r. Nowhere
else in his book does Jeffreys state those conditions. Later in his book,

however, he interprets this axiom in a most surprising way in order to
establish theorems aboutscientific laws. “If there is no reason to believe
one hypothesis rather than another”, he writes, “the probabilities are
equal.” In other words, if we have insufficient evidence for deciding
whethera given theory is true or false, we must conclude that the theory
has a probability of 2.
Is this a legitimate use of the principle of indifference? In my view,
it is a use that was rightly condemnedbycritics of the classical theory.
If the principle of indifference is to be used atall, there must be some
sort of symmetry in the situation, such as the equality of the faces of a
die or the sectors of a roulette wheel, that enables us to say that certain
cases are equally probable. In the absence of such symmetries in the
logical or physical features of a situation, it is unwarranted to assume
equal probabilities merely because we know nothing aboutthe relative
merits of rival hypotheses.
A simple illustration will make this clear. According to Jeffreys’
interpretation of his axiom, we could assume a probability of 12 that
there are living organisms on Mars because we haveneither sufficient
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reason to believe this hypothesis nor sufficient reason to believe its negation. In the same way, we could reason that the probability is ¥2 that
there are animals on Mars and "2 that there are human beings there.
Each assertion, considered by itself, is an assertion about which we have

no suflicient evidence one way or the other. But these assertions are related to each other in such a way that they cannot have the same probability values. The second assertion is stronger than the first because
it implies the first, whereas the first does not imply the second. Therefore, the second assertion has less probability than the first; the same
relation holds betweenthe third and the second. We must be extremely
careful, therefore, in applying even a modified principle of indifference,

or weare likely to run into such inconsistencies.
Jeffreys’ book has been harshly criticized by mathematical statisticians. I agree with their criticism only with respect to the few places
where Jeffreys develops theorems that cannot be derived from his
axioms. On the other hand, I would say that both Keynes and Jeffreys
were pioneers who worked in the right direction.” My own work on
probability is in the samedirection. I share their view that logical probability is a logical relation. If you make a statementaffirming that, for
a given hypothesis, the logical probability with respect to given evidence
is .7, then the total statement is an analytic one. This means that the
statement follows from the definition of logical probability (or from the

axioms of a logical system) without reference to anything outside the
logical system, that is, without reference to the structure of the actual
world.
In my conception, logical probability is a logical relation somewhat similar to logical implication; indeed, I think probability may be
regarded as a partial implication. If the evidence is so strong that the
hypothesis follows logically from it—is logically implied by it—we have
one extreme case in which the probability is 1. (Probability 1 also occurs in other cases, but this is one special case where is occurs. ) Simi-

larly, if the negation of a hypothesis is logically implied by the evidence,
the logical probability of the hypothesis is 0. In between, there is a continuum of cases about which deductive logic tells us nothing beyond the
negative assertion that neither the hypothesis nor its negation can be deduced from the evidence. On this continuum inductive logic must take
2A technical evaluation of the work of Keynes and Jeffreys, and others who
defended logical probability, will be found in section 62 of my Logical Foundations of Probability (Chicago: University of Chicago Press, 1950). Six non-

technical sections of this book were reprinted as a small monograph, The Nature
and Application of Inductive Logic (Chicago: University of Chicago Press, 1951).
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over. But inductive logic is like deductive logic in being concernedsolely
with the statements involved, not with the facts of nature. By a logical
analysis of a stated hypothesis h and stated evidence e, we conclude that
h is notlogically implied butis, so to speak, partially implied by e to the
degree of so-and-so much.
At this point, we are justified, in my view, in assigning numerical

value to the probability. If possible, we should like to construct a system
of inductive logic of such a kind that for any pair of sentences, one asserting evidence e and the other stating a hypothesis h, we can assign a
numbergiving the logical probability of h with respect to e. (We do not
consider the trivial case in which the sentencee is contradictory; in such
instances, no probability value can be assigned to h.) I have succeeded

in developing possible definitions of such probabilities for very simple
languages containing only one-place predicates, and work is now in
progress for extending the theory to more comprehensive languages. Of
course, if the whole of inductive logic, which I am trying to construct on
this basis, is to be of any real value to science, it should finally be applicable to a quantitative language such as we havein physics, in which
there are not only one- or two-place predicates, but also numerical magnitudes such as mass, temperature, and so on.I believe that this is possible and that the basic principles involved are the sameas the principles
that have guided the work so far in the construction of an inductive logic
for the simple language of one-place predicates.
WhenI say I think it is possible to apply an inductive logic to the
language of science, I do not mean that it is possible to formulate a set
of rules, fixed once andforall, that will lead automatically, in anyfield,
from facts to theories. It seems doubtful, for example, that rules can be

formulated to enable a scientist to survey a hundred thousandsentences
giving various observational reports and then find, by a mechanical application of those rules, a general theory (system of laws) that would
explain the observed phenomena. This is usually not possible, because

theories, especially the more abstract ones dealing with such nonobservables as particles and fields, use a conceptual framework that goes far
beyond the framework used for the description of observation material.
One cannot simply follow a mechanical procedure based on fixed rules
to devise a new system of theoretical concepts, and with its help a theory. Creative ingenuity is required. This point is sometimes expressed
by saying that there cannot be an inductive machine—a computer into

which we can putall the relevant observational sentences and get, as an
output, a neat system of laws that will explain the observed phenomena.
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I agree that there cannot be an inductive machine if the purpose
of the machineis to invent new theories. I believe, however, that there

can be an inductive machine with a much more modest aim. Given certain observations e and a hypothesis h (in the form, say, of a prediction
or even of a set of laws), then I believe it is in many cases possible to

determine, by mechanical procedures, the logical probability, or degree
of confirmation, of h on the basis of e. For this concept of probability,

I also use the term “inductive probability”, because I am convinced that
this is the basic concept involvedin all inductive reasoning and that the
chief task of inductive reasoning is the evaluation of this probability.
When we survey the present situation in probability theory, we
find a controversy between advocates of the frequency theory and those
who,like Keynes, Jeffreys, and myself, speak in terms of a logical probability. There is, however, one important difference between my position
and that of Keynes and Jeffreys. They reject the frequency concept of
probability. I do not. I think the frequency concept, also called statistical probability, is a good scientific concept, whether introduced by an
explicit definition, as in the systems of Mises and Reichenbach, orintro-

duced by an axiom system and rules of practical application (without
explicit definition), as in contemporary mathematicalstatistics. In both

cases, I regard this concept as important for science. In my opinion, the
logical concept of probability is a second concept, of an entirely differ-

ent nature, though equally important.

Statements giving values of statistical probability are not purely
logical; they are factual statements in the language of science. When a
medical man says that the probability is “very good” (or perhaps he
uses a numerical value and says .7) that a patient will react positively to
a certain injection, he is making a statement in medical science. When
a physicist says that the probability of a certain radioactive phenomenon
is so-and-so much,he is making a statement in physics. Statistical probability is a scientific, empirical concept. Statements about statistical
probability are “synthetic” statements, statements that cannot be decided by logic but which rest on empirical investigations. On this point
I agree fully with Mises, Reichenbach, and the statisticians. When we
say, “With this particular die the statistical probability of throwing an
ace 1s .157”, we are stating a scientific hypothesis that can be tested only
by a series of observations. It is an empirical statement because only an
empirical investigation can confirm it.
As science develops, probability statements of this sort seem to become increasingly important, not only in the social sciences, but in mod-
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ern physics as well. Statistical probability is involved not only in areas
where it is necessary because of ignorance (as in the social sciences or
when a physicist is calculating the path of a molecule in a liquid), but
also as an essential factor in the basic principles of quantum theory.It
is of the utmost importance for science to have a theory of statistical
probability. Such theories have been developed bystatisticians and, in
a different way, by Mises and Reichenbach.

Onthe other hand, we also need the conceptof logical probability.
It is especially useful in metascientific statements, that is, statements
about science. We say to a scientist: “You tell me that I can rely on
this law in making a certain prediction. How well established is the law?
Howtrustworthy is the prediction?” The scientist today may or may not
be willing to answer a metascientific question of this kind in quantitative
terms. But I believe that, once inductive logic is sufficiently developed,
he could reply: “This hypothesis is confirmed to degree .8 on the basis
of the available evidence.” A scientist who answersin this way is making
a statement about a logical relation between the evidence and the hypothesis in question. The sort of probability he has in mind is logical
probability, which I also call “degree of confirmation”. His statement
that the value of this probability is .8 is, in this context, not a synthetic
(empirical) statement, but an analytic one. It is analytic because no empirical investigation is demanded. It expresses a logical relation between
a sentence that states the evidence and a sentence that states the hypothesis.

Note that, in making an analytic statement of probability, it is al-

ways necessary to specify the evidence explicitly. The scientist must not
say: “The hypothesis has a probability of .8.”” He must add, “with respect to such and such evidence.” If this is not added, his statement
might be taken as a statementof statistical probability. If he intendsit
to be a statement of logical probability, it is an elliptical statement in
which an important component has been left out. In quantum theory,
for instance,it is often difficult to know whether a physicist meansstatistical probability or logical probability. Physicists usually do not draw
this distinction. They talk as though there were only one concept of
probability with which they work. “We mean that kind of probability

that fulfills the ordinary axioms of probability theory”, they may Say.

But the ordinary axioms of probability theory are fulfilled by both concepts, so this remark does not clear up the question of exactly what type

of probability they mean.

A similar ambiguity is found in the statements of Laplace and
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others who developedthe classical conception of probability. They were
not aware, as we are today,of the difference between logical probability
and frequency probability. For that reason it is not always possible to
determine which concept they meant. I am convinced, however, that

most of the time—not always, of course—they meant the logical concept. Mises and other frequentists were not correct, in my opinion, in
certain criticisms they made of the classical school. Mises believed that
there was no other scientific concept of probability but the frequency
concept, so he assumedthat, if the classical writers meant anything at
all by “probability”, they must have meantstatistical probability. Of
course, they were not able to say clearly and explicitly that they meant
relative frequency in the long run, but this, according to Mises, is what

they implicitly meant. I do not agree. I believe that, when the classical
writers made certain statements about a priori probability, they were
speaking of logical probability, which is analytic and therefore can be
known a priori. I do not regard these statements as violations of the
principle of empiricism, as Mises and Reichenbachdo.

Let me add a wordof caution. After I had expressed this view in
my book on probability, a number of colleagues—some of them my
friends—pointed to certain quotations from classical authors and said
that logical probability could not have been what those authors had in
mind. With this I agree. In some of their statements the classical writers
could not have meant logical probability; presumably, they meantfrequency probability. Nevertheless, I am convinced that their basic concept was logical probability. I think this is even implied bythetitle of
the first systematic book in the field, Jacob Bernoulli’s Ars conjectandi,

the art of conjecture. Mises’ theory of probability is not an art of conjecture. It is a mathematically formulated axiomatic theory of mass phenomena. There is nothing conjectural about it. What Bernoulli meant
was quite different. We have seen certain events, he said, such as the

way a die has fallen, and we want to make a conjecture about how it

will fall if we throw it again. We want to know how to makerational
bets. Probability, for the classical writers, was the degree of certainty
or confidence that our beliefs can have about future events. This is logical probability, not probability in the statistical sense.®

3 Mygeneralview, that both statistical and logical probability are legitimate, good

scientific concepts that play different roles, is expressed in Chapter II of Logical

Foundations of Probability, cited in the previous footnote, and in my 1945 paper,
“The Two Concepts of Probability,” reprinted in Herbert Feigl and Wilfrid

Sellars, eds., Readings in Philosophical Analysis (New York: Appleton-Century-
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I will not go into greater detail here about my view of probability,
because manytechnicalities are involved. But I will discuss the one inference in which the two concepts of probability may come together.

This occurs when either the hypothesis or one of the premisses for the

inductive inference contains a concept of statistical probability. We can
see this easily by modifying the basic schema used in our discussion of
universal laws. Instead of a universal law (1), we take as the first premiss

a statistical law (1’), which says that the relative frequency (rf) of Q
with respect to P is (say) .8. The second premiss (2) states, as before,
that a certain individual a has the property P. The third statement (3)
asserts that a has the property Q. This third statement, Qa, is the hy-

pothesis we wish to consider on the basis of the two premisses.
In symbolic form:

(17) rf(Q,P) = .8
(2) Pa
(3) Qa

What can we say about the logical relation of (3) to (1’) and (2)? In

the previous case—the schemafor a universal law—we could makethe
following logical statement:
(4) Statement (3) is logically implied by (1) and (2).
We cannot make such a statement about the schema given above because the new premiss (1’) is weaker than the former premiss (1); it

states a relative frequency rather than a universal law. We can, however,

make the following statement, which also asserts a logical relation, but
in terms of logical probability or degree of confirmation, rather than in
terms of implication:
(4’) Statement (3), on the basis of (1’) and (2), has a probability of .8.
Note that this statement, like statement (4), is not a logical inference from (1’) and (2). Both (4) and (4’) are statements in what is

called a metalanguage; they are logical statements about three assertions: (1) [or (1’), respectively], (2), and (3).

It is important to understand precisely what is meant by such a

statement as “Thestatistical probability of Q with respect to P is .8.”

Whenscientists make such statements, speaking of probability in the
Crofts, 1949), pp. 330-348, and Herbert Feigl and May Brodbeck, eds., Readings
in the Philosophy of Science (New York: Appleton-Century-Crofts, 1953), pp.

438-455. For a more popularly written defense of the same viewpoint, see my
article “What is Probability?,” Scientific American, 189 (September 1953).
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frequencysense,it is not always clear exactly what frequency they mean.
Is it the frequency of Q in an observed sample? Is it the frequency of Q
in the total population under consideration? Is it an estimate of the frequency in the total population? If the number of observed instances in
the sample is very large, then the frequency of Q in the sample maynot
differ in any significant degree from the frequency of Q in the population
or from an estimate of this frequency. Nevertheless, it is important to
keep in mind the theoretical distinctions involvedhere.
Suppose that we wish to know whatpercentage of a hundred thousand men living in a certain city shave with electric razors. We decide
to question one thousand of these men. To avoid a biased sample, we
must select the thousand menin ways developed by workersin the field
of modernpolling techniques. Assume that we obtain an unbiased sample
and that eight hundred men in the sample report that they use anelectric
razor. The observed relative frequency of this property is, therefore, .8.
Since one thousandis a fairly large sample, we might conclude that the
statistical probability of this property, in the total population, is .8.
Strictly speaking, this is not a warranted conclusion. Only the value of
the frequency in the sample is known. The value of the frequency in the
population is not known. The best we can do is make an estimate of the
frequency in the population. This estimate must not be confused with
the value of the frequency in the sample. In general, such estimates
should deviate in a certain direction from the observed relative frequency in a sample.*
Assumethat (1’) is known: the statistical probability of Q, with
respect to P, is .8. (How we knowthis is a question that need not be

considered. We may have tested the entire population of a hundred
thousand by interviewing every man in the city.) The statement of this

probability is, of course, an empirical statement. Suppose, also, that
the second premiss is known: (2) Pa. We can now make statement
(4’), which says that the logical probability of (3) Qa, with respect to
premisses (1’) and (2), is .8. If, however, the first premiss is not a

statementof statistical probability, but the statement of an observedrelative frequency in a sample, then we must take into consideration the

size of the sample. We canstill calculate the logical probability, or de-

gree of confirmation, expressed in statement (4), but it will not be ex4 This question is not discussed in my Logical Foundations of Probability; but

in a small monograph, The Continuum of Inductive Methods (University of

Chicago Press, 1952), I have developed a number of techniques for estimating
relative frequency on the basis of observed samples.
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actly .8. It will deviate in ways I have discussed in the monograph mentioned in the previous footnote.
When an inductive inference is made in this way, from a sample
to the population, from one sample to an unknown future sample, or
from one sample to an unknownfuture instance, I speak of it as “indirect probability inference” or “indirect inductive inference”, as distinct from the inductive inference that goes from the population to a
sample or an instance. As I havesaid earlier, if knowledge of the actual
statistical probability in the population is given in (1’), it is correct
to assert in (4) the same numerical value for the degree of confirmation.
Such an inference is not deductive; it occupies a somewhat intermediate

position between the other kinds of inductive and deductive inferences.
Some writers have even called it a “deductive probability inference’,

but I prefer to speak of it as inductive rather than deductive. Whenever
the statistical probability for a population is given and we wishto determine the probability for a sample, the values given by my inductive logic
are the same as those a statistician would give. If, however, we make
an indirect inference from a sample to the population or from a sample
to a future single instance or a future finite sample (these two latter

cases I call “predictive inferences”), then I believe that the methods
used in statistics are not quite adequate. In my monograph on The Continuum of Inductive Methods, I give in detail the reasons for my scep-

ticism.
The main points that I wish to stress here are these: Both types of
probability—statistical and logical—may occur together in the same
chain of reasoning. Statistical probability is part of the object language
of science. To statements aboutstatistical probability we can apply logical probability, which is part of the metalanguage of science. It is my
conviction that this point of view gives a muchclearer picture of statistical inference than is commonly found in books onstatistics and that
it provides an essential groundwork for the construction of an adequate
inductive logic of science.

cuapterRG

The Experimental
Method

ONE OF THE GREATdistinguishing features of modern science, as compared to the science of earlier periods,
is its emphasis on whatis called the “experimental method”, As we have
seen, all empirical knowledgerests finally on observations, but these observations can be obtained in twoessentially different ways. In the nonexperimental way, we play a passive role. We simply look at the stars
or at some flowers, note similarities and differences, and try to discover
regularities that can be expressed as laws. In the experimental way, we
take an active role. Instead of being onlookers, we do something that
will produce better observational results than those we find by merely
looking at nature. Instead of waiting until nature provides situations for
us to observe, we try to create such situations. In brief, we make experiments.

The experimental method has been enormously fruitful. The great
progress physics has madein the last two hundredyears, especially in
the last few decades, would have been impossible without the experimental method. If this is so, one might ask, why is the experimental

method not used in all fields of science? In somefields it is not as easy
40
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to use as it is in physics. In astronomy, for example, we cannot give a
planet a push in some other direction to see what would happento it.
Astronomical objects are out of reach; we can only observe and describe
them. Sometimes astronomers can create conditions in the laboratory
similar to those, say, on the surface of the sun or moon and then observe
what happens in the laboratory under those conditions. But this is not
really an astronomical experiment. It is a physical experimentthat has
some relevancefor astronomical knowledge.
Entirely different reasons prevent social scientists from making
experiments with large groups of people. Social scientists do make experiments with groups, but usually they are small groups. If we want
to learn how people react when they are unable to obtain water, we can

take two or three people, give them a diet without liquid, and observe
their reactions. But this does not tell us much about how a large community would react if its water supply were cut off. It would be an interesting experiment to stop the water supply to New York, for instance.

Would people get frantic or apathetic? Would they try to organize a revolution against the city government? Of course, no social scientist would
suggest making such an experiment because he knowsthat the community would not permit it. People will not allow social scientists to play
with their essential needs.
Even whenno real cruelty to a community is involved, there are
often strong social pressures against group experiments. For example,
there is a tribe in Mexico that performsa certain ritual dance whenever
there is an eclipse of the sun. Membersof the tribe are convinced that
only in this way can they placate the god whois causing the eclipse.
Finally, the light of the sun returns. Suppose a group of anthropologists
tries to convince these people that their ritual dance had nothing to do
with the sun’s return. The anthropologists propose that the tribe experiment by not doing the dance the next time the sun’s light goes away and
seeing what happens. The tribesmen would respond with indignation.
To them it would mean runningthe risk of living the rest of their days
in darkness. They believe so strongly in their theory that they do not
want to put it to a test. So, you see, there are obstacles to experiments
in the social sciences even when the scientists are convinced that no
social harm will result if the experiments are performed. The social scientist is, in general, restricted to what he can learn from history and
from experiments with individuals and small groups. In a dictatorship,
however, large group experiments are often made, not just to test a the-
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ory, but rather because the governmentbelieves that a new procedure

may work better than an old one. The government experiments on a
grand scale in agriculture, economics, and so on. In a democracy,it is

not possible to make such audacious experiments because, if they did
not turn out well, the government would have to face an angry public
at the nextelection.
The experimental method is especially fruitful in fields in which
there are quantitative concepts that can be accurately measured. How
does the scientist plan an experiment? It is hard to describe the general
nature of experiments, because there are so many different kinds, but a
few general features can be pointed out.
First of all, we try to determine the relevant factors involved in

the phenomenon we wish to investigate. Some factors—but not too
many—mustbeleft aside as irrelevant. In an experiment in mechanics,

for example, involving wheels, levers, and so on, we may decideto dis-

regard friction. We know thatfriction is involved, but we think its influence is too small to justify complicating the experiment by considering
it. Similarly, in an experiment with slow-moving bodies, we may choose
to neglect air resistance. If we are working with very high velocities,
such as a missile moving at a supersonic speed, we can no longer neglect air resistance. In short, the scientist leaves out only those factors

whoseinfluence on his experimentwill, he thinks, be insignificant. Some-

times, in order to keep an experiment from being too complicated, he
may even haveto neglect factors he thinks may have importanteffects.
After having decided on the relevant factors, we devise an experiment in which some of those factors are kept constant while others are
permitted to vary. Suppose weare dealing with a gas in a vessel, and we

wish to keep the temperature of the gas as constant as we can. We immerse the vessel in a water-bath of much larger volume. (The specific
heat of the gas is so small in relation to the specific heat of the water
that, even if the temperature of the gas is varied momentarily, as by
compression or expansion, it will quickly go back to its old temperature.) Or we may wish to keep a certain electrical current at a constant
rate of flow. Perhaps this is done by having an amperemeterso that,if
we observe an increase or decrease in the current, we can alter the re-

sistance and keep the current constant. In such ways as these we are
able to keep certain magnitudes constant while we observe what happens when other magnitudesare varied.
Ourfinal aim is to find laws that connect all the relevant magni-
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tudes; but, if a great many factors are involved, this may be a complicated task. At the beginning, therefore, we restrict our aim to lower-level
laws that connect someof the factors. The simplest first step, if there are
k magnitudes involved, is to arrange the experiment so that k-2 magnitudes are kept constant. This leaves two magnitudes, M, and Mb, that
we are free to vary. We change oneof them and observe how the other
behaves. Maybe M2 goes down whenever M,is increased. Or perhaps,

as M,is increased, M2 goesfirst up and then down. The value of Mz is
a function of the value of M,. We can plot this function as a curve on

a sheet of graph paper and perhaps determine the equation that expresses the function. We will then have a restricted law: If magnitudes

M3, M,,M; . . . are kept constant, and M,is increased, M, varies in a

way expressed by a certain equation. Butthis is only the beginning. We
continue our experiment, controlling other sets of k-2 factors, so that
we can see how otherpairs of magnitudesare functionally related. Later,
we experiment in the same waywith triples, keeping everything constant
except three magnitudes. In some cases, we may be able to guess, from
our lawsrelating to pairs, some orall of the laws concerningthetriples.
Then we aim for still more general laws involving four magnitudes, and
finally for the most general, sometimes quite complicated, laws that

coverall the relevantfactors.
As a simple example, consider the following experiment with a
gas. We have made the rough observation that the temperature, volume,
and pressure of a gas often vary simultaneously. We wish to know exactly how these three magnitudes are related to one another. A fourth
relevant factor is what gas we are using. We may experiment with other
gases later, but at first we decide to keep this factor constant by using
only pure hydrogen. We put the hydrogen in a cylindrical vessel (see
Figure 4—1) with a movable piston on which a weight can beplaced.
Wecan easily measure the volumeof the gas, and we can vary the pressure by changing the weight on the piston. The temperature is regulated
and measured by other means.
Before we proceed with experiments to determine how the three
factors—temperature, volume, and pressure—are related, we need to
make some preliminary experiments to makesure that there are no other
relevant factors. Some factors we might suspect of being relevant turn
out not to be. For example, is the shape of the vessel containing the gas
relevant? We know that in some experiments (for example, the distribution of an electrical charge and its surface potential) the shape of

44

Laws, Explanations, and Probability

the object involved is important. Here it is not difficult to determine that
the shape of the vessel is irrelevant; only the volume is important. We
can draw on our knowledge of nature to rule out many other factors. An
astrologer may come into the laboratory and ask: “Have you checked
on where the planets are today? Their positions may have some influence on your experiment.” We considerthis an irrelevant factor because
we believe the planets are too far away to have an influence.

XMS

piston

cylindrical
container

G, weight
WZ
a

a

a

Figure 4-1.

Our assumption of the irrelevance of the planets is correct, butit
would be a mistake to think that we can automatically exclude various
factors simply because we believe they have no influence. There is no
way to be really sure until experimental tests have been made. Imagine
that you live before the invention of radio. Someone places a box on
your table and tells you that if someonesings at a certain spot, one thousand miles away, you will hear the apparatusin this box sing exactly the
same song, in the same pitch and rhythm. Would you believe it? You
would probably reply: “Impossible! There are no electric wires attached
to this box. I know from my experience that nothing happening one
thousand miles away could have any effect on whatis happeningin this
room.”
That is exactly the same reasoning by which we decided that the
positions of the planets could not affect our experiments with hydrogen!
It is obvious that we must be very cautious. Sometimes there are influences we cannot know about until they are discovered. For this reason,

the very first step in our experiment—determining the relevant factors—
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is sometimes a difficult one. Moreover,it is a step that is often not ex-

plicitly mentioned in the reports of investigations. A scientist describes
only the apparatus he used, the experiment he performed, what he dis-

covered about the relations between certain magnitudes. He does not
add, “and in addition I found out that such and such factors have no in-

fluence on the results”. In most cases, when enough is known aboutthe
field in which the investigation is made,the scientist will take for granted
that other factors are irrelevant. He may be quite right. But in new
fields, one must be extremely cautious. Of course, nobody would think

that a laboratory experiment could be influenced by whether we look at
the apparatus from a distance of ten inches or ten feet or whether we
are in a kind or angry disposition when welook at it. These factors are
probably irrelevant, but absolutely sure we cannot be. If anyone suspects that these are relevant factors, an experiment must be madeto rule
them out.
Practical considerations prevent us, of course, from testing every
factor that might be relevant. Thousands of remote possibilities can be
tested, and there simply is not time to examine all of them. We must
proceed according to common sense and correct our assumptions only
if something unexpected happensthat forces us to consider relevant a
factor we had previously neglected. Will the color of leaves on trees outside a laboratory influence the wave length of light used in an experiment? Will a piece of apparatus function differently depending on
whether its legal owner is in New York or Chicago or on how hefeels
about the experiment? We obviously do not have time to test such factors. We assume that the mental attitude of the equipment’s owner has
no physical influence on the experiment, but members of certain tribes
may differ. They may believe that the gods will assist the experiment
only if the owner of the apparatus wants the experiment made and not
if the pretended owner wishes it. Cultural beliefs thus sometimes influence what is considered relevant. In most cases, a scientist thinks about

the problem, makes a common-sense guess about whatfactors are worth
considering, and perhaps performs a few preliminary experiments to
rule out factors about which heis doubtful.
Assume that we have decided that the factors relevant to our experiment with hydrogen are temperature, pressure, and volume. In our
vessel the nature and total amount of the gas remain the same because
we keepit in a closed vessel. Weare free, therefore, to test relationships
among the three factors. If we maintain a constant temperature but in-
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crease the pressure, we discover that the volume varies inversely with the
pressure. Thatis, if we double the pressure, the volume decreasesto half
its former amount. If we triple the pressure, the volume decreases to one

third. This is the famous experiment performed in the seventeenth century by the Irish physicist Robert Boyle. The law he discovered, known
as Boyle’s law, states that if the temperature of a confined gas remains
the same, the product of the volume and pressureis constant.
Next we keep the pressure constant (by leaving the same weight on
the piston) but vary the temperature. We then discover that the volume
increases when the gas is heated and decreases whenit is cooled; and,

by measuring volume and temperature, we find that volume is proportional to temperature. (This is sometimes called Charles’s law, after the

Frenchscientist Jacques Charles.) We must be careful not to use either
the Fahrenheit or the centigrade scale, but a scale in which zero is

“absolute zero” or — 273 degrees on the centigrade scale. This is the
“absolute scale”, or “Kelvin scale”, introduced by Lord Kelvin, a nine-

teenth-century English physicist. It is now an easy step to an experimental verification of a general law covering all three factors. Such a
law is, in fact, suggested by the two laws we have already obtained, but
the general law has more empirical content than the two lawstaken together. This general law states that if the amount of a confined gas remains constant, the product of the pressure and volume equals the product of the temperature and R (P*V = TR). In this equation, R is a

constant that varies with the amount of gas under consideration. This
general law gives the relationships among all three magnitudes andis
therefore of significantly greater efficiency in making predictions than
the other two laws combined. If we know the value of any two of the
three variable magnitudes, we can easily predict the third.
This example of a simple experiment shows how it is possible to
keep certain factors constant in order to study dependencies that hold
between other factors. It also shows—andthis is very important—the
fruitfulness of quantitative concepts. The laws determined by this experiment presuppose the ability to measure the various magnitudes involved. If this were not so, the laws would have to be formulated in a

qualitative way; such laws would be much weaker,less useful in making
predictions. Without numerical scales for pressure, volume, and temperature, the most we could say about one of the magnitudes would be
that it remained the same or that it increased or decreased. Thus, we

could formulate Boyle’s law by saying: If the temperature of a confined
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gas remains the same, and the pressure increases, then the volume decreases; when the pressure decreases, the volumeincreases. This is cer-

tainly a law. It is even similar in some ways to Boyle’s law. It is much
weaker than Boyle’s law, however, because it does not enable us to predict specific amounts of magnitude. We can predict only that a magnitude will increase, decrease, or remain constant.

The defects of qualitative versions of the laws for gases become
even more apparent if we consider the general law expressed by the

equation: P*-V = T°R. Letus write this in the form:
T
V= 5 R.

From this general equation, interpreted qualitatively, we can derive
weak versions of Boyle’s law and Charles’s law. Suppose that all three
magnitudes—pressure, volume, temperature—are allowed to vary simultaneously, only the quantity of gas (R) remaining constant. We find by
experiment that both temperature and pressure are increasing. What
can we say about the volume? In this case, we cannot say even whether
it increases, decreases, or remains constant. To determine this, we would

have to know the ratios by which the temperature and pressure increased.If the temperature increased by a higherratio than the pressure,

then it follows from the formula that the volume will increase. Butif
we cannot give numerical values to pressure and temperature, we cannot, in this case, predict anything at all about the volume.
Wesee, then, how little could be accomplished in the way of prediction and how crude explanations of phenomena would beif the laws
of science were limited to qualitative laws. Quantitative laws are enormously superior. For such laws we must, of course, have quantitative

concepts. This is the topic we shall explore in detail in Chapter5.
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Three Kinds of
Concepts in Science

THE CONCEPTS OF SCIENCE, as well as

those of everyday life, may be conveniently divided into three main
groups: classificatory, comparative, and quantitative.
By a “classificatory concept” I mean simply a conceptthat places
an object within a certain class. All the concepts of taxonomy in botany
and zoology—the variousspecies, families, genera, and so on—areclas-

sificatory concepts. They vary widely in the amount of information they
give us about an object. For example, if I say an objectis blue, or warm,
or cubical, I am makingrelatively weak statements about the object.
By placing the object in a narrowerclass, the information aboutit increases, even thoughit still remains relatively modest. A statement that
an object is a living organism tells us much more aboutit than statementthat it is warm. “It is an animal”, says a bit more. “It is a vertebrate”, says still more. As the classes continue to narrow—mammal,
dog, poodle, and so on—we have increasing amountsof, butstill rela-

tively little, information. The classificatory concepts are those most
familiar to us. The earliest words a child learns—‘“dog”, “cat”, “house”,
“tree’’—are of this kind.

More effective in conveying information are the “comparative con51
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cepts”. They play a kind of intermediate role between classificatory and
quantitative concepts. I think it is advisable to give attention to them because, even amongscientists, the value and powerof such concepts are
frequently overlooked. A scientist often says: “It would certainly be
desirable to introduce quantitative concepts, concepts that can be measured on a scale, into my field; unfortunately, this cannot yet be done.

The field is only in its infancy. We have not yet developed techniques
for measurement, so we have to restrict ourselves to a nonquantitative,
a qualitative language. Perhaps in the future, when the field is more advanced, we will be able to develop a quantitative language.” The scientist may be quite right in making this statement, but heis in error if
he concludesthat, since he hasto talk in qualitative terms, he must con-

fine his languageto classificatory concepts. It is often the case that, before quantitative concepts can be introducedinto a field of science, they
are preceded by comparative concepts that are much moreeffective tools
for describing, predicting, and explaining than the cruderclassificatory
concepts.
A classificatory concept, such as “warm” or “cool”, merely places

an object in a class. A comparative concept, such as “warmer” or
“cooler”, tells us how an objectis related, in terms of more orless, to

another object. Long before science developed the concept of temperature, which can be measured, it was possible to say, “This object is
warmer than that object.” Comparative concepts of this sort can be
enormously useful. Suppose, for instance, that thirty-five men apply for

a job requiring certain types of abilities and that the company has a
psychologist whose task is to determine how well the applicants qualify.
Classificatory judgments are, of course, better than no judgments at
all. He may decide that five of the applicants have good imagination,
ten of them have rather low imagination, and the rest are neither high
nor low. In a similar way, he may be able to make roughclassifications
of the thirty-five men in terms of their manualskills, their mathematical
abilities, their emotional stability, and so on. In a sense, of course,

these concepts can be used as weak comparative concepts; we can say
that a person with “good imagination” is higher in this ability than a
person with “poor imagination”. But if the psychologist can develop a
comparative method that will place all thirty-five men in one rank order
with respect to each ability, then we will know a great deal more about
them than we knew when they were classified only in the three classes
of strong, weak, and medium.
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Weshould never underestimate the usefulness of comparative concepts, especially in fields in which the scientific method and quantitative
concepts have not yet been developed. Psychology is using quantitative
concepts more and more, butthere arestill large areas of psychology in
which only comparative concepts can be applied. Anthropology hasalmost no quantitative concepts. It deals mostly with classificatory concepts and is much in need of empirical criteria with which to develop
useful comparative concepts. In such fields, it is important to develop
such concepts, which are much more powerful than the classificatory,
even thoughit is not yet possible to make quantitative measurements.
I would like to call your attention to a monograph by Carl G.
Hempel and Paul Oppenheim, Der Typusbegriff im Lichte der neuen
Logik. It appeared in 1936, and the title means “The concept of type
from the point of view of modern logic”. The authors are especially concerned with psychology and related fields, in which type concepts are,
as the authors emphasize, rather poor. When psychologists spend their
time classifying individuals into, say, extrovert, introvert, and extrovert-

introvert-intermediate, or other types, they are not really doing the
best they could do. Here and there wefind efforts to introduce empirical criteria, which may lead to numerical values, such as in the body
typology of William Sheldon; but at the time Hempel and Oppenheim
wrote their monograph,there wasverylittle of this sort of thing. Almost
every psychologist who was concerned with character, constitution, and
temperament had his own type system. Hempel and Oppenheim pointed
out that all these various typologies werelittle more than classificatory
concepts. They stressed the fact that even though it would be premature
to introduce measurementand quantitative concepts, it would be a great
step forward if psychologists could devise workable comparative concepts.
It often happens that a comparative concept later becomes the
basis for a quantitative one. A classic example is the concept “warmer”,
which eventually developed into “temperature”. Before we go into details about the way in which empirical criteria are established for numerical concepts, however,it will be useful to see how criteria are established for comparative concepts.
To illustrate, consider the concept of weight before it was possible
to give it numerical values. We have only the comparative concepts of
heavier, lighter, and equal in weight. What is the empirical procedure
by which wecan take any pair of objects and determine how they com-
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pare in terms of these three concepts? We need only a balance scale
and these two rules:
(1) If the two objects balance each other on thescale, they are of

equal weight.
(2) If the objects do not balance, the object on the pan that goes
downis heavier than the object on the pan that goes up.
Strictly speaking, we cannot yet say that one object has “greater
weight” than the other because we have not yet introduced the quantitative concept of weight; but in actual practice, such language may be
used, even though no method is yet available for assigning numerical
values to the concept. A moment ago, for example, we spoke of one
man as having “greater imagination” than another, although no numerical values can be assigned to imagination.
In the balance-scale illustration, as well as in all other empirical
procedures for establishing comparative concepts, it is important to
distinguish between those aspects of the procedure that are purely conventional and those that are not conventional because they depend on
facts of nature or logical laws. To see this distinction, let us state more
formally the two rules by which wedefine the comparative concepts of
equally heavy, heavier than, and lighter than. For equality, we need a
rule for defining an observable relation corresponding to equality, which
I shall call “E”. For the other two concepts, we need a rule for defining
a relation I will call “less than” and symbolize by “L”.
The relations E and L are defined by empirical procedures. We
place two bodies on the two pans of a balance scale. If we observe that
the scale remains in equilibrium, we say that the relation E, in respect
to the property of weight, holds between the two bodies. If we observe
that one pan goes up andthe other down,wesay that the relation L,
in respect to weight, holds between the two bodies.
It may appear that we are adopting a completely conventional procedure for defining E and L, but such is not the case. Unless certain

conditionsare fulfilled by the two relations we chose, they cannot serve
adequately as E and L. Theyare not, therefore, arbitrarily chosen relations. Our tworelations are applied to all bodies that have weight. This
set of objects is the “domain” of our comparative concepts. If the relations F and L hold for this domain, it must be possible to arrange all the
objects of the domain into a kind ofstratified structure that is sometimes
called a “quasiserial arrangement”. This can best be explained by using
some terms from the logic of relations. The relation E, for example,
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must be “symmetric” (if it holds between any two bodies a and 5,it
must also hold between b and a). It must also be “transitive” (if it
holds between a and b and between b and c, it must also hold between

a and c). We can diagram this by using points to represent bodies and
double arrowsto indicate the relation of equality.

e~<«——_> o «> o +? 0

It is clear that if we were to choose for E a relation that is not
symmetric, it would not be suitable for our purposes. We would have to
say that one object had exactly the same weight as another but that the
other object did not have the same weight as the first one. This is not,
of course, the way we wish to use the term “same weight”. The equilibrium of the scale is a symmetric relation. If two objects balance, they
continue to balance after we have exchanged their positions on the
pans. E must therefore be a symmetric relation. Similarly, we find that
if a balances with b on the scales, and b balances with c, then a will
balance with c; the relation E is also, therefore, transitive. If E is both

transitive and symmetric, it must also be “reflexive”; that is, any object
is equal in weight to itself. In the logic of relations, a relation that is
both symmetric andtransitive is called an “equivalence” relation. Our
choice of the relation E is obviously not arbitrary. We choose as E the
equilibrium of the scales because this relation is observed to be an
equivalencerelation.
The relation L is not symmetric; it is asymmetric. If a is lighter
than b, b cannot be lighter than a. L is transitive: if a is lighter than 5
and b is lighter than c, then is lighter than c. This transitivity of L, like
the propertiesof the relation E, is so familiar to us that we forget we must
make an empirical test to be sure it applies to the concept of weight. We
place a and b on the two pansof the scale, and a goes down. Weplace
b and c on the pans, and b goes down.If we put a and c on the pans, we
expect a to go down.In a different world, where our laws of nature do
not hold, a might go up. If this happened, then the relation we were
testing could not be called transitive and therefore could not serve as L.
We can diagram the relation L, transitive and asymmetric, with

single arrows from one point to another:
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If the relations E and L holdforall objects in the domain, it must
be possible to arrange all the objects into the quasiserial order dia-

grammed in Figure 5—1. In the lowest level, stratum A, we haveall
higher strata

stratum C
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Figure 5-1.

those objects that are equal in weight but lighter than all the objects not
in that stratum. There may be only one such object, or there may be
many thousands. Figure 5—1 shows four. In stratum B, we have an-

other set of equally heavy objects, all related to each other by E,all

heavier than objects in stratum A and lighter than all objects not in
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A or B. These strata continue upward,until we finally reach the stratum
of the heaviest objects. Unless empirical tests show that the objects of
the domain can be placed in this quasiserial arrangement, the relations
E and L will not be suitable relations for defining, respectively, the comparative concepts of equal weight and less weight.
You will find all this discussed in greater detail in sections ten and
eleven of Hempel’s monograph, Fundamentals of Concept Formation in

Empirical Science.‘ He says that there are four conditions that E and L
mustsatisfy:

Oo

1. E must be an equivalencerelation.
2. E and L must exclude each other. No pair of objects can be
equally heavy and at the same time beso related that oneis
lighter than the other.
L mustbetransitive.
4. For any two objects a and 5b, one of the three following cases
must hold. (Actually, it is sufficient to say that at least one
holds. It then follows from the other conditions that exactly
one will hold.)
(a) E holds between the two objects.
(b) L holds between a and b.
(c) Lholds between b and a.

In other words, any two objects a and b that have weight are
either equal in weight, or a is lighter than 5, or b is lighter than a.

If any two relations E and L fulfill these four requirements, we
can say that they constitute a quasiserial order, which can be diagrammedin the stratified manner shown in Figure 5-1. By means of
the equivalence relation E, we can classify all objects into equivalence
classes; then, with the aid of relation L, we can place these classes into

a serial order and in this way develop the whole schema of ordered
strata. The point I wish to emphasize here is that comparative concepts, quite apart from the question of whether they do or do not apply
to the facts of nature, are bound by a logical structure of relations.
That is not the case with classificatory concepts. In defining a class
concept, we can specify any conditions we please. Of course, if we include logically contradictory conditions, such as speaking of objects
that weigh three pounds and at the same instant weigh less than one
1 International Encyclopedia of Unified Science (Chicago: University of Chicago
Press, 1952), Vol. 2, No. 7.

58

Measurement and Quantitative Language

pound, then weare defining a class that has, in any possible world, no
members. Aside from this, we are free to define a class in any consistent

way we wish, regardless of whether that class does or does not have
members in our world. The classic example is the concept of the unicorn. We define it as an animal with the form of a horse but with a
straight horn on its forehead. This is a perfectly good definition in the
sense that it gives meaning to the term “unicorn”. It defines a class. It
is not a useful class to a zoologist, because it is empty in the empirical
sense—it has no members—butthis is not a question for the logician
to decide.
With respect to comparative concepts, the situation is quite different. Unlike class concepts, they imply a complicated structure of
logical relations. If we introduce them, we are not free to reject or
modify this structure. The four requirements stated by Hempel must
be fulfilled. Thus, we see that there are two ways in which the comparative concepts of science are not entirely conventional: they must
apply to facts of nature, and they must conform to a logical structure of
relations.
Now we come to the “quantitative concepts”. Each quantitative
concept has a corresponding pair of comparative concepts, which, in the
developmentof field of science, usually serve as first step toward the
quantitative. In the examples we have been using, the comparative concepts of less weight and of equal weight lead easily to a concept of
weight that can be measured and expressed by numbers. Wewill discuss
the nature of quantitative concepts, why they are so useful, in what
fields they can be applied, and whether there are fields in which they
cannot be applied. This last point is extremely important in the methodology of science, and for that reason we will go into it in greater detail. Before taking up these questions, however, I shall make some
preliminary general remarks that will become clearer in the course of
our discussion, but which should be stated now.

First, we must emphasize that the difference between qualitative

and quantitative is not a difference in nature, but a difference in our

conceptual system—in our language, we might say, if by language we
mean a system of concepts. I use “language”here as logiciansuseit, not
in the sense of English being one language and Chinese another. We have
the language of physics, the language of anthropology, the language of
set theory, and so on.In this sense, a language is constituted by rules for
a vocabulary, rules for building sentences, rules for logical deductions
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from those sentences, and other rules. The kinds of concepts that occur

in a scientific language are extremely important. What I want to make
clear is that the difference between qualitative and quantitative is a
difference between languages.
The qualitative language is restricted to predicates (for example,
“grass is green”), while the quantitative language introduces what are

called functor symbols, that is, symbols for functions that have nu-

merical values. This is important, because the view is widespread, es-

pecially among philosophers, that there are two kinds of features in
nature, the qualitative and the quantitative. Some philosophers maintain
that modern science, because it restricts its attention more and more to

quantitative features, neglects the qualitative aspects of nature and so
gives an entirely distorted picture of the world. This view is entirely
wrong, and we can see that it is wrong if we introduce the distinction
at the proper place. When we look at nature, we cannot ask: “Are these
phenomenathat I see here qualitative phenomenaor quantitative?” That
is not the right question. If someone describes these phenomenain certain terms, defining those terms and giving us rules for their use, then
we can ask: “Are these the terms of a quantitative language, or are they
the terms of a prequantitative, qualitative language?”
Another important point is that conventions play a very great
role in the introduction of quantitative concepts. We must not overlook
this role. On the other hand, we must also be careful not to overestimate

the conventional side. This is not often done, but a few philosophers
have done so. Hugo Dingler in Germany is an example. He came to a
completely conventionalistic view, which I regard as wrong. He said
that all concepts, and even the laws of science, are a matter of conven-

tion. In my opinion, that goes too far. Poincaré also has been accused
of conventionalism in this radical sense, but that, I think, is a misunder-

standing of his writings. He has indeed often stressed the importantrole
conventions play in science, but he was also well aware of the empirical
components that come into play. He knew that we are not always free
to make arbitrary choices in constructing a system of science; we have to
accommodate our system to the facts of nature as we find them. Nature
provides factors in the situation that are outside our control. Poincaré
can be called a conventionalist only if all that is meant is that he was
a philosopher who emphasized, more than previous philosophers, the
great role of convention. He wasnota radical conventionalist.
Before we take up the role of measurement in developing quan-
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titative concepts, we should mention that there is a simpler and more
basic quantitative method—the method of counting. If we had notfirst
had the ability to count, we would be unable to measure. Counting involves nothing more than the nonnegative integers. I say “nonnegative
integers” rather than “positive integers” because zero is also the result
of counting if we take counting in a wide enoughsense. Given finite
class—say, the class of all chairs in this room—counting is the method
by which we determine the cardinal numberof that class. We countthe
chairs—one, two, three, and so on—until we finish, on the count of

twenty. Suppose we wish to count the number of pianos in a room. We
look around and see no piano, so we say that the cardinal numberis

zero. This can be considered a degenerate case of counting. In any case,
zero is an integer and can be applied to a class as its cardinal number.

In such cases, we usually call it a null class.

The same counting procedure gives us the cardinal number of a
finite class of consecutive events. We count the numberof times that
we hear thunder during a storm or the numberof times a clock strikes.
It is likely that this type of counting cameearlier in history than the
counting of classes of simultaneous things, such as chairs in a room.
Indeed, it is the way in which a child first learns to count. He walks

about the room, touching each individual chair while he says the num-

ber words. What heis counting, actually, is a series of events of touch-

ing. If you ask a child to count a group oftrees in the distance, he finds
it difficult to do so becauseit is hard for him to point to the trees, one by
one, and carry out a form of this touching procedure. But, if he is careful in counting the events of pointing, making sure that he points to each
tree once and only once, then we say that there is an isomorphism be-

tween the number of trees and the number of pointing events. If the
number of these events is eight, we ascribe the same cardinal number
to the class of trees in the distance.
An older child or adult may be able to count the trees without
pointing. But, unless it is a small number,like three or four, which can
be recognized at a glance, he concentrates his attention onfirst onetree,
then another, and so on. The procedureis still one of counting consecutive events. That the cardinal number obtained in this way is actually
the cardinal numberof the class can be shown by formal proof, but we
will not go into its details here. The pointis that, in counting a class of
objects, we actually count something else—a series of events. We then
make an inference on the basis of an isomorphism (a one-one correla-
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tion between events and objects) and conclude that the cardinal number of the events is the cardinal numberofthe class.

A logician always finds so many complications about such simple

things! Even counting, the simplest of all quantitative methods, turns
out, upon analysis, to be not quite so simpleasit first appears. But, once
we can count, we can go on to apply rules for measurement, as explained
in Chapter6.

CHAPTER

6

The Measurement of

Quantitative Concepts

IF THE FACTS OF NATUREare to be
described by quantitative concepts—concepts with numerical values
—we must have procedures for arriving at those values. The simplest such procedure, as we saw in the previous chapter, is counting.
In this chapter, we shall examine the more refined procedure of measurement. Counting gives only values that are expressed in integers.
Measurement goes beyondthis. It gives not only values that can be expressed by rational numbers (integers and fractions), but also values

that can be expressed by irrational numbers. This makes it possible to
apply powerful mathematical tools, such as calculus. The result is an
enormousincreasein the efficiency of scientific method.
The first important point that we must understandclearly is that,
in order to give meaning to such terms as “length” and “temperature”,
we must have rules for the process of measuring. These rules are nothing other than rules that tell us how to assign a certain numberto a certain body or process so we can say that this numberrepresents the value
of the magnitude for that body. As an example of how this is done, let
us take the concept of temperature, together with a schemaoffive rules.
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The rules will state the procedure by which temperature can be meas-

ured.

The first two rules of this schema are the same two rules we discussed in the last chapter as rules for defining comparative concepts.
Now, however, we regard them asrules for defining a quantitative concept, which weshall call magnitude M.
Rule 1, for magnitude M,specifies an empirical relation E. The

rule states that, if the relation Ey holds between objects a and b, the
two objects will have equal values of the magnitude M. In symbolic
form:
If Ey (a,b), then M(a) = M(b).

Rule 2 specifies an empirical relation Ly. This rule says that, if the
relation Ly holds between a and b, the value of the magnitude M will
be smaller for a than for b. In symbolic form:
If Ly (a,b), then M(a) < M(b).

Before going on to the other three rules of our schema,let us see
how these two rules were first applied to the prescientific, comparative
concept of temperature, then later taken over by quantitative procedures.
Imagine that we are living at a time before the invention of thermometers. How do wedecide that two objects are equally warm orthat oneis
less warm than another? We touch each object with our hand.If neither
feels warmer than the other (relation E), we say they are equally warm.
If a feels less warm than b (relation L), we say that a is less warm than
b. But these are subjective methods, very imprecise, about whichit is

difficult to get agreement among different observers. One person may
feel that a is warmer than b; another may touch the same two objects
and think the reverse is true. Memories of heat sensations are so vague
that it may be impossible for a person to decideif an object feels warmer
at one time than it did three hours earlier. For such reasons, subjective
methods of establishing the relations “equally warm” (E) and “less
warm” (L) are of little use in an empirical search for general laws.

Whatis needed is an objective method of determining temperature—a
method more precise than our sensations of heat, and one about which
different persons will usually agree.
The thermometer provides just such a method. Assume that we
wish to determine changes in the temperature of water in a vessel. We
immerse a mercury thermometer in the water. When the wateris heated,
the mercury expandsandrises in the tube. Whenthe water is cooled, the
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mercury contracts and goes down. If a mark is placed on the tube to
indicate the height of the mercury, it is so easy to see whether the
mercury goes above or below the mark that two observers are not
likely to disagree aboutit. If I observe today that the liquid is above the
mark, I have no difficulty whatever in recalling that yesterday it was below the mark. I can declare, with utmost confidence, that the thermome-

ter is registering a higher temperature today than yesterday. It is easy to

see how the relations E; and Ly, for the magnitude T (temperature),
can be defined by this instrument. We simply place the thermometer in
contact with body a, wait until there is no longer any change in the
height of the test liquid, then mark the level of the liquid. We apply the
thermometer in the same way to object b. Relation E is defined by
the liquid rising to the same mark. Relation L is established between a
and b if the liquid rises to a lower point, when the thermometer 1s
applied to a, than it does when the thermometeris applied to b.
Thefirst two rules for defining temperature (J) can be expressed
symbolically as follows:
Rule 1:
Rule 2:

If E,(a,b), then T(a) = T(b).
If Lr(a,b),then T(a) < T(b).

Notethatit is not necessary, in order to establish the two relations,
E and L, to have a scale of values marked on the tube. If, however, we
intend to use the thermometer for assigning numerical values to T, we

obviously need morethan the tworules.
The three remaining rules of our schema supply the needed additional conditions. Rule 3 tells us when to assign a selected numerical

value, usually zero, to the magnitude we are attempting to measure.It
does this by specifying an easily recognizable, and sometimeseasily reproducible, state and telling us to assign the selected numerical value
to an objectif it is in that state. For instance, in the centigrade temperature scale, Rule 3 assigns the value of zero to water whenit is in the
freezing state. Later, we will add some qualifications about the conditions under which this rule is adequate; now weshall accept it as it
stands.

Rule 4, usually called the rule of the unit, assigns a second selected

value of the magnitude to an object by specifying another easily recognized, easily reproducible state of that object. This second value is usually 1, but it may be any numberdifferent from the numberspecified
by Rule 3. On the centigrade scale it is 100. It is assigned to water in
the boiling state. Once the second value is assigned, a basis for defining
units of temperature is available. We place the thermometer in freezing
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water, mark the height of the mercury, and label it zero. We then place
the thermometer in boiling water, mark the height of the liquid, label it

100. We do notyet have a scale, but we do have a basis for speaking of
units. If the mercury rises from the zero mark to the 100 mark, we can
say that the temperature has gone up 100 degrees. If we had labeled the
higher mark with the number 10, instead of 100, we would say that

the temperature had risen ten degrees.
The final step is to determine the precise form of the scale. This is
done by Rule 5, the most important of the five rules. It specifies the
empirical conditions EDy, under which weshall say that two differences
(D) in the values of the magnitude (M) are equal. Note that we speak
not of two values, but of two differences between two values. We want

to specify empirical conditions under which weshall say that the difference between any two values of the magnitudes for a and for b is

the same as the difference between two other values, say, for c and for

d. This fifth rule has the following symbolic form:
If EDu(a,b,c,d), then M(a)-M(b) = M(c)-M (d).

The rule tells us that if certain empirical conditions, represented by
“EDy”in the symbolic formulation, obtain for four values of the magnitude, we can say that the difference between the first two values is the
same as the difference between the other two values.

In the case of temperature, the empirical conditions concern the

volume of the test substance used in the thermometer, in our example,

mercury. We must construct the thermometer so that when the difference
between any two volumes of mercury, a and J,is equal to the difference
between two other volumes, c and d, the scale will give equal differences in temperature.
If the thermometer has a centigrade scale, the procedure for ful-

filling the conditions of Rule 5 is simple. The mercury is confined in-

side a bulb at one end of an extremely thin tube. The thinness of the tube
is not essential, but it has great practical value because it makes it easy
to observe extremely small changes in the volume of the mercury. The
glass tube must be carefully made so that its inner diameter is uniform.
Asa result, equal increases in the volume of mercury can be observed as
equal distances between marksalong the tube. If we denote the distance
between marks when the thermometer is in contact with body a and
body b as “d(a,b)”, then Rule 5 can be expressed symbolically as

follows:
If d(a,b) = d(c,d), then T(a)-T(b) = T(c)-T(d).
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Now we apply Rules 3 and 4. The thermometeris placed in freezing water, and “0” is used to mark the level of the mercury in the tube.
The thermometer is placed in boiling water, and the mercury’slevelis
marked with “100”. On the basis of Rule 5, the tube can now be marked

into a hundred equal space intervals between the zero and 100 marks.
These intervals can be continued below zero until a point is reached at
which mercury freezes. They can also be continued above 100 to the
point at which mercury boils and evaporates. If two physicists construct
their thermometers in this manner and agree on all the procedures
specified by the five rules, they will arrive at identical results when they
measure the temperature of the same object. We express this agreement
by saying that the two physicists are using the same temperature scale.
The five rules determine a unique scale for the magnitude to which they
are applied.
How do physicists decide on the exact type of scale to use for
measuring a magnitude? Their decisions are in part conventional, especially those decisions involving the choice of points in Rules 3 and 4.
The unit of length, the meter, is now defined as the length, in a vacuum,
of 1,656,763.83 wave lengths of a certain type of radiation from an
atom of krypton 86. The unit of mass or weight, the kilogram, is based
on a prototype kilogram body preserved in Paris. With respect to temperature, as measured by a centigrade scale, zero and 100 are assigned,
for reasons of convenience, to freezing and boiling water. In the Fahrenheit scale and the so-called absolute, or Kelvin, scale, other states of
substances are chosen for the zero and 100 points. All three scales, how-

ever, rest on essentially the samefifth-rule procedures and therefore may
be considered essentially the same scale forms. A thermometer for
measuring Fahrenheit temperature is constructed in exactly the same
way as a thermometer for measuring centigrade temperature; they differ
only in the way they are calibrated. For this reason,it is a simple matter
to translate values from onescale to the other.
If two physicists adopt entirely different procedures for their fifth
rule—say, one physicist correlates temperature with the expansion of
the volume of mercury and another with the expansion of a bar of iron
or the effect of heat on the flow of electricity through a certain device—
then their scales will be quite different in form. The two scales may, of
course, agree as far as Rules 3 and 4 are concerned. If each physicist
has chosen the temperatures of freezing and boiling water as the two
points that determine their units, then of course they will agree when
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they measure the temperature of freezing or boiling water. But when
they apply their respective thermometers to a given pan of warm water,
they are likely to get different results, and there may be no simple way
of translating from onescale form to the other.
Laws based on two different scale forms will not have the same
form. One scale may lead to laws that can be expressed with very simple equations. The other scale may lead to laws requiring very complex
equations. It is this last point that makes the choice of fifth-rule procedures so extremely important in contrast to the more arbitrary character of Rules 3 and 4. A scientist chooses these procedures with the
aim of simplifying as muchaspossible the basic laws of physics.
In the case of temperature, it is the absolute, or Kelvin, scale that

leads to a maximum simplification of the laws of thermodynamics. The
centigrade and Fahrenheit scales may be thought of as variants of the
absolute scale, differing only in calibration and easily translated to the
absolute scale. In early thermometers, liquids such as alcohol and mercury were used as test substances, as well as gases that were kept under
constant pressure so that changes in temperature would alter their volume. It was found that no matter what substances were used, roughly
identical scale forms could be established; but when more precise instruments were made, small differences could be observed. I do not

mean merely that substances expandat different rates when heated, but
rather that the scale form itself is somewhat different depending on
whether mercury or hydrogen is used as a test substance. Eventually,
scientists chose the absolute scale as the one leading to the simplest
laws. The surprising fact is that this scale form was not specified by the
nature of a particular test substance. It is closer to the scale of hydrogen or any other gas than to the mercury scale, but it is not exactly like
any gas scale. Sometimesit is spoken of as a scale based on an “ideal
gas”, but that is only a mannerof speaking.
In actual practice, of course, scientists continue to use thermome-

ters containing mercury or other test liquids that have scales extremely
close to the absolute scale; then they convert the temperatures based on
these scales to the absolute scale by means of certain correction formulas. The absolute scale permits the formulation of thermodynamic
laws in the simplest possible way, because its values express amounts of

energy, rather than volume changes of various substances. Laws involving temperature would be much more complicated if any other scale
form were used.
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It is important to understand that we cannot really say we know
what we mean by any quantitative magnitude until we have formulated
rules for measuring it. It might be thought that first science develops a
quantitative concept, then seeks ways of measuring it. But the quantitative concept actually develops out of the process of measuring. It was
not until thermometers were invented that the concept of temperature
could be given a precise meaning. Einstein stressed this point in discussions leading to the theory of relativity. He was concerned primarily
with the measurementof space and time. He emphasized that we cannot
know exactly what is meant by such concepts as “equality of duration’,
“equality of distance (in space)”, “simultaneity of two events at different

places”, and so on, without specifying the devices and rules by which
such concepts are measured.
In Chapter 5, we saw that there were both conventional and nonconventional aspects to the procedures adopted for Rules 1 and 2. A
similar situation holds with respect to Rules 3, 4, and 5. There is a certain latitude of choice in deciding on procedures for these rules; to that

extent, these rules are matters of convention. But they are not entirely
conventional. Factual knowledge is necessary in order to decide which
kinds of conventions can be carried out without coming into conflict
with the facts of nature, and various logical structures must be accepted

in order to avoid logical inconsistencies.

For example, we decide to take the freezing point of water as the
zero point on our temperature scale because we knowthat the volume
of mercury in our thermometer will always be the same whenever we
put the bulb of the instrumentinto freezing water. If we found that mercury rose to one height when we used freezing water obtained from
France and to a different height when we used water obtained from
Denmarkor that the height varied with the amount of water we were
freezing, then freezing water would not be a suitable choice for applying the third rule.
A similar empirical element clearly enters into our choice of boiling water to mark the 100 point. It is a fact of nature, not a matter of
convention, that the temperature of all boiling water is the same. (We
assume that we have already established Rules 1 and 2, so that we have

a way to measure equality of temperature.) But here we must introduce
a qualification. The temperature of boiling water is the same in the
same locality, but on a high mountain, where air pressure isless, it boils

at a slightly lower temperature than it does at the foot of the mountain.
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In order to use the boiling point of water to meet the demandsof the
fourth rule, we must either add that we have to use boiling water at a
certain altitude or apply a correction factor if it is not at that altitude.
Strictly speaking, even at the specified altitude we must make sure, by
means of a barometer, that we have a certain specified air pressure, or

a correction would have to be applied there also. These corrections depend on empirical facts. They are not conventional, arbitrarily introducedfactors.
In finding empirical criteria for applying Rule 5, which determines
the form of our scale, we seek a form that will give the simplest possible

laws. Here again, a nonconventional aspect enters into the choice of the
rule, because the facts of nature determine the laws we seek to simplify.
And finally, the use of numbers as values on our scale implies a structure of logical relations that are not conventional because we cannot
abandon them without becoming entangled in logical contradictions.

CHAPTER

/

Extensive Magnitudes

THE MEASUREMENTOFtemperature requires, as we learned in Chapter 6, a schema of five rules. Are there
concepts in physics that can be measured by the use of simpler schemas?
Yes, a large number of magnitudes, called “extensive magnitudes”, are

measurable with the aid of three-rule schemas.
Three-rule schemasapply to situations in which two things can be
combinedor joined in some wayto produce a new thing, and the value
of a magnitude M for this new thing will be the sum of the values of M
for the two things that were joined. Weight, for example, is an extensive
magnitude. If we place together a five-pound object and a two-pound
object, the weight of the combined objects will be seven pounds. Temperature is not such a magnitude. There is no simple operation by which
we can take an object with, say, a temperature of 60 degrees, combineit

with an object that has a temperature of 40 degrees, and produce a new
object with a temperature of 100 degrees.
The operations by which extensive magnitudes are combined vary
enormously from magnitude to magnitude. In the simplest cases, the

operation is merely the putting together of two bodies, gluing them together, or tying them, or perhaps just placing them side byside, like
70
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two weights on the same pan of a balance scale. Daily life abounds with
examples. The width of a row of books on a shelf is the sum of the individual widths of the books. We take down a book andreadten pages.
Later in the day we read ten more pages. Altogether, we have read
twenty pages. After partially filling a bathtub, we discover that the water
is too hot, so we add some cold water. The total volume of water in the

tub will be the sum of the amounts of hot and cold water that came
through the faucets. The exact procedure for combining things with
respect to a certain extensive magnitude is often not explicitly stated.
This is a risky practice and can cause great confusion and misunderstanding. Because there are so many different ways things can be combined, it is important not to assume that the method of combining is
understood. It should be explicitly stated and clearly defined. Oncethis
has been done, the magnitude can be measured by employing a threerule schema.
Thefirst rule lays down whatis called the principle of addition, or

“additivity”. This states that, when a combined object is made out of
two components, the value of the magnitude for that object is the arithmetical sum of the values of the magnitude for the two components. Any
magnitude that conformsto this rule is called an “additive magnitude”.
Weight is a familiar example. The joining operation in that case is simply the placing together of two objects and weighing them asa single
object. We put object a on the scale and observe its weight. We replace it with object b and note its weight. Then we put both objects on
the scale. This new object, which is nothing more than a and b taken
together, will, of course, have a weight that is the arithmetical sum of

the weights of a and b.
If this is the first time the reader has encountered this rule, he may
think it strange that we even mention sucha trivial rule. But in the logical
analysis of scientific method, we must makeeverything explicit, includ-

ing matters that the man onthestreet takes for granted and seldom puts

into words. Naturally, no one would think that, if a stone of five pounds
were placed on a scale alongside a stone of seven pounds, the scale

would register a total weight of 70 poundsor of three pounds. Wetake
for granted that the combined weight will be twelve pounds. It is con-

ceivable, however, that in some other world the magnitude of weight

might not behave in so convenient an additive fashion. We must, there-

fore, make the additivity of weight explicit by introducing this additive

rule: if two bodies are joined and weighed as though they were one, the
total weight will be the arithmetical sum of the componentweights.
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Similar rules must be introduced for every extensive magnitude.
Spatial length is another familiar example. One body hasa straight edge
a. Another body hasa straight edge b. We place the two together so that
the two edges are end to end and lying on onestraight line. This new
physical entity—the straight line formed by combining a and b—will
have a length that is the sum of the lengths of a and b.
Early formulations of the additive rule for length were frequently
quite unsatisfactory. For example, some authorssaid that if two line segments, a and b, were added, the length of the new segment was obtained

by adding the length of a and the length of b. This is an extremely poor
way to formulate the rule, because in the same sentence the word “add”
is used in two entirely different ways. First it is used in the sense of
joining two physical objects by putting them togetherin a specified way,
and thenit is used in the sense of the arithmetical operation of addition.
These authors were apparently unaware that the two concepts are different, because when they proceeded to symbolize the rule, they wrote it
this way:
L(a+b)=L(a) + L(b).
Some authors, whom I otherwise admire, were guilty of this clumsy

formulation, a formulation that carries over into symbols the same double use of the word “add”. The second symbol “+” designates an arithmetical operation, but the first “+” is not an arithmetical operation at

all. You cannot arithmetically add two lines. What you add are not the
lines, but numbers that represent the lengths of the lines. The lines are
not numbers; they are configurations in physical space. I have always
stressed that a distinction must be made between arithmetical addition and the kind of addition that constitutes the physical operation
of combining. It helps us to keep this distinction in mind if we follow
Hempel (who has written at length about extensive magnitudes) in introducing a special symbol, a small circle, “,”, for the physical operation of joining. This provides a much moresatisfactory way of symbolizing the additive rule for length:

L(aob) =L(a) + L(b).
The combining of lengths can be diagrammed:
a

b

L(a)

L(b)

L(aob)

[not “L(a + b)”]
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Although in the case of weight it does not matter exactly how the
two bodies are placed together on the scale, it does matter in the case of
length. Supposethat two line segments are placedlike this:
DL

a
A

ct

B

They are end to end, but not in a straight line. The distance between
points A and is not the sum of the lengths of a and b. We mustalways be careful, therefore, to specify exactly what we mean by the operation of joining.
We can now symbolize the general principle of additivity, with

respect to any extensive magnitude M,by writing:
M(acob) =M(a) + M(B).
In this statement, the symbol

ce

“o” 99 indicates a specified procedure

for joining a and DB. It will be best if we call this the second rule of our
three-rule schema, rather than the first rule. The first rule, which is

simpler, is the rule of equality. It is the sameas the first rule ofthe fiverule schema for measuring temperature. It specifies the procedure by
which we define equality of magnitude. In the case of weight, we say
that two bodies have the same weight if, when they are placed on two
sides of the balance scale, the scale remains in equilibrium.

The third rule corresponds to Rule 4 of the schema for temperature. It specifies the unit of value for the magnitude. This is usually
done by choosing an object or a natural process that can be easily reproduced, then defining the unit of value in terms of that object or process. I mentioned earlier two examples: the meter, based on so many
wave lengths of a certain type of light, and the kilogram, based on an
international prototype in Paris. The meter and kilogram are the standard units of length and weight in the metric system of measurements.
To summarize, our schema for the measurement of any extensive

magnitude consists of the following three rules:

1. The rule of equality.
2. The rule of additivity.
3. The unit rule.

Since this is a simpler schema than the previously discussed fiverule schema, whyisn’t it always used? The answer, of course, is that for

many magnitudes there is no operation of joining to provide a basis for
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the additive principle. We have already seen that temperature is a nonadditive magnitude. The pitch of sound and the hardness of bodies are
two other examples. With respect to these magnitudes, we cannotfind a
joining operation that is additive. Such magnitudesare called “nonextensive” or “intensive magnitudes”. There are, however, a large number

of additive magnitudes in physics, and, with respect to all of them, the
above three-fold schemaprovides an adequate basis for measurement.
Manyscientists and philosophers of science take the terms “extensive magnitudes” and “additive magnitudes” as synonymous, but there
are some authors who distinguish between them. If we make such a
distinction, it should be done in this way. We call a magnitude extensive

if we can think of an operation that seems to be a natural operation of
joining and for which a scale can be devised. If we then discover that,
with respect to the chosen scale and the chosen operation, the additive
principle holds, we call it an additive magnitude as well as an extensive
one. We mightsayit is an additive-extensive magnitude. If, however, the

additive principle does not hold, we call it a nonadditive-extensive
magnitude.

Almost all the extensive magnitudes of physics are additive, but

there are some exceptions. A notable example is relative velocity in the
special theory of relativity. In classical physics, relative velocities along
a straight line are additive in the following sense. If bodies A, B, C

move on a Straight line in the same direction, and the velocity of B
relative to A is V, and the velocity of C relative to B is V2, then in
classical physics the velocity V3 of C relative to A was taken simply as

equal to V; + Vo. If you walk forward along the central aisle of a plane

flying due west, what is your westward velocity relative to the ground?
Before relativity theory, this would have been answered simply by adding the plane’s velocity to your forward walking speed inside the plane.
Today we know thatrelative velocities are not additive; a special formula must be used in which the velocity of light is one of the terms.
Whenvelocities are small in relation to that of light, they can be handled

as if they were additive; but when velocities are extremely large, this
formula must be used, where c is the velocity of light:

Vs

_Vı+t Pr
1+ VıV2
5

Imagine, for example, that spaceship B is moving in a straight path
and passing the planet A with a relative velocity Vı. Spaceship C,
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traveling in the same direction, passes spaceship B with a velocity Vz
(relative to B). What is the relative velocity, V3, of spaceship C, with
respect to the planet A? If the velocities V; and V2 of the spaceships
are small, then the value of the fraction to be added to 1, below the line

on the right of the formula, will be so small that it can be ignored. We

then obtain V3 simply by adding V; and V2. Butif the spaceships are

traveling at very great velocities, the speed of light, c, becomes a factor
to be taken into consideration. V3 will deviate significantly from the simple sum of V; and V2. If you study the formula, you will see that no

matter how closely the relative velocities of the spaceships approach
the speed oflight, the sum of the two velocities cannot exceed the speed
of light. We conclude, therefore, that relative velocity in the special
theory of relativity is extensive (because a joining operation can be
specified) but not additive.
Other examples of extensive-nonadditive magnitudes are the trigonometric functions of angles. Suppose you have an angle a between the
straight edges L; and Lz of a piece of sheet metal A (see Figure 7-1).

Figure 7-1.

Another piece of sheet metal, B, has the angle 8 between the edges Ls
and L4. We now join the two angles by placing them together on the top
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of a table so that their vertices coincide, and L,. of A coincides with
part of L; of B. Angle y between L, and L4is clearly the result of join-

ing angles a and 8. We can say, therefore, that when angles are joined
in this manner and measured in the customary way, their values are
additive. Angle y has a value that is the sum of the values of a and ß.
But their values are not additive if we take as our magnitude one of the
trigonometric functions, such as the sine, of each angle. If we wish, we

can call the sine magnitude extensive (because we have a joining operation) but not additive. On the other hand, we may decide that we

do not wish to call the sine extensive because the joining operation does
not really join the sines. It joins the angles, but this is not quite the same
as putting together the sines. From this second point of view, the sine is
not extensive.
The criterion we suggested for deciding whether a magnitudeis or
is not extensive is, we find, not exact. As yourecall, we said that if we

can think of an operation that seems to us a natural operation ofjoining,
with respect to the given magnitude, then we call that operation extensive. One person may say that for him the operation of placing two
angles side by side is a completely natural way of joining sines. For
him, then, the sine is a nonadditive-extensive magnitude. Someone else
might say that it is a perfectly good operation for joining angles, but not
for joining sines. For that person, the sine is not extensive. In other
words, there are boundary cases in which whether to call a magnitude
extensive or not is a subjective matter. Since these cases of extensive
but nonadditive magnitudes are relatively rare and even questionable
(questionable because we might not be willing to accept the proposed
Operation as one of legitimate joining), it is quite understandable that
many authors use “extensive” and “additive” as synonymous terms.
There is no need to criticize such usage. For those authors, “extensive”

is applied to a magnitude only if there is a joining operation with respect
to which the additivity principle holds, as it holds for length, weight,

and many of the common magnitudes of physics.
Some remarks about the measurement of temporal intervals and
spatial lengths are now in order, because, in a certain sense, these two
magnitudesare basic in physics. Once we can measure them, many other
magnitudes can be defined. It may not be possible to define those other
magnitudes explicitly, but at least they can be introduced by operational
rules that make use of the concepts of distance in space or time. You
remember, for example, that in the rules for measuring temperature we
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made use of the concept of volume of the mercury and the length of a
mercury column in a tube. In that instance, we presupposed that wealready knew how to measure length. In measuring many other magnitudes of physics, similar reference is made to the measurements of
length in space and duration in time. In this sense, length and duration
may be regarded as primary magnitudes. Chapters 8 and 9 will discuss
the procedures by which time and space are measured.

CHAPTER

5

Time

WHAT SORT OFjoining operation can be
used for combining time intervals? We are immediately faced with a
grave difficulty. We cannot manipulate time intervals in the way we can
manipulate space intervals, or, more accurately, edges of solid bodies
representing space intervals. There are no hard edges of time that can
be put together to form straightline.
Consider these two intervals: the length of a certain war from the
first shot to the last and the duration of a certain thunderstorm from the
first thunderclap to the last. How can we join those two durations? We
have two separate events, each with a certain length of time, but there
is no way to bring them together. Of course, if two events are already
together in time, we can recognize that fact, but we cannot shift events
around as wecanshift the edges of physical objects.
The best we can dois to represent the two timeintervals on a conceptual scale. Suppose we have oneevent a that ran from time point A
to time point B and a secondevent b that ran from time point B to time
point C. (See Figure 8-1.) The initial point of b is the same as the
terminal point of a, so the two events are adjacent in iime. We did not
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push them into this position—that is how they occurred. The length of

time from point A to point C can now beregardedasthe result of combining a and b, not in the physical way lengths are combined, but in a
conceptual way, that is, by the way we lookat this situation. The conceptual operation, symbolized by “,”, allows us to formulate the following rule of additivity for the measurement of temporallength T:
T(aeb) =Tl(a) + T(b).
In other words, if we have two events, one beginning just as the
other ends, then the length of the total event will be the arithmetical

sum of the lengths of the two events. This is not so powerful as the
additivity rule for spatial lengths because we can apply it only to events
that happen to be adjacent in time, not to any pair of events. Later,
after we have developed a three-rule schema for measuring time, we
will be able to measure the combined lengths of nonadjacent events.
Now weseek only a joining operation that will furnish the basis for an
additivity rule. We find this operation in the occurrence of events adjacent in time.
To complete our schema, we need two more rules: a rule of
equality and a rule that will define a unit. Both rules are usually based
on some type of periodic process: a swinging pendulum, the rotation
of the earth, and so on. Every clock is simply an instrumentfor creating
a periodic process. In someclocks, this is accomplished by a pendulum,
in others, by a balance wheel. The sun dial measures time by the
periodic movementof the sun across the sky. For thousands of years,
scientists based their units of time on the length of the day, that is, on

the periodic rotation of the earth. But, because the rate of the earth’s
spin is changing slightly, in 1956 an international agreement was
reached to base units of time on the periodic movement of the earth
around the sun in one particular year. The second was defined as
1/31,556,925.9747 of the year 1900. This was abandoned in 1964 so

that still greater precision could be obtained by basing the second on
the periodic vibration rate of the cesium atom. This concept of “periodicity”’, so essential in defining time units, must be fully understood be-
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fore we consider how rule of equality and a unit rule can be based
on it.

We mustfirst clearly distinguish the two meanings of “periodicity”,
one weak, the other strong. In the weak sense, a process is periodic simply if it recurs again and again and again. A pulse beat is periodic. A
swinging pendulum is periodic. But so also, in a weak sense,is the exit
of Mr. Smith from his house. It occurs again and again, hundreds of
times, during Mr. Smith’s lifetime. It is clearly periodic in the weak sense

of being repeated. Sometimes periodic meansthat a total cycle of different phases is repeated in the same cyclic order. A pendulum, for example, swings from its lowest point up to its highest point on the right,
back downpastits lowest point, up to its highest point on the left, and

back to the lowest point; then the entire cycle is repeated. Not just one
event, but a sequence of events recurs. This is not, however, necessary
in order to call a process periodic. It is sufficient if one phase of the
process continues to repeat. Such a processis periodic in the weak sense.
Frequently, when someone says that a process is periodic, he
meansit in a much stronger sense: that in addition to being weakly periodic, it is also true that the intervals between successive occurrences

of a certain phase are equal. With respect to Mr. Smith’s exits from his
home, this condition is obviously not fulfilled. On some days he may
stay in the house many hours. On other days he may leave the house
several times within an hour. In contrast, the movements of the balance

wheel of a well-constructed clock are periodic in the strong sense. There
is clearly an enormousdifference between the two types of periodicity.
Which type of periodicity should we take as the basis for measuring
time? Atfirst we are inclined to answer that obviously we must choose
a processthat is periodic in the strong sense. We cannot base the measurement of time on the exit of Mr. Smith from his house becauseit is
too irregular. We cannot even base it on a pulse because, although a
pulse comes much closer to being periodic in the strong sense than Mr.
Smith’s exit, it is still not regular enough. If one has been running hard
or has a high fever, his pulse beats faster than at other times. What we
needis a processthat is periodic in the strongest possible way.
But there is something wrong with this reasoning. We cannot know
that a process is periodic in the strong sense unless we already have a
method for determining equal intervals of time! It is precisely such a
method that we are trying to establish by our rules. How can we escape
this vicious circle? We can escape only by dispensing entirely with the
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requirement of periodicity in the strong sense. We are forced to abandon it, because we do not yet have a basis for recognizing it. We are in
the position of a naive physicist approaching the problem of measuring
time without even the advantage of prescientific notions of equal time
intervals. Having no basis whatever for time measurement, he is seeking an observable periodic process in nature that will furnish such a
basis. Since he has no way of measuring time intervals, he has no way
of discovering whether a particular process is or is not periodic in the
strong sense.
This is what we must do. First, we find a process that is periodic
in the weak sense. (It may also be periodic in the strong sense, but that
is something we cannot yet know.) Then wetake as our joining operation two intervals of time that are consecutive in the sense that one begins just as the other ends, and weaffirm, as our rule of additivity, that
the length of the total interval is the arithmetical sum of the lengths of
the two componentintervals. We can then apply this rule to the chosen
periodic process.
To complete our schema, we must find rules for equality and for
the unit. The duration of any one of the periods of the chosen process
can serve as our unit of time. In Figure 8-2, these periods are diaA
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Figure 8-2.
grammed as the lengths a, b, c,d . . . between the time points A, B,

C,D,E .. . We say that each of these segments has a length of one
unit. Someone may object: “But period b took much longer than period
a.” Wereply: “We do not know what you mean by‘longer’. Weare trying to lay down rules for the measurementof time so that we will be able
to give meaningto the term ‘longer’.”
Now that we have specified our unit (it is simply the length of each
period of the selected process), our additive rule provides us with a

basis for measuring time lengths. This rule tells us that the time interval
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from point A to point C is 2, from point A to point D is 3, and so on.

We can now measure any interval of time, even though weare basing
our procedure on a weakly periodic process. We simply count the number of times that our unit period occurs while the event we wish to
measure is taking place. That number will be the length of the event.
The rule for equality is obvious. It says that two time intervals (which
may possibly be widely separated in time) are equal if both contain the
same numberof elementary periods of the periodic process. This completes our three-rule schema. We havea rule of equality, a rule of additivity, and a unit rule. On the basis of this schema we have a method
for measuring time.
There may be objections. Can such a schemareally be based on
any weakly periodic process? For example, can it be based on Mr.
Smith’s exits from his home? The surprising answer is yes, although,
as I will explain in a moment, the laws of physics are much simplerif
we choose certain other processes. The important point to understand
now is that once we haveestablished a schemafor measuring time, even
though based on a process as irregular as Mr. Smith’s exits, we have
acquired a means for determining whether one periodic process is equivalent to another.
Assume that we have adopted as our basis for measuring time the
periodic process P. We can now compare P with another weakly periodic process P’ to see if they are “equivalent”. Suppose, for example,
that P, our chosen periodic process, is the swing of a certain short pen-

dulum. We wish to compare it with P’, the swing of a longer pendulum.
In view of the fact that the periods of the two pendulumsare not equal,
how do we compare the two? Wedo it by counting the swings of both
pendulums during a longer time interval. We may discover that ten
swings of the short pendulum coincide with six swings of the long. This
occurs every time we repeat the test. We are not yet able to deal with
fractions of periods, so our comparison must be in terms of integral
numbers of swings. We may observe, however, that the coincidenceis

not exact. After ten swings of the short pendulum, the long one has
already started on its seventh swing. We refine our comparison by taking a longer time interval, such as one hundred periods of the short pendulum. Wediscover, each time the test is repeated, that during this interval the long pendulum has sixty-two periods. In this way, we can
sharpen our comparison as much as weplease. If we find that a certain
number of periods of process P always match a certain number of pe-
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riods of process P’, we say that the two periodicities are equivalent.
It is a fact of nature that there is a very large class of periodic processes that are equivalent to each other in this sense. This is not something we could know a priori. We discover it by observing the world.
We cannotsay that these equivalent processes are strongly periodic, but
we can compare any two of them and find that they are equivalent. All
swinging pendulums belong to this class, as do the movements of balance wheels in clocks and watches, the apparent movementof the sun
across the sky, and so on. We find in nature an enormousclass of processes in which any two processes prove to be equivalent when we compare them in the manner explained in the previous paragraph. Asfar as
we know, there is only one large class of this kind.
What happens if we decide to base our time scale on a periodic
process that does not belong to this large class of equivalent processes,
such as the beat of a pulse? The results will be somewhat strange, but
we want to emphasize that the choice of a pulse beat for the basis of
time measurement will not lead to any logical contradiction. There is
no sense in whichit is “false” to measure time on such basis.
Imagine that weare living in a very early phase of the development
of concepts for measurement. We possess no instrument for measuring
time, such as a watch, so we have no way of determining how our pulse

beat may vary underdifferent physiological circumstances. We are seeking, for the first time, to develop operational rules for measuring time,

and we decide to use my pulse beat as the basis of measurement.
As soon as we compare mypulse beat with other periodic processes

in nature, we find that all sorts of processes, which we might have

thought uniform, turn out not to be. For example, we discover thatit
takes the sun so manypulse beats of time to cross the sky on days when
I am feeling good. But on days when I have fever, it takes the sun
muchlonger to makethe trip. We find this strange, but there is nothing
logically contradictory in our description of the entire world on this
basis. We cannotsay that the pendulum is the “right” choice as the basis
for our time unit and my pulse beat the “wrong” choice. No right or
wrongis involved here because thereis no logical contradiction in either
case. It is merely a choice between a simple and a complex description
of the world.
If we base time on mypulse, we haveto say that all sorts of periodic processes in nature have time intervals that vary, depending on
what I am doing or how feel. If I run fast for a time and then stop
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running and measurethese natural processes by means of my pulse, I
find that while I am running and for a short time thereafter, things in
the world slow down. In a few minutes, they return to normal again.
You must remember that we are supposing ourselves to be in an age
before we have acquired any knowledge of the laws of nature. We have
no physics textbooks to tell us that this or that process is uniform. In
our primitive system of physics, the revolution of the earth, the swinging of pendulums, andso on, are very irregular. They have one speed
when I am well, another when I have a fever.

Wethus have a genuine choice to make here.It is not a choice between a right and wrong measuring procedure, but a choice based on
simplicity. We find that if we choose the pendulum as ourbasisof time,
the resulting system of physical laws will be enormously simpler than if
we choose my pulse beat. It is complicated enough if we use mypulse
beat, but of course it would be much worse if we chose the exits of Mr.
Smith from his house, unless our Mr. Smith were like Immanuel Kant,

whois said to have comeoutof his house at so precisely the same time
every morning that people in the community adjusted their clocks by his
appearance onthe street. But no ordinary mortal’s movements would be
a suitable basis for time measurement.
By “suitable” I mean, of course, convenient in the sense of leading
to simple laws. When webase our measurementof time on the swing of
a pendulum,wefind that the entire universe behaves with a great regularity and can be described with laws of great simplicity. The reader
may not have found those laws simple when he learned physics, but they
are simple in the relative sense that they would be much more complicated if we adopted the pulse beat as our time unit. Physicists are constantly expressing surprise at the simplicity of new laws. When Einstein

discovered his general principle of relativity, he voiced amazementat

the fact that such a relatively simple principle governed all the phenomena to which it applied. This simplicity would disappearif we based our
system of time measurement on a process that did not belong to the very
large class of mutually equivalent processes.
Mypulse beat belongs, in contrast, to an exceedingly small class
of equivalent processes. The only other membersare probably events of
my ownbodythat are physiologically connected with the heart beat. The
pulse in my left wrist is equivalent to the pulse in my right wrist. But
aside from events that have to do with my heart, it would be difficult to
find another process anywhere in nature to which my pulse would be
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equivalent. We thus have here an extremely small class of equivalent
processes as compared to the one very comprehensive class that includes
the motions of the planets, the swinging of pendulums, and so on. It

is advisable, therefore, to choose a process to serve as a basis for time
measurementfrom this large class.
It does not matter much which one of this class we take, since we

are not yet concerned with great precision of measurement. Once we
make the choice, we can say that the process we have chosen is periodic
in the strong sense. Thisis, of course, merely a matter of definition. But
now the other processes that are equivalentto it are strongly periodic in
a way that is not trivial, not merely a matter of definition. We make empirical tests and find by observation that they are strongly periodic in the
sense that they exhibit great uniformity in their time intervals. As a result, we are able to describe the processes of nature in a relatively simple
way. This is such an important point that I emphasize it by repeating it
many times. Our choice of a process as a basis for the measurement of
time is not a matter of right or wrong. Any choice is logically possible.
Any choice will lead to a consistent set of natural laws. But if we base
our measurement of time on such processes as the swinging of a pendulum, we find that it leads to a much simpler physics than if we use
certain other processes.
Historically, our physiological sense of time, our intuitive feeling
of regularity, undoubtedly entered into early choices of what processes
to adopt as a basis for time measurement. The sun seemsto rise andset
regularly, so sun dials became a convenient way to measure time—much
more convenient, for example, than the movementsof clouds. In a similar way, early cultures found it convenient to base clocks on the time of
running sand, or running water, or other processes that were roughly
equivalent to the movement of the sun. But the basic point remains:
a choice is made in terms of convenience and simplicity.

CHAPTER

Q

Length

LET US TURN,now, from the concept of

time to the other basic concept of physics, length, and examine it more
closely than we have before. You will recall that in Chapter 7 we saw
that length was an extensive magnitude, measurable by means of a
three-fold schema. Rule 1 defines equality: a segment marked on one
straight edge has equal length with another segment, marked on another
straight edge, if the endpoints of the two segments can be broughtinto
simultaneous coincidence with each other. Rule 2 defines additivity:
if we join two edges in a straight line, their total length is the sum of
their separate lengths. Rule 3 defines the unit: we choose a rod with a
straight edge, mark two points on this edge, and choose the segment between those two points as our unit of length.
Onthe basis of these three rules we can now apply the customary
procedure of measuring. Suppose we wish to measure the length of a
long edge c, say, the edge of a fence. We have a measuring rod on which
our unit of length a is marked byits endpoints A and B. We place the

rod alongside c, in the position a, (see Figure 9-1), so that A coin-

cides with one endpoint Cy of c. On edge c we mark the point C, that

coincides with end B of our rod. Then we movethe rod a into the ad-
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jacent position a, and mark point C2 on c, and so on, until we reach the
other end of c. Suppose that the tenth position aio of the rod is such
that its endpoint B coincides roughly with endpoint Cyo of c. Let ci, C2,
. , Cio be the marked segments of c. We have by Rule 3:
L(a) = L(a,) =L(a) =... =Ll(a.) = 1.

Therefore, by Rule 1, of equality:
L(cı) = 1,L(ce) = 1, ... Ley) = 1.

By Rule 2, of additivity:
L(c1° C2) = 2, L(c1° Co° C3) = 3.2...
Therefore:
Lic) = L(c1 0 C20. . «0 Cy9) = 10.

This procedure, the basic procedure for measuring length, yields
only integers as values of the measured length. The obvious refinement

is made by dividing the unit of length into n equal parts. (The inch is
traditionally divided in a binary way: first into two parts, then into four,

eight, and so on. The meter is divided decimally: first into ten parts,
then into a hundred, and so on.) In this way, we are able to construct,
by trial and error, an auxiliary measuring rod with a marked segment of
length d, such that d can be putinto n adjacentpositions, d;, dz, ...,

d,, along the unit edge a (see Figure 9-2). We can now saythat:
nX L(d) =L(a) =1

Therefore:

L(d) =

With these partial segments marked on a, we can now measure the
length of a given edge more precisely. When we remeasure the length
of fence c, in the previous example, the length may now come out, not
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as 10, but more precisely as 10.2. In this way, fractions are introduced
into measurements. Weare no longer limited to integers. A measured
value can be any positive rational number.
length (a) =1
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oe”
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Figure 9-2.

It is important to understand that, by making these refinements in
measurement, we can introduce smaller and smaller fractions, but we
can never arrive at numbersthat are not rational. On the other hand, the

class of the possible values of a magnitude in physics is usually regarded
as containing all real numbers (or all real numbers of a specified inter-

val) which includes the irrational numbers as well as the rational. These

irrational numbers, however, are introducedat a stage later than that of
measurement. Direct measurement can give only values expressed as
rational numbers. But when we formulate laws, and make calculations

with the help of those laws, then irrational numbers enter the picture.
They are introduced in a theoretical context, not in the context of direct
measurement.
To make this clearer, consider the theorem of Pythagoras that
states that the square of the hypotenuse of a right triangle equals the
sum of the squares of the other two sides. This is a theorem in mathematical geometry, but, when we apply it to physical segments, it becomes a law of physics also. Suppose that we cut from a wooden board
a square with a side of unit length. The Pythagorean theorem tells us
that the length of this square’s diagonal (see Figure 9-3) is the square
root of 2. The square root of 2 is an irrational number.It cannotstrictly
be measured with a ruler based on our unit of measurement, no matter
how small we mark fractional subdivisions. However, when we calcu-

late the length of the diagonal, using the Pythagorean theorem, we obtain, indirectly, an irrational number. In a similar way, if we measure
the diameter of a circular woodendisk and find it to be 1, we calculate

the length of the disk’s perimeteras the irrational numberpi.
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Figure 9-3.

Because irrational numbers are always the results of calculations,
never the result of direct measurement, might it not be possible in

physics to abandon irrational numbers altogether and work only with
the rational numbers? Thatis certainly possible, but it would be a revolutionary change. We would, for instance, no longer be able to work
with differential equations, because such equations require the continuum of real numbers. Physicists have not yet found important
enough reasons for making such a change.It is true, however, that in

quantum physics a trend toward discreteness is beginning. The electric
charge, for example, is measured only in amounts that are multiples of
a minimum electrical charge. If we take this minimum charge as the
unit, all values of electrical charges are integers. Quantum mechanics

is not yet completely discrete, but so much ofit is discrete that some
physicists are beginning to speculate on the possibility that all physical
magnitudes, including those of space and time, are discrete. This is only
a speculation, althoughit is a most interesting one.
Whatsort of laws would be possible in such a physics? There would
probably be a minimum value for each magnitude, andall larger values
would be expressed as multiples of this basic value. It has been suggested that the minimum value for length be called a “hodon”, and
the minimum value for time be called a “chronon”. Discrete time would
consist of inconceivably minute jumps,like the motion of the hand of an
electric clock as it jumps from one secondto the next. No physical event
could occur within any interval between jumps.
Discrete space might consist of points of the sort shown in Figure
9-4. The connecting lines in the diagram indicate which points are
“neighboring points” (for example, B and C are neighbors, B and F are

not). In the customary geometry of continuity, we would say that there

90

Measurement and Quantitative Language
C

D

I
Figure 9-4.

is an infinity of points between B and C, but in discrete geometry,if
physics adopted this view of space, we would haveto say that there are
no intermediate points between B and C. No physical phenomenon,of
any sort, can have a position “between” B and C. An electron, for in-

stance, would haveto be at one of the points on the network, never any-

where else on the diagram. Length would be defined as the minimum
length of a path connecting two points. We could stipulate that the distance between any two neighboring points is 1. Then the length of path
ABCDGwould be 4, that of AEFG would be 3. We would say that the
distance from A to G is 3, because that is the length of the shortest path

from A to C. Every length would be expressed as an integer. No actual
system of this kind has been constructed for physics, although many
suggestive hints have been made. Some physicists have even speculated
on the size of these minimum magnitudes.
At some future time, when much more is known about space and
time and the other magnitudes of physics, we may find that all of them
are discrete. The laws of physics would then deal solely with integers.
They would, of course, be integers of stupendous size. In each millimeter of length, for example, there would be billions of the minimum

unit. The values assumed by a magnitude would be so close to each

other that, in practice, we could proceed as if we had a continuum of

real numbers. Practically, physicists would probably continue to use
calculus and formulate lawsas differential equations, just as before. The
most we can say now is that some features of physics would be simplified by adopting discrete scales, whereas others would become more

complicated. Our observations can never decide whether a value must

be expressed as a rational or irrational number, so the question here is
entirely one of convenience—will a discrete or a continuous number
scale be the most useful for formulating certain physical laws?
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In our description of how lengths are measured, one extremely important question has not yet been considered—what kind of body shall
we take as our standard measuring rod? For everyday purposes, it would
be sufficient to take an iron rod, or even a wooden rod, because here
it is not necessary to measure lengths with great precision. But, if we are

seeking greater accuracy, we see at once that we are up against a difficulty similar to the one we encountered with respect to periodicity.
Wehad, you recall, the apparent problem of basing our time unit
on a periodic process with equal periods. Here we have the analogous
problem of basing our unit of length on a “rigid body”. We are inclined
to think that we need a bodythat will always remain exactly the same
length, just as before we needed a periodic process with time intervals
that were always the same. Obviously, we think, we do not want to base

our unit of length on a rubber rod or on one made of wax, which is
easily deformed. We assumethat we need rigid rod, one that will not
alter its shape or size. Perhaps we define “rigidity” this way: a rod is
rigid if the distance between any two points marked on the rod remains
constant in the course of time.
But exactly what do we mean by “remains constant”? To explain,
we would haveto introduce the concept of length. Unless we have a concept of length and a means of measuring it, what would it mean to say
that the distance between two points on a rod does, in fact, remain con-

stant? And if we cannot determine this, how can wedefine rigidity? We
are thus trapped in the samesort of circularity in which we found ourselves trapped when we sought a wayto identify a strongly periodic
process before we had developed a system of time measurement. Once
again, how do weescapethe viciouscircle?
The way outis similar to the way by which weescaped from circularity in measuring time: the use of a relative instead of an absolute
concept. We can, without circularity, define a concept of “relative rigidity” of one body with respect to another. Take one body M and another
body M’. For simplicity’s sake, we assume that each hasa straight edge.
We can place the edges together and compare points marked along
them. (See Figure 9-5.)
Consider a pair of points A, B on M that determine the segmenta.
Similarly, on M’ a pair of points, A’, B’, determine the segment a’. We

say that segment a is congruent with segment a’ if, whenever the two
edges are put alongside each other, so that point A coincides with point
A’, point B coincides with B’. This is our operational procedure for de-
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Figure 9-5.

ciding that segments a and a’ are congruent. Wefind that, whenever we
makethis test, the point pairs coincide, so we conclude that, if we re-

peated the experimentat any timein the future, the result would probably be the same. In addition, suppose that every segment marked in
this way on M is found to be congruent, every time a test is made, with
its corresponding segment marked on M’. We then say that M and M’
are rigid with respect to each other.
It is important to realize that no circularity is involved here. We
cannot and do not speak of absolute rigidity of M; we cannot say that
M always remains constant in length. It does, however, make sense to
say that the two bodies are rigid with respect to each other. If we choose
M as a measuringrod, wefind that segments marked on M’ remain constant in length. If we choose M’ as a measuring rod, segments on M remain constant. What we have here is a conceptof relative rigidity, the

rigidity of one body with respect to another.
When we examine the various bodies in the world, we find many
that are not rigid with respect to each other. Consider, for example, my
two hands. I bring them together so that certain pairs of points on the
tips of my fingers coincide. I bring them together again. The positions
of my fingers have changed. The same pairs of points are no longer
congruent, so I cannot say that my hands have remainedrigid with respect to each other. The sameis true if we compare two bodies made of
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wax or one bodyof iron and oneof soft rubber. They are not rigid with
respect to each other. But, just as we found that the world contains a
very large class of processes that are equivalent in their periodicity, so
we encounter another fortunate accidental circumstance of nature. We
find, empirically, that there is one very comprehensive class of bodies

that are approximately rigid relative to each other. Any two bodies of
metal—iron, copper, and so on—arerigid relative to each other; so are
stone bodies and even wood, if it has been well dried and is no longer
green. Wefind that a great manysolid substances are of such a kind that
bodies made of those substancesare rigid with respect to each other. Of
course, they are not rigid if we bend them or cause them to expand by
heating them, and so on. But so long as no abnormal circumstances interfere, these bodies behave in an extremely regular way as far as their

lengths are concerned. When we make rough comparisons of one with
another, wefind themrelatively rigid.
You will remember that, in our discussion of periodicity, we saw
that there is no logical reason compelling us to base our measurement of
time on one of the periodic processes belonging to the large class of
equivalent processes. We chose such a process only because the choice
resulted in a greater simplicity in our natural laws. A similar choice is
involved here. There is no logical necessity for basing the measurement
of length on a memberof the one large class of relatively rigid bodies.
We choose such bodies because it is more convenient to do so. If we
chose to take a rubber or wax rod as our unit of length, we would find

very few, if any, bodies in the world that were relatively rigid to our
standard. Our description of nature would, therefore, become enormously complicated. We would have to say, for example, that iron
bodies were constantly changing their lengths, because, each time we
measured them with our flexible rubber yardstick, we obtained a different value. No scientist, of course, would want to be burdened with the

complex physical laws that would have to be devised in order to describe such phenomena. On the other hand, if we choose a metal bar
as a standard of length, we find that a very large number of bodies in
the world are rigid when measured with it. Much greater regularity and
simplicity is thus introducedinto our description of the world.
This regularity derives, of course, from the nature of the actual

world. We might live in a world in which iron bodies were relatively
rigid to each other, and copper bodies were relatively rigid to each
other, but an iron body was notrelatively rigid to a copper one. There
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is no logical contradiction. It is a possible world. If we lived in such a
world and discovered that it contained a great deal of both copper and
iron, how would we choose between the two as a suitable basis for meas-

urement? Each choice would have a disadvantage. If other metals were
similarly out of step, so to speak, with each other, we would havestill
more difficult choices to make. Fortunately, we live in a world where
this is not the case. All metals are relatively rigid to each other; therefore, we may take any one of them as our standard. When we do, we
find that other metal bodiesarerigid.
It is so obviously desirable to base our measurement of length on
a metal rather than a rubber rod and to base our measurement of time
on a pendulum rather than a pulse beat that we tend to forget that there
is a conventional component in our choice of a standard. It is a component that I stressed in my doctor’s thesis on space,’ and Reichenbach
later stressed in his book on space and time. The choice is conventional
in the sense that there is no logical reason to prevent us from choosing
the rubber rod and the pulse beat and then paying the price by developing a fantastically complex physics to deal with a world of enormous
irregularity. This does not, of course, mean that the choice is arbitrary,
that one choice is just as good as any other. There are strong practical
grounds, the world being whatit is, for preferring the steel rod and the
pendulum.
Once we have chosen a standard of measurement, such as a Steel

rod, we are faced with another choice. We can say that the length of this
particular rod is our unit, regardless of changes in its temperature, magnetism, and so on, or we can introduce correction factors depending on
such changes. The first choice obviously gives the simpler rule, butif
we adopt it we are again confronted by strange consequences. If the
rod is heated and then used for measurement, we find that all other
bodies in the world have shrunk. When the rod cools, the rest of the

world expands again. We would be compelled to formulate all sorts of
bizarre and complicated laws, but there would be nological contradiction. For that reason, we cansayit is a possible choice.
The second procedureis to introduce correction factors. Instead of
stipulating that the segment between the two markswill always be taken
as having the selected length /p (say, 1 or 100), we now decreethat it

has the normal length J) only when the rod is at the temperature To,

1 Der Raum. Ein Beitrag zur Wissenschaftslehre (Jena: University of Jena, 1921);

(Berlin: Verlag von Reuther & Reichard, 1922).
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which wehaveselected as the “normal” temperature, while at any other
temperature T, the length of the segmentis given by the equation:
I=lW[l+ B(T-To)].

where 8 is a constant (called the “coefficient of thermal expansion”) that
is characteristic of the rod’s substance. Similar corrections are introduced in the same way for other conditions, such as the presence of
magnetic fields, that may also affect the rod’s length. Physicists much
prefer this more complicated procedure—theintroduction of correction
factors—for the same reason that they chose a metal rod instead of a
rubber one—the choice leads to a vast simplification of physical laws.
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Derived Magnitudes
and the
Quantitative Language

WHEN RULESOF measurementhave been
given for some magnitudes, like spatial length, length of time, and mass,
then, on the basis of those “primitive” magnitudes, we can introduce

other magnitudes by definition. These are called “defined” or “derived”
magnitudes. The value of a derived magnitude can always be determined

indirectly, with the help of its definition, from the values of the primitive

magnitudesinvolved in the definition.

In some cases, however, it is possible to construct an instrument

that will measure such a magnitude directly. For example, density is
commonly regarded as a derived magnitude because its measurement
rests on the measurementof the primitive magnitudes length and mass.
We directly measure the volume and massof a body andthen define its
density as the quotient of the mass divided by the volume.It is possible,
however, to measure the density of liquid directly, by means of a hydrometer. This is usually a glass float, with a long thin stem like a thermometer. The stem is marked with a scale that indicates the depth to
which the instrumentsinks in the liquid being tested. The liquid’s approximate density is determined directly by the reading on this scale.
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Thus, we find that the distinction between primitive and derived magnitudes must not be regarded as fundamental; it is rather a distinction
resting on the practical procedures which physicists adopt in making
measurements.

If a body is not homogeneous, we must speak of a “mean density”.
Oneis tempted to say that the density of such a body,at any given point,
should be expressed as a limit of the quotient of mass divided by vol-

ume, but, because matter is discrete, the concept of limit cannot be ap-

plied here. In the cases of other derived magnitudes, the limit approach
is necessary. For instance, consider a body moving along a path. During
a time interval of length Af,it travels a spatial length of As. We now de-

fine its “velocity”, another derived magnitude, as the quotient As/At.

If the velocity is not constant, however, we can say only that its “mean
velocity” during this time interval was As/At. What wasthe velocity of
the body at a certain time point during this interval? The question cannot be answered by defining velocity as a simple quotient of distance
divided by time. We must introduce the concept of a limit of the quotient as the time interval approaches zero. In other words, we must

make use of what in calculusis called the derivative. Instead of the simple quotient As/At, we have the derivative:
= = limit 7 for At— 0

This is called the object’s “instantaneous velocity” because it ex-

presses a velocity at a particular time point, rather than a velocity averaged over an interval. It is, of course, another example of a derived
magnitude. Like the concept of density,it, too, can be measured directly
by meansof certain instruments; for example, the speedometer of a car
provides a direct measurement of the car’s instantaneous velocity.
The conceptof limit is also used for defining the derived magnitude
of acceleration. We have a velocity v and a change in that velocity, Av,

which occurs from one time point to another. If the interval of time is

At and the change in velocity is Av, the acceleration, or rate at which

the velocity changes, is Av/At. Here again, we must regard this as the

“mean acceleration” during the time interval At. If we wish to be more
precise and speak of “instantaneous acceleration” at a given time point,
we must abandon the quotient of two finite values and write the following derivative:
dv _ . . Av
— = limit —
i
At for At—> 0
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Instantaneous acceleration, therefore, is the same as the second
derivative of s with respectto f:

a
as
~ dt df
Attimes, a physicist may say that the density of a certain point in

a physical body is the derivative of its mass with respect to its volume,
but this is only a rough mannerof speaking. His statement cannot be
taken literally, because, although space and time are (in present-day
physics) continuous, the distribution of mass in a bodyis not—atleast,
not on the molecular or atomic level. For this reason, we cannot speak

literally of density as a derivative; it is not a derivative in the way that
this limit concept can be applied to genuinely continuous magnitudes.
There are many other derived magnitudes in physics. To introduce
them, we do not have to lay down complicated rules, such as those discussed earlier for introducing primitive magnitudes. We have only to
define how the derived magnitude can be calculated from the values of
primitive magnitudes, which can be measureddirectly.
A perplexing problem sometimes arises concerning both primitive
and derived magnitudes. To make it clear, imagine that we have two
magnitudes, M, and M2. When we examine the definition of M, or the
rules that tell us how to measureit, we find that magnitude Mgis involved. When weturn to the definition or rules for Me, we find that M,

is involved. Atfirst, this gives the impression of circularity in the procedures, but the circle is easily avoided by applying what is called the
method of successive approximation.
You will recall that in a previous chapter we considered the equation that defines the length of a measuring stick. In that equation a correction factor for thermal expansion occurs; in other words, temperature

is involved in the set of rules used for measuring length. On the other
hand, you will rememberthat in our rules for measuring temperature we
referred to length, or rather, to the volume of a certain test liquid used

in the thermometer; but, of course, volume is determined with the help
of length. So it seems that here we have two magnitudes, length and temperature, each dependent on the otherforits definition. It appears to be
a viciouscircle, but, in fact, it is not.

One way outis as follows. First, we introduce the concept of length
without considering the correction factor for thermal expansion. This
concept will not give us measurements of great precision, but it will do

10. Derived Magnitudes and the Quantitative Language

99

well enough if great precision is not demanded. Forinstance, if an iron
rod is used for measurement, the thermal expansion, under normal con-

ditions, is so small that measurements will still be fairly precise. This
providesa first concept, Li, of spatial length. We can now make use of
this concept in the construction of a thermometer. With the aid of the
iron measuring stick, we mark a scale alongside the tube containing our
test liquid. Since we can construct this scale with fair precision, we also
obtain a fair precision when we measure temperature onthis scale. In
such a way we introduceourfirst concept of temperature, T,. Now we
can use 7, for establishing a refined concept of length, L2. We do this

by introducing 7, into the rules for defining length. The refined concept
of length, Le (corrected for the thermal expansion of the iron rod), is

now available for constructing a more precise scale for our thermometer.
This leads, of course, to T2, a refined concept of temperature.

In the case of length and temperature, the procedure just described
will refine both concepts to the point at which errors are extremely minute. In other cases, it may be necessary to shuttle back and forth several

times before the successive refinements lead to measurements precise
enoughfor our purposes. It must be admitted that we never reach an absolutely perfect method of measuring either concept. We can say, however, that the more we repeat this procedure—starting with two rough
concepts and then refining each with the help of the other—the more
precise our measurements become. Bythis technique of successive approximations we escape from whatseems, atfirst, to be a viciouscircle.

Wewill now take up a question that has been raised many times
by philosophers: can measurements be applied to every aspect of nature? Is it possible that certain aspects of the world, or even certain
kinds of phenomena, are in principle nonmeasurable? For instance,

some philosophers may admit that everything in the physical world is

measurable (although some philosophers deny even that), but they think
that, in the mental world, this is not the case. Some even goso far as to

contend that everything that is mental is not measurable.
A philosopher whotakes this point of view might argue as follows:
“The intensity of a feeling or of a bodily pain or the degree of intensity
with which I remember a past event is in principle not measurable. I
may feel that my memory of one event is more intense than my memory
of another, but it is not possible for me to say that oneis intense to the
degree of 17 and the other to the degree of 12.5. Measurementof in-

tensity of memoryis, therefore, in principle impossible.”
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In reply to this point of view,let us first consider the physical magnitude of weight. You pick up a stone. It is heavy. You compareit with

another stone, a muchlighter one. If you examine both stones, you will
not come upon any numbers or find any discrete units that can be
counted. The phenomenonitself contains nothing numerical—only your
private sensations of weight. As we have seen in a previous chapter,
however, we introduce the numerical concept of weight by setting up a
procedure for measuringit. It is we who assign numbers to nature. The
phenomena themselves exhibit only qualities that we observe. Everything numerical, except for the cardinal numbersthat can becorrelated
with discrete objects, is brought in by ourselves when we devise proce-

dures for measurement.
The answer to our original philosophic question should, I think,
be put this way. If, in any field of phenomena, you find sufficient order
that you can make comparisons andsay that, in some respect, one thing
is above anotherthing, and that one is above something else, then there
is in principle the possibility of measurement. It is now up to you to devise rules by which numbers can beassigned to the phenomenain a useful way. As we haveseen,the first step is to find comparativerules; then,
if possible, to find quantitative ones. When we assign numbers to phenomena, there is no point in asking whether they are the “right” numbers. We simply devise rules that specify how the numbers are to be
assigned. From this point of view, nothing is in principle unmeasurable.
Even in psychology we do,in fact, measure. Measurements for sensation were introduced in the nineteenth century; perhaps the reader
recalls the Weber-Fechner law, in what was then called the field of

psycho-physics. The sensation to be measured wasfirst correlated with
something physical; then rules were laid down to determine the degree
of intensity of the sensation. For example, measurements were made of
the feeling of the pressure on the skin of various weights, or the sensation of the pitch of a sound, or the intensity of a sound, and so on. One
approach to measuring pitch—we are here speaking about the sensation,
not the frequency of the sound wave—is to construct a scale based on
a unit that is the smallest difference in pitch that one can detect. S. S.
Stevens, at one time, proposed another procedure, based on a subject’s
identification of a pitch, which he felt to be exactly midway between
two other pitches. So, in various ways, we have been able to devise
measuring scales for certain psychological magnitudes. It is certainly
not the case, therefore, that there is in principle a fundamental impos-

10. Derived Magnitudes and the Quantitative Language

101

sibility of applying the quantitative method to psychological phenomena.
At this point, we should commenton a limitation of the procedure
of measurement. There is not the slightest doubt, of course, that meas-

urement is one of the basic proceduresof science, but, at the same time,
we must be careful not to overestimate its scope. The specification of a
measuring procedure does not always give us the whole meaning of a
concept. The more westudy a developed science, especially such a richly
developed one as physics, the more we become aware of the fact that
the total meaning of a concept cannot be given by one measuring procedure. This is true of even the simplest concepts.
As an example, consider spatial length. The procedure of measuring length with a rigid rod can be applied only within a certain intermediate range of values that are not too large and not too small. It can
be applied to as small a length as, perhaps, a millimeter or a fraction of
a millimeter, but not to a thousandth of a millimeter. Extremely small
lengths cannot be measured in this fashion. Nor can we apply a measuring rod to the distance from the earth to the moon. Even the distance
from the United States to England cannot be measured by such a procedure without first building a solid bridge from here to England. Of
course, we continue to speak of a spatial distance between this country
and England, meaning a distance that could be measured with a measuring rod if the earth’s surface between the two countries were solid.
But the surface is not solid, so, even here, we must devise other proce-

dures for measuringlength.
One such procedure is as follows. By means of a measuring rod
we establish a certain distance on the earth, for example, between the
points A and B (see Figure 10-1). With this line AB as a basis, we can

determine the distance from B to a remote point C, without using a
measuring rod. By means of surveying instruments, we measure the
two angles, a and 8. Theorems of physical geometry enable us to calculate the length of line a, which is the distance between B and C.
Knowing this distance, and measuring angles 8 and y, we can calculate
the distance from B to an even more remote point D. Thus, by the process called “triangulation”, we can measure a large net of distances and
in this way construct a mapof a large region.
Astronomers also use triangulation for measuring distances from
the earth to relatively near stars within our galaxy. Of course, distances
on the earth are much too short to be used as base lines, so astronomers

use the distance from onepoint of the earth’s orbit to the opposite point.
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This method is not accurate enough for stars at very great distances
within our galaxy or for measuring distances to other galaxies, but, for
such enormous distances, other methods can be used. For example, the

intrinsic brightness of a star can be determined from its spectrum; by
comparing this with the star’s brightness as observed from the earth, its
distance can be estimated. There are many ways to measure distances
that cannot be measured by the direct application of a measuring rod.
Weobserve certain magnitudes and then, on the basis of laws connect-

ing these magnitudes with other magnitudes, we arrive at indirect estimatesof distances.
At this point, an important question arises. If there are a dozen
different ways to measure a certain physical magnitude, such as length,
then, instead of a single concept of length, should we not speak of a
dozen different concepts? This was the opinion expressed by the physicist and philosopherof science P. W. Bridgmanin his now-classic work,
The Logic of Modern Physics (Macmillan, 1927). Bridgman stressed
the view that every quantitative concept must be defined by the rules
involved in the procedure for measuring it. This is sometimes called
an “operational definition” of a concept. But, if we have many different
operational definitions of length, we should not, according to Bridgman,
speak of the concept of length. If we do, we must abandon the notion
that concepts are defined by explicit measuring procedures.
Myview onthis question is as follows. I think it is best to regard
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the concepts of physics as theoretical concepts in the process of being
specified in stronger and stronger ways, not as concepts completely defined by operational rules. In everyday life, we make various observations of nature. We describe those observations in qualitative terms,
such as “long”, “short”, “hot”, “cold”, and in comparative terms, such

as “longer”, “shorter”, “hotter”, “colder”. This observation languageis
connected with the theoretical language of physics by certain operational
rules. In the theoretical language, we introduce quantitative concepts
such as length and mass, but we must not think of such concepts as
explicitly defined. Rather, the operational rules, together with all the
postulates of theoretical physics, serve to give partial definitions, or
rather, partial interpretations of the quantitative concepts.
We knowthat these partial interpretations are not final, complete
definitions, because physics is constantly strengthening them by new laws
and new operational rules. No endto this process is in sight—physicsis
far from having developed a complete set of procedures—so we must
admit that we have only partial, incomplete interpretations of all the
theoretical terms. Many physicists include such terms as “length” in the
observation vocabulary because they can be measured by simple, direct
procedures. I prefer not to classify them this way. It is true that, in
everyday language, when wesay, “The length of this edge of the tableis
thirty inches’, we are using “length” in a sense that can be completely
defined by the simple measuring-rod procedure. But that is only a small
part of the total meaning of the concept of length. It is a meaning that
applies only to a certain intermediate range of values to which the measuring-rod technique can be applied. It cannot be applied to the distance
between two galaxies or between two molecules. Yet clearly, in these
three cases, we have in mind the same concept. Instead of saying that we
have many concepts of length, each defined by a different operational
procedure, I prefer to say that we have one conceptof length, partially
defined by the entire system of physics, including the rules for all the
operational procedures used for the measurementoflength.
The sameis true for the concept of mass. If we restrict its meaning
to a definition referring to a balance scale, we can apply the term to only
a small intermediate range of values. We cannot speak of the mass of the
moon or of a molecule or even the mass of a mountain or of a house.
Weshould have to distinguish between a number of different magnitudes, each with its own operational definition. In cases in which two

different methods for measuring mass could be applied to the same ob-
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ject, we would haveto say that, in those cases, the two magnitudes hap-

pened to have the same value. All this would lead, in my opinion, to
an unduly complicated way of speaking. It seems best to adopt the language form used by most physicists and regard length, mass, and so on
as theoretical concepts rather than observational concepts explicitly
defined by certain procedures of measurement.
This approach is no more than a matter of preference in the choice
of an efficient language. There is not just one way to construct a language of science. There are hundredsof different ways. I can say only
that, in my view, this approach to the quantitative magnitudes has many
advantages. I have not always held this view. At one time, in agreement
with many physicists, J regarded concepts such as length and mass as
“observables’”—termsin the observation language. But, more and more,
I am inclined to enlarge the scope of the theoretical language andinclude in it such terms. Later we shall discuss theoretical terms in more
detail. Now I only wantto point out that, in my view, the various procedures of measurement should not be thought of as defining magnitudes
in any final sense. They are merely special cases of what I call “correspondence rules”. They serve to connect the terms of the observation
language with the terms of the theoretical language.

CHAPTER

ll

Merits of the
Quantitative Method

QUANTITATIVE CONCEPTS are not
given by nature; they arise from our practice of applying numbers to
natural phenomena. Whatare the advantages of doing this? If the quantitative magnitudes were supplied by nature, we would no moreaskthis
question than we would ask: what are the advantages of colors? Nature
might not have colors, but it is pleasant to find them in the world. They
are simply there, a part of nature. We cannot do anything about it. The
situation is not the same with respect to the quantitative concepts. They
are part of our language, not part of nature. It is we who introduce them;
therefore, it is legitimate to ask why we introduce them. Why do we go
to all the trouble of devising complicated rules and postulates in order
to have magnitudes that can be measured on numerical scales?
Weall know the answer. It has been said many times that the great
progress of science, especially in the last few centuries, could not have
occurred without the use of the quantitative method. (It wasfirst introduced in a precise way by Galileo. Others had used the methodearlier,
of course, but he was the first to give explicit rules.) Whereverit is

possible, physicstries to introduce quantitative concepts. In the last dec-
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ades, other fields of science have followed the same path. We have no

doubt that this is advantageous, but it is good to know in greater detail

exactly where the advantageslie.
First of all—though this is only a minor advantage—there is an
increase in the efficiency of our vocabulary. Before a quantitative concept is introduced, we have to use dozens of different qualitative terms
or adjectives in order to describe the various possible states of an object
with respect to that magnitude. Without the concept of temperature, for
example, we have to speak of something as “very hot”, “hot”, “warm”,
“lukewarm’’, “cool”, “cold”, “very cold”, and so on. These are all what

we have called classificatory concepts. If we had a few hundred such
terms, perhaps it would not be necessary, for many everyday purposes,
to introduce the quantitative concept of temperature. Instead of saying,
“It is 95 degrees today”, we would have a nice adjective that meantjust
this temperature, and for 100 degrees we would have another adjective,
and so on.
What would be wrong with this? For one thing, it would be exceedingly hard on our memory. We would not only have to know great
numberof different adjectives, but we would also have to memorize their

order, so we would know immediately whether a certain term was higher
or lower on the scale than another. But, if we introduce the single concept of temperature, which correlates the states of a body with numbers,
we have only one term to memorize. The order of magnitude is immediately supplied by the order of the numbers. It is true, of course, that we
must have previously memorized the numbers, but once we have done
so, we can apply those numbers to any quantitative magnitude. Otherwise, we should have to memorize a different set of adjectives for every
magnitude, and, in each case, we should also have to memorize their

specific order. These are two minor advantages of the quantitative
method.
The major advantage, as we have seen in previous chapters, is that
quantitative concepts permit us to formulate quantitative laws. Such
laws are enormously more powerful, both as ways to explain phenomena
and as means for predicting new phenomena. Even with an enriched
qualitative language, in which our memoryis burdened with hundredsof
qualifying adjectives, we would have greatdifficulty expressing even the
simplest laws.
Suppose, for instance, that we have an experimental situation in

which weobserve that a certain magnitude M is dependent ona certain
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other magnitude P. Weplot this relation as the curve shown in Figure

11-1. On the horizontal line of this graph, magnitude M assumes the
pP
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Figure 11-1.

values x1, X2, . . . For those values of M, magnitude P takes the values

yi, y2, . . . After plotting on the graph the points that pair these values,
we try to fit a smooth curve through these points. Perhaps they fit a
Straight line; in that case, we say that M is a linear function of P. We
express this as P = aM + b, where a and b are parameters that remain
constant in the given situation. If the points fit a second degree curve,

we have a quadratic function. Perhaps M is the logarithm of P; or it may
be a more complicated function that must be expressed in terms of several simple functions. After we have decided on the mostlikely function,
we test, by repeated observations, whether we have found a function

that represents a universal law connecting the two magnitudes.
What would happenin this situation if we did not have a quantitative language? Assume that we have a qualitative language far richer
than present-day English. We do not have such wordsas “temperature”
in our language, but we do have, for every quality, some fifty adjectives,
all neatly ordered. Ourfirst observation would not be M = x,. Instead,

we would say that the object we are observing is —-——,, using here one
of the fifty adjectives that refer to M. And, instead of P = yi, we would
have another sentence in which we employ oneof the fifty adjectives
that have reference to the quality P. Strictly speaking, the two adjectives
would not correspond to points on the axes of our graph—wecould not
possibly have enough adjectives to correspond to all the points on a
line—butrather to intervals along each line. One adjective, for example,

would refer to an interval that contained x,. The fifty intervals along

108

Measurement and Quantitative Language

the axis for M, corresponding to ourfifty adjectives for M, would have

fuzzy boundaries; they might even overlap to some extent. We could not,

in this language, express a simple law of, say, the form P =a+ bM

+ cM?. We would have to specify exactly how each of ourfifty adjectives for M is to be paired with oneofthefifty adjectives for P.
To be morespecific, suppose that M refers to heat qualities, and P
refers to colors. A law connecting these two qualities would consist of a
set of fifty conditional sentences of the form, “If the object is very, very,

very hot (of course, we would have one adjective to express this), then
it is bright red.” Actually, we do have in English quite a large number
of adjectives for colors, but that is almost the only field of qualities for
which we have many adjectives. In reference to most of the magnitudes
in physics, there is a great paucity of adjectives in the qualitative language. A law expressed in a quantitative language is thus much shorter
and simpler than the cumbersome expressions that would be required
if we tried to express the same law in qualitative terms. Instead of one
simple, compact equation, we would have dozensof“if-then” sentences,
each pairing a predicate of one class with a predicate of another.
The most important advantage of the quantitative law, however,
is not its brevity, but rather the use that can be made of it. Once we
have the law in numerical form, we can employ that powerful part of
deductive logic we call mathematics and, in that way, make predictions.
Of course, in the qualitative language, deductive logic could also be
used for making predictions. We could deduce from the premiss, “This
body will be very, very, very hot”, the prediction, “This body will be
bright red.” But the procedure would be cumbersome comparedto the
powerful, efficient methods of deduction that are part of mathematics.
This is the greatest advantage of the quantitative method. It permits us
to express laws in a form using mathematical functions by which predictions can be madein the mostefficient and precise way.
These advantages are so great that no one today would think of
proposing that physicists abandon the quantitative language and return
to a prescientific qualitative language. In earlier days of science, however, when Galileo was calculating the speeds with which balls rolled

down inclined planes and the periods of a pendulum, there were many
whoprobably said: “What good will come ofall this? How will it help
us in everyday life? I shall never be concerned with what happens to

small spherical bodies when they roll downa track.It is true that some-

times, when I am shelling peas, they run down aninclined table. But

11. Merits of the Quantitative Method

109

whatis the value of calculating their exact acceleration? What practical
use could such knowledge have?”
Today, no one speaks this way because we are all using dozens of
complicated instruments—acar, a refrigerator, a television set—which
we know would not have been possible if physics had not developed as
a quantitative science. I have a friend who once took the philosophical
attitude that the developmentof quantitative science was regrettable because it led to a mechanization of life. My reply wasthat, if he wished
to be consistent in this attitude, he should never use an airplane or a car

or a telephone. To abandon quantitative science would mean the abandonmentof all those conveniences that are products of modern technology. Not manypeople, I believe, would wish to do that.
At this point, we face a related, though somewhatdifferent, criti-

cism of the quantitative method. Doesit really help us to understand
nature? Of course, we can describe phenomena in mathematical terms,
make predictions, invent complicated machines; but are there not better
waysto obtain true insights into nature’s secrets? Such a criticism of the
quantitative method as inferior to a more direct, intuitive approach to
nature was made bythe greatest of German poets, Goethe. The reader
probably knowshim only as a writer of drama and poetry, but actually
he was muchinterested in certain parts of science, particularly in biology and the theory of colors. He wrote a large book on the theory of
colors. At times, he believed that that book was more important than

all his poetic works put together.
A portion of Goethe’s book deals with the psychological effects of
colors. It is systematically presented and really quite interesting. Goethe
wassensitive in observing his experiences and, for that reason, was well

qualified to discuss how our moodsare influenced by the colors surrounding us. Every interior decorator, of course, knowsthese effects.
A lot of yellow and red in a room is stimulating. Greens and blues have
a calming effect. When we select colors for our bedrooms and living
rooms, we keep those psychological effects in mind. Goethe’s book also
takes up the physical theory of color; there is a historical section in
which he discusses previous theories, especially Newton’s theory. He
was dissatisfied in principle with Newton’s entire approach. The phenomena of light in all its aspects, Goethe contended, especially in its
color aspects, should be observed only under the most natural conditions. His work in biology had led him to conclude that, if you want to
find out the real character of an oak tree or a fox, you must observe the
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tree and the fox in their natural habitats. Goethe transferred this notion
to physics. One observes a thunderstorm best by going out during a
thunderstorm and looking at the sky. So also with light and colors. One
must see them as they occur in nature—the way sunlight breaks through
a cloud, how the colors of the sky alter when the sun in setting. By doing this, Goethe found someregularities. But, when he read in Newton’s
famous book, Opticks, the assertion that white light from the sun is
actually a compound ofall the spectral colors, Goethe was much incensed.
Whywashe incensed? Because Newton did not makehis observations of light under natural conditions. Instead, he made his famousexperiment indoors, with a prism. He darkened his laboratory and cut a
tiny slit in the window shutter (see Figure 11-2), a slit allowing only a
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narrow beam of sunlight to enter the dark room. Whenthis ray of light
passed through a prism, Newton observed that it cast on the screen a
pattern of different colors, from red to violet. He called this pattern a
spectrum. By measuring the angles of refraction at the prism, he concluded that those angles were different for different colors, smallest for

red, largest for violet. This led him to the assumption that the prism does
not produce the colors; it merely separates colors contained in the original beam of sunlight. He confirmed this assumption by other experiments.

Goethe raised several objections to Newton’s general approach to

physics, as illustrated by this experiment. First, he said, in trying to

understand nature, we should rely more on the immediate impression
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our senses receive than on theoretical analysis. Since white light appears
to our eye as perfectly simple and colorless, we should accept it as such

and not represent it as composed of different colors. It also seemed
wrong to Goethe to observe a natural phenomenon,such assunlight,
underartificial, experimental conditions. If you want to understand sun-

light, you must not darken your room and then squeeze the beam oflight
through a narrow slit. You should go out under the open sky and contemplate all the striking color phenomenaas they appearin their natural
setting. Finally, he was sceptical about the usefulness of the quantitative
method. To take exact measurements of angles, distances, speeds,

weights, and so on and then make mathematical calculations based on
the results of these measurements, might be useful, he conceded, for

technical purposes. But he had serious doubts as to whether this was the
best approach if we wish to gain real insight into nature’s ways.
Today, of course, we know that, in the controversy between Newton’s analytical, experimental, quantitative method and Goethe’s direct,

qualitative, phenomenological approach, the former has not only won
out in physics, but today is gaining more and more groundin otherfields
of science as well, including the social sciences. It is now obvious, espe-

cially in physics, that the great advances of the last centuries would not
have been possible without the use of quantitative methods.
On the other hand, we should not overlook the great value that an

intuitive approach like Goethe’s may have for the discovery of new
facts and the development of new theories, especially in relatively new
fields of knowledge. Goethe’s wayof artistic imagination, combined with
careful observation, enabled him to discover important new facts in the

comparative morphology of plant and animal organisms. Someof these
discoveries were later recognized as steps in the direction of Darwin’s
theory of evolution. (This was explained by the great German physicist
and physiologist Hermann von Helmholtz in a lecture in 1853 on
Goethe’s scientific studies. Helmholtz praised highly Goethe’s work in
biology, but he criticized his theory of colors. In an 1875 postscript to
the lecture, he pointed out that some of Goethe’s hypotheses had,in the
meantime, been confirmed by Darwin’stheory. )?
1 Goethe’s Die Farbenlehre (“Theory of Colors”) was a massive three-part work

published in Germany in 1810. An English translation of Part I, by Charles
Eastlake, was issued in London in 1840. Helmholtz’s lecture, ““On Goethe’s Scien-

tific Researches,” first appeared in his Popular Lectures on Scientific Subjects,

First Series (New York: Longmans, Green, 1881), and was reprinted in his
Popular Scientific Lectures (New York: Dover, 1962). For similar criticism of
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It may be of interest to mention that, near the middle of the last

century, the philosopher Arthur Schopenhauer wrote little treatise on
vision and colors (Uber das Sehn und die Farben) in which he took the

position that Goethe was entirely right and Newton entirely wrong in
their historic controversy. Schopenhauer condemnednotonly the application of mathematics to science, but also the technique of mathematical
proofs. He called them “mouse-trap proofs”, citing as an example the
proof for the familiar theorem of Pythagoras. This proof, he said, is
correct; no one can contradict you and say it is wrong. But it is an
entirely artificial way of reasoning. Every step is convincing, of course,
yet at the conclusion of the proof you have the feeling that you have
been caught in a mouse trap. The mathematician has compelled you to
admit the truth of the theorem, but you have gained noreal understanding. It is as if you had been led through a maze. You suddenly walk out
of the maze and say to yourself: “Yes, I am here, but I really do not
know howI got here.” There is something to be said for this point of
view in the teaching of mathematics. We should give more attention to
the intuitive understanding of what we are doing at each step along the
way in a proof, and why weare taking those steps. Butall this is by the
way.
To give a clear answer to the question of whether, as some philosophers believe, we lose something when wedescribe the world with numbers, we must clearly distinguish between two languagesituations: a
language that actually does leave out certain qualities of the objectsit
describes and a language that seems to leave out certain qualities but
actually does not. I am convinced that much of the confusion in the
thinking of these philosophers results from a failure to makethis distinction.
“Language” is used here in an unusually wide sense. It refers to
any method by which information about the world is communicated—
words, pictures, diagrams, and so on. Let us consider a language that

leaves out certain aspects of the objects it describes. You see in a magazine a black and white photograph of Manhattan. Perhaps the caption
reads: “New York’s skyline, seen from the west.” This picture comGoethe, see “Goethe’s ‘Farbenlehre,’” an address by John Tyndall, in his New

Fragments (New York: Appleton, 1892), and Werner Heisenberg’s 1941 lecture,
“The Teachings of Goethe and Newton on Colour in the Light of Modern
Physics,” in Philosophic Problems of Nuclear Science (London: Faber & Faber,

1952).
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municates, in the language of black and white photography, information about New York. You learn something of the sizes and shapes of
the buildings. The picture is similar to the immediate visual impression
you would have if you stood where the camera stood and looked toward
New York. That, of course, is why you immediately understand the

picture. It is not language in the ordinary sense of the word;it is language in the more general sense that it conveys information.
Yet the photograph lacks a great deal. It does not have the dimension of depth. It tells you nothing about the colors of the buildings. This
does not mean that you cannot make correct inferences about depth and
color. If you see a black and white photograph of a cherry, you assume
that the cherry is probably red. But this is only an inference. The picture itself does not communicate the colorof the cherry.
Nowlet us turn to the situation in which qualities appear to beleft
out of a language whenactually they are not. Consider a sheet of music.
When youfirst saw musical notation, perhaps as a child, you may have
asked: “What are these strange things here? There are five lines that
stretch across the page, and they are covered with black spots. Someof
the spots have tails.”
You weretold: “This is music. This is a very beautiful melody.”
You protest: “But I can’t hear any music.”
It is certainly true that this notation does not convey a melody in
the same way that, say, a phonograph record does. There is nothing to
hear. In another sense, however, the notation does convey the pitch and
duration of each tone. It is not conveyed in a way that is meaningful to
a child. Even to an adult the melody may not be immediately apparent
until he has played it on a piano or asked someoneelse to play it for
him; yet there is no doubt that the tones of the melody are implicit in
the notation. Of course, a translation key is needed. There must be rules
about how to transform this notation into sounds. But, if the rules are
known, wecan say that the qualities of the tones—their pitch, duration,

even intensity changes—are given in the notation. A trained musician
may even be able to scan the notes and “hear” the melody immediately
in his mind. We obviously have here a language situation clearly different from that of the black and white photograph. The photograph actually left out colors. The musical notation seems to leave out tones, but
actually does not.
In the case of ordinary language, we are so accustomed to the
words that we often forget that they are not natural signs. If you hear
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the word “blue”, you immediately imagine the color blue. As children,

we form the impression that the color words of our language actually
do convey color. On the other hand, if we read a statementby a physicist
that there is a certain electromagnetic oscillation of a certain intensity
and frequency, we do not immediately imagine the color it describes.
If you know the translation key, however, you can determinethe color
just as accurately, perhaps even more accurately, than if you heard the
color word. If you have done work yourself with a spectroscope, you

may know by heart which colors correspond to which frequencies. In
that case, the physicist’s statement may tell you immediately that he is
speaking abouta colorthatis blue-green.
The translation key may be laid down in manydifferent ways. For
example, the frequency scale of the visible spectrum can be recorded
on a chart, and the English color word most closely corresponding to

each frequencyis written after it. Or the chart may have, instead of the
color words, small squares containing the actual colors. In either case,
when you hearthe physicist’s quantitative statement, you can infer, with
the help of the key, exactly what color he is describing. The quality, in
this case the color, is not at all lost by his method of communication.
The situation here is analogous to that of musical notation; there is

a key for determining those qualities that secm, at first, to be omitted
from the notation. It is not analogous to the black and white photograph, in which certain qualities actually are left out.
The advantages of the quantitative language are so obvious that
one is led to wonder why so many philosophers havecriticized its use in
science. In Chapter 12, we will discuss some of the reasonsforthis curi-

ousattitude.

cusrrer 12
The Magic View
of Language

I HAVE THE IMPRESSIONthat one reason why some philosophers object to the emphasis science places on
quantitative language is that our psychological relation to the wordsof
a prescientific language—words we learned when we were children—
is quite different from our psychological relation to those complicated
notations we later come upon in the language of physics. It is understandable how children can believe that certain words actually do carry,
so-to-speak, the qualities to which they refer. I do not want to be unfair to certain philosophers, but I suspect that those philosophers sometimes make the same mistake, in their reactions to scientific words and

symbols, that children always make.
In the well-known book by C. K. Ogden and I. A. Richards, The
Meaning of Meaning,’ there are excellent examples—some are quite
amusing—of what the authors call “word magic”. Many people hold a
magical view of language, the view that there is a mysterious natural
1C. K. Ogden and I. A. Richards, The Meaning of Meaning (London: Kegan
Paul, Trench, Trubner, 1923); (8th rev. ed.; New York: Harcourt, Brace, 1946);

(New York: Harvest Books, 1960).
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connection of some sort between certain words (only, of course, the

words with which they are familiar!) and their meanings. Thetruth is,
that it is only by historical accident, in the evolution of our culture,
that the word “blue” has come to mean a certain color. In Germany
that color is called “blau”. Other sounds are associated with it in other
languages. For children,it is natural to think that the one word “blue”,
to which they are accustomed in their mother tongue, is the natural

word, that other wordsfor blue are entirely wrong or certainly strange.
Asthey grow older, they may become more tolerant and say: “Other
people may use the world ‘blau’, but they use it for a thing that is actually blue.” A small boy thinks that a house is a house, and a rose is
a rose, and that is all there is to it. Then he learns that the strange
people in France call a house a “maison”. Why do they say “maison”
when they mean a house? Since it is a house, why don’t they call it a
house? He will be told that it is the custom in France to say “maison”.
Frenchmen have been saying it for hundreds of years; he should not
blame them for it or think them stupid. The boy finally accepts this.
The strange people have strange habits. Let them use the word “maisons” for those things that are actually houses. To break away from
this tolerant attitude and acquire the insight that there is no essential
connection whatever between a word and what we mean by it seems
to be as difficult for many adults as it is for children. Of course, they
never say openly that the English word is the right word, that words

in other languages are wrong, but the magical view of their childhood
remains implicit in their thinking and often in their remarks.
Ogden and Richards quote an English proverb, “The Divine is
rightly so called.” This apparently means that the Divine is really
divine; therefore, he is rightly so called. Although one may have the
feeling that somethingis rightly so called, the proverb does not, in fact,

say anything. It is obviously vacuous. Nevertheless, people evidently
repeat it with strong emotion, actually thinking that it expresses some
sort of deep insight into the nature of the Divine.
A slightly more sophisticated example of the magic view of language is contained in a book by Kurt Riezler, Physics and Reality:
Lectures of Aristotle on Modern Physics at an International Congress
of Science, 679 Olympiad, Cambridge, 1940 a.D.2 The author imagines

Aristotle coming back to earth in our time and presenting his point of
2 Kurt Riezler’s book was published in 1940 by Yale University Press, New
Haven, who granted permission to quote from the book.
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view—which is Riezler’s point of view also and, I think, only Riezler’s

—in regard to modernscience.
Aristotle begins by highly praising modern science. He is full of
admiration for its great achievements. Then he adds that, to be honest
about it, he must also make a few critical remarks. It is these remarks

that interest us here. On page 70 of Riezler’s book, Aristotle says to
the assembled physicists:
The day is cold to a Negro and hot to an Eskimo. You settle the
dispute by reading 50° on your thermometer.

What Riezler wants to say hereis that, in the qualitative language
of daily life, we have no agrecment about words like “hot” and “cold”.
If an Eskimo from Greenland arrives at a spot where the temperature
is 50 degrees, he will say: “This is a rather hot day.” A Negro from
Africa, at the same spot, will say: “This is a cold day.” The two men
do not agree on the meanings of “hot” and “cold”. Riezler imagines a
physicist saying to them: “Let’s forget about those words and speak
instead in terms of temperature; then we can come to an agreement.
We will agree that the temperature today is 50 degrees.”
The quotation continues:
You are proud of having found the objective truth, by eliminating .. .

I ask the reader to guess what Riezler thinks the physicists have
eliminated. We might expect the sentence to continue, “. . . by eliminating the words ‘hot’ and ‘cold’”. The physicist does not, of course,
eliminate these words from anything but the quantitative language of
physics. He will still want them in the qualitative language of everyday
life. Indeed, the qualitative language is essential, even to the physicist, in
order to describe what he sees. But Riezler does not go on to say what
we expect. His statement continues:
. . . by eliminating both the Negro and the Eskimo.

WhenI first read this I thought that he was just sayingit little
differently and that he meansthat the physicist eliminates the ways of
speaking of the Negro and the Eskimo. Butthis is not the case. Riezler
means something much deeper. Later on he makes it quite clear that,
in his view, modern science has eliminated man, has forgotten and
neglected the most important of all topics of human knowledge—man
himself.
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You are proud of having found the objective truth, by eliminating
both the Negro and the Eskimo. I grant the importance of what you
have achieved. Granted, also, that you could not build your wonderful

machines without eliminating the Negro and Eskimo. What about
reality and truth? You identify truth with certitude. But obviously,
truth is concerned with Being or, if you prefer, with something called
“reality”. Truth can have a high degree of certitude, as truth in mathematics surely has, and nevertheless a low degree of ‘reality’. What
about your 50°? Since it is true for both the Negro and Eskimo you
call it objective reality. This reality of yours seems to me to be extremely poor and thin. It is a relation connecting a property called
temperature with the expansion of your mercury. This reality does not
depend on the Negro or the Eskimo.It is related to neither but to the
anonymousobserver.
Somewhatlater he writes:

Of course, you are quite aware that heat and cold relate 50° to the
Negro or Eskimo.

I am not quite sure what he means to say there. Perhaps he means
that, if the Negro and the Eskimo are to understand what is meant by
“50°”, it must be explained to them in terms of “hot” and “cold”.
You say that the system under observation needs to be enlarged to
include the physical happenings within the Negro or Eskimo.

This is meant to be the physicist’s answer to the charge: “Do you
not omit the sensations of heat and cold which the Eskimo and the
Negro respectively feel?” Riezler seems to think that the physicist would
reply somewhatlike this: “No, we don’t omit the sensations. We describe also the Negro himself, and the Eskimo, as organisms. We analyze
them as physical systems, physiological and physical. We find out what
happens inside them, and in this way we can explain why they experience different sensations which lead them to describe the same day as
‘hot’ and ‘cold’.” The passage continues:
That confronts you with two systems in which the gradient of temperature is reversed—cold in the one and warm in the other system.
This cold and warm, however, is not yet cold and warm. The Negro

and the Eskimo are represented in your systems by a compound of
physical or chemical happenings; they are no longer beings in them-

selves, they are what they are relative to the anonymous observer,

a compound of happenings described by relations between measurable
quantities. I feel that the Negro and Eskimo are represented in your
description rather meagerly. You place the responsibility upon the
enormous complications involved in such a system.
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Riezler refers here to the human system; the total organism which
of course is enormously complicated when youtry to analyze it physically. He continues:
No, gentlemen, you coordinate symbols but you never describe cold
as cold and warm as warm.

Here, it comes out at last—at least a little suspicion of the magic
of words! The physicist coordinates artificial symbols that really do
not carry anything like the qualities. This is unfortunate, because the

physicist is unable to describe cold as “cold”. Calling it “cold” would
convey to us the actual sensation. We would all shiver, just imagining
how cold it was. Or, saying “Yesterday it was terribly hot” would
give us the actual feeling of heat. This is my interpretation of what

Riezler is saying. If the reader wishes to make a more benevolentinter-

pretation, heis free to do so.

Later (on p. 72), there is another interesting declaration by Riez-

ler’s Aristotle:
Let me return to my point. Reality is the reality of substances. You
do not know the substances behind the happenings your thermometer
represents in indicating 50°. But you know what the Negro and Eskimoare like... .

Riezler means that you know what the Negro and Eskimoarelike
because they are humans. You are a human, so you share with them
commonfeelings.
. ask them, ask yourselves, ask your pain and yourjoy, youracting and being acted on. There you know what reality means. There
things are concrete. There you knowthatthey are.

The real reality, he feels, can be reached only when wetalk about
pain and joy, hot and cold. As soon as we go over to the symbols of
physics, temperature, and the like, the reality thins out. This is Riezler’s judgment. I am convinced that it is not Aristotle’s. Aristotle was
one of the greatest men in the history of thinking; in his time he had

supreme respect for science. He himself made empirical observations
and experiments. If he could have observed the development of science
from his day to ours, I am sure that he would be enthusiastically in
favor of the scientific way of thinking and speaking. Indeed, he would
probably be one of today’s leading scientists. I think Riezler does considerable injustice to Aristotle in attributing these opinions to him.

120

Measurement and Quantitative Language

It is possible, I suppose, that Riezler meantto say only that science
should not concentrate so exclusively on quantitative concepts that it
neglects all those aspects of nature that do notfit so neatly into formulas with mathematical symbols. If this is all that he meant, then of

course we would agree with him. For example, in the field of aesthetics, there has not been much progress in the development of quantitative concepts. Butit is always difficult to say in advance whereit will
be useful to introduce numerical measurement. We must leave this to
the workersin thefield. If they see a way of doing it usefully, they will
introduce it. We should not discourage such efforts before they have
been made. Of course, if language is used for aesthetic purposes—not
as a scientific investigation of aesthetics, but for giving aesthetic pleasure—then there is no question about the unsuitability of the quantitative
language. If we want to express our feelings, in a letter to a friend or
in a lyric poem, naturally we choose a qualitative language. We need
words so familiar to us that they immediately call up a variety of meanings and associations.
It is also true that sometimes a scientist neglects important aspects
of even the phenomena on which he is working. This, however, is often
just a matter of division of labor. One biologist does his work entirely
in the laboratory. He studies cells under a microscope, makes chemical
analyses, and so on. Another biologist goes out into nature, observes
how plants grow, under what conditions birds build nests, and so on.
The two menhave different interests, but the knowledge they acquire in
their separate waysis all part of science. Neither should suppose that
the other does useless work. If Riezler’s intention is merely to warn us
that science should be careful not to leave out certain things, one can

go along with him. But if he meant to say, as he seemsto say, that the
quantitative language of science actually omits certain qualities, then
I think he is wrong.
Let me quote from a review of Riezler’s book by Ernest Nagel.?
“The theories of physics are not surrogates for the sun and the stars
and the many-sided activities of concrete things. But why should anyone reasonably expect to be warmed by discourse?”
You see, Nagel interprets Riezler in an even less charitable way
than I havetried to do. He may be right. I am not quite sure. Nagel understands Riezler as criticizing the language of the physicist for not
directly conveying, in the stronger sense, qualities such as the colors that
3 Journal of Philosophy, 37 (1940), 438-439.
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are actually contained in a colored picture. In the same way, we could
convey information about smells by spraying perfume—bringing in
actual odors, rather than just naming them. Perhaps Riezler meant—
Nagel understands him so—that language should convey qualities in this
strong sense, that it should actually bring the qualities to us. He seems
to think that a word like “cold” somehow carries with it the actual
quality of coldness. Such a point of view is certainly an example of the
magic view of language.
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Euclid’s Parallel
Postulate

THE NATURE OF geometry in physics is
a topic of great importance in the philosophy of science—one, by the
way, in which I have a special interest. I wrote my doctoral thesis on
this subject, and, although I have published little on it since, it is a
topic about which I have continued to think a great deal.
Whyis it so important? First of all, it leads into an analysis of
the space-time system, the basic structure of modern physics. Moreover,
mathematical geometry and physical geometry are excellent paradigms
of two fundamentally different ways of gaining knowledge: the aprioristic and the empirical. If we clearly understand the distinction between these two geometries, we shall obtain valuable insights into
important methodological problems in the theory of knowledge.
Let us first consider the nature of mathematical geometry. We
know,of course, that geometry was one of the very earliest mathematical
systems to be developed. We knowlittle about its origins. The amazing
thing is that it was already so well systematized at the time of Euclid.
The axiomatic character of Euclid’s geometry—the deriving of theorems from fundamental axioms and postulates—wasitself a remarkably
125
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sophisticated contribution, one thatstill plays a basic role in the most
modern ways of putting mathematical systems into exact form. It is
astonishing that this procedure was already being followed in Euclid’s
time.
One of Euclid’s axioms, the axiom of the parallel, gave a great

deal of trouble to mathematicians for many centuries. We canstate this
axiom as follows: For any plane on which there is a line Z and a point
P that is not on L, there is one and only one line L’, on the plane, that
passes through P andis parallel to L. (Twolines on a plane are defined
as parallel if they have no point in common.)
This axiom seemed so obviousthat, until the beginning of the last
century, no one doubted its truth. The debate that centered about it
was not overits truth, but over whether it was necessary as an axiom.
It seemed to be less simple than the other axioms of Euclid. Many
mathematicians believed that it might be a theorem that could be derived from the other axioms.
Numerous attempts were made to derive the parallel axiom from
other axioms, and some mathematicians even claimed that they had
succeeded. We know today that they were mistaken. It was not easy
at the time to see the flaw in each of these supposed derivations because
they were usually based—astheystill are often based in high-school
geometry textbooks—on an appeal to our intuitions. We draw a diagram. Admittedly, the diagram is inexact. There are no perfect lines—
the lines we draw have a thickness because of the chalk on the blackboard or the ink on the paper—but the diagram aids our imagination.
It helps us “see” the truth of what we wish to prove. The philosophy
of this intuitive approach was best systematized by Immanuel Kant.
It is not our sense impression of the physical diagram, but rather our
inner intuition of geometrical configurations, that cannot be mistaken.
Kant was quite clear about this. One can never be certain that two
line segments on the blackboard are equal or that a chalk line that is
supposed to be a circle is really a circle. Kant regarded such diagrams
as of only secondary psychological help to us. But he thought that our
power of imagination—whathe called the Anschauung, the intuition—
was flawless. If we saw a geometrical truth clearly in our mind, not
just with our eyes, then we saw it with complete certainty.
How would we approach,as a Kantian, the statementthat two lines
cannot have more than one point in common? Wepicture the situation
in our mind. Here are two lines that cross at one point. How could
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they possibly cross somewhere else? Obviously, they cannot, because
the lines get farther and farther apart as we move away from the crossing. It seems, therefore, quite clear that two lines either have all their
points in common (in which case they coincide to become single
line), or they have, at most, one point or, possibly, no point in common. These simple truths of geometry, Kant said, we see immediately.
Wegrasp their truth intuitively. The fact that we do not have to rely
on diagrams led Kant to suppose that we can have complete confidence
in truths perceived in this intuitive way. Later we shall come back to
this view. We mentionit here only to help the reader understand the way
in which scientists at the beginning of the nineteenth century thought
about geometry. Even if they had never read Kant, they had the same
view. Whether their view derived from Kant or was just a part of the
culturai atmosphere that Kant made explicit does not matter. Everyone
assumed there were clear, simple, basic truths of geometry that were
beyond doubt. From these simple truths, the axioms of geometry, one
could pass, step by step, to certain derived truths, the theorems.

As we have said, some mathematicians believed that they could derive the parallel axiom from the other axioms of Euclid. Why were the
flaws in their proofs so difficult to detect? The answerlies in the fact
that, at the time, there did not exist a logic sufficiently powerful to provide strictly logical rules for geometrical proofs. At some place in the
derivation an appeal to the imagination crept in, sometimes quite explicitly, sometimes in a hidden way. A method for distinguishing between a purely logical derivation and a derivation that brings in nonlogical components based on intuition became available only after the
development of a systematized logic in the second half of the last century. The fact that this new logic was formulated in symbols increased
its efficiency, but it was not absolutely essential. What was essential
was, first, that the rules could be stated with complete exactness, and,

second, that throughout the entire derivation no statement was made
that could not be obtained from the premisses or from previously obtained results by an application of the logic’s rules of inference.
Before the development of modernlogic, no system of logic existed
with a set of rules adequate to cope with geometry. Traditional logic
dealt only with one-place predicates, but in geometry we deal with
relationships among many elements. A point lying on line or a line
lying on a plane are examples of two-place relations; a point lying between two other points is a three-place relation. We might think of
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congruence between two line segments as a two-place relation, but,

since it is not customary to take line segments as primitive entities, a
segmentis best represented as a pair of points. In this case, congruence
between two line segments is a relation between one point-pair and another point-pair; in other words, it is a four-place relation between
points. As you see, geometry needs a logic of relations. This logic was
not in existence at the time we are considering. When it becameavailable, the logical flaws in various supposed proofs of the parallel axiom
were revealed. At some point in each argument, an appeal was made
to a premiss that rested on intuition and could not be derived logically
from Euclid’s other axioms. This might have been interesting, except

for the fact that the hidden, intuitive premiss turned out, in every case,
to be the parallel axiom itself in disguised form.
An example of such a disguised axiom, equivalent to the parallel

axiom, is the following: If, in a plane, there is a straight line L and

a curve M,if all points of M are the same distance from L, then M is
also a straight line. This is shown in Figure 13-1, where a is the conM

Figure 13-1.

stant distance from L of all points on M. This axiom, which intuitively
seems true, was sometimes taken as a tacit assumption in attempts to
prove the parallel axiom. When this is assumed, the parallel axiom can
indeed be proved. Unfortunately, the assumptionitself cannot be demonstrated unless we assumethe truth of the parallel axiom or of some other
axiom equivalentto it.
Another axiom equivalent to the parallel axiom, though perhaps
not so intuitively obvious as the one just cited, is the assumption that
geometrical figures of different sizes may be similar. Twotriangles, for
example, are said to be similar if they have equal angles andsides in
the same proportion. In Figure 13-2, the ratio a: b equals the ratio
a’: b”, and the ratio b : c equals the ratio b’: c’. Suppose I draw
first only the smaller triangle with sides a, b, c. Is there a larger triangle
with these same angles and with sides a’, b’,c’ that are in the same
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Figure 13-2.

proportion as a, b, c ? It seems obvious that the answer is yes. Suppose
we wish to construct the larger triangle so that its sides are exactly
twice as long as the sides of the smaller one. We can doit easily, as
shown in Figure 13-3. We simply prolong side a by another segment
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Figure 13-3.

of the same length, do the sameto side c, then connect the end points.
After giving it some thought, it seems quite clear that the third side
must have a length of 2b andthat the large triangle will be similar to
the small one. If we assume this axiom about similar triangles, we can
then prove the parallel axiom; but, once again, we are assuming the

parallel axiom in disguised form. The truth is that we cannot prove the
similarity of the two triangles without employing the parallel axiom or
another one equivalent to it. To use the axiom about the triangles,

therefore, is equivalent to using the parallel axiom, the very axiom we

are trying to establish.
Not until the nineteenth century wasit actually shown, by rigorous
logic, that the parallel axiom is independent of the other axioms of
Euclid. It cannot be derived from them. Negative statements, such as

this, asserting the impossibility of doing something, are usually much
harder to prove than positive statements. A positive statement that this
or that can be derived from certain premisses is demonstrated simply
by showing the logical steps of the derivation. But howisit possible to
prove that something is not derivable? If you fail in hundredsof attempts to derive it, you might give up, but that is not a proof of impos-
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sibility. It may be that someone else, perhaps in some unsuspected,
roundabout way, will find a derivation. Nevertheless, difficult though
it was, a formal proof of the independence of the parallel axiom was

finally obtained.

Exploring the consequences of this discovery proved to be one of
the most exciting developments in nineteenth-century mathematics. If
the parallel axiom is independent of the other axioms of Euclid, then

a statement incompatible with the parallel axiom can be substituted

for it without logically contradicting the other axioms. Bytrying differ-

ent alternatives, new axiom systems, called non-Euclidean geometries,

were created. What wasoneto think of these strange new systems, with
theorems so contrary to intuition? Should they be regarded as nothing
more than a harmless logical game, a playing around with statements
to see how they can be combined without logical inconsistency? Or
should they be regarded as possibly “true” in the sense that they might
apply to the structure of spaceitself?
This last case seemed so absurd, at the time, that no one had

dreamed of even raising the question. In fact, when a few daring mathematicians began to study non-Euclidean systems, they hesitated to
publish their investigations. One may laugh about it now and ask why
feelings should be aroused by the publication of any system of mathematics. Today, we often take a purely formalistic approach to an
axiom system. We do not ask what interpretations or applications it
may have, but only whether the system of axiomsis logically consistent and whether a certain statement is derivable from it. But this was
not the attitude of most mathematicians in the nineteenth century. For
them, a “point” in a geometrical system meant a position in the space
of nature; a “straight line” in the system meant straight line in the
ordinary sense. Geometry was not viewed as an exercise in logic; it was
an investigation of the space we find around us, not space in the abstract sense that mathematicians mean today when they speak about a
topological space, a metric space, a five-dimensional space, and so on.
Carl Friedrich Gauss, one of the greatest mathematicians, perhaps
the greatest mathematician, of the nineteenth century was the first, as
far as anyone knows, to discover a consistent system of geometry in
which the parallel axiom was replaced by an axiom inconsistent with it.
We knowthis not from any publication of his, but only from letter
he wrote to a friend. In this letter, he speaks of studying such a system
and deriving some interesting theorems from it. He adds that he did
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not care to publish those results because he wasafraid of “the outcry
of the Boeotians”. The reader may know that, in ancient Greece, the

Boeotians, inhabitants of the province of Boeotia, were not highly regarded. We cantranslate his statement into modern idiom by saying,
“these hillbillies will laugh and say that I am crazy”. By “hillbillies”’,
however, Gauss did not mean unlearned people; he meantcertain professors of mathematics and philosophy. He knew they would think him
out of his mind to be taking a non-Euclidean geometry seriously.
If we give up the parallel axiom, what can be putin its place? The
answer to this question, one of the most important questions in the
history of modern physics, will be considered in detail in chapters 14
through 17.
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Non-Euclidean
Geometries

IN SEARCHING FOR anaxiom to put in
place of Euclid’s parallel axiom, there are two opposite directions in
which we can move:
(1) We can say that on a plane, through a point outside a line,
there is no parallel. (Euclid had said there is exactly one.)
(2) We can say that there are more than one parallels. (It turns
out that, if there are more than one, there will be an infinite number.)

Thefirst of these deviations from Euclid was explored by the Russian mathematician Nikolai Lobachevski, the second by the German
mathematician Georg Friedrich Riemann. In the chart in Figure 14-1,
I have placed the two non-Euclidean geometries on opposite sides of
the Euclidean to emphasize how they deviate from the Euclidean structure in opposite directions.
Lobachevski’s geometry was discovered independently and almost
simultaneously by Lobachevski, who published his work in 1835, and
by the Hungarian mathematician Johann Bolyai, who published his
results three years earlier. Riemann’s geometry was not discovered until

about twenty years later. If you would like to look further into the
132
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Figure 14-1.

subject of non-Euclidean geometries, there are several good books
available in English. One is Non-Euclidean Geometry by the Italian
mathematician Roberto Bonola. It contains the two articles by Bolyai
and Lobachevski, and it is interesting to read them in their original
form. I think the best book that discusses non-Euclidean geometry
from the point of view adopted here, namely, its relevance to the phi-

losophy of geometry and space, is Hans Reichenbach’s Philosophie der
Raum-Zeit-Lehre, first published in 1928 but now available in English

translation as The Philosophy of Space and Time. If you are interested
in the historical point of view, there is Max Jammer’s book, Concepts
of Space: The History of Theories of Space in Physics. Sometimes Jammer’s discussions are a bit metaphysical. I am not sure whetherthisis
due to his own views or to those of the men he is discussing; in any
case, it is one of the few books that takes up in detail the historical

development of the philosophy of space.
Let us look more closely at the two non-Euclidean geometries. In
the Lobachevski geometry, technically called hyperbolic geometry, there
are an infinite number of parallels. In the Riemann geometry, known
as elliptic geometry, there are no parallels. How is a geometry that does
not contain parallel lines possible? We can understand this by turning
to a model that is not exactly the model of an elliptic geometry, but
one closely related to it—a model of spherical geometry. The modelis
simply the surface of a sphere. We view this surface as analogous to
a plane. Straight lines on a plane are here represented by the great circles of the sphere. In more general terms, we say that in any nonEuclidean geometry the lines that correspondto straight lines in Euclidean geometry are “geodesic lines”. They share with straight lines the
property of being the shortest distance between two given points. On
our model, the surface of the sphere, the shortest distance between two
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points, the geodesic, is a portion of a great circle. Great circles are the
curves obtained by cutting the sphere with a plane through the sphere’s
center. The equator and the meridians of the earth are familiar examples.
N (North Pole)

meridians

equator

A

Sey,

Poe.

Figure 14-2.

In Figure 14-2 two meridians have been drawn perpendicular to
the equator. In Euclidean geometry, we expect two lines perpendicular
to a given line to be parallel, but on the sphere these lines meet at the
North Pole and also at the South Pole. On the sphere there are no two
straight lines, or, rather, quasistraight lines, i.e., great circles, that do

not meet. We have here, then, an easily imaginable model of a geometry in which there are no parallel lines.
The two non-Euclidean geometries can also be distinguished by the
sum of the angles of a triangle. This distinction is important from the
standpoint of empirical investigations of the structure of space. Gauss
was the first to see clearly that only an empirical investigation of space
can disclose the nature of the geometry that best describes it. Once we
realize that non-Euclidean geometries can be logically consistent, we
can no longer say, without making empirical tests, which geometry
holds in nature. In spite of the Kantian prejudice prevailing in his time,
Gauss may actually have undertaken an experiment ofthis sort.
It is easy to see that testing triangles is much easier than testing
parallel lines. Lines thought to be parallel might not meet until they
had been prolonged for many billions of miles, but measuring the angles
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of a triangle can be undertaken in a small region of space. In Euclidean
geometry the sum of the angles of any triangle is equal to two right
angles, or 180 degrees. In Lobachevski’s hyperbolic geometry, the sum
of the angles of any triangle is less than 180 degrees. In the Riemannian elliptic geometry the sum is greater than 180 degrees.
The deviation from 180 degrees, in elliptic geometry, is easily understood with the aid of our model, the surface of a sphere. Consider the
triangle NAB in Figure 14—2; it is formed by segments of two meridians and the equator. The two angles at the equator are 90 degrees,
so we already have a total of 180 degrees. Adding the angle at the
North Pole will bring the sum to more than 180. If we move the meridians until they cross each other at right angles, each angle of the triangle will be a right angle, and the sum ofall three will be 270 degrees.
We know that Gauss thought of making a test of the sum of the
angles of an enormousstellar triangle, and there are reports that he
actually carried out a similar test, on a terrestrial scale, by triangulating three mountain tops in Germany. He was a professor at Göttingen,
So it is said that he chose a hill near the city and two mountain tops
that could be seen from the top of this hill. He had already done important work in applying the theory of probability to errors of measurement, and this would have provided an opportunity to make use of
such procedures. Thefirst step would have been to measure the angles
optically from each summit, repeating the measurement many times.
By taking the mean of these observational results, under certain constraints, he could determine the most probable size of each angle and,
therefore, the most probable value for their sum. From the dispersion

of the results, he could then calculate the probable error; that is, a certain interval around the mean, such that the probability of the true
value lying within the interval was equal to the probability of it lying
outside the interval. It is said that Gauss did this and that he found
the sum of the three angles to be not exactly 180 degrees, but deviating
by such a small amount that it was within the interval of probable
error. Such a result would indicate either that space is Euclidean or,
if non-Euclidean, that its deviation is extremely small—less than the

probable error of the measurements.
Even if Gauss did not actually make such a test, as recent scholar-

ship has indicated, the legend itself is an important milestone in the
history of scientific methodology. Gauss wascertainly the first to ask
the revolutionary question, what shall we find if we make an empirical
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investigation of the geometrical structure of space? No one else had

thought of making such an investigation. Indeed, it was considered preposterous, like trying to find by empirical means the product of seven
and eight. Imagine that we have here seven baskets, each containing
eight balls. We countall the balls many times. Most of the time weget
56, but occasionally we get 57 or 55. We take the mean of these re-

sults to discover the true value of seven times eight. The French mathematician P. E. B. Jourdain once jokingly suggested that the best way to
do this would be not to do the counting yourself, because you are not
an expert in counting. The experts are the headwaiters, who are constantly adding and multiplying numbers. The most experienced headwaiters should be brought together and asked how much seven times
eight is. One would not expect much deviation in their answers, but if
you use larger numbers, say, 23 times 27, there would be some dis-

persion. We take the mean ofall their answers, weighted according to
the number of waiters who gave each answer, and, on this basis, we

obtain a scientific estimate of the product of 23 and 27.
Any attempt to investigate empirically a geometrical theorem
seemed just as preposterous as this to Gauss’s contemporaries. They
viewed geometry in the same way they viewed arithmetic. They believed,
with Kant, that our intuition does not make geometrical mistakes. When
we “see” something in our imagination, it cannot be otherwise. That
someone should measure the angles of a triangle—not just for fun or
to test the quality of optical instruments, but to find the true value of
their sum—seemed entirely absurd. Everyone could see, after a little

training in Euclidean geometry, that the sum must be 180 degrees. For
this reason, it is said, Gauss did not publish the fact that he made such

an experiment, nor even that he regarded such an experiment as worth

doing. Nevertheless, as a result of continued speculation about non-

Euclidean geometries, many mathematicians beganto realize that these
strange new geometries posed a genuine empirical problem. Gauss himself did not find a conclusive answer; but he provided a strong stimula-

tion for thinking in a non-Kantian way about the whole problem of the
structure of space in nature.
To see more clearly how the various non-Euclidean geometries
differ from one another, let us again consider the surface of a sphere. As
we have seen, this is a convenient model that helps us understand intui-

tively the geometrical structure of a plane in Riemannian space. (Riemannian space here means what is called elliptical space. The term
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“Riemannian space” also has a more general meaning that will be
clarified later. )

We mustbe careful not to overextend the analogy betweenthe Riemannian plane and the sphere’s surface, because any twostraight lines
on a plane in Riemannian space have only one point in common,
whereas the lines on a sphere that correspond to straight lines—the
great circles—always meet at two points. Consider, for example, two
meridians. They meet at both the North Pole and the South Pole.
Strictly speaking, our model corresponds to the Riemannian plane only
if we restrict ourselves to a portion of the sphere’s surface that does not
contain opposite points, like the North and South poles. If the entire
sphere is our model, we must assume that each point on the Riemannian plane is represented on the surface of the sphere by a pair of opposite points. Starting from the North Pole and traveling to the South
Pole on the earth would correspond to starting from one point on the
Riemannian plane, traveling in a straight line on the plane, and returning to that same point. All geodesic lines in Riemannian space have
the samefinite length and are closed, like the circumference ofa circle.

The extreme deviation of this fact from our intuition is probably the
reason this kind of geometry was discovered later than Lobachevski’s
geometry.
With the aid of our spherical model, we easily see that, in Rieman-

nian space, the ratio of a circle’s circumference to its diameter is always less than pi. Figure 14—3 showsa circle on the earth that has the

Figure 14-3.

North Pole for its center. This corresponds to a circle in the Riemannian plane. Its radius is not the line CB, because that does not lie on
the sphere’s surface, which is our model. The radius is the arc NB, and
the diameter is the arc ANB. We knowthat the circumference of this

circle has the ratio of pi to the line segment ACB. Since the arc ANB
is longer than the segment ACB,it is clear that the ratio of the circle’s
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perimeter to ANB (the circle’s diameter in the Riemannian plane)
mustbeless thanpi.
It is not so easy to see that in the Lobachevski spaceit is just the
other way: the ratio of a circle’s circumference to its diameter must be
greater than pi. Perhaps we can visualize it with the aid of another
model. This model (shown in Figure 14-4) cannot be used for the
A

Figure 14-4.

entire Lobachevski plane—certainly not for three-dimensional Lobachevski space—butit can be used for a limited portion of the Lobachevski plane. The model is a saddle-shaped surface resembling a pass
between two mountains. A is one mountain top, C is the pass, B is the
other mountain top. Try to visualize this surface. There is a curve, perhaps a path, passing through point F on the far side of the pass, rising
over the pass through point C, then going down on the near side of
the pass through point D. The saddle-shaped portion of this surface,
including points C, D, E, F, G, can be regarded as a model of the

structure in a Lobachevskiplane.
What form doesa circle have on this model? Assume that the center of a circle is at C. The curved line DEFGDrepresents the circumference of a circle that is at all points the same distance from the center C. If you stand at point D, you find yourself lower than thecircle’s
center; if you walk along the circle to F, you find yourself higher than

the center. It is not hard to see that this wavy line, which corresponds
to a circle in the Lobachevski plane, must be longer than an ordinary
circle on a Euclidean plane that has CD for its radius. Because it is
longer, the ratio of the circumference of this circle to its diameter (arc

FCD or arc GCE) must be greater than pi.
A more exact model, corresponding accurately in all measurements
to a part of a Lobachevski plane, can be constructed by taking a cer-
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Figure 14-5.
tain curve, called a tractrix (arc AB in Figure 14-5), and rotating it

around the axis CD. The surface generated by this rotation is called
a pseudosphere. Perhaps you have seen a plaster of Paris model of
this surface. If you study such a model, you can see that triangles on
its surface have three angles totaling less than 180 degrees and thatcircles have a ratio of circumference to diameter that exceeds pi. The
larger the circle on such a surface, the greater will be the ratio’s deviation from pi. We must not think of this as meaning that pi is not a
constant. Pi is the ratio of the circumference of a circle in a Euclidean
plane to its diameter. This fact is not altered by the existence of nonEuclidean geometries in which the ratio of a circle’s circumference to
its diameter is a variable that may be greater or less than pi.
All surfaces, both Euclidean and non-Euclidean, have at any of

their points a measure called the “measure of curvature” of that surface
at that point. The Lobachevski geometry is characterized by the fact
that, in any plane, at any point, the plane’s measure of curvature is negative and constant. There is an infinite numberof different Lobachevski
geometries. Each is characterized by a certain fixed parameter—a negative number—that is the measure of curvature of a plane in that geometry.
You might objectthat, if it is a plane, then it cannot have a curva-

ture. But “curvature” is a technical term and is not to be understood
here in the ordinary sense. In Euclidean geometry we measure the
curvature of a line at any point by taking the reciprocal of its “radius of
curvature’. “Radius of curvature” meansthe radius of a certain circle
that coincides, so to speak, with an infinitesimal part of the line at the
point in question. If a curvedline is almost straight, the radius of curvature is long. If the line is strongly curved, the radius is short.
How do we measure the curvature of a surface at a given point? We
first measure the curvature of two geodesics that intersect at that point
and extend in two directions, called the “principal directions” of the
surface at that point. One direction gives the maximum curvature of a
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geodesic at that point, and the other gives the minimum curvature. We

then define the curvature of the surface at that point as the product of
the two reciprocals of the two radii of curvature of the two geodesics.
For example, consider the mountain pass shown in Figure 14-4. How
do we measure the curvature of this surface at point C? We see that one
geodesic, the arc GCE, curves in a concave manner (looking down on

the surface), whereas the geodesic at right anglesto it, arc FCD, curves
in a convex manner. These two geodesics give the maximum and minimum curvatures of the surface at point C. Of course, if we look up at
this surface from the underside, arc GCE appears convex, and arc FCD

appears concave. It does not matter at all from which side we view the
surface, which curve we wish to consider convex and which concave. By
convention, we call one side positive and the other negative. The prod;
2
1
uct of the reciprocals of these two radii, RR, gives us the measure
1

2

of curvature of the saddle surface at point C. At any point on the saddle
surface, one radius of curvature will be positive, the other negative.
The product of the two reciprocals of those radii and, consequently, the

measure of curvature of the surface, must therefore always be negative.
This is not the case with respect to a surface that is completely
convex, such as that of a sphere or an egg. On such a surface, the two
geodesics, in the two principal directions, both curve the same way. One
geodesic may curve more strongly than the other, but both curvein the
same manner. Again, it does not matter whether we view such a surface

from one side and call the two radii of curvature positive or from the
other and call them negative. The product of their reciprocals will
always be positive. Therefore, on any convex surface such as that of a
sphere, the measure of curvature at any point will be positive.
The Lobachevski geometry, represented by the saddle-surface
model, can be characterized in this way: for any Lobachevski space,
there is a certain negative value that is the measure of curvature for any
point in any plane in that space. The Riemannian geometry, represented
by the spherical surface, can be characterized in a similar way: for any
Riemannian space, there is a certain positive value that is the measure

of curvature for any point on any plane in that space. Both are spaces of
constant curvature. This means that, for any one such space, the measure of curvature at any point, in any plane, is the same.
Let k be the measure of curvature. In Euclidean space, which also
has a constant curvature, k = 0. In Lobachevski space, k <0. In
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Riemannian space, k > 0. These numerical values are not determined
by the axioms of the geometry. Different Riemannian spaces are obtained by choosing different positive values for k and different Lobachevski spaces are obtained by choosing different negative values for k.
Aside from the value of the parameter k, all the theoremsare entirely
alike in all Lobachevski spaces andare entirely alike in all Riemannian
spaces. Of course, the theorems of each geometry are quite different
from those of the other.
It is importantto realize that “curvature”, in its original andliteral
sense, applies only to surfaces of a Euclidean model of a non-Euclidean
plane. The sphere and the pseudosphere are curved surfaces in this
sense. But the term “measure of curvature”, as applied to non-Euclidean
planes, does not meanthat these planes “curve” in the ordinary sense.
Generalizing the term “curvature”, so that it applies to non-Euclidean
planes, is justified, because the internal geometrical structure of a Riemannian plane is the same as the structure of the surface of a Euclidean
sphere; the same is true of the structure of the plane in Lobachevski
space and the surface of a Euclidean pseudosphere. Scientists often take
an old term and give it a more general meaning. This caused no difhculty at all during the nineteenth century, because non-Euclidean geometries were studied only by mathematicians. The trouble began when
Einstein made use of non-Euclidean geometry in his general theory of
relativity. This took the subject out of the field of pure mathematics and
into the field of physics, where it became a description of the actual
world. People wanted to understand what Einstein was doing, so books
were written explaining these things to the layman. In those books, the
authors sometimes discussed ‘curved planes” and “curved space”. That
was an extremely unfortunate, misleading way of speaking. They should
have said: “There is a certain measure kK—mathematicianscall it ‘measure of curvature’, but don’t pay any attention to that phrase—andthis
k is positive inside the sun but negative in the sun’s gravitational field.
As wego farther away from the sun, the negative value of k approaches
zero.”
Instead of puttingit this way, popular writers said that Einstein had
discovered that the planes in our space are curved. That could only confuse the layman. Readers asked what it means to say that planes are
curved. If they are curved, they thought, they should not be called
planes! Such talk of curved space led people to believe that everything
in space is distorted, or bent. Sometimes the writers of books on rela-
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tivity even talked about how the force of gravitation bends the planes.

They described it with real feeling, as if it were analogous to someone
bending a metal sheet. This type of thinking led to strange consequences,
and some writers objected to Einstein’s theory on those grounds. All
this could have been avoidedif the term “curvature” had been avoided.
On the other hand, to introduce a term entirely different from one

already in customary use in mathematics is not easy to do. The best
procedure, therefore, is to accept the term “curvature” as a technical

term but clearly understand that this term should not be connected with
the old associations. Do not think of a non-Euclidean plane as being
“bent” into a shape that is no longer a plane. It does not have the internal structure of a Euclidean plane, but it is a plane in the sense that
the structure on oneside of it is exactly like the structure on the other
side. Here we see the danger in saying that the Euclidean sphere is a
model of the Riemannian plane, because, if you think of a sphere, you
think of the inside as quite different from the outside. From theinside,
the surface looks concave; from the outside, it is convex. This is not

true of the plane in either the Lobachevski or Riemannian space. In both
spaces the two sides of the plane are identical. If we leave the plane on
one side, we observe nothing different from what we observe if we leave

the plane on the other side. But the inner structure of the plane is such
that we can, with the help of the parameter k, measure its degree of
‘curvature’. We must rememberthat this is curvature in a technical
sense, and is not quite the same as ourintuitive understanding of curvature in Euclidean space.
Another terminological confusion, easily cleared up, concerns the
two meanings (wealluded to them earlier in this chapter) of ““Riemannlan geometry”. When Riemann first devised his geometry of constant
positive curvature, it was called Riemannian to distinguish it from the
earlier space of Lobachevski, in which the constant curvature is negative. Later, Riemann developed a generalized theory of spaces with variable curvature, spaces that have not been dealt with axiomatically. (The
axiomatic forms of non-Euclidean geometry, in which all of Euclid’s
axiomsare retained except that the parallel axiom has been replaced by
a new axiom, are confined to spaces of constant curvature.) In Rie-

mann’s general theory, any number of dimensions can be considered,
and, in all cases, the curvature may vary continuously from point to
point.
When physicists speak of “Riemannian geometry”, they mean the
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generalized geometry in which the old Riemannian and Lobachevski
geometries (today called elliptic and hyperbolic geometries), together
with Euclidean geometry, are the simplest special cases. In addition to
those special cases, generalized Riemannian geometry contains a great

variety of spaces of varying curvature. Amongthese spacesis the space

Einstein adopted for his general theory of relativity.

cuapter
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Poincaré versus
Einstein

HENRI POINCARE,a famousFrench math-

ematician and physicist and the author of many books on the philosophy
of science, most of them before the time of Einstein, devoted muchat-

tention to the problem of the geometrical structure of space. One of his
importantinsights is so essential for an understanding of modern physics
that it will be worthwhile to discussit in some detail."
Suppose, Poincaré wrote, that physicists should discover that the
structure of actual space deviated from Euclidean geometry. Physicists
would then have to choose between twoalternatives. They could either
accept non-Euclidean geometry as a description of physical space, or
they could preserve Euclidean geometry by adopting new lawsstating
that all solid bodies undergo certain contractions and expansions. As we
have seen in earlier chapters, in order to measure accurately with a steel
rod, we must makecorrections that account for the thermal expansions

or contractions of the rod. In a similar way, said Poincaré,if observations suggested that space was non-Euclidean, physicists could retain
1 Poincaré’s view on this matter is brought out most explicitly in his Science and

Hypothesis (London: 1905); (New York: Dover, 1952).
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Euclidean space by introducing into their theories new forces—forces
that would, underspecified conditions, expand or contract solid bodies.
New laws would also have to be introduced in the field of optics,

because we can also study physical geometry by meansof light rays.
Such rays are assumed to bestraight lines. The reader will recall that
the three sides of Gauss’s triangle, which had mountains for vertices,
did not consist of solid rods—the distances were much too great—butof
light rays. Suppose, Poincaré said, that the sum of the angles of a large
triangle of this sort were found to deviate from 180 degrees. Instead of
abandoning Euclidean geometry, we could say that the deviation is due
to a bendingof light rays. If we introduce new lawsfor the deflection of

light rays, we can always doit in such a way that we keep Euclidean

geometry.
This was an extremely important insight. Later, I shall try to explain just how Poincaré meantit and howit can bejustified. In addition

to this far-reaching insight, Poincaré predicted that physicists would

always choose the second way. Theywill prefer, he said, to keep Euclidean geometry, because it is much simpler than non-Euclidean. He did

not know, of course, of the complex non-Euclidean space that Ein-

stein would soon propose. He probably thought only of the simpler nonEuclidean spaces of constant curvature; otherwise, he would no doubt

have thought it even less likely that physicists would abandon Euclid.

To make a few alterations in the laws that concern solid bodies and

light rays seemed, to Poincaré, justified on the ground that it would re-

tain the simpler system of Euclid. Ironically, it was just a few yearslater,

in 1915, that Einstein developed his general theory of relativity, in

which non-Euclidean geometry was adopted.
It is important to understand Poincaré’s point of view; it helps us to
understand Einstein’s reasons for abandoning it. We will try to makeit
clear in an intuitive way, rather than by calculations and formulas, so

that we can visualize it. To do this, we will use a device employed by
Hermann von Helmholtz, the great German physicist, many decades

before Poincaré wrote on the topic. Helmholtz wanted to show that
Gauss had beenright in regarding the geometrical structure of space as
an empirical problem. Let us imagine, he said, a two-dimensional world

in which two-dimensional beings walk about and push around objects.
These beings andall the objects in their world are completely flat, like
the two-dimensional creatures in Edwin A. Abbott’s amusing fantasy,
Flatland. Theylive, not on a plane, but on the surface of a sphere. The
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sphere is gigantic in relation to their own size; they are the size of ants,

and the sphereis as large as the earth. It is so large that they nevertravel
all the way aroundit. In other words, their movements are confined to
a limited domain on the surface of the sphere. The question is, can these
creatures, by making internal measurements on their two-dimensional
surface, ever discover whether they are on a plane or a sphere or some

other kind of surface?
Helmholtz answered that they can. They could make a very large
triangle and measure the angles. If the sum of the angles were greater
than 180 degrees, they would know they were on a surface with positive
curvature; if they found the same positive curvature at every point on
their continent, they would know they were on the surface of a sphere

or of part of a sphere. (Whether the sphere is complete or not is another question.) The hypothesis that their whole universe was a spherical surface would be reasonable. We, of course, can see at a glance that
it is such a surface because we are three-dimensional creatures who
stand outside it. But Helmholtz made it clear that the two-dimensional
creatures themselves, by measuring the angles of a triangle or the ratio
of the circle to its diameter (or various other quantities ), could calculate

the measure of curvature at each spot on their surface. Gauss wasright,

therefore, to think he could determine whether our three-dimensional

space has a positive or negative curvature by making measurements. If
we imagine our space imbedded in a higher-dimensional universe, we
can speak of a real bend or curvature of our space, for it would appear
curved to four-dimensional creatures.
We must examine this a little more closely. Suppose that the twodimensional creatures discover that, when they measure triangles with
their measuring rods, at every point on their continent there is the same

positive curvature for triangles of the same size. Amongthese creatures
are two physicists, P; and P2. Physicist P; maintains theory 7,, which
says that the region on which he and his fellow-creatures live is part of
a spherical surface S,. His colleague, physicist P2, maintains theory To,

which says that the regionis a flat surface $2. In Figure 15-1 these two
surfaces are drawn in profile. Let us assume that in S, there are rigid
two-dimensional bodies, such as creatures and measuring rods, that

move about without change of size or shape. For every body in S,
there is a correspondingflat body in S2, which is its projection, a projec-

tion made by,say, parallel lines perpendicular to the plane S2 (in the

illustration these parallel lines are shown as brokenlines). If a body in
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S; moves from position A, to Ay’, its shadow body in S, moves from A»
to Ay’. We assumethat bodies in S, are rigid; therefore, the length A, is

equal to that of A,;’. But this means that A»’ must be shorter than Az.
Helmholtz pointed out that, when we measure something with a
measuring rod, what we actually observe is nothing more than a series

of point coincidences. This can easily be seen from our earlier description of the measurement of the edge of a fence, at the beginning of
Chapter 9.

Look once more at Figure 15-1. The projection from S, to Ss is

called a one-to-one mapping. (This could not be done if S$; were an
entire sphere, but we have assumedthat S; is only a limited region on a
sphere.) For every point on S;, there is exactly one corresponding point
on S.. Therefore, as beings move about on S,, observing point coincidences between their measuring rods and what they are measuring, their
shadow beings on Sz make exactly the same observations on the corresponding shadow bodies. Since the bodies in S$; are assumedto berigid,
the corresponding bodies in S2 cannot be rigid. They must suffer certain

contractions and expansions such as wehaveindicatedin the illustration.

Let us return to the two physicists, P; and P2, who hold different
theories about the nature of their flat world. P, says that this world must

be part of a sphere. P; insists that it is a plane but that bodies expand
and contract in certain predictable ways as they move around. For example, they get longer as they move toward the central part of Ss,
shorter as they move away from the center. P; maintains that light rays
are geodesics on the curved surface S;; that is, they follow the arcs of
great circles. These arcs will project to S2 as the arcs of ellipses. P2, in
order to defend his theory that the world is a plane, must, therefore,

devise optical theories in which light rays movein elliptical paths.
How can the two physicists decide which of them is right? The answeris that there is no way of deciding. Physicist P,; contends that their
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world is part of the surface of a sphere and that bodies do notsuffer contractions and expansions except, of course, for such familiar phenomena
(or, rather, the two-dimensional analogs of such phenomena) asthermal expansion, elastic expansion, and so on. Physicist P, describes the

same world in a different way. He thinksit is a plane but that bodies
expand and contract in certain ways as they move overthe surface. We,
whoare in a three-dimensional space, can observe this two-dimensional
world and see whetherit is a sphere or plane, but the two physicists are

restricted to their world. They cannotin principle decide which theory is

correct. For this reason, Poincaré said, we should not even raise the

question of whois right. The two theories are no more than two different methodsof describing the same world.
There is an infinity of different ways that physicists on the sphere
could describe their world, and, according to Poincaré, it is entirely a
matter of convention which way they choose. A third physicist might
hold the fantastic theory that the world had this shape:
SS

He could defend such a theory by introducing still more complicated

laws of mechanics and optics, laws that would make all observations
compatible with the theory. For practical reasons, no physicist on the

sphere would wish to propose such a theory. But, Poincare insisted,
there is no logical reason why he could notdoso.
We can imagine a two-dimensional analog of Poincaré saying to
the rival physicists: “There is no need to quarrel. You are simply giving

different descriptions of the sametotality of facts.” Leibniz, the reader

may recall, had earlier defended a similar point of view. If there is in
principle no way of deciding between two statements, Leibniz declared,
we should not say they have different meanings. If all bodies in the universe doubled in size overnight, would the world seem strange to us

next morning? Leibniz said it would not. The size of our own bodies
would double, so there would be no means by which we could detect a

change. Similarly, if the entire universe moved to oneside by a distance
of ten miles, we could not detect it. To assert that such a change had
occurred would, therefore, be meaningless. Poincaré adopted this view
of Leibniz’s and applied it to the geometrical structure of space. We
may find experimental evidence suggesting that physical space is nonEuclidean, but we can always keep the simpler Euclidean space if we
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are willing to pay a price for it. As we have seen, Poincaré did not
think that this price would ever be too high.
There are two basic points that our consideration of the flat world
was intended to makeclear and that we shall apply to our actual world.
First, by making use of ordinary measuring procedures to which we are
accustomed, we mightarrive at the result that space has a non-Euclidean
structure. Some recent philosophers (Hugo Dingler, for example) have
not been able to see this. They hold that our measuring procedures employ instruments that have been manufactured under the assumption
that geometry is Euclidean; therefore, these instruments could not pos-

sibly give us anything but Euclidean results. This contention is certainly
wrong. Our instruments occupy such tiny parts of space that the question of how our space deviates from Euclidean geometry does not enter
into their construction. Consider, for example, a surveyor’s instrument

for measuring angles. It contains a circle divided into 360 equal parts,
but it is such a small circle that, even if space deviated from the Euclid-

ean to a degree that Gauss hoped he could measure (a much greater
degree than the deviation in relativity theory), it would still have no
effect on the construction of this circle. In small regions of space, Eu-

clidean geometry would still hold with very high approximation. This
is sometimes expressed by saying that non-Euclidean space has a Euclidean structure in small environments. From a strict mathematical
standpoint, it is a matter of a limit. The smaller the region of space,
the closer its structure gets to the Euclidean. But our laboratory instruments occupy such minute portions of space that we can completely
disregard any influence non-Euclidean space might have on their construction.
Evenif the deviation from Euclidean geometry wereso strong that
the sum of the angles in a small triangle (say, one drawn on a designer’s

board) would differ considerably from 180 degrees, that fact could
certainly be determined with the help of instruments made in the customary way. Suppose that the beings on the spherical surface S$, (see
Figure 15-1) construct a protractor by cutting a circular disk and
dividing its circumference into 360 equal parts. If this protractor were
used for measuring the angles of a triangle formed (as in an earlier
example) by two half meridians and a quarter of the equator, it would
show each angle to be 90 degrees and, therefore, the sum of the three
angles to be 270 degrees.

The second basic point brought out by our consideration of the
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two-dimensional world is that, if we find empirical evidence of a non-

Euclidean space, we can preserve Euclidean geometry provided we are
willing to introduce complications into the laws that govern solid bodies
and the laws of light rays. When we look at surfaces within our space,
such as a surface on which wesee an ant crawling, it is meaningful to
ask whether the surface is a plane, or part of a sphere, or some other
type of surface. On the other hand,if we are dealing with the space of
our universe, a space we cannot observe as something imbedded in a
universe of higher dimensions, then it is meaningless to ask whether
space is non-Euclidean or whether our laws must be modified to preserve Euclidean geometry. The two theories are merely two descriptions of the same facts. We can call them equivalent descriptions because we make exactly the same predictions about observable events in
both theories. Perhaps “observationally equivalent” would be a more
appropriate phrase. The theories may differ considerably in their logical
structure, but if their formulas and laws always lead to the same predictions about observable events, we can say that they are equivalent
theories.
At this point, it is well to distinguish clearly between what we
mean here by equivalent theories and what is sometimes meant by this
phrase. Occasionally two physicists will propose two different theories
to account for the sameset of facts. Both theories may successfully explain this set of facts, but the theories may not be the same with respect
to observations not yet made. That is, they may contain different predictions about what may be observed at some future time. Even though
two such theories account completely for known observations, they
should be regardedasessentially different physical theories.
Sometimesit is not easy to devise experiments that will distinguish
between tworival theories that are not equivalent. A classic exampleis
provided by Newton’s theory of gravitation and Einstein’s theory of
gravitation. Differences in the predictions of these two theories are so
small that clever experiments had to be devised and precise measurements made before it could be decided which theory made the best
predictions. When Einstein later proposed his unified field theory, he
said he was unable to think of any crucial experiment that could decide
between this theory and other theories. He made it clear that his theory
was not equivalent to any previous theory, but it was so abstractly stated
that he was unable to deduce any consequences that could be observed
under the present degree of precision of our best instruments. He be-
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lieved that, if his unified field theory were investigated further or if our

instruments improved sufficiently, it might be possible some day to
make a decisive observation. It is very important to understand that
“equivalent theories”, as used here, means something much stronger

than the fact that two theories account for all known observations.
Equivalence here means that two theories lead in all cases to exactly the
same predictions, like the theories of the two physicists in our flatland
illustration.
In the next two chapters we will see in detail how Poincaré’s insight into the observational equivalence of Euclidean and non-Euclidean
theories of space leads to a deeper understanding of the structure of
space in relativity theory.

ouarrer
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Space in
Relativity Theory

ACCORDING TO Einstein’s theory of relativity, as discussed in previous chapters, space has a structure that
deviates in gravitational fields from the structure of Euclidean geometry.
Unless the gravitational field is extremely strong, the deviations are difficult to observe. The earth’s gravitationalfield, for example, is so weak
that it is not possible, even with the best instruments available, to detect

any deviation from Euclidean structure in its vicinity. But, when much
stronger gravitational fields, such as those surrounding the sunorstars
with even larger masses than the sun, are considered, then certain deviations from Euclidean geometry are subject to observational testing.
The popular books that have been written aboutrelativity theory
as well as many other books in which the subject is discussed sometimes
contain misleading statements. One page maystate that Einstein’s theory
asserts that the structure of space in the gravitational field is non-Euclidean. On another page, or perhaps even on the same page,it is said
that, accordingto relativity theory, rods contract in a gravitationalfield.
(This is not the kind of contraction, sometimes called the Lorentz-contraction, that has to do with moving rods, but a contraction of rods at
rest in a gravitational field.)
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It must be made quite clear that these two statements do notfit to-

gether. It cannot be said that one is wrong. The authoris right on one
page. Heis also right on the other page. But the two statements should
not be on two pages in the same chapter. They belong to different languages, and the author should decide whether he wants to talk about
relativity theory in one language or the other. If he wants to talk in
Euclidean language, it is quite proper to speak of a rod contracting in
a gravitationalfield. But he cannot also speak of a non-Euclideanstructure of space. On the other hand, he may choose to adopt a non-Euclidean language; but then he cannot speak of contractions. Each language providesa legitimate way of talking about gravitational fields, but
to mix the languages in the same chapter is very confusing to the reader.
It may be recalled that, in our previous discussion of the flat world,
we imagined two physicists who held two different theories about the
nature of their world. It became apparent that these two theories were
really equivalent, differing only in that they were two different ways
of describing the same totality of facts. The same situation holds with
respect to relativity theory. One description, which we will call 7, is
non-Euclidean. The other, T., is Euclidean.

If the language of T,, the non-Euclidean language, is chosen, the
laws of mechanics and optics remain the same as in pre-Einsteinian
physics. Solid bodies are rigid except for certain deformations, such as
elastic expansions and contractions (when outside forces compress or
stretch them), thermal expansions, changes produced by magnetization,
and so forth. These deformations are a familiar part of classical physics
and are taken care of by introducing various correcting factors into the
definition of length. For example, it may be decided that a certain measuring rod will be the standard unit of length. Since it is known that the
rod expands whenit is heated, the rod represents this unit of length only
whenit has a certain “normal” temperature, JT». Of course, the rod may
at any given time have another temperature, T, that differs from TJ».
Therefore, to define the length of the standard rod at temperature T,
the normal length of the rod, J), must be multiplied by a correction fac-

tor, as explained in Chapter 9. In that chapter, this factor was expressed

as 1 + 6 (IT —T), where the value of 8 depends on the substance of
the rod. Thus, the definition of length, J, is reached:
I=Lkll+ B(T-To)]

In similar fashion, other forces that may influence the rod’s length
must be taken into account, but gravity will not be among them. With
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respect to light, the language of 7, asserts that light rays in a vacuum

are alwaysstraight lines. They are not bent or deflected in any way by
gravitational fields. The alternative description, T2, preserves Euclid-

ean geometry. Observations that suggest a non-Euclidean space are accounted for by modifications of the classical laws of optics and mechanics.
To see how these two descriptions can be applied to the structure
of a plane in physical space, as conceived in Einstein’s theory of relativity, consider a plane S passing through the center of the sun. According to relativity theory, observational tests (if feasible) would show
that a triangle on this plane outside the sun would have angles totaling less than 180 degrees. Similarly, a circle on this plane, outside the
sun, would have a ratio of circumference to diameter greater than pi.
Measurements made inside the sun would show opposite deviations.
To make the structure of this plane intuitively clearer and to see
how this structure can be described in the rival languages of T; and To,
we make use of a model in Euclidean space that can be put into one-toone correspondence with the structure of the non-Euclidean plane just
described. This model is a certain curved surface, S’, the construction of

whichis described here.!

In the coordinate system R-Z (see Figure 16-1), the curve DBC

is an arc of a parabola that has Z for its directrix. (The curve is generated by a point that moves so that its perpendicular distance from the
directrix is always the sameasits distance from point F, the focus of the
parabola.) V is the vertex of the parabola, and the distance a is proportional to the mass of the sun. The arc AB is the arc of a circle. Its center,

E, is on the Z-axis, and it is placed so that the arc goes smoothly over
into the parabola; this means that the tangent to the circle at B and the
tangent to the parabola at B coincide. (B is called an inflection point
of the curve ABC.) Suppose that this smooth curve ABC is rotated
around the Z-axis to produce a surface similar to the surface of a hill.
This is the surface S’, which will serve as a Euclidean model of the non-

Euclidean plane passing through the center of the sun.
The portion of the surface near the top of the hill, B’AB, is spherical and convex; it corresponds to the part of the plane inside the sun.

Here the curvature is constant and positive. (This point is seldom made
1 For this construction, see L. Flamm, Physikalische Zeitschrift (Leipzig), 17

(1916), 448-454, based on Karl Schwarzschild, Sitzungsberichte der Preussischen

Akademie der Wissenschaften (Berlin: 1916), pp. 189-196, 424-434.
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Figure 16-1.

in books onrelativity theory, because few physicists are concerned with
the geometrical structure of space inside a huge mass like the sun. But
it is an importanttheoretical point and will be considered later, when a
triangle of light rays outside the sun is examined.) Outside this spherical
hill top, the surface is concave like the surface of a saddle. This curvature is, of course, negative, but, unlike the Lobachevski geometry, it is

not constant. Farther away from the center of the hill, the parabola becomes more and moresimilar to a straight line. The curvature is noticeably different from zero only at positions not far from the spherical
portion of the surface. This negatively curved part of the surface corresponds to the part of the plane outside the sun. In the immediate vicinity of the sun, its negative curvature differs most from zero. Farther
and farther away from the sun, it approacheszero. It never reaches zero,
but, at a point far enough away,it is practically zero. In the diagram, the
amount of curvature is greatly exaggerated. If the scale of the figure
were more accurate, the curve would beso close to a straight line that
curvature would not be detectable. Later, the quantitative amount will
be given.
Theories T; and T2, the non-Euclidean and Euclidean, may now

be compared as they apply to the structure of the plane passing through
the sun’s center. This will be done as Helmholtz did it—by using the
curved,hill-like surface as the model. Before, this was spoken of as a
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Euclidean surface, which it is; but now it is being used as a modelof the

non-Euclidean plane. Its profile is drawn as S; in Figure 16-2. Below
A
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Figure 16-2.
this, the straight line S, represents the familiar Euclidean plane. As be-

fore, all points on S; are projected by parallel lines (shown as broken

lines) from S$; to Sz. Note that, if a rod moves from position P; to Py’,
that is, from a position far from the sun to a position quite close to it,

the rod does not contract, because the event is being described in the
language of non-Euclidean geometry. But, if the Euclidean language of

theory T:, based on the plane So, is used, it must be said that the rod
contracts as it moves from Pa to Pa’. New laws must be addedstating
that all rods, when they are brought near the sun, suffer certain contractions in the radical direction, the direction toward the sun’s center.

Figure 16-3 shows the situation as seen from above instead of in
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Figure 16-3.
cross section. The circle with the center at A is the sun. The rod is at

position P. Let ¢ be the angle between the rod and the radial direction.

The contraction of the rod, in terms of theory T,, depends on this angle

and can be covered by a general law. This law states that if a rod, which
has length J) when it is far removed from any gravitational field, is

brought (temperature and other conditions remaining unchanged) to a
position P at the distance r from the body b, whose mass is m, with an

angle ¢ to the radial direction, it will contract to the length

Ip [1 — C (cos*9)],
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where C is a certain constant. Since this is a general law, as is the law
of thermal expansion, it must be taken into consideration when a measuring rod that is to be used as a standard of length is defined. Therefore,
a new correction term must be inserted into the equation previously
used to define the length I. The definition will then be:

l= 1) (1 + B(T-To] [1-C( . cos?) ].
Keep the distance r constant, but vary the angle ¢. If the rod is in
a radial direction so that & = 0, then the cosine is 1 and “cos? ¢ ” can

be omitted from the equation. In that case, the contraction has reached
its maximum value. If ¢ is a right angle, the cosine is zero, and the entire correction term disappears. In other words, there is no contraction

of the rod when it is perpendicular to the radial direction. In other
positions, the amountof contraction varies between zero and the maximum.
The value of the constant C is very small. If all the magnitudes are

measured in the CGS (centimeter, gram, second) system, then the

value of C is 3.7 x 10°. This means that behind the decimal point

there are 28 zeroes followed by “37”. It is apparent, then, that this is

an extremely small value. Even if there is a mass as large as the sun
(1.98 x 10** grams) andif r is made as small as possible by going close
to the sun’s surface so that r is equal to the radius AB of the sun
(6.95 x 10'° centimeters), the effect is still very small. In fact, the relative contraction of a rod near the surface of the sun, in radial direction,

is

Ct = .0000011.
It is evident, then, that the graphs of figures 16-1 and 16-2 are enormously exaggerated. The structure of a plane through the center of the
sun is practically the same as that of a Euclidean plane; but there are
minute deviations and, as will be shown later, there are experimental

procedures for observing those deviations.
The important point to grasp here—andit is the point emphasized
by Poincaré—is that the behavior of rods in gravitational fields can be
described in two essentially different ways. Euclidean geometry can be
preserved if we introduce new physical laws,or the rigidity of bodies can
be preserved if we adopt a non-Euclidean geometry. We are free to
choose whatever geometry we wish for physical space provided weare
willing to make whatever adjustments are necessary in physical laws.
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This adjustment applies not only to laws concerning physical bodies but
to optical laws as well.

The application to optical laws can be understood easily by considering the path of a light ray that passes close to the sun asit travels
from a distant star to the earth. Figure 16-4 shows the earth ontheleft
sun

Ly

=

star’

star S’
Figure 16-4.

and the sun’s disk in the center. When the sun is not in the position
shown, light coming from star 5 (the star is far outside the page to the
right) would normally reach the earth along the straight line L,. But,

when the sunis in the position shown,light from the star is deflected at
C, so that it takes the path La. Star S is so far away that the light paths
L, and L» (the part to the right of point C) can be regarded as parallel.
But, if an astronomer were to measure the angle az between star S and
anotherstar, S’, he would find it a trifle smaller than angle a, which he

found in other seasons when the sun did not appear near star S. Thus
the position of star S, as seen from the earth, appears to have shifted
slightly toward star S’. This, of course, is an empirical observation, which
is actually one of the basic empirical confirmations of Einstein’s theory.
The sun’s light is so strong that stars near its rim can be seen or
photographed only during a solar eclipse. A portion of such a photograph looks somethinglike the drawing in Figure 16-5. The position of
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Figure 16-5.

star S is indicated by a dot. Other stars, including star S’, are shown by
other dots. The angle between rays of light coming from S and S”is determined by measuring the distance between S and S’ on the photographic plate. This distance is then compared with the distance between
the two stars on photographstaken at other times, when the sun wasat
some other position. Historic tests of this sort, made first in 1919 and
repeated at manylater eclipses, indicated a very slight shift in the positions of stars close to the sun’s disk. The displacements confirmed Einstein’s prediction that light rays passing near the sun would be “bent”
by the sun’s powerful gravitationalfield.
The first measurements of these displacements were made by Findlay Freundlich, in the Einstein Tower in Potsdam, near Berlin. At that
time, I was living in Vienna, and I remembervisiting Hans Reichenbach
in Berlin; we both went to see Freundlich in the basement of the tower,

where he was working. He spent many days making careful measurements of all the positions of the stars on a photographic plate about
ten inches square. With the aid of a microscope, he would make repeated measurements of the coordinates of each star and would then
take the mean of those measurements in order to obtain the most accurate possible estimate of the star’s position. He refused to permit any
of his assistants to make these measurements; he did them himself

because he realized the great historic importance of the test. It turned
out that the shift, although very small, could be detected, and the test

provedto be a dramatic confirmation of Einstein’s theory.
The situation with respect to the deflection of light rays by a
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gravitational field is similar to the situation with respect to the apparent
contraction of physical bodies. Here again, we have to choose between
two theories to explain the empirical results. In theory T2 we keep
Euclidean geometry; but then we have to devise new optical laws that
will describe the deflection of light in gravitational fields. On the other
hand, in theory 7; we adopt a non-Euclidean geometry and preserve
the classical assumption that, in empty space, light is not deflected by
gravitationalfields. This will be explained in the next chapter.
It is important to understand the nature of this choice thoroughly
before asking what the geometrical structure space is. I believe that the
ambiguity of this question and theelliptical phrasing of various answers
by Poincaré and others led to some misinterpretations of their position
(by Reichenbach, for instance). Poincaré said that the physicist can
freely choose between a Euclidean geometry and any form of non-Euclidean geometry. Because Poincaré said the choice was a matter of
convention, his view became knownas the conventionalist view. In my
opinion, Poincaré meant that the choice was made by the physicist be-

fore he decided which method to use for measuring length. After making
the choice, he would then adjust his method of measurement so thatit
would lead to the type of geometry he had chosen. Once a method of
measurementis accepted, the question of the structure of space becomes
an empirical question, to be settled by observations. Although Poincaré
was not always explicit about this, his writings, taken in their entire
context, indicate that this is what he meant. In my opinion, there is no

difference between Reichenbach and Poincaré on this question. It is true
that Reichenbachcriticized Poincaré for being a conventionalist who did
not see the empirical aspect of the question about the geometrical structure of space, but Poincaré was speaking elliptically; he was dealing
only with the physicist’s initial choice of a geometry. Both men saw
clearly that once an appropriate method of measurementis adopted, the
question of the geometrical structure of space becomes an empirical
problem, to be answered by making observations.
The empirical aspect of this problem is brought out clearly by an
interesting question that is seldom asked today but was much discussed
in the early years of relativity theory. Is the total space of the universe
finite or infinite? As mentionedearlier, Einstein once proposed a model

of the cosmos that can be thought of as analogous to the surface of a
sphere. For two-dimensional creatures on a sphere, the surface would
be both finite and unbounded. It would befinite because the entire sur-
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face could be explored, and its area could be computed; it would be un-

bounded in the sense that one could always movein any direction, from
any position, and never encounter a boundary of any sort. In Einstein’s

model, three-dimensional space, viewed from a four-dimensional stand-

point, would possess an overall positive curvature, so that it would close
on itself like the closed surface of a sphere. A spaceship traveling in any
direction in a “straight line” would eventually return to its starting
point, just as an airplane, moving along a great circle of the earth,
would return to its starting point. There was even speculation that a
galaxy could be seen if a powerful telescope were pointed in the direction opposite to that of the galaxy.
How could Einstein think of the entire cosmos as having a positive
curvature when he also maintained that in gravitational fields there was
always a negative curvature? This question is still a good brain teaser
to spring on a physicist. The answer is not difficult; but the question
may be a puzzling one if not much thought has been given to such
matters. Consider the surface of the earth. It has an overall positive
curvature. Nevertheless,it is filled with valleys that have strong negative
curvatures. In the same way, Einstein’s cosmic model contains “valleys”
of negative curvature in strong gravitational fields, but these are over-

balanced by stronger positive curvatures within large masses, such as
fixed stars. These stars correspond, in analogy with the earth’s surface,
to the strong positive curvatures of mountain domes. It has been calculated that the cosmos could have an overall positive curvature only if its
average mass density were high enough. Today, the expanding universe
hypothesis and recent calculations about the amount of matter in the
universe have made Einstein’s closed finite model seem unlikely. Perhapsit is still an open question, because there is a great deal of uncertainty about measurements of masses and distances; it is possible that
hydrogen may be spread throughout what was previously thought to be
empty space; this would raise the average mass density of the cosmos.
In any case, Einstein’s attractive dream of a closed but unbounded universe certainly seems less probable now than it did at the time hefirst
proposedit. The point to be emphasized hereis that the evidence for or
against this cosmic model is empirical evidence. At present, although
there is general acceptance of the non-Euclidean geometry of relativity
theory, there is no cosmic model on which all astronomers and physicists
agree.
As we haveseen, physicists could have kept Euclidean geometry
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(as Poincaré wrongly predicted they would) and could have explained
the new observations by introducing new correction factors into mechanical and optical laws. Instead, they chose to follow Einstein in

his abandonment of Euclidean geometry. On what basis was this decision made? Wasit for reasons of simplicity? If so, for simplicity of what?
The Euclidean approach has a much simpler geometry but more complicated physical laws. The non-Euclidean approach has a vastly more

complicated geometry but greatly simplified physical laws. How should

a decision be made between the two approaches, each of which is simpler than the other in somerespect? In the next chapter an attempt will

be madeto answerthis question.

cuarter

l/

Advantages of
Non-Euclidean
Physical Geometry

IN SEEKING a basis on which to choose

between a Euclidean and a non-Euclidean geometrical structure for
physical space, there is a temptation at first to choose the approach that
provides the simplest method for measuring length. In other words,
avoid, as muchasis possible, the introduction of correction factors into

the methods of measurement. Unfortunately, if this rule is taken literally, the consequencesare fantastic. The simplest way to measure length
is to choose a measuring rod and to define the unit of length as the
length of that rod, without introducing any correction factors at all. The
rod, regardless of its temperature, regardless of whetherit is magnetized
or is acted upon byelastic forces, and regardless of whether it is in a
strong or weak gravitational field, is taken as the unit of length. As
shownearlier, there is no logical contradiction in adopting such a length
unit; nor is there any way in which this choice can be ruled out by
observed facts. However, a high price must be paid for such a choice; it
leadsto a bizarre, incredibly complicated picture of the world. It would
be necessary to say, for example, that, whenever a flame is put to the
rod, all other objects in the cosmos, including the most distant galaxies,
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immediately contract. No physicist would want to accept the strange
consequences and involved physical laws that would result if this simplest possible definition of length were adopted.
On what basis, then, did Einstein and his followers choose the

more complicated, non-Euclidean geometry? The answeris that they
did not make the choice with respect to the simplicity of this or that
partial aspect of the situation, but rather with respect to the overall
simplicity of the total system of physics that would result from the
choice. From this total point of view, we must certainly agree with Einstein that there is a gain in simplicity if non-Euclidean geometry is
adopted. To preserve Euclidean geometry, physics would have to devise
weird laws about the contraction and expansion of solid bodies and the
deflection of light rays in gravitational fields. Once the non-Euclidean
approach was adopted, there would be an enormous simplification of
physical laws. In the first place, it would no longer be necessary to introduce new laws for the contraction of rigid bodies and the deflection
of light rays. More than this, old laws governing the movements of
physical bodies, such as the paths of planets around the sun, would be
greatly simplified. Even gravitational force itself would, in a sense, disappear from the picture. Instead of a “force”, there would be only the
movement of an object along its natural “world-line”, in a manner re-

quired by the non-Euclidean geometry of the space-time system.
The concept of the world-line can be explained in this way. Suppose that you wish to diagram on a map, M, the movement of your car
as you droveit through the streets of Los Angeles. Figure 17-1 shows
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such a map; the path of the caris indicated by the line ABCD. Theline
shows exactly how yourcartraveled along the streets, but, of course, it

shows nothing about the speed of the car. The time elementis missing.
How can the car’s movement be diagrammed so that time and the
velocity of the car are taken into account? This can be donebytaking a

series of maps, M,, M2, . . . , each drawn on a transparent sheet of

plastic, as shown in Figure 17—2. On M, you mark the point A, (correMa

fin

es

M;

Figure 17-2.

sponding to A on the original map M), where your car wasat the first

time point, Tı. On Ma you mark the car’s position Bz at a later time
point, T, (say 20 seconds after T,). Ms and M, showthe positions C3
and D, of the car at time points T; and T4. The mapsare placed in a

framework that holds them parallel, one above the other, at distances
of, say, ten inches; a vertical scale of one inch for every two secondsof

time is used. If a wire is placed to connect the four points, the wire will
represent the world-line of the car’s movement. In addition to showing
where the car was at each moment, it will show the speed of the car as
it moves from point to point.
An even simpler example of a world-line is evident when the onedimensional path of a car driven straight along Wilshire Boulevard is
shown. A world-line of this case might be drawn as shown in Figure
17-3, where the horizontal axis shows distance, and the vertical axis is
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Figure 17-3.
time in minutes. The car starts at time M, at position A. For thefirst

three minutes, the car moves at a constant speed from A, to D4. From
D, to Es the car’s speed is constant, but is greater than before because
a greater distance is covered in one minute. At the right of this chart,
the world-line of a man whostood in one spot, G, during the same four
minutes is shown. Since he did not move, his world-line is straight up.
It is apparent that a world-line on this chart deviates more and more
from the vertical as speed increases. If the speed is not constant, then
the world-line is curved instead of straight. In this way, the line indicates all the features of the actual movement; even if the speed of the

object is increasing or decreasing, the world-line showsits speed at every
momentof time.
The world-line of an object can be diagrammed ona planeonlyif
the object is moving along a one-dimensional path. If the path is twodimensional, as in the first example, the world-line must be diagrammed
on a three-dimensional chart. In similar fashion, the world-line of an

object moving in three-dimensional space must be shown on series
of three-dimensional maps that form a four-dimensional system in the
same way that the series of two-dimensional plastic maps formed a
three-dimensional system. An actual model of a four-dimensional
chart containing a four-dimensional world-line cannot be constructed,

but the world-line can be described mathematically. A special metric
introduced by Hermann Minkowski leads to an unusually simple
formula. When this is applied to the laws of light rays and moving
bodies, such as planets, the world-lines of both planets and light rays,
in all gravitationalfields, turn out to be geodesics. As explained earlier,
a geodesic is the “‘straightest” possible line in a given space system. The
space system need not have a constant curvature. On the surface of the
earth, for example, with its irregular mountains and valleys, it is always
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possible to find one or more geodesics that represent the shortest possible paths between any two given points. Geodesics are the counterparts of straightlines on the Euclidean plane.
In relativity theory, the world-lines of planets and light rays are
geodesics. Just as in classical physics, a body that is not acted upon by
an external force is said to movebyits inertia along a straight path with
constant velocity and, therefore, along a straight world-line, so in rela-

tivity physics, this moving body is said to move, even in gravitational
fields, along world-lines that are geodesics. No concept of “force” need
enter this picture. Why does a planet revolve around the sun instead of
moving off at a tangent? It is not because the sun is exerting a “force”
that “pulls” the planet toward it, but because the sun’s masscreates a

negative curvature in the non-Euclidean structure of space-time. In the
curved structure, the straightest world-line for the planet, its geodesic,

turns out to be the one that correspondsto its actual movement around
the sun. The planet’s elliptical path is not a geodesic in three-dimensional space, but its world-line, in the four-dimensional non-Euclidean

space-time system, is a geodesic. It is the straightest possible line the
planet can take. In similar fashion, light also travels through spacetime along geodesic world-lines.
From the non-Euclidean view of relativity theory, there is no force
of gravity in the sense of elastic or electromagnetic forces. Gravitation,
as force, vanishes from physics and is replaced by the geometrical struc-

ture of a four-dimensional space-time system. This was such a revolutionary transformationthatit is not hard to understand why manyfailed
to grasp the concept correctly. It was sometimes said that a part of
physics, namely, the theory of gravitation, had been replaced by pure
geometry, or that part of physics had turned into mathematics. Some
writers speculated on the possibility that some day the whole of physics
might turn into mathematics. I think this is misleading. Writers who try
to makerelativity theory clearer to the layman enjoy using stimulating,
paradoxical phrases. Such phrases may contribute to colorful writing,
but they often give an inaccurate impression of the truestate of affairs.
In this case, I think they lead to a confusion between geometry in its

mathematical sense and geometry in its physical sense. The physics of
gravitation is indeed replaced, in relativity theory, by a physical geometry

of space or, more accurately, of the space-time system. But this geometry is still a part of physics, not of pure mathematics. It is physical,
not mathematical geometry.
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Mathematical geometry is purely logical, whereas physical geometry
is an empirical theory. In Einstein’s theory of relativity, gravitation simply took another form. One physical theory of gravity was transformed
into another physical theory. The concept of force no longer applies, but
the relativity theory of gravitation is still physics, not mathematics. Nonmathematical magnitudes (distributions of the curvature of spacetime) continue to occur within it. These are physical magnitudes, not
mathematical concepts. The point to be emphasized here is that, be-

cause Einstein’s theory of gravitation was called geometry, there was a
temptation to view it as if it were pure mathematics. But physical geometry is not mathematics; it is a theory of physical space. It is not just
an empty abstraction. It is the physical theory of the behavior of bodies
and light rays and therefore cannot possibly be regarded as part of pure
mathematics. It has been mentioned before that one should take cum
grano Salis Galileo’s famous remark that the book of nature is written
in the language of mathematics. This remark is easily misunderstood.
Galileo meant that nature can be described with the help of mathematical concepts, not that the total language of physics consists of mathematical symbols. It is absolutely impossible to define a concept such as “mass”
or “temperature” in pure mathematics in the way that the conceptof logarithm or any other mathematical function can be defined. It is essential
to realize that there is a fundamental difference between the physical
symbols occurring in a physical law (for example, “m’’ for mass, “T”

for temperature) and the mathematical symbols that occur in the law
(for example, “2”, “V”’, “log’’, “cos”’).

The great simplicity of Einstein’s equations for moving bodies and
light rays is certainly in favor of his claim that the non-Euclidean approach is preferable to the Euclidean one, in which it would be necessary to complicate the equations by introducing new correction factors.
But this is still far from the discovery of any sort of general principle
that will tell how to obtain the greatest overall simplicity in choosing between alternative approaches to physics. Whatis desired is a general rule
of choice that can be applied in all future situations; Einstein’s choice in
this situation would then be a special case of the generalrule.It is taken
for granted, of course, that the simplest overall system of physics is
preferable, but that is not the question. The question is how to decide
which of two systems has the maximum overall simplicity. When there
are two competing systems, it is often the case that each is in some
respect simpler than the other. In such cases, how can the overall simplicity be measured?
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It was Reichenbach’s merit to have proposed a general rule of this
sort. Perhaps his rule is not quite absolutely general, but it covers a
comprehensive class of situations and is very interesting. I have the impression that insufficient attention has been paid to it. The rule is based
on a distinction between “differential forces” and “universal forces’.

Reichenbach called them “forces”, but it is preferable here to speak of

them, in a more general way, as two kindsof “effects”. (Forces can be
introducedlater to explain the effects.) The distinction is this. If an effect is different with respect to different substances, it is a differential

effect. If it is quantitatively the same, regardless of the nature of the substance, it is a universal effect.

This can be made clear by examples. When aniron rodis heated,
it expands. If length is defined by means of an iron rod,this effect of

thermal expansionis taken into account (as shownearlier) by the introduction of a correction factor:

l= [1+ B(T — To).
The beta in this formula is the coefficient of thermal expansion.It
is a constant, but only for all bodies of a certain substance. If the rod is
iron, beta has a certain value; if it is copper, gold, or some other substance, it has different values. The expansion of the rod whenheatedis,

therefore, clearly a differential effect, because it varies with the substance.

Consider the formula for length after a second correction factor
has been added; this one takes into account the influence of gravitation

on the length of the rod. The formula, it may berecalled,is:

f=1)[1 + B(T-To)] [1 - CC . cos") J.
The C in this second correction factor is a universal constant, which

is the same in every gravitational field and with respect to any body.
There is no parameterinside the right-hand pair of brackets that changes
from substance to substance in the way that the parameter beta, inside

the first pair of brackets, changes. The correction factor takes into consideration the mass m of the sun, the distance r from the sun to the

measuring rod, and the angle ¢ of the rod with respect to a radial line
from sun to rod. It indicates nothing whatever about whether the rodis
iron, copper, or someothersubstance. It is, therefore, a universaleffect.
Reichenbach sometimesadded that the universal effects are of such
a kind that shields cannot be made against them. A metal rod, for ex-

ample, can be shielded from thermal effects by surrounding it with a
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wall of iron. But there is no wayto shield it from gravitationaleffects. In

my opinion,it is not necessary to speak of shieldsin orderto distinguish
between differential and universal effects, because this condition is al-

ready implied in what has been said before. If an iron wall is built to
shield a piece of apparatus from a strong magnet in the next room, the
shield is effective only because the iron wall is influenced by magnetic
fields differently than theair is influenced. If this were notso, the shield

would not work. The concept of shielding applies, therefore, only to
effects that have different influences on different substances. If a universal effect is defined as one that is the samefor all substances, it follows

that no shielding from theeffect is possible.
In a detailed analysis of differential and universaleffects,’ Reichenbach calls special attention to the following fact. Suppose someonestates
that he has just discovered a new effect and says that it does not vary
from substance to substance. The law he gives for this new effect is examined, andit is apparent that what hesaysis true; the law contains no
parameter that varies with the nature of the substance. In cases of this
sort, Reichenbach maintained, the theory can always be reformulated so

that the universal effect will completely disappear.
There is no comparable wayto eliminate a differential effect, such
as thermal expansion. Theassertion that there are no thermal expansion
effects can easily be disproved. Simply place two rods of different substances alongside each other, heat them to the same higher temperature,
and observe the resulting difference in lengths. Clearly, something has
changed, and there is no way to account for this observed difference
without introducing the concept of thermal expansion. On the other
hand, a universal effect such as the influence of gravity on the lengths of
rods can be accounted for by adopting a theory in which the effect vanishes entirely. This is exactly what happens in Einstein’s theory of relativity. Adoption of a suitable non-Euclidean space-time system removes
the need to speak of bodies expanding and contracting in gravitational
fields. Bodies do not alter their sizes when moved aroundin such fields;
but in this theory there is a different structure of space-time. Unlike the
previoussituation with respect to thermal expansion, there is no way to
show that the elimination of this gravitational effect is impossible. Gravitational fields have exactly the same effect on all substances. If two rods
1See Chapter 6, “The Distinction between Universal and Differential Forces,”

in Hans Reichenbach, The Philosophy of Space and Time (New York: Dover,
1958).
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are placed alongside each other and turned in various directions, they
remain exactly the same length with respect to each other.
In view of these considerations, Reichenbach proposedthis rule for

simplifying physical theory: Whenever there is a system of physics, in
which a certain universal effect is asserted by a law that specifies under
what condition and in what amountthe effect occurs, the theory should
be transformed so that the amountof the effect will be reduced to zero.
This is what Einstein did in regard to the contraction and expansion of
bodies in gravitational fields. From the Euclidean point of view, such

changes do occur, but they are found to be universal effects. However,
adoption of the non-Euclidean space-time system causes these effects to
becomezero. Certain other effects, such as that the angles of a triangle
no longer sum to 180 degrees, may be found,butit is no longer necessary to speak of expansions and contractions of rigid bodies. Whenever
universal effects are found in physics, Reichenbach maintained, it is al-

ways possible to eliminate them by a suitable transformation of theory;
such a transformation should be made because of the gain in overall
simplicity that would result. This is a useful general principle, deserving
more attention than it has received. It applies not only to relativity
theory, but also to situations that may arise in the future in which other
universal effects may be discovered. Without the adoption of this rule,

there is no way to give a unique answer to the question, What is the
structure of space? If the rule is adopted, this question is no longer
ambiguous.
WhenEinstein first proposed a non-Euclidean geometry for space,
strong objections were raised. The objection of Dingler andothers, that
Euclidean geometry was indispensable because it was already presupposed in the construction of measuring instruments, has already been
mentioned, but, as has been shown,that objection is certainly wrong. A
more common objection, from a more philosophical point of view, was

that non-Euclidean geometry should not be adopted, because it is impossible to imagine it. It is contrary to our ways of thinking, to our intuition. This objection was sometimes expressed in a Kantian way, sometimes in a phenomenological way (the terminology differed), but in
general the point was that our minds seem to work in such fashion that
we cannotvisualize any sort of non-Euclidean spatial structure.
This point is also discussed by Reichenbach.? I think he is right in
calling it a psychological problem and in saying that there are no
2 Ibid., Chapters 9-11.
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grounds for assuming that our intuitions have been preshaped in a Euclidean way. There are, on the contrary, excellent reasons for believing
that the visual space, at least the visual space of a child, is non-Euclidean. “Spatial intuition’, as it is called, is not so much an intuition of

a metric structure as an intuition of a topological structure. Our perceptions tell us that space is three-dimensional and continuous and that
every point has the same topological properties as any other point. But,
with regard to the metric properties of space, our intuitions are vague
and inexact guides.
The non-Euclidean character of space perception is indicated by
the mind’s surprising ability to adjust to whatever type of images appear
on the retina. A person with strong astigmatism, for example, will have

strongly distorted images on the retina of each eye. His retinal images of
a yardstick may be longer when he views a horizontally placed stick
than when heviewsthe samestick placed vertically, but he is unaware
of this, because the lengths of all objects in his visual field are altered

in a similar way. Whenthis personis first fitted with corrective glasses,
his visual field will appear distorted for many days or weeks until his
brain has adjusted to the normal images onhis retina. Similarly, a person with normal vision can wearspecial glasses that distort images along
one coordinate; after a time he becomes accustomed to the new images,
and his visual field appears normal. Helmholtz described experiments of
this sort, some of which he actually carried out, from which he con-

cluded that visual space can have a non-Euclidean structure. Helmholtz
believed—and I think good arguments can be madefor this belief—that
if a child or even an adult were sufficiently conditioned to experiences involving the behavior of bodies in a non-Euclidean world, he would be
able to visualize non-Euclidean structure with the same ease that he
now can visualize Euclidean structure.
Evenif this belief of Helmholtz’s is unfounded, there is a more es-

sential argument against the objection that non-Euclidean geometry
should not be adopted because it cannot be imagined. The ability to
visualize is a psychological matter, entirely irrelevant to physics. The
construction of physical theory is not limited by man’s powerto visualize; in fact, modern physics has movedsteadily away from what can be
directly observed and imagined. Even if relativity theory contained
muchstronger deviations from intuition and it turned out that ourspatial
intuition has a permanent and unchangeable Euclidean bias, we could

still use in physics whatever geometrical structure we desire.
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In the nineteenth century, in England more than on the continent,
there was a strong effort in physics toward visualization and the construction of models. The ether was represented as a strange kind of transparent, jelly-like substance capable of oscillating and transmitting electromagnetic waves. As physics advanced, this model of the ether became
more and more complicated and even acquired properties that seemed
incompatible. For example, the ether had to be thought of as completely
without density, because it offered no observable resistance to the mo-

tions of planets andsatellites; yet light waves were found to be transverse rather than longitudinal, more like what would be expected in
bodies of extremely high density. Although these properties were not
logically incompatible, they made it very difficult to develop an intuitively satisfying model of the ether. Eventually, the various ether models
became so complex that they no longer served any useful purpose. This
is why Einstein found it best to abandon the ether entirely. It was simpler to accept the equations—the Maxwell and Lorentz equations—and
to calculate with them instead of trying to build a model so bizarre that
it was of no help in visualizing the structure of space.
Not only the ether was given up. The nineteenth-century tendency
to construct visual models became weaker and weaker as twentiethcentury physics advanced. The newer theories were so abstract that
they had to be accepted entirely in their own terms. The psi-functions,
representing the states of a physical system, such as an atom, are too

complicated to permit models that can be easily visualized. Of course,
it is often possible for a skillful teacher or writer on scientific topics to
use a diagram that is helpful in explaining some aspect of an abstruse
theory. There is no objection to the use of such diagrams as teaching
devices. The point to be stressed is that it is not a valid objection to a
new physical theory to say that it is more difficult to visualize than an
old one. This is exactly the sort of objection that was often raised against
relativity theory when it was first proposed. J remember an occasion,
about 1930, when I discussed relativity with a German physicist in
Prague. He was extremely depressed.
“This is terrible”, he said. “Look at what Einstein has done to our

wonderful physics!”
“Terrible?” I replied. I was enthusiastic about the new physics.
With only a few general principles describing a certain type of invariance and the exciting adoption of non-Euclidean geometry, so much
could be explained that had been unintelligible before! But this physicist
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had so strong an emotional resistance to theories difficult to visualize
that he had almost lost his enthusiasm for physics because of Einstein’s
revolutionary changes. The only thing that sustained him was the hope
that some day—andhe hopedit would be duringhis lifetime—a counterrevolutionary leader would come to restore the old classical order, in
which he could breathe comfortably and feel at homeagain.
A similar revolution took place in atomic physics. For many years,
it was pleasant and satisfying to have Niels Bohr’s model of the atom;
a kind of planetary system with a nucleus in the center and the electrons
moving aroundit in orbits. But it proved to be an oversimplification.
The nuclear physicist today does not even try to make a total model.
If he uses a model at all, he is always aware that it pictures only
certain aspects of the situation and leaves out other aspects. The total
system of physics is no longer required to be such that all parts of its
structure can be clearly visualized. This is the fundamental reason why
the psychological statement that it is not possible to visualize nonEuclidean geometry, even if true (and in my opinion it is doubtful),

is not a valid objection to the adoption of a non-Euclidcan physical
system.
A physicist must always guard against taking a visual model as
more than a pedagogical device or makeshift help. At the same time,
he must also be alert to the possibility that a visual model can, and
sometimes does, turn out to be literally accurate. Nature sometimes

springs such surprises. Many years before physics developed any clear
notions about how atoms were linked together in molecules, it was a
commonpractice to draw schematic pictures of molecular structure. The
atoms of a substance were indicated by capital letters, and valencelines
were drawn to connect them in various ways. I recall talking to a chemist who objected at the time to such diagrams.
“Butare they not a great help?” I asked.
“Yes”, he said, “but we must warn our students not to think of

these diagrams as representing actual spatial configurations. We really
do not know anything at all about spatial structure on the molecular
level. These diagrams are no more than diagrams, like a curve on a
graphto illustrate an increase in population or pig-iron production. We
all know that such a curve is only a metaphor. The population or the
pig-iron is not rising in any spatial sense. Molecular pictures must be
thought of in the same way. No one knows what sort of actual spatial
structure molecules have.”
I agreed with the chemist, but I argued that there was the possibil-
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ity, at least, that molecules might be linked together in just the way the
diagrams indicated, especially in view of the fact that stereoisomers had
been discovered, which made it convenient to think of one molecule as

a mirror image of another. If one kind of sugar twists polarized light
clockwise, and another type of sugar twists it counterclockwise, then
somesort of spatial configuration of atoms in the molecules seems to be
indicated; configurations capable of having right- and left-handed forms.
“It is true”, he replied, “that this is suggested. But we do not know

for sure that this is the case.”
He was right. At that time, so little was known about molecular

structure that it would have been premature to insist that, as more and
more was learned about such structure, it would continue to be possible
to represent molecules by visualizable three-dimensional models. It was
conceivable that later observations would require structures of four,
five, or six dimensions. The diagrams were no more than convenient

pictures of what was then known.

Butit soon turned out, particularly after Max von Laue’s determi-

nation of crystal structures by means of X-ray diffraction, that the atoms
in molecular compoundsactually are spatially situated in the way shown
by the structure diagram. Today, a chemist does not hesitate to say that,
in a protein molecule, there are certain atoms here and certain other
atoms there and that they are arranged in the form of a helix. Models
showingthe linkages of atoms in three-dimensional space are taken quite
literally. No evidence to dispute this has been found, and there are excellent reasons to think that three-dimensional models of molecules represent actual configurations in three-dimensional space. Something of
the same surprise occurred more recently as a consequence of experiments showing that parity is not conserved in the weak nuclear interactions. It now appearsthat particles and antiparticles, hitherto regarded
as mirror images only in a metaphorical sense, may actually be mirror
images in a spatial sense.
Therefore, the warning against taking models literally, although

correct in principle, may later prove unnecessary. A theory may move
away from models that can be visualized; then, in a later phase, when

more is known,it may move back again to visual models that were previously doubted. In the case of molecular models, it was chiefly the
physicists who doubted. The picture of atomsspatially arranged in molecules is so convenient that most chemists interpreted the models literally,
although the physicists were correctly saying that there was notyet sufficientjustification forit.
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Models in the sense of visual spatial structures should not be confused with models in the modern mathematical sense. Today, the common practice of mathematicians, logicians, and scientists is to speak of
models when they meanan abstract conceptualstructure, not something
that can be built in the laboratory with balls and wires. This model may
be only a mathematical equation or set of equations. It is a simplified
description of any structure—physical, economic, sociological, or other
—in which abstract concepts can be related in a mathematical way.It
is a simplified description because it leaves out many factors that would
otherwise complicate the model. The economist, for example, speaks of
one model for free market economics, another for planned economics,

and so on. The psychologist speaks of a mathematical model of the
learning process, of how one psychological state is related to another,
with certain transitional probabilities that make the series one that
mathematicians call a Markov chain. These are entirely different from
the models of nineteenth-century physics. The purpose in making them
is not to visualize but to formalize. The model is purely hypothetical.
Certain parameters are put into it and adjusted until the bestfit with the
data is obtained. As more observations are made, it may turn out that

the parameters not only have to be adjusted further, but also that the
basic equations need to be changed. In other words, the model itself 1s
altered. The old model served fairly well for a time; now a new modelis

called for.
The nineteenth-century physical model was not a model in this
abstract sense. It was intended to be a spatial model of a spatial structure, in the same way that a model ship or airplane represents an actual
ship or plane. Of course, the chemist does not think that molecules are

made upoflittle colored balls held together by wires; there are many
features of his model that are not to be takenliterally. But,in its general
spatial configuration, it is regarded as a correct picture of the spatial

configuration of the atoms of the actual molecule. As has been shown,
there are good reasons sometimes for taking such a model literally—a
modelof the solar system, for example, or of a crystal or molecule. Even
when there are no groundsfor such an interpretation, visual models can
be extremely useful. The mind worksintuitively, and it is often helpful
for a scientist to think with the aid of visual pictures. At the same time,
there must always be an awareness of a model’s limitations. The building of a neat visual model is no guarantee of a theory’s soundness, nor
is the lack of a visual model an adequate reason to reject a theory.

cusrter 18
Kant’s Synthetic
A Priori

IS IT POSSIBLEfor knowledge to be both
synthetic and a priori? This famous question was asked by Immanuel
Kant and answered by him in the affirmative. It is important to understand exactly what Kant meant by his question and why contemporary
empiricists disagree with his answer.
Two important distinctions are involved in Kant’s question: a distinction between analytic and synthetic and one between a priori and
a posteriori. Various interpretations have been made of both distinctions. In my opinion, thefirst is logical and the secondis epistemological.
First, consider the logical distinction. Logic is concerned solely
with whether a statement is true or false on the basis of meanings assigned to the statement’s terms. For example, define the term “dog” as
follows: “X is a dog if and only if X is an animal having certain characteristics.” To be an animal, therefore, is part of the meaning of the
term “dog”. If, on the basis of this understanding, the assertion is made

that “All dogs are animals”, this would be what Kant called an analytic
judgment. It involves nothing more than the meaning relations of the

terms. Kant did not put it quite this way, butthis is essentially what he

177

178

The Structure of Space

meant. On the other hand, a synthetic statement, such as, “The moon
revolves around the earth”, has a factual content. As with mostscientific

statements,it is synthetic because it goes beyond the assigned meanings
of the terms. It tells something about the nature of the world.
The distinction between a priori and a posteriori is an epistemological distinction between two kinds of knowledge. By a priori Kant
meant the kind of knowledge that is independent of experience, but not

independentin a genetic or psychological sense. He was fully aware that
all human knowledge dependsin a genetic sense on experience. Without
experience, there would obviously be no knowledge of any sort. But
certain kinds of knowledge are supported by experience in a way that is
not true of other kinds. Consider, for example, the analytic statement,

“All dogs are animals.” It is not necessary to observe dogs in order to
make this assertion; indeed, it is not even necessary for dogs to exist.
It is only necessary to be able to conceive of a thing such as a dog, which
has been defined in a way that makes being an animala partof the definition. All analytic statements are a priori in this sense. It is not necessary to refer to experience in order to justify them. True, it may be that
our experience with dogs has led us to conclude that dogs are animals.
In a wide sense of the word experience, everything that we know is based
on experience. The importantpointis that it is never necessary to refer
to experience as a justification for the truth of an analytic statement.
It need not be said that, “Yesterday I examined some dogs and some

nondogs; then I examined some animals and some nonanimals; and I
finally concluded, on the basis of this investigation, that all dogs are
animals.” On the contrary, the statement, “All dogs are animals”, is
justified by pointing out that in our language, the term “dog” is understood to have a meaning that includes “being an animal”. It is justified
in the same way that the analytic truth of the statement, “A unicorn
has a single horn on his head”, is justified. The meanings of the terms

imply the truth of the statement, without reference to any examination
of the world.
In contrast, a posteriori statements are assertions that cannot be

justified without reference to experience. Consider, for example, the
statement that the moon revolves aroundthe earth. Its truth cannot be
justified by citing the meaning of such terms as “moon”, “earth”, and
“revolves around”. Literally, of course, “a priori” and “a posteriori”

mean “from prior” and “from posterior”, but Kant made it perfectly
clear that he did not meanthis in a temporal sense. He did not mean
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that, in a posteriori knowledge, experience has occurred before the
knowledge is acquired; in this sense, of course, experience is prior to

all knowledge. He meant that experience is an essential reason forasserting a posteriori knowledge. Without certain specified experiences (in
the case of the moon’s revolution around the earth, these experiences are

various astronomical observations), it is not possible to justify an a
posteriori statement. In a rough sense, a posteriori knowledge today
would be called empirical knowledge; it is knowledge that is essentially
dependent on experience. A priori knowledge is independent of experience.
As stated earlier, all analytic statements are clearly a priori. But
now an important question arises. Does the boundary line between a
priori and a posteriori coincide with the boundary line between analytic
and synthetic? If the two lines coincide, they can be diagrammed as
shown in Figure 18—1. But perhaps the boundaries do not coincide. The
analytic

synthetic

a priori

a posteriori (empirical)

Figure 18-1.
line between a priori and a posteriori cannot lie to the left of the line

between analytic and synthetic (because all analytic statements are also
a priori), butit canlie to the right, as shown in Figure 18-2. If so, then
analytic

synthetic

ne ae

ee

a,

ere ee

a priori

a posteriori (empirical)

Figure 18-2.

there is an intermediate region where the synthetic overlaps the a priori.
This is Kant’s view. There is, he maintained, a realm of knowledge that
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is both synthetic and a priori. It is synthetic because it tells something
about the world, andit is a priori because it can be known with cer-

tainty, in a way that does notcall for justification by experience. Is there
such a region? This is one of the great controversial questions in the
history of the philosophy of science. Indeed, as Moritz Schlick once remarked, empiricism can be defined as the point of view that maintains

that there is no synthetic a priori. If the whole of empiricism is to be
compressed into a nutshell, this is one way of doingit.
Geometry provided Kant with one of his chief examples of synthetic a priori knowledge. His reasoning wasthatif the axioms of geometry (by which he meant Euclidean geometry—no other geometry was
available in his time) are considered, it is not possible to imagine the

axioms as not true. For instance, there is one and only onestraight line
through two points. Intuition, here, gives absolute certainty. It is possible to imagine a straight line connecting two points, but any other line
conceived of as passing through them must be curved, notstraight.
Therefore, Kant argued, we have the right to complete confidence in

the knowledge of all axioms of geometry. Since the theoremsare all
logically derived from the axioms, we are also entitled to complete
confidence in the truth of the theorems. Geometry, therefore, is completely certain in a way that does not demand justification by experience.
It is not necessary to make points on a sheet of paper and draw various
lines in order to establish the statement that only one straight line will
connect two points. It is justified by intuition; and, although a geometrical theorem may be very complicated and notat all obvious, it can be
justified by proceeding from the axioms by logical steps that are also
intuitively certain. In short, all geometry is a priori.
On the other hand, Kant continued, the theorems of geometrytell
something about the world. Consider the theorem that the sum of the
interior angles of a triangle is 180 degrees. This can be derived logically
from Euclidean axioms, so there is a priori knowledge of its truth. But
it is also true that, if a triangle is drawn and its angles measured, they
are found to add up to 180 degrees. If the sum deviates from this, a
more careful examination of the construction will always reveal that the
lines were notperfectly straight or that, perhaps, the measurements were
inaccurate. The theorems of geometry, then, are more than a priori statements. They describe the actual structure of the world and, therefore,
are also synthetic. Yet, clearly they are not a posteriori in the way scientific laws are. A scientific law has to be justified by experience. It is easy
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to imagine that tomorrow an event could be observed that would contradict any given scientific law. It is easy to suppose that the earth might
go around the moon,instead of vice versa, and it can never be certain
that tomorrow science might not make discoveries that would require
a modification of what was previously supposed to be true. Butthisis
not the case with geometrical laws. It is inconceivable that new discoveries in geometry could modify the truth of the Pythagorean theorem.
Euclidean geometry is intuitively certain, independent of experience.
In geometry, Kant was convinced, we have a paradigm of the union of
synthetic and a priori knowledge.
From a modern point of view, the situation looks quite different.
Kant should not be blamedfor his error because, in his day, non-Euclidean geometry had not been discovered. It was not possible for him to
think about geometry in any other way. In fact, throughout the entire
nineteenth century, except for a few bold individuals, such as Gauss,

Riemann, and Helmholtz, even mathematicians took this Kantian point
of view for granted. Today, it is easy to see the source of Kant’s error.
It was a failure to realize that there are two essentially different kinds of
geometry—one mathematical, the other physical.
Mathematical geometry is pure mathematics. In Kantian terms, it

is indeed both analytic and a priori. But it is not possible to say that
it is also synthetic. It is simply a deductive system based on certain
axioms that do not have to be interpreted by reference to any existing
world. This can be demonstrated in many different ways, one of which
is given in Bertrand Russell’s early book, The Principles of Mathematics
(not to be confused with the later Principia Mathematica).1 Russell

shows howit is possible to define Euclidean space entirely as a system
of primitive relations for which certain structural properties are assumed; for example, one relation is symmetric and transitive, anotheris

asymmetric, and so on. Onthe basis of these assumptionsit is possible
to derive logically a set of theorems for Euclidean space, theoremsthat
comprise the whole of Euclidean geometry. This geometry says nothing
at all about the world. It says only that, if a certain system of relations
hascertain structural properties, the system will have certain other characteristics that follow logically from the assumedstructure. Mathematical
geometry is a theory of logical structure. It is completely independentof
1See Part VI of The Principles of Mathematics (Cambridge: Cambridge Uni-

versity Press, 1903); (2nd ed., with new introduction, London: Allen & Unwin,
1938); (New York: Norton, 1938).
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scientific investigations; concerned solely with the logical implications of
a given set of axioms.
Physical geometry, on the other hand, is concerned with the application of pure geometry to the world. Here the terms of Euclidean geometry have their ordinary meaning. A point is an actual position in
physical space. Of course we cannot observe a geometrical point, but
we can approximate it by making, say, a tiny spot of ink on a sheet of
paper. In a similar way, we can observe and work with approximations
of lines, planes, cubes, and so on. These wordsrefer to actual structures
in the physical space we inhabit and are also part of the language of
pure or mathematical geometry; here, then, lics a primary source of
nineteenth-century confusion about geometry. Because the same words
were used bythescientist and by the pure mathematician, it was wrongly
assumed that both were makinguse of the same kind of geometry.
The distinction between the two geometries becameespecially clear
through David Hilbert’s famous work on the foundations of geometry.?
“Weare thinking here of three distinct systems of things”, Hilbert wrote.
“The things of the first system we will call points, those of the second
system lines, and those of the third system planes.” Although he called
these entities by the names of “points”, “lines”, and “planes”, he im-

plied nothing whatever about the meaning of these words. They were
convenient to use only because they were familiar and provided the
reader with a visualization of one possible interpretation of the terms.
But the geometrical system, as Hilbert constructed it, was entirely free
of any interpretation. “Points”, “lines”, and “planes” could be taken to

mean anythreeclasses of entities that fulfilled the relations stated in the
axioms. For example, instead of physical points, lines, and planes, one
could interpret “point” as an ordered triple of real numbers. A “line”
would then be a class of orderedtriples of real numbersthatfulfilled two
linear equations, and a “plane” would bea class of orderedtriples that
fulfilled one linear equation. In pure or mathematical geometry, terms
such as “points”, “lines”, and “planes” are not used in the ordinary

sense. They have an infinity of possible interpretations.
Oncethis distinction between pure and physical geometry is understood, it becomes clear how Kant’s belief, and the beliefs of almost all

nineteenth-century philosophers, involved a fundamental confusion be2 Hilbert’s Grundlagen der Geometrie (“Foundations of Geometry”) first appeared in Germany in 1899. An English translation by E. J. Townsend was published in Chicago by Open Court (1902) and is currently available as a paperback.
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tween twofields of quite different character. When we say, “Geometry
is certainly a priori; there is no doubt about the truth of its theorems”,
we are thinking of mathematical geometry. But suppose we add,“It also

tells us something about the world. With its help, we can predict the outcome of measurements of actual geometrical structures.” Now we have
inadvertently slipped over to the other meaning of geometry. We are
talking about physical geometry; about the structure of actual space.
Mathematical geometry is a priori. Physical geometry is synthetic. No
geometry is both. Indeed, if empiricism is accepted, there is no knowledge of any sort that is both a priori and synthetic.
In reference to knowledge in geometry, the distinction between

the two kinds of geometry is fundamental and is now universally recognized. When a challenge is made about the nature of geometrical
knowledge, the first question to ask is: ““Which type of geometry do you

have in mind? Are you speaking of mathematical or physical geometry?”
A clear distinction here is essential if confusion is to be avoided andif
the revolutionary advances in the theory of relativity are to be understood.
Oneof the clearest, most precise statements of this distinction was

made by Einstein at the close of a lecture entitled “Geometry and Experience”.? Einstein spoke of “mathematics”, but he meant geometry
in the two ways that it can be understood. “So far as the theorems of
mathematics are about reality”, he said, “they are not certain.” In Kant-

ian terminology, this means that so far as they are synthetic, they are
not a priori. “And so far as they are certain”, he continued, “they are
not aboutreality.” In Kantian terminology, so far as they are a priori,
they are not synthetic.
Kant held that a priori knowledge is certain knowledge; it cannot
be contradicted by experience. Relativity theory made it clear, to all
who understood,that, if geometry is taken in this a priori sense, it tells

us nothing aboutreality. No statementis possible that combineslogical
certainty with knowledge of the geometrical structure of the world.
3 Finstein’s lecture was published separately as Geometrie und Erfahrung (Berlin:

1921), later translated and included in Albert Einstein, Sidelights on Relativity
(New York: Dutton, 1923).
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Causality

THE CONCEPT OFcausality, one of the

central topics in today’s philosophy of science, has occupied the attention of distinguished philosophers from the time of the ancient Greeks
down to the present. In previous periods, it was a topic in what was
called the philosophy of nature. That field embraced both the empirical
investigation of nature and the philosophicalclarification of such knowledge. Today, it has becomeincreasingly clear that the investigation of
nature is the task of the empirical scientist, not the task of the philoso-

pheras such.
Of course, a philosopher can be both a philosopher anda scientist.
If such is the case, he should be aware of a fundamental difference be-

tween two kinds of questions that he can ask. If he asks questions such
as, “How were the moon’s craters formed?” or “Is there a galaxy composed of antimatter?”’, he is posing questions for astronomersandphysicists. On the other hand, if he directs his questions, not toward the na-

ture of the world, but toward an analysis of the fundamental concepts of
a science, then he is posing questions in the philosophy of science.

In previous periods, philosophers believed that there was a meta-
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physics of nature, a field of knowledge deeper and more fundamental
than any empirical science. The philosopher’s task was to expound metaphysical truths. Today’s philosophers of science do not believe there is
such a metaphysics. The old philosophy of nature has been replaced by
the philosophy of science. This newer philosophy is not concerned with
the discovery of facts and laws (the task of the empirical scientist), nor
with the formulation of a metaphysics about the world. Instead, it turns
its attention toward science itself, studying the concepts employed,
methods used, possible results, forms of statements, and types of logic
that are applicable. In other words, it is concerned with the sort of
problems discussed in this book. The philosopher of science studies the
philosophical (that is, the logical and methodological) foundations of
psychology, not the “nature of the mind”. He studies the philosophical
foundations of anthropology, not the “nature of culture”. In each field,

the primary concernis with the concepts and methods of thatfield.
Some philosophers have warned against drawing too sharp a distinction between the work of scientists in a given field and the work of
a philosopher of science who concerns himself with that field. In a sense,
this warning is a good one. Although the work of the empirical scientist
and the work of the philosopher of science must always be distinguished,
in practice the two fields usually intermingle. A working physicist is constantly coming upon methodological questions. What sort of concepts
should he use? What rules govern these concepts? By what logical
method can he define his concepts? How can he put his concepts together into statements and the statements into a logically connected
system or theory? All these questions he must answer as a philosopher
of science; clearly, they cannot be answered by empirical procedures.
On the other hand, it is impossible to do significant work in the philoso-

phy of science without knowing a great deal about the empirical results
of science. In this book, for example, it has been necessary to speak at
length about someparticular features of relativity theory. Other details
about the theory were not discussed because the theory was introduced
primarily to clarify the important distinction between empirical geometry and pure or mathematical geometry. Unless a student of the philosophy of science thoroughly understands a science, he cannot even raise
important questions aboutits concepts and methods.
Myreason for distinguishing the task of the philosopher of science
from the metaphysical task of his predecessor, the philosopherof nature,
is that this distinction is important for the analysis of causality, the topic
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of this chapter. The older philosophers were concerned with the metaphysical nature of causality itself. Our concern here is to study how empirical scientists make use of the concept of causality, to make clear precisely what they mean whentheysay, “This is the cause of that.”’ Exactly
what does the cause-and-effect relation mean? In everydaylife, the concept is certainly a vague one. Evenin science, it is often not clear what
a scientist means when he says that one event has “caused” another.
One of the most important tasks of the philosophy of science is to analyze the concept of causality and to clarify its meaning.
Even the historical origin of the concept is somewhat vague. It
apparently arose as a kind of projection of human experience into the
world of nature. When a table is pushed, tension is felt in the muscles.
When somethingsimilar is observed in nature, such as onebilliard ball

striking another, it is easy to imagine that one ball is having an experience analogous to our experience of pushing the table. The striking ball
is the agent. It does something to the other ball that makes it move. It
is easy to see how menof primitive cultures could suppose that elements
in nature were animated, as they themselves were, by souls that willed
certain things to happen. This is especially understandable with respect
to natural phenomena that cause great harm. A mountain would be
blamed for causing a landslide. A tornado would be blamed for damaging a village.
Today, this anthropomorphic approach to nature is no longer held
by civilized men andcertainly not by scientists. Nevertheless, elements
of animistic thinking tend to persist. A stone shatters a window.Did the
stone intend to do this? Of course not, the scientist will say. A stone Is

a stone. It possesses no soul capable of intention. On the other hand,
most people, even the scientist himself, will not hesitate to say that event
b, the breaking of the window, was caused by event a, the collision of
the stone with the glass. What does the scientist mean when hesays that
event b was caused by event a? He might say that event a “brought
about” event b or “produced”event b. So you see, when hetries to explain the meaning of “cause”, he falls back on such phrases as “bring
about”, “bring forth”, “create”, and “produce”. Those are metaphorical

phrases, taken from human activity. A human activity can, in a literal
sense, bring forth, create, and produce various other events; but in the

case of the stone, this cannot be taken literally. It is not a very satisfactory answer to the question: “What does it mean to say that one event
caused another?”
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It is important to analyze this vague conceptof causality, to purify
it of all the old, unscientific components that may be involved. Butfirst,
one point should be madeclear: I do not believe there is any reason to
reject the concept of causality. Some philosophers contend that David
Hume, in his famouscritique of causality, meant to reject the concept
in toto. I do not believe this was Hume’s intention. He did not mean to
reject the concept, but only to purify it. Later this question will be considered again, but now I want to say that what Humerejected was the
component of necessity in the concept of causality. His analysis was in
the right direction, although, in the opinion of today’s philosophers of
science, it did not go far enough; nor wasit sufficiently clear. In my
opinion, it is not necessary to regard causality as a prescicntific concept,
metaphysical in a derogatory sense and therefore to be discarded. After
the concept has been analyzed and fully explicated, it will be found that

something remains that can be called causality; this something justifies
its use for centuries, both by scientists and in everydaylife.
We begin the analysis by asking: between what kinds of entities
does the causal relation hold? Strictly speaking, it is not a thing that
causes an event, but a process. In everyday life we speak of certain
things causing events. What wereally meanis that certain processes or
events cause other processes or events. We say the sun causesplants to

grow. What wereally meanis that radiation from the sun, a process,is
the cause. But if we make “processes” or “events” the entities involved
in cause-and-effect relations, we must define these terms in an extremely
wide sense. We must include, as we do not in everyday life, processes
thatare static.
Consider, for example, a table. I can observe nothing aboutit that

is changing. Yesterday it may have been moved, in the future it may be
damaged or destroyed, but at the momentI observe no change. It can
be assumed that its temperature, mass, even the reflection of light on its
surface, and so on remain unchanged for a certain period. This event,
the table existing without change,is also a process. It is a static process,

one in which the relevant magnitudes remain constant in time. If processes or events are spoken of as involved in cause-effect relations, it

must be recognized that these terms include static processes; they stand
for any sequence of states of a physical system, both changing and unchanging.
There are often times whenit is said that circumstances or conditions are causes or effects. This also is a permissible way of speaking,
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and here there is no danger of the terms being taken in too narrow a
sense, becausea static or constant condition is also a condition. Suppose
that we investigate the cause of a collision between two cars on a highway. We must study not only the changing conditions—how the cars
moved, the behavior of the drivers, and so on—but also the conditions

that were constant at the moment of collision. We must find out about
the state of the surface of the road. Wasit wet or dry? Was the sun shining directly into the face of one of the drivers? Questions such as these
can also be important in determining the causes of the crash. To make
a full analysis of the causes, we must investigate all relevant conditions,

both constant and changing. It may turn out that many different conditions were important contributionsto the final result.
When a man dies, a doctor must state the cause of death. He may
write “tuberculosis”, as if only one thing caused the death. In everyday
life, we often demand a single cause for an event—the cause of death,

the cause of the collision. But when we examinethe situation more carefully, we see that many answers can be given, depending on the point
of view from which the question was raised. A road-building engineer
could say: “Well, I have said many times before that this is a poor surface to use for a highway. It gets very slippery when wet. Now we have
another accident to prove it!” According to this engineer, the accident

was caused by the slippery highway. He is interested in the event from
his point of view. He singles this out as the cause. In one respect,heis
right. If his advice had been followed and the road had been given another surface, it would not have been so slippery as it was. Other things
being the same, the accident might not have happened. Itis difficult to
be sure of this in any particular case, but at least there is a good possibility that the engineer is right. When he maintains that “this is the
cause”, he means: this is an important condition of such a kind that,

if it had not been there, the accident might not have occurred.
Other people, when asked about the cause of the accident, may
mention other conditions. The traffic police who study the causes of
traffic accidents will want to know if either driver violated any rules of
the road. Their job is to supervise such activities, and if they find that
the rules have been violated, they will refer to that violation as the cause

of the crash. A psychologist who interviews one of the drivers may conclude that the driver was in a state of anxiety; so deeply concerned with
his worriesthat he did not give full attention to the approach of the other
car at the crossing. The psychologist will say that the man’s disturbed
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state of mind was the cause of the crash. He is picking out the factor in
the total situation that most concerns him. For him,this is the interesting, the decisive cause. He, too, may be right, because, if the man had

not been in a state of anxiety, the accident might not, or even probably
would not, have happened. An automobile construction engineer may
find another cause, such as a defect in the structure of one of the cars.

A repair-garage man may point out that the brake-lining of one car was
worn out. Each person, looking at the total picture from his point of
view, will find a certain condition such that he can correctly say: if
that condition had not existed, the accident might not have occurred.
None of these men, however, has answered the more general

question: what was the cause of the accident? They have given only a
series of partial answers, pointing out special conditions that contributed
to the final result. No single cause can be singled out as the cause. Indeed, it is obvious that there is no such thing as the cause. There are

many relevant components in a complex situation, each contributing to

the accident in the sense that, had the componentbeen absent, the crash

might not have happened. If a causalrelation is to be found between the

accident and a previousevent, then the previous event must be the whole

previoussituation. Whenitis said that this earlier situation “caused” the
accident, what is meantis that, given the previous situation,in all of its

myriad details, and given all the relevant laws, the accident could have
been predicted. No one actually knew,of course, or could know,all the
facts and relevant laws. But if someone had known,he could have predicted the collision. “Relevant laws” include not only laws of physics
and technology (concerning the friction on the road, the motion of the
cars, the operation of the brakes, and so on), but also physiological and

psychological laws. Knowledge of all these laws as well as of all the
relevant single facts must be presupposed before it can be said that the
outcomeis predictable.
The result of this analysis can be summedupbriefly: Causal relation means predictability. This does not mean actual predictability, because no one could have knownall the relevant facts and laws. It means
predictability in the sense that, if the total previous situation had been
known, the event could have been predicted. For this reason, when I

use the term “predictability” I mean it in a somewhat metaphorical
sense. It does not imply the possibility of someone actually predicting
the event, but rather a potential predictability. Given all the relevant
facts and all the relevant laws of nature, it would have been possible to
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predict the event before it happened. This prediction is a logical consequence of the facts and laws. In other words, there is a logical relation
between the full description of the previous condition, the relevant laws,
and the prediction of the event.
The relevant single facts involved in the previous situation can, in

principle, be known. (We ignore here the practical difficulty of obtaining all the facts, as well as the limitations imposed in principle by
quantum theory on knowingall the facts at the subatomic level.) With
respect to knowing the relevant laws, a much larger problem arises.
When a causalrelation is defined by saying that an event can be logically inferred from a set of facts and laws, what is meant by “laws”? It
is tempting to say: This means those lawsthat can be foundin the textbooks of the various sciences involved in the situation; more precisely,

all those relevant laws that are knownat the time of the event. In formal
language, an event Y at the time T is caused by a preceding event X,
if and only if Y is deducible from X with the aid of the laws Lr known
at the time T.
It is easy to see that this is not a very helpful definition of a causal
relation. Consider the following counterexample. There is an historical
report of an event B that happened in ancient times, following an event
A. People living at the time T, could not explain B. Now B can be explained with the help of knowledge of certain laws, L*, by showing that
B followslogically from A and L*. But at the time T, the laws L* were
not known; therefore, the event B could not be explained as the effect of
event A. Suppose that at the time T, a scientist had asserted, just as a

hypothesis, that event B was caused by event A. Looking back, his hypothesis would besaid to be true, although the scientist could not prove
it. He was unable to prove it because the laws that were known to him,
Lrı, did not include the laws L*, which are essential to the proof. However, if the definition of causal relation suggested in the previous paragraph is accepted, it would be necessary to say that the scientist’s assertion is false. It is false, because he is not able to deduce B from A and

Lrı. In other words, his assertion must be called false even thoughitis
knowntodaythatit is true.
The inadequacy of the proposed definition is also apparent when
we reflect on the fact that today’s knowledge of the laws of science is
also far from complete. Scientists today know more than scientists of
any previous period, but they certainly Know less than scientists will
Know (assuming civilization is not destroyed by a holocaust) a hundred
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years from now. At no time does science possess complete knowledge
of all the laws of nature. As shown earlier, however,it is the entire sys-

tem of laws, rather than just the laws knownat a particular time, that
must be referred to in order to obtain an adequate definition of causality.
Whatis meant whenit is said that event B is caused by event A?
It is that there are certain laws in nature from which event B can be
logically deduced when they are combined with the full description of
event A. Whether the laws L can be stated or not is irrelevant. Of
course, it is relevant if a proof is demanded that the assertion 1s true.
But it is not relevant in order to give the meaning ofthe assertion. It is
this that makes the analysis of causality such a difficult, precarious task.
When a causal relation is mentioned, there is always an implicit reference to unspecified laws of nature. It would be much too exacting, too
far out of line with current usage, to demand that every time someone
asserted that, “A was the cause of B”, he must be able to state all the
laws involved. Of course, if he can state all the relevant laws, then he

has proved his assertion. But such proof must not be demanded before
his statementis accepted as meaningful.
Suppose a wager is madethatit will rain four weeks from today. No
one knows whetherthe prediction is right or wrong. It will be four weeks
before the question is decided. Nevertheless, the prediction is clearly
meaningful. Empiricists are right, of course, when they say that thereis
no meaning to a statement unless there is, at least in principle, a possibility of finding confirming or disconfirming evidence about the statement. But this does not mean that a statement is meaningful if and only
if it is possible to decide today aboutits truth. The prediction of rain is
meaningful, even thoughits truth or falsity cannot be decided now. The
assertion that A is the cause of B is also a meaningful assertion, although
the speaker may be unableto specify the laws needed to prove the assertion. It means that, if all the relevant facts that surround A were known,
together with all the relevant laws, the occurrence of B could then be

predicted.
This brings up a difficult question. Does this definition of a causeand-effect relation imply that the effect follows of necessity from the
cause? The definition does not speak of necessity. It merely says that
event B could be predictedif all the relevant facts and laws were known.
But perhaps this begs the question. The metaphysician who wishes to
introduce necessity into the definition of causality can argue: “It is true
that the word ‘necessity’ is not used. But, laws are spoken of, and laws
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are statements of necessity. Therefore, necessity comes in after all. It
is an indispensable componentof any assertion about a causal relation.”
In the next chapter we will consider what can besaid in reply to
this argument.

cusrrer UO
Does Causality
Imply Necessity?

DO LAWS imply necessity? Empiricists
sometimes formulate their position as follows: a law is merely a universal conditional statement. It is universal because it speaks in a general way. “At any time, at any place, if there is a physical body or
system in a certain state, then anotherspecific state will follow.” It is an
if-then statement in general form with respect to time and space. This
approach is sometimes called “conditionalism”. A causal law simply
states that, whenever an event of the kind P (P is not a single event but
a class of events) occurs, then an event of the kind © will follow. In

symbolic form:

(1)

(x) (PxDQx)

This statementasserts that, at every space-time point x, if P holds,
the condition © will hold.

Some philosophers object strenuously to this view. They contend

that a law of nature asserts much more than just a universal conditional
statementof the if-then form. To understand their objection, it is neces-

sary to review exactly what is meant by a statement of the conditional
196
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form. Instead of the universal statement (1), consider a particular in-

stance ofit for the space-time point a.
(2)

Pa>Qa
The meaning of that statement, “If P occurs at a, then Q occurs at

a’, is given byits truth table. There are four possible combinations of
truth values for the two componentsin the statement:
“Pa”
“Pa’’
“Pa”
“Pa”

istrue, “Oa”is true.
is true, “Qa’’is false.
ıs false, “Oa” is true.
ıs false, “Oa” is false.

The horseshoe mark for implication, “D”, is to be understood in

such a way that (2) asserts no more than that the second combination
of truth values does not hold. It says nothing about a causal connection
between Pa and Qa.If “Pa’’is false, the conditional statement holds regardless of whether “Qa” is true or false. And if ‘Qa’ is true, it holds

regardless of whether “Pa”is true or false. It fails to hold only when
“Pa’’ is true and “Qa”false.

Obviously, this is not a strong interpretation of a law. Whenit is
said, for example, that iron expands when heated, is nothing more
meant than that one event follows the other? It could also be said that,
when iron is heated, the earth will rotate. This, too, is a conditional
statement, but it would not be called a law, because there is no reason

to believe that the earth’s rotation has anything to do with the heating of
a piece of iron. On the other hand, when a law is stated in conditional

form, does it not carry with it a meaning component that asserts some

sort of connection between the two events, a connection above and be-

yondthe merefact that if one occurs the other will follow?
It is true that something more is usually intended when a law is
asserted, but exactly what the “more” is, is dificult to analyze. Here we
come up against the problem of deciding exactly what constitutes the
“cognitive content” of an English statement. Cognitive content is that
which is asserted by the statement and is capable of being either true or
false. It is often extremely difficult to decide exactly what belongs to the
cognitive content of a statement and what belongs to noncognitive meaning components that are there but are irrelevant to the statement’s cognitive meaning.
Anillustration of this sort of ambiguity is the case of a court witness whosays, “Unfortunately, the truck struck Mr. Smith and fractured
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his left hip.” Another witness introduces evidence that clearly shows
that the previous witness did not think this “unfortunate” at all. Actually, he was quite pleased to see Mr. Smith injured. Did he or did he not
lie when he used the word “unfortunately”? If it is established that the
witness did not regret the accident, then clearly his use of the word “unfortunately” was deceptive. From this point of view, it might be said that
he lied. But from the point of view of the court, assuming that the statement was made underoath, the question of perjury is a hard one to answer. Perhaps the judge would reason that the use of the word “unfortunately” had no bearing on the real content of the statement. The truck
did strike Mr. Smith and did fracture his hip. The witness spoke of this
as unfortunate in order to give the impression that he regretted the incident although, in fact, he did not. But this is not relevant to the central
assertion of his sentence.
Had the witness said, “Mr. Smith was struck by the truck, and I

regret very much that this happened to him’, his statement of regret
would have been more explicit, and perhaps the question of perjury
would be more pertinent. In any case, it is apparent that it is often not
easy to decide what belongsto the cognitive content of an assertion and
what is merely a factor of noncognitive meaning. The English language
has a grammar, but it does not have rules that specify what should and
what should not be considered relevant to the truth value of a sentence.
If someone says “unfortunately” when he really does not feel regret, is
his statement false? There is nothing in an English dictionary or grammar book that will help to answer this question. Linguists can do no
more than report on how people in a culture usually take certain statements; they cannot make up rules for deciding the matter in every given
case. In the absence of such rules, it is not possible to make a precise

analysis of the cognitive content of certain ambiguousstatements.
Exactly the samedifficulty is involved in trying to decide whether a
sentence of the form “(x)(Px D Qx)” is a complete formulation of

a law or whether it leaves out something essential. Ever since philosophers of science began to formulate laws with the help of the symbol “D”, the connective of material implication, voices have been

raised against this formulation. To call something a “law of nature”,
certain philosophers have maintained, is to say much morethan that one
event follows another. A law implies that the second event must follow.
There is some sort of necessary connection between P and Q. Before

this objection can be fully evaluated, we mustfirst find out exactly what
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these philosophers mean by “necessary”, and second, whetherthis meaning belongs to the cognitive content of the statement of the law.
Many philosophers havetried to explain what they mean by “necessity” when it is applied to laws of nature. One German author, Bernhard Bavink, went so far as to maintain (in his work Ergebnisse und
Probleme der Naturwissenschaften) that the necessity in laws of nature

is a logical necessity. Most philosophers of science would deny this. In
my opinion, it is entirely wrong. “Logical necessity” means “logical
validity”. A statementis logically valid only if it says nothing whatever
about the world. It is true merely by virtue of the meanings of the terms
occurring in it. But the laws of nature are contingent; that is, for any
law, it is quite easy to describe, without self-contradiction, a sequence
of processes that wouldviolateit.
Consider the law: “Wheniron is heated, it expands.” Another law

says: “Wheniron is heated, it contracts.” There is no logical inconsistency in this second law. From the standpoint of pure logic, it is no

more invalid than the first law. The first law is accepted, rather than the
second, only because it describes a regularity observed in nature. Laws

of logic can be discovered by logiciansitting at his desk making marks
on paper or just thinking with his eyes closed. No law of nature can be
discovered in this manner. Laws of nature can be discovered only by observing the world and describing its regularities. Since a law asserts that
a regularity holds for all times, it must be a tentative assertion. It can
always be found wrong by a future observation. Laws of logic, however,
hold underall conceivable conditions. If there is a necessity in laws of
nature,it certainly is not a logical necessity.

What can a philosopher mean, then, when he speaks of necessity

in natural law? Perhaps he will say: “I mean that, when P occurs, it

cannot possibly be that Q will not follow. It must happen. It cannot be
otherwise.” But such expressions as “must happen” and “cannot be
otherwise” are just other ways of saying “necessary”, andit is still not
clear what he means. Hecertainly does not wish to reject the conditional
statement, “(x)(Px DQx)”. He agrees that it holds but finds it too

weak a formulation. He wants to strengthen it by adding something.

To clarify the issue, assume that there are two physicists, both of

whom possess the same factual knowledge and who also agree on the
same system of laws. Physicist I makes a list of these laws, expressing
all of them in the universal conditional form of (x)(Px D Ox). Heis

satisfied with this formulation and has no desire to add anything. Physi-
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cist I] makes the samelist of laws, expressing them in the same conditional form, but, in each case, he adds, “and this holds with necessity”.

The twolists will take the following form:

Physicist I
Law 1: (x) (PxDQx)
Law 2: (x)(RxDSx)

Physicist II
Law 1: (x) (PxDQx), and this holds with necessity.
Law 2: (x) (Rx DSx), and this holds with necessity.

Is there any difference between these two systemsof laws, regarding the cognitive meaning of the two systems? To answerthis, it is necessary to try to discover whetherthere is any test by which the superiority
of one system over the other can be established. This, in turn, is the
same as asking whether there is any difference in the power of the two
systems to predict observable events.
Suppose that the two physicists agree on the present state of the
weather. They have access to the same reports from the same weather
stations. On the basis of this information, together with their respective
systems of laws, they predict the state of the weather tomorrow in Los
Angeles. Since they make use of the samefacts and the same laws,their
predictions will, of course, be the same. Can physicist II, in view of the
fact that after each law he has added “and this holds with necessity”,

make more or better predictions than physicist I? Obviously, he cannot.
His additions say nothing whatever about any observable feature of any
predicted event.
Physicist I says: “If P, then Q. Today there is P; therefore, tomorrow there will be Q.” Physicist II says: “If P, then Q, and this holds with

necessity. Today there is P; therefore, tomorrowthere will be Q, say, a
thunderstorm. But, not only will there be a thunderstorm in Los Angeles
tomorrow,there must be a thunderstorm.” Tomorrow comes. If there is
a thunderstorm, both physicists are pleased with their success. If there

is no thunderstorm, they will both say: “Let’s see if we can find the
source of our error. Perhaps the reports were incomplete or faulty. Per-
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hapsoneof our laws is wrong.” Butis there any basis on which physicist
II can make a prediction that cannot also be made by physicist 1? Obviously not. The additions made by the second physicist to his list of laws
are completely without influence on the ability to make predictions. He
believes that his laws are stronger, that they say more, than the laws of
his rival. But they are stronger only in their ability to arouse an emotional feeling of necessity in the mind of the second physicist. They are
certainly not stronger in their cognitive meaning, because the cognitive
meaning of a law lies in its potentialities for prediction.
Not only is it true that no more can be predicted by the laws of
physicist II in any actual test, but no more can bepredicted in principle.
Even if we assume hypothetical weather conditions—strange conditions
that never occur on the earth but can be imagined—the two physicists
wouldstill make identical predictions on the basis of identical facts and
their respective lists of laws. For this reason, the modern empiricist takes
the position that the second physicist has added nothing significant to
his laws.
This is essentially the position taken by David Humein the eighteenth century. In his famouscritique of causality, he argued that there
is no basis for assuming that an intrinsic “necessity” is involved in any
observed cause-and-effect sequence. You observe event A, then you ob-

serve event B. What you have observed is no more than a temporal succession of events, one after the other. No “necessity” has been observed.
If you don’t observe it, Humesaid in effect, don’t assert it. It adds noth-

ing of value to the description of your observations. Hume’s analysis of
causality may not have been entirely clear or correct in all details, but,
in my Opinion, it was essentially correct. Moreover,it had the great merit
of focusing the attention of later philosophers on the inadequacy with
which causality had previously been analyzed.
Since the time of Hume, the most important analyses of causality,
by Mach, Poincaré, Russell, Schlick, and others, have given stronger

and stronger support to Hume’s conditionalist view. A statement about
a causal relation is a conditional statement. It describes an observed
regularity of nature, nothing more.
Let us turn now to another aspect of causality, an important re-

spect in which a causal relation differs from other relations. In most

cases, in order to determine whether a relation R holds between an event

or object A and an event or object B, we simply study A and B carefully to see if the relation R obtains. Is building A taller than building B?

202

Causality and Determinism

Weinspect the two buildings and reach a conclusion. Is wallpaper C a
darker shade of blue than wallpaper D? It is not necessary to examine
other samples of wallpaper to answer this question. We study C and D,
under normallighting, and reach a decision on the basis of our under-

standing of what is meantby “darker shadeof blue”. Is E a brother of F?
Perhaps they do not know whether they are brothers. In this case we
must study their antecedent history. We go backinto their past and try
to determine whether they had the same parents. The important point
is that there is no need to study other cases. We examine only the case
at hand to determine whethera certain relation holds. Sometimes this
is easy to determine, sometimes extremely difficult, but it is not necessary to examine other cases to decide whether the relation holds for the
case in question.
With respect to a causal relation, this 1s not so. To determine
whether a certain causal relation holds between A and B,it is not suffi-

cient merely to define a relation and then study the pair of events. That
is, theoretically, it is not sufficient. In actual practice, because we possess
a great deal of knowledge about other events, it is not always necessary
to examine other events before saying that a causal relation holds between A and B. The relevant laws may beso obvious, so familiar, that

they are tacitly assumed. It is forgotten that these laws are accepted only
because of many previous observations of cases in which the causal relation held.
Suppose I see a stone moving toward a window,striking the pane,

and then the glass splintering into a thousand pieces. Wasit the impact
of the stone that caused the destruction of the pane? I say that it was.
You ask: how do you knowthis? I reply: it was obvious. I saw the stone
hit the window. Whatelse could have caused the glass to break? But
note that my very phrase, “what else”, raises a question of knowledge
concerning other events in nature similar to the event in question. From
early childhood we have observed hundredsof cases in which glass was
shattered by a strong impact of some sort. We are so accustomedto this
sequence of events that when we see a stone moving toward a window
we anticipate the breaking of the glass even before it happens. The stone
hits the pane. The pane shatters. We take for granted that the impact of
the stone caused the shattering.
But think how easyit is to be deceived by appearances. You watch
a TV western movie and see the villain point his pistol at another man
and pull the trigger. The sound of a shot is heard, and the other man
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falls down dead. Whydid he fall? Because he was struck by a bullet. But
there was no bullet. Even the sound of the shot may have been dubbed
in later onto the film’s sound track. The causal sequence you thought
you observed was entirely illusory. It was not there atall.
In the case of the stone and window,perhapsthe stone struck a
hard, invisible plastic surface in front of the window. The surface did
not break. However, just as the stone hit this surface, someone inside

the house, to deceive you, shattered the window by some other means.

It is possible, then, to be deceived, to believe that a causal relation holds
when, in fact, it does not. In this case, however, such deceptions are

ruled out as improbable. Experience of similar events in the past makes
it likely that this is another instance of glass being shattered by a moving
object. If there is a suspicion of deception, a more thoroughstudy of the

case is made.
The essential point here is this: whether we observe the case superficially and conclude that the stone did, in fact, break the glass, or

whether we suspect deception and study it in more detail, we are always
doing more than studying just the one case. We are bringing to bear
upon it many hundredsof other cases of a similar nature that have been
experienced in the past. It is never possible to assert a causal relation
on the basis of observing one case alone. As children we see things happen in temporal sequences. Gradually, over the years, we form impressions of certain regularities that occur in our experience. A drinking
glass is dropped. It breaks. A baseball strikes the window of a car. The
window cracks. In addition, there are hundreds of similar experiencesin
which fragile material similar to glass, a porcelain saucer, for example,

is shattered by a blow. Without such experiences, the observation of the
stone and windowpane wouldnotbe interpreted as a causalrelation.
Suppose that, at some future date, all window glass is made so that
it can be shattered only by an extremely high frequency sound. If this
knowledge provided the background of our experience, and we saw a
windowpaneshatter when a stone struck it, we would exclaim: “What a
strange coincidence! At the very instant that the stone struck the glass,
someone inside the building produced a high frequency sound that shattered the glass!”It is apparent, then, that a peculiar feature of the causal

relation, distinguishing it from other relations, is that it cannot be established by the inspection of only one concrete case. It can be established
only on the basis of a general law, which, in turn, is based on many ob-

servations of nature.
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When someoneasserts that A caused B,heis really saying that this

is a particular instance of a general law that is universal with respect to
space andtime. It has been observed to hold for similar pairs of events,
at other times andplaces, so it is assumedto hold for any time orplace.
This is an extremely strong statement, a bold leap from a series of particular instances to the universal conditional: for every x, if Px then Qx.
If Pa is observed, then, together with the law, Qa logically follows. The
law could not be asserted had there not been many previous observations; this is the way in which the causalrelation is fundamentally differ-

ent from other relations. In the case of the relation, “object x is inside
box y”, one examination of a particular box b is sufficient to determine
whether a particular object a is inside. But, to determine whether the
cause-effect relation holds in a particular instance,it is not sufficient to
examine that one instance. A relevant law mustfirst be established, and

this requires repeated observations of similar instances.
From mypoint of view,it is more fruitful to replace the entire discussion of the meaning of causality by an investigation of the various
kinds of laws that occur in science. When these laws are studied,it is a

study of the kinds of causal connections that have been observed. The
logical analysis of laws is certainly a clearer, more precise problem than
the problem of what causality means.
To understand causality from this modern point of view,it is instructive to consider the concept’s historical origin. I have made no
studies of my own in this direction, but I have read with interest what
Hans Kelsen has written aboutit.! Kelsen is now in this country, but, at
one time, he was a professor of constitutional and international law at

the University of Vienna. When the revolution came in 1918 and the
Austrian Republic was founded the following year, he was one of the
main authors of the Republic’s new constitution. In analyzing philosophical problems connected with law, he apparently becameinterested
in the historical origins of the concept of causality.
It is often said that there is a tendency for human beings to project
their own feelings into nature, to suppose that natural phenomenalike
rain and wind and lightning are animated and act with purposes similar
to those of a human.Is this, perhaps, the origin of the belief that there
are “forces” and “causes” in nature? Kelsen became convinced thatthis
1 Kelsen’s views are expressed in his paper, “Causality and Retribution,” Philos-

ophy of Science, 8 (1941), and developed in greater detail in his book, Society and

Nature (Chicago,Ill.: University of Chicago Press, 1943).
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analysis of the origin of the concept of causality, plausible though it
seems, is too individualistic. In his studies of the concept’s first appearance, in ancient Greece, he found that the social order, not the indi-

vidual, served as the model. This is suggested by the fact that, from the
beginning, and even today, the regularities of nature are called “lawsof
nature”, as if they were similar to lawsin the political sense.

Kelsen explained it this way. When the Greeks began their systematic observations of nature and noticed various causal regularities,
they felt that a certain necessity was behind the phenomena. They
looked on this as a moral necessity analogous to the moral necessity
in relations between persons. Just as an evil deed demands punishment
and a good deed demands reward, so a certain event A in nature demands a consequentB to restore a harmoniousstate of things, to restore
justice. If it gets colder and colder in the autumn, reaching an extreme
of cold in winter, then the weather, so to speak, gets out of balance. To

restore the balance, the rightness of things, the weather must now grow
warmer and warmer. Unfortunately, it goes to the other extreme and
gets too hot, so the cycle must be repeated. When nature moves too far
away from a balanced, harmonious state of affairs, analogous to the

harmonious society, the balance must be restored by an opposite trend.
This concept of a natural order or harmonyreflected the Greek love of
social order and harmony, their love of moderation in all things, their
avoidance of extremes.
Consider the principle that cause and effect must in some way be
equal. The principle is embodied in many physical laws, such as Newton’s law that action is accompanied by an equal reaction. It has been
stressed by many philosophers. Kelsen believes that this was originally
an expression of the social belief that a punishment must equal the
crime. The more atrocious the crime, the more severe the punishment.
The greater the good deed, the greater the reward. Such a feeling,
grounded in a social structure, was projected upon nature and became
a basic principle of natural philosophy. “Causa aequat eflectum”, the
medieval philosophers expressed it. Among metaphysical philosophers
today, it still plays an importantrole.
I remembera discussion I once had with a man whosaid that the
Darwinian theory of evolution could be rejected completely on metaphysical grounds. There was no way, he maintained, by which lowly
organisms, possessing a very primitive quality of organization, could
develop into higher organisms, with higher organization. Such a develop-
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ment would violate the principle of the equality of cause and effect.
Only Divine interference could account for the change. Belief in the
causa aequat effectum principle was so strong for this man that he rejected a scientific theory because he supposed that it violated the principle. He did not attack the theory of evolution by evaluating its evidence. He simply rejected it on metaphysical grounds. Organization
cannot come from nonorganization, because causes must equal effects;
a higher Being must be invoked to explain evolutionary development.
Kelsen supports his viewpoint with some interesting quotations
from Greek philosophers. Heraclitus, for example, speaks of the sun

as moving through the sky in obedience to “measures”, by which the
philosopher meansthe prescribed limits of its path. “The sun will not
overstep his measures”, Heraclitus writes, “but if he does, the Erinyes,

the handmaiden ofDike,will find him out.” The Erinyes were the three
demons of revenge, and Dike was the goddess of human justice. The
regularity of the sun’s path, then, is explained in terms of the sun’s
obedience to a moral law decreed by the gods. If the sun disobeys and
steps out of line, retribution will catch up with him.
On the other hand, there were some Greek philosophers who

strongly opposedthis view. Democritus, for example, regarded the regularities of nature as completely impersonal, not connected in any way
with divine commands. He probably thought of these laws as possessing
an intrinsic, metaphysical necessity; nevertheless, this step from the per-

sonal necessity of divine commands to an impersonal, objective necessity was a great step forward. Today, science has eliminated the concept of metaphysical necessity from natural law. But, in Democritus’
time, his view was an important advance over the view of Heraclitus.

In Philipp Frank’s book on causality, Das Kausalgesetz und seine

Grenzen (published in Vienna in 1932 and nottranslated into English),

he points out that it is often instructive to read the prefaces of scientific textbooks. In the body of such a book, the author may be entirely
scientific, careful to avoid all metaphysics. But prefaces are more personal. If the author has a hankering for the older, metaphysical way
of looking at things, he may feel that his preface is the proper place to
tell his readers what science is really all about. Here you may discover
whatsort of philosophic notions the author had in the back of his head
when he wrote his textbook. Frank quotes from the preface of a contemporary physics text: “Nature never violates the laws.” This seems
innocent enough, but when it is carefully analyzed, it is seen to be a
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most curious remark. Whatis curious is not the belief in causality, but
the way in whichit is expressed. He does not say that sometimes there
are miracles, exceptions to causal law. In fact, he explicitly denies this.
But he deniesit by saying that nature never violates the laws. His words
imply that nature has some sort of choice. Certain laws are given to
nature. Nature could, from time to time, violate one of them; but, like

a good, lawful citizen, she never does. If she did, presumably the
Erinyes would arrive on the scene and set her back on the right path.
You see, there still lingers here the notion of laws as commands. The
author would, of course, be insulted if you attributed to him the old
metaphysical view that laws are given to nature in such a way that
nature can obey or disobey. But, from the way he chose his words, the
old point of view muststill be lingering in his mind.
Suppose that on visiting a city for the first time you use street
map to help you find your way about. Suddenly you discover a clear
discrepancy between the map and the city’s streets. You do notsay,
“The streets are disobeying the law of the map.” Instead you say, “The
map is wrong.” This is precisely the situation of the scientist with respect
to what are called the laws of nature. The laws are a map of nature
drawn by the physicists. If a discrepancy is discovered, the question is
never whether nature disobeyed; the only question is whether the physicists made an error.
Perhaps it would be less confusing if the word “law” were not used
at all in physics. It continues to be used, because there is no generally
accepted word for the kind of universal statement that a scientist uses
as the basis for prediction and explanation. In any case, it should be
kept clearly in mind that, when a scientist speaks of a law, he is simply
referring to a description of an observed regularity. It may be accurate,
it may be faulty. If it is not accurate, the scientist, not nature, is to

blame.

eunsren 2]
The Logic of
Causal Modalities

BEFORE GOING DEEPERinto the nature of scientific laws, I should like to clarify some previous brief
remarks on Hume.I believe that Hume was right in saying that there
is no intrinsic necessity in a causal relation. However, I do not deny
the possibility of introducing a necessity concept, provided it is not a
metaphysical concept but is a concept within the logic of modalities.
Modal logic is a logic that supplements the logic of truth values by
introducing such categories as necessity, possibility, and impossibility.
Great care must be taken to distinguish among logical modalities (logically necessary, logically possible, and so on) and causal modalities
(causally necessary, causally possible, and so on), as well as many

other kinds of modalities. Only the logical modalities have been studied
extensively. The best known work in this field is the system ofstrict
implication developed by C. I. Lewis. I myself once published a paper
on this topic. But in reference to the causal relation, it is not logical
modality but causal modality with which we must be concerned.
In my opinion, a logic of causal modalities is possible. So far, very
little work has been done in this field. The first attempt to develop a
208
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system of this type seems to have been by Arthur W. Burks.’ He proposes an axiom system, but an extremely weak one. Actually, he does
not specify under what conditions a universal statement would be regarded as causally necessary. Others have attacked essentially the same
problem butin a different terminology. For instance, Hans Reichenbach
has doneso in hislittle book, Nomological Statements and Admissible
Operations.” A great many articles have dealt with the problem of
“counterfactual conditionals”, a problem closely connected with this

one.

A counterfactual conditional is an assertion that, if a certain event

had not taken place, then a certain other event would have followed.
Obviously, the meaning of this assertion cannot be conveyed in a symbolic language by using the truth-functional conditional (the symbol
“> ”’) in the sense in whichit is ordinarily used. An attempt to analyze
the precise meaning of counterfactual-conditional statements raises a
variety of difficult problems. Roderick M. Chisholm (1946) and Nelson
Goodman (1947) were amongthefirst to write about this.* Since then,

many authors have followed with other papers.
Exactly what is the connection between the problem of counter-

factual conditionals and the problem of formulating a modal logic that

will include the concept of causal necessity? The connection lies in the
fact that a distinction must be made between two kinds of universal
statements. On the one hand, there are what may be called genuine
laws, such as the laws of physics, which describe regularities universal
in space and time. On the other hand, there are universal statements,
which are not genuine laws. Various terms have been proposed for

them; sometimes they have been called “accidental” universals. An

example is, “All the coins in my pocket on January 1, 1958, were
silver”. The essential difference between the two kinds of universal
1 See Burks’s paper, “The Logic of Causal Propositions,” Mind, 60 (1961), 363-

382.

2 Hans Reichenbach, Nomological Statements and Admissible Operations (Amster-

dam: North-Holland Publishing Co., 1954); reviewed by Carl G. Hempel, Journal
of Symbolic Logic, 20 (1956), 50-54.

®On counterfactual conditionals see Chisholm’s paper, “The Contrary-to-Fact
Conditional,” Mind, 55 (1946), 289-307, reprinted in Herbert Feigl and Wilfrid

Sellars, eds., Readings in Philosophical Analysis (New York: Appleton-Century-

Crofts, 1953), and Nelson Goodman’s “The Problem of Counterfactual Conditionals,” Journal of Philosophy, 44 (1947), 113-128, reprinted in his Fact, Fiction,
and Forecast (Cambridge: Harvard University Press, 1955). Ernest Nagel dis-

cusses the topic in his The Structure of Science (New York: Harcourt, Brace and
World, 1961), pp. 68-73, and cites more recent references.
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statements can best be understood by considering counterfactual statementsrelating to them.
Considerfirst a genuine law, the law of gravitation. It permits me
to assert that, if I drop a stone, it will fall toward the earth with a cer-

tain acceleration. I can make a similar statement in counterfactual
form by saying: “Yesterday I held a stone in my hand.Butif I had not

held it, that is, if I had withdrawn my hand,it would havefallen to the

earth.” This statement does not describe what actually happened,

but what would have happened,if I had not held the stone. I make this

assertion on the basis of the law of gravitation. The law may not be
explicitly invoked, but it is tacitly assumed. By stating the law, I give
my reason for believing in the counterfactual statement. Clearly, I do
not believe it because I saw it happen. It did not happen. But it is
reasonable to assert the counterfactual becauseit is based on a genuine
law of physics. The law is considered sufficient justification for the
counterfactual.
Can the same be donewith the second type of universal statement,

the accidental universal? It is apparent at once that it would be absurd.
SupposeI say, “If this penny here had been in my pocket on thefirst
of January, 1958, it would have been madeofsilver.” Clearly, the substance of this penny is not dependent on whetheror notI had it in my
pocket on certain dates. The universal statement, “All coins in my
pocket on January 1, 1958, were silver”, is not an adequate basis for

asserting a counterfactual. It is evident, then, that some universalstate-

ments furnish a reasonable basis for a counterfactual, while other uni-

versal statements do not. We may be convinced that a universal state-

mentof the accidental type is true; nevertheless, we would not regardit

as law.It is essential to keep this distinction in mind when the meaning
of counterfactuals is analyzed. It is also involved in the problem of non-

logical, or causal, modalities.

The guiding idea in my approach to the problem is as follows.
Let us assume someone proposes a statement as a new law ofphysics.It
is not known whetherthe statementis true or false, because the observa-

tions made so far are insufficient; but it is universal, because it says

that, if a certain event occurs at any time or place, a certain other event
will follow. By inspecting the form of the statement, it can be decided

whether the statement would be called a genuine law if it were true. The
question of whether the law is or is not true is irrelevant; the pointis
only whether it has the form of a genuine law. For instance, someone
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proposes a law of gravitation that says the force of gravity diminishes
with the third power of the distance. This is obviously false; that is, in
this universe, it does not hold. But it is easy to conceive of a universe

in which it would hold. Therefore, instead of classifying statements into
nomological statements or genuine laws (which implies that they are
true) and non-nomological statements, I prefer to divide statements, regardless of their truth, into these two classes: (1) statements that have
a lawlike form (sometimes called “nomic form’) and (2) statements

that do not. Each class includes true and false statements. The statement, “Gravity decreases with the third power of the distance”, is of
the first kind. It is lawlike even though not true and, therefore, not a

law. The statement, “On January 1, 1958, all the men in Los Angeles
wore purple neckties”, is of the second kind. Even if it happened to be
true, it would still not express a law but only an accidental state of

affairs at one particular time.
It is my conviction that the distinction between these two kinds
of statements can be precisely defined. This has not yet been done, but,

if it were done, I have a hunch—I will not put it more strongly—that

it would be a purely semantic distinction. What I meanis that, if someone presents me with a universal statement S and if I have made the
distinction between the two types sufficiently clear to myself, I would
not have to perform any experiments to decide which kind thestatement is. I would merely ask myself: If the world were such that S is
true, would I regard it as a law? To put the question moreprecisely:
Would I regard it as a basic law. Later I will explain my reason for
making this distinction. Now I wish only to make clear what I mean
by “having the form of a possible basic law”, or, more briefly, “having
nomic form’.

The first condition for a statement having nomic form was made
clear by James Clerk Maxwell, who, a century ago, developedthe classic

electromagnetic theory. He pointed out that the basic laws of physics
do not speak of any particular position in space or point in time. They
are entirely general with respect to space and time; they hold every-

where, at all times. This is characteristic only of basic laws. Obviously

there are many important technical and practical laws that are not of
this kind. They stand in a position that is between basic laws and accidentals, but they are not entirely accidental. For example: “All the
bears in the North Polar region are white.” This is not a basic law,
because the facts could be quite otherwise. On the other hand, neither
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is it quite accidental; certainly, it is not so accidental as the fact that all
the coins in my pocket were silver on a certain date. The statement
about the polar bears is dependent on a variety of basic laws that determine the climate near the North Pole, the evolution of bears, and other
factors. The color of the bears is not accidental. On the other hand, the

climate may change during the next million years. Other species of
bears, with different-colored fur, may evolve near the Pole or move
there. The statement about the bears cannot, therefore, be called a

basic law.
Sometimes a law is thought to be basic but later proves to be
limited to a time or place or to certain conditions. Nineteenth-century
economists spoke of laws of supply and demand as though they were
general economic laws. Then the Marxists came along with their criticisms, pointing out that these laws were true for only a certain type of
market economy but were in no sense laws of nature. In many fields—
biology, sociology, anthropology, economics—there are laws that seem
at first to hold generally, but only because the author did not look beyondthe limits of his country, or his continent, or his period of history.

Laws thoughtto express a universal moral behavior or universal forms
of religious worship turned out to be limited laws when it was discovered
that other cultures behaved differently. Today,it is suspected that there
may be life on other planets. If so, many laws of biology, which are
universal with respect to living things on earth, may not apply to life
elsewhere in the galaxy. Apparently, then, there are many lawsthat are
not accidental, but that hold only in certain limited regions of spacetime and not universally. It is necessary to distinguish between those
laws and the universal laws. The laws called the laws of physics are
believed to hold everywhere. Maxwell, when he formulated his equations for electromagnetism, was convincedthat they obtained not only in
his laboratory, but also in any laboratory, and not only on the earth,
but also in space and on the moon and on Mars. He believed he was
formulating laws that were universal throughout the universe. Although
his laws have been somewhat modified by quantum mechanics, they
have only been modified. In essential respects, they are still regarded
as universal, and, whenever a modern physicist states a basic law, he

intends it to be universal. Such basic laws must be distinguished from
spatio-temporally restricted laws and from derivative laws that hold only
for certain kinds of physical systems, certain substances, and so forth.
The problem of defining precisely what is meant by nomic form,
that is, the form of a possible basic law, has not yet been settled. Cer-
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tainly Maxwell’s condition that the law apply to all times and places
must be part of the definition. There should be other conditions. Several
have been proposed, but philosophers of science are not yet agreed on
exactly what these additional conditions should be. Putting aside this
unsolved problem, let us assume that there is an exact definition of
nomic form. I shall now indicate how, in my view, that nomic form can

provide the basis for defining some other important concepts.
First, I define a basic law of nature as a statement that has nomic

form andis also true. The reader may feel uneasy about this definition.
Some of my friends contended that an empiricist should never speak
about a law beingtrue; a law refers to infinitely many instances, through-

out all space and time, and no humanbeingis ever in a position to know
with certainty whether it holds universally or not. I agree. But a clear
distinction must be made between certainty and truth. There is never,

of course, any certainty. Indeed, there is less certainty with respect to a
basic law than to a singular fact. I am morecertain that this particular
pencil has just dropped from my hand to the desk than I am about the
universality of laws of gravitation. That does not, however, prevent one

from speaking meaningfully of a law being true or not true. There is no
reason why the concept of truth cannot be used in defining what is
meantby a basic law.
Myfriends argued that they would prefer to say, instead of “true”,
“confirmed to a high degree”. Reichenbach, in his book Nomological
Statements and Admissible Operations, cited earlier, comes to the same
conclusion, althoughin different terminology. By “true”, he means “well
established” or “highly confirmed on the basis of available evidenceat
some timein the past, present, or future”. But this is not, I suspect, what

scientists mean when they speak of a basic law of nature. By “basic
law”, they mean something that holds in nature regardless of whether
any human being is aware of it. I am convinced that this is what most
writers of the past as well as most scientists today mean when they
speak of a law of nature. The problem of defining “basic law” has nothing to do with the degree to which a law has been confirmed; such confirmation can never, of course, be complete enough to provide certainty.
The problem is only concerned with the meaning that is intended when
the concept is used in the discourse ofscientists.
Many empiricists become uneasy when they approach this question. They feel that an empiricist should never use a terribly dangerous
word like “true”. Otto Neurath, for instance, said that it would be a

sin against empiricism to speak of laws as true. American pragmatists,
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including William James and John Dewey, held similar views. In my
opinion, this judgment is explained by a failure to distinguish clearly
between two different concepts: (1) the degree to which a law is established at a certain time and (2) the semantic concept of the truth of a
law. Once this distinction is made andit is realized that, in semantics,

a precise definition of truth can be provided, there is no longer any
reason for hesitating to use the word “truth” in defining a “basic law of
nature”.
I would propose the following definition: a statement is causally
true, or C-true, if it is a logical consequence of the class of all basic
laws. Basic laws are defined as statements that have nomic form and
are true. Those C-true statements that have universal form are laws in
the widersense, either basic laws or derivative laws. The derivative laws
include those restricted in space and time, such as the laws of meteor-

ology on the earth.
Consider the following two statements. “In the town of Brookfield,
during March 1950, on every day when the temperature stood below
the freezing point from midnightto five A.M., at five A.M. the town pond
was covered with ice.” This is a derivative law. Compare it with the
second statement, which runs like the first, except at the end: “.. .

then, in the afternoon, a football game took place in the stadium”. This
statementis also true. There was a football game every Saturday, and
the specified temperature condition happened to be fulfilled only twice
in March 1950, both times on a Saturday morning. Thus, the second
statement, although true and possessing the same logical form as the

first, is not a law. It is merely an accidental universal. This example
shows that amongrestricted statements of universal form, although
assumedtrue, the distinction between laws (in this case derivative) and

accidental universals cannot be made on the sole basis of a semantic
analysis of the statements. In my opinion, this distinction can be made
only indirectly, with the help of the concept of basic law. A derivative
law is a logical consequence of the class of basic laws; the accidental
statement is not. However, the distinction between the forms of basic

Jaws and accidental universals can be made, I think, by a purely
semantic analysis, without the use of factual knowledge.
In my book Meaning and Necessity’ I defend the view that logical
modalities are best interpreted as properties of propositions, analogous
4 Rudolf Carnap, Meaning and Necessity: A Study in Semantics and Modal Logic
(Chicago: University of Chicago Press, 1947); rev. ed., with new preface, hard-

cover (1956), paperback (1960).
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to certain semantic properties of statements that express those propositions. Suppose that a statement S; in a language L expresses the proposition p;; then p, is a logically necessary proposition if and only if S; is

L-true in language L (I use the term “L-true” for “logically true”). The
following two statements are therefore equivalent:
(1) S, is L-true (in L).
(2) py, is logically necessary.

In other words, to say that a proposition is logically necessary is
the same as saying that any statement expressing the proposition is
L-true. The semantic L-concepts (L-truth, L-falsity, L-implication, L-

equivalence) can be defined for languages that are sufficiently strong to
contain all mathematics and physics, so the problem of the interpretation of logical necessity has been solved. The best approach to other
modalities, in particular, to causal modalities, is, in my view, by way of
analogy with this one.
As an example of what I mean, consider the difference between
statements (1) and (2) above. “S,” is the name of a sentence, therefore, (1) is a statement in the metalanguage. On the other hand, (2) is

an object language statement, although not in an extensional object language. It is an object language with connectives that are not truthfunctions. To put sentence (2) in symbolic form, write:

(3) N(p1)
This means“p, is a logically necessary proposition.”
In an analogous fashion, I would first define “nomic form”, then
“basic law”, and finally “C-true” (causally true). These are all semantic concepts. Thus if we have the statement:
(4) S, is C-true,
I would say that the proposition expressed by S; is necessary in a causal
sense. This can be written as:
(5) py is causally necessary.

Or, in symbolic form:
(6) No(p1)

As I define the terms, the class of causally necessary propositions
is comprehensive. It contains the logically necessary propositions. In
my view, this is more convenient than other ways of defining the same
terms, but it is, of course, merely a matter of convenience. The subject
of causal modalities has not been much investigated. It is a vast, com-

plicated topic, and we shall not go into any further technicalities here.

cuarter 22
Determinism and
Free Will

“CAUSALITY”and “causal structure of the
world” are terms I prefer to use in an extremely wide sense. Causal
laws are those laws by which events can be predicted and explained.
Thetotality of all these laws describes the causal structure of the world.
Of course, everyday speech does not speak of A causing B unless
B is later in time than A and unless thereis a direct line of causal events
from A to B. If a humanfootprint is seen on the sand, it can be inferred
that someone walkedacross the sand. It would notbe said that the footprint caused someone to walk across the sand, even though the walking
can be inferred from the footprint on the basis of causal laws. Similarly,
when A and B are the end results of long causal chains that trace back
to a commoncause,it is not said that A caused B. If it is daytime, the
arrival of night can be predicted because day and night have a common
cause, but it is not said that one causes the other. After looking at a
timetable, it can be predicted that a train will arrive at a certain time;

the entry in the table is not thought to cause the train’s arrival. Here
again, the two events trace back to a commoncause. A decision by the
management of the railroad company started two separate chains of
216
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causally related events that culminated in A and B. When weread the
timetable we make a causal inference that traces back along one chain
and forward alongthe other, but this is such an indirect process that we

do not say B is caused by A. Nevertheless, the process is a causal inference. There is no reason why the term “causal law” cannot be used
in a comprehensive way that applies to all the laws by which certain
events are predicted and explained on the basis of other events, regardless of whether inferences go forward or backin time.
In the context of this point of view, what can be said about the

meaning of the term “determinism”? In my opinion, determinism is a
special thesis about the causal structure of the world. It is a thesis that
maintains that this causal structure is so strong that, given a complete
description of the entire state of the world at one instant in time, then
with the help of the laws, any event in the past or future can be calculated. This was the mechanistic view held by Newton and analyzed in
detail by Laplace. It includes, of course, within the description of an
instantaneousstate of the world, not only a description of the position
of every particle in the world, butalso ofits velocity. /f the causal structure of the world is strong enough to permit this thesis—and I have
stated the thesis as Laplace stated it—it can be said that this world has
not only a causal structure, but, more specifically, a deterministic

structure.
In present-day physics, quantum mechanics has a causal structure
that most physicists and philosophers of science would describe as not
deterministic. It is, so to speak, weaker than the structure of classical

physics because it contains basic laws that are essentially probabilistic;
they cannot be given a deterministic form like: “If certain magnitudes
have certain values, then certain other magnitudes have exactly specified
other values.” A statistical or probabilistic law says that if certain magnitudes have certain values, there is a specific probability distribution
of the values of other magnitudes. If some basic laws of the world are
probabilistic, the thesis of determinism does not hold. Today, it is true

that most physicists do not accept determinism in the strict sense in
which the term has been used here. Only a small minority believe that
physics may some day come back to it. Einstein himself never abandoned this belief. He was convinced throughouthis life that the present
rejection of determinism in physics is only a temporary phase. At present, it is not known whether Einstein was right or wrong.
The problem of determinism is, of course, closely connected in the
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history of philosophy with the problem of free will. Can a man choose
between different possible actions, or is his feeling that he has freedom
of choice a delusion? No detailed discussion of this question will be
given here, because, in my opinion, it is not affected by any of the
fundamental concepts or theories of science. I do not share Reichenbach’s opinion that, if physics had retained the classical position of
strict determinism, we could not meaningfully speak of making a choice,
uttering a preference, making a rational decision, being held responsible
for our acts, and so on.I believe that all those things are entirely meaningful, even in a world that is deterministic in the strong sense.’
The position I reject—the position held by Reichenbach and
others—can be summarized as follows. If Laplace is right—thatis, if

the entire past and future of the world is determined by any given temporal cross section of the world—then “choice” has no meaning. Free
will is an illusion. We think we have a choice, that we make up our

minds; actually, every event is predetermined by what happenedbefore,
even before we were born. To restore meaning to “choice”, therefore, it
is necessary to look toward the indeterminacy of the new physics.
I object to this reasoning, because I think it involves a confusion
between determination in the theoretical sense, in which an event is

determined by a previous event according to laws (which means no
more than predictability on the basis of observed regularities), and compulsion. Forget for the momentthat, in present-day physics, determinism
in the strongest sense does not hold. Think only of the nineteenthcentury view. The commonly accepted view of physics was that stated
by Laplace. Given an instantaneous state of the universe, a man who
possessed a complete description of that state, together with all the laws
(of course there is no such man, but his existence is assumed), then he

could calculate any event of the past or future. Even if this strong view
of determinism holds, it does not follow that the laws compel anyone
to act as he does. Predictability and compulsion are two entirely different things.

1 A detailed discussion of this question, from a standpoint with which I agree, can
be found in the paper, “Freedom of the Will,” which appeared in the volume
Knowledge and Society, edited by the University of California Associates (New
York: Appleton-Century Co., 1938). The authors of the paper are identical with
the anonymous editors of the volume; but I understand that the late Paul Mar-

henke was the leading co-author. Since the main points of the paper are in good
agreement with the views of Moritz Schlick, who was a visiting professor at
Berkeley prior to the publication of this paper, I believe that the paper showsthe

effect of his influence.
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To explain this, consider a prisoner in a cell. He would like to
escape, but he is surrounded by thick walls and the dooris locked. This
is real compulsion. It can be called negative compulsion becauseit reStrains him from doing something he wants to do. Therealso is positive
compulsion. I am stronger than you and you havea pistol in your hand.
You may not want to use it, but if I grab your hand, point the pistol
at someone, and forcibly press yourfinger until it pulls the trigger, then
I have compelled you to shoot, to do something you did not wish to do.
The law will recognize that I, not you, am responsible for the shooting.
This is positive compulsion in a narrow physical sense. In a wider sense,

one person can compel anotherby all sorts of nonphysical means, such
as by threatening terrible consequences.
Now compare compulsion, in these various forms, with determina-

tion in the sense of regularities occurring in nature. It is known that
humanbeings possess certain character traits which give a regularity to
their behavior. I have a friend who is extremely fond of certain musical
compositions by Bach that are seldom performed. I learn that a group
of excellent musicians are giving a private performance of Bach,at the
homeof a friend, and that some of these compositions are on the pro-

gram. I am invited and told I may bring someone. I call my friend,
but before I do this, I am almost certain that he will want to go. Now
on what basis do I makethis prediction? I make it, of course, because

I know his character traits and certain laws of psychology. Supposethat
he actually comes with me, as I had expected. Was he compelled to go?
No, he went of his own free will. He is never freer, in fact, than when

given a choiceofthis sort.
Someone asks him: “Were you compelled to go to this concert?
Did anyone exert any sort of moral pressure on you, such astelling you
that the host or the musicians would be offended if you did not come?”
“Nothing of the kind”, he replies. “No one exerted the slightest
pressure. I am very fond of Bach. I wanted very much to come. That
was the reason I came.”

The free choice of this man is surely compatible with the view of

Laplace. Evenif total information about the universe, prior to his de-

cision, made it possible to predict that he would attend the concert, it

still could not be said that he went under compulsion. It is compulsion
only if he is forced by outside agents to do something contrary to his
desire. Butif the act springs from his own character in accordance with
the laws of psychology, then we say that he acted freely. Of course
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his character is molded by his education, by all the experiences he has
had since he was born, but that does not prevent us from speaking of
free choices if they spring from his character. Perhaps this man who
liked Bach also liked to take walks in the evening. On this particular

evening he wished to hear Bach even more than to take his walk. He

acted according to his own system of preferences. He made free
choice. This is the negative side of the question, a rejection of the notion
that classical determinism would make it impossible to speak meaningfully of free humanchoices.
The positive side of the question is equally important. Unless there
is causal regularity, which need not be deterministic in the strong sense,
but may be of a weaker sort, unless there is some causal regularity, it
is not possible to make a free choice at all. A choice involves a deliberate preference for one course of action over another. How could a
choice possibly be made if the consequences of alternative courses of
action could not be foreseen? Even the simplest choices depend onforeseeing possible consequences. A drink of water is taken because itis
knownthat, according to somelawsof physiology, it will assuagethirst.
The consequences are, of course, known only with varying degrees of
probability. Even if the universe is deterministic in the classical sense,
this is still true. Sufficient information to be able to predict with certainty is never available. The imaginary man in Laplace’s formulation
can make perfect predictions, but no such man exists. The practical
situation is that knowledge of the future is probabilistic, regardless of
whether determinism does or does not hold in the strong sense. But in
order to make any sort of free choice, it must be possible to weigh the
probable results of alternative courses of action; this could not be done
unless there wassufficient regularity in the causal structure of the world.
Without such regularities, there would be no moral responsibility or
legal responsibility. A person whois unable to foresee the consequences
of an act certainly could not be held responsible for that act. A parent,
a teacher, a judge regards a child as responsible only in those situations
in which the child can foresee the consequences of his acts. Without
causality in the world, there would be no point in educating people, in
making any sort of moral or political appeal. Such activities make sense
only if a certain amountof causal regularity in the world is presupposed.
These views may be summarized in this fashion. The world has a
causal structure. It is not known whetherthis structure is deterministic
in the classical sense or of a weaker form. In either case there is a high
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degree of regularity. This regularity is essential to what is called choice.

Whena person makes a choice, his choice is part of one of the world’s
causal chains. If no compulsion is involved, which meansthat the choice
is based on his own preference, arising out of his own character, there

is no reason for notcalling it a free choice. It is true that his character
caused him to choose as he did, and, this in turn, is conditioned by

previous causes. But there is no reason for saying that his character
compelled him to choose as he did, because the word “compel” is de-

fined in terms of outside causal factors. Of course, it is possible for a

psychotic to be in a highly abnormal mentalstate; it could be said that
he committed a crime because his nature compelled him to do so. But
the term “compel” here is used becauseit is felt that his abnormality
prevented him from seeing clearly the consequences of various courses
of action. It rendered him incapable of rational deliberation and decision. There is a serious problem here of whereto draw the line between
premeditated, willful behavior, and actions compelled by abnormal mental states. In general, however, free choice is a decision made by some-

one capable of foreseeing the consequences of alternative courses of
action and choosing that which he prefers. From my point of view there
is no contradiction between free choice, understood in this way, and
determinism, even of the strong classical type.
In recent years, a numberof writers have suggested that indeterminate quantum jumps, which most physicists believe to be random in
a basic sense, may play a role in decision making.? Now it is quite true
that under certain conditions a microcause, such as a quantum jump,
can lead to an observable macroeffect. In an atom bomb, for example,

a chain reaction is set off only when a sufficient numberof neutrons are
freed. It is also possible that in the human organism, more so than in
most inanimate physical systems, there are certain points where one
single quantum jump can lead to an observable macroeffect. But it is
not likely that these are points at which human decisions are made.
Think for a moment of a humanbeingat the instant of making a
decision. If, at this point, there is the type of indeterminacy exhibited

by a quantum jump, then the decision made at that point would be
equally random. Such randomnessis of no help in strengthening the
meaning of the term “free choice”. A choice like this would not be a
2 Henry Margenau makesthis point in his Open Vistas: Philosophical Perspectives
of Modern Science (New Haven: Yale University Press, 1961). Philipp Frank,

Philosophy of Science (Englewood, N.J.: Prentice-Hall, 1957), Chapter 10, Sec-

tion 4, gives quotations from many authors on both sides of the controversy.
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choice at all, but would be a chance, haphazard decision, as though a

decision between two possible courses of action were made byflipping
a penny. Fortunately, the range of indeterminacy in quantum theory is
extremely small. If it were much greater, there might be times when a
table would suddenly explode, or a falling stone would spontaneously
move horizontally or back up in the air. It might be possible to survive
in such a world, but surely it would not increase the possibility of free
choices. On the contrary, it would make such choices considerably more
difficult because it would be moredifficult to anticipate the consequences
of actions. When a stone is dropped, it is expected to fall to the ground.
Instead,it spirals around and hits someone on the head. Then one would
be thought responsible for it when there really was no intention. It is
apparent then that if the consequences of actions were more difficult to
foresee than they are now, the probabilities would be smaller that desired effects would take place. This would make deliberate moral behavior vastly more difficult. The same applies to random processes which
may exist within the human organism. To the extent that they influence
choices, they would simply be adding haphazardry to the choices. There
wouldbeless choice than otherwise, and an even moredestructive argument could be madeagainst the possibility of free will.
In my opinion, on the practical level of everyday life, there is no
difference between classical physics, with its strong determinism, and
modern quantum physics, with its random microeffects. The uncertainty
in quantum theory is so very much smaller than the uncertainty in daily
life arising from the limitations of knowledge. Here is a man in a world
as described by classical physics. There is a man in a world as described
by modern physics. There is no difference in the two descriptions that
would have any significant effect on the question of free choice and
moral behavior. In both cases, the man can predict the results of his

actions, not with certainty, but only with some degree of probability.
The indeterminacy in quantum mechanics has no observable effect on
what happens to a stone when each man throwsit, because the stone is
an enormous complex consisting of billions of particles. In the macroworld with which human beings are concerned, the indeterminacy of
quantum mechanicsplays no role. For this reason I regard it as a misconception to suppose that indeterminacy on the subatomiclevel has any
bearing on the question of free decision. However, a number of prominent scientists and philosophers of science think otherwise, and this

should be accepted only as my own opinion.

Part V

THEORETICAL
LAWS AND
THEORETICAL
CONCEPTS

cusrrer 23
Theories and
Nonobservables

ONE OF THE most important distinctions
between two types of laws in science is the distinction between what
may be called (there is no generally accepted terminology for them)
empirical laws and theoretical laws. Empirical laws are laws that can
be confirmed directly by empirical observations. The term “observable”
is often used for any phenomenon that can be directly observed, so it
can be said that empirical laws are laws about observables.
Here, a warning must be issued. Philosophers and scientists have
quite different ways of using the terms “observable” and “nonobservable”. To a philosopher, “observable” has a very narrow meaning. It

applies to such properties as “blue”, “hard”, “hot”. These are properties directly perceived by the senses. To the physicist, the word has a
much broader meaning. It includes any quantitative magnitude that can
be measured in a relatively simple, direct way. A philosopher would not
consider a temperature of, perhaps, 80 degrees centigrade, or a weight
of 93/2 pounds, an observable because there is no direct sensory perception of such magnitudes. To a physicist, both are observables because they can be measured in an extremely simple way. The object to
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be weighedis placed on a balance scale. The temperature is measured
with a thermometer. The physicist would not say that the mass of a
molecule, let alone the mass of an electron, is something observable,

because here the procedures of measurement are much more complicated and indirect. But magnitudes that can be established by relatively
simple procedures—length with a ruler, time with a clock, or frequency
of light waves with a spectrometer—are called observables.
A philosopher might object that the intensity of an electric current
is not really observed. Only a pointer position was observed. An ammeter was attached to the circuit and it was noted that the pointer
pointed to a mark labeled 5.3. Certainly the current’s intensity was not
observed. It was inferred from what was observed.

The physicist would reply that this was true enough, but the inference was not very complicated. The procedure of measurement is so
simple, so well established, that it could not be doubted that the ammeter would give an accurate measurement of current intensity. Therefore, it is included among whatare called observables.

There is no question here of whois using the term “observable” in
a right or proper way. There is a continuum whichstarts with direct sensory observations and proceeds to enormously complex, indirect methods
of observation. Obviously no sharp line can be drawn across this continuum; it is a matter of degree. A philosopheris sure that the sound of

his wife’s voice, coming from across the room, is an observable. But

suppose he listens to her on the telephone. Is her voice an observable
or isn’t it? A physicist would certainly say that when he looks at something through an ordinary microscope, he is observing it directly. Is this
also the case when helooks into an electron microscope? Does he observe the path of a particle when he sees the track it makes in a bubble
chamber? In general, the physicist speaks of observables in a very wide
sense compared with the narrow sense of the philosopher, but, in both
cases, the line separating observable from nonobservable is highly arbitrary. It is well to keep this in mind whenever these terms are encountered in a book by a philosopher or scientist. Individual authors will
draw the line where it is most convenient, depending on their points of
view, and there is no reason why they should not havethis privilege.
Empirical laws, in my terminology, are laws containing terms either
directly observable by the senses or measurable by relatively simple
techniques. Sometimes such laws are called empirical generalizations,
as a reminder that they have been obtained by generalizing results found
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by observations and measurements. They include not only simple qualitative laws (such as, “All ravens are black”) but also quantitative laws
that arise from simple measurements. The lawsrelating pressure, vol-

ume, and temperature of gases are of this type. Ohm’s law, connecting
the electric potential difference, resistance, and intensity of current, is
another familiar example. The scientist makes repeated measurements,
finds certain regularities, and expresses them in a law. These are the
empirical laws. As indicated in earlier chapters, they are used for explaining observed facts and for predicting future observable events.
There is no commonly accepted term for the second kind of laws,

which I call theoretical laws. Sometimesthey are called abstract or hypothetical laws. “Hypothetical” is perhaps not suitable because it suggests
that the distinction between the two types of laws is based on the degree
to which the laws are confirmed. But an empirical law, if it is a tentative

hypothesis, confirmed only to a low degree, would still be an empirical
law although it might be said that it was rather hypothetical. A theoretical law is not to be distinguished from an empirical law bythe fact
that it is not well established, but by the fact that it contains terms of a

different kind. The terms of a theoretical law do notrefer to observables
even when the physicist’s wide meaning for what can be observed is

adopted. They are laws about such entities as molecules, atoms, electrons, protons, electromagnetic fields, and others that cannot be measured in simple, direct ways.

If there is a static field of large dimensions, which does not vary
from point to point, physicists call it an observable field because it can
be measured with a simple apparatus. But if the field changes from
point to point in very small distances, or varies very quickly in time,
perhaps changingbillions of times each second,then it cannot be directly
measured by simple techniques. Physicists would not call such a field
an observable. Sometimes a physicist will distinguish between observables and nonobservables in just this way. If the magnitude remains the
same within large enough spatial distances, or large enough timeinter-

vals, so that an apparatus can be applied for a direct measurement of
the magnitude, it is called a macroevent. If the magnitude changeswithin
such extremely small intervals of space and time that it cannot be directly measured by simple apparatus,it is a microevent. (Earlier authors
used the terms “microscopic” and “macroscopic”, but today many
authors have shortened these terms to “micro” and “macro”.)

A microprocessis simply a process involving extremely small inter-
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vals of space and time. For example, the oscillation of an electromagnetic wave ofvisible light is a microprocess. No instrument can directly
measure how its intensity varies. The distinction between macro- and
microconcepts is sometimes taken to be parallel to observable and nonobservable. It is not exactly the same, but it is roughly so. Theoretical
laws concern nonobservables, and very often these are microprocesses.
If so, the laws are sometimes called microlaws. I use the term “theoretical laws” in a wider sense than this, to include all those laws that

contain nonobservables, regardless of whether they are microconcepts
or macroconcepts.

It is true, as shown earlier, that the concepts “observable” and
“nonobservable” cannot be sharply defined because they lie on a continuum. In actual practice, however, the difference is usually great
enoughso there is not likely to be debate. All physicists would agree
that the laws relating pressure, volume, and temperature of a gas, for
example, are empirical laws. Here the amountof gas is large enough so
that the magnitudes to be measured remain constant over a sufficiently
large volumeof space andperiod of time to permit direct, simple measurements which can then be generalized into laws. All physicists would
agree that laws about the behavior of single molecules are theoretical.
Such laws concern a microprocess about which generalizations cannot
be based on simple, direct measurements.
Theoretical laws are, of course, more general than empirical laws.
It is important to understand, however, that theoretical laws cannot be

arrived at simply by taking the empirical laws, then generalizing a few
steps further. How does a physicist arrive at an empirical law? He observes certain events in nature. He notices a certain regularity. He describes this regularity by making an inductive generalization. It might
be supposed that he could now put together a group of empirical laws,
observe somesort of pattern, make a wider inductive generalization, and

arrive at a theoretical law. Such is not the case.
To make this clear, suppose it has been observed that a certain iron
bar expands whenheated. After the experiment has been repeated many
times, always with the sameresult, the regularity is generalized by saying that this bar expands when heated. An empirical law has been
stated, even though it has a narrow range and applies only to one particular iron bar. Now further tests are made of other iron objects with
the ensuing discovery that every time an iron object is heated it expands.
This permits a more general law to be formulated, namely thatall bodies
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of iron expand whenheated. In similar fashion, the still more general
laws “All metals . . .”, then “All solid bodies . . .”, are developed.
These are all simple generalizations, each a bit more general than the
previous one, but they are all empirical laws. Why? Because in each
case, the objects dealt with are observable (iron, copper, metal, solid

bodies) ; in each case the increases in temperature and length are measurable by simple, direct techniques.
In contrast, a theoretical law relating to this process would refer

to the behavior of molecules in the iron bar. In what way is the behavior
of the molecules connected with the expansion of the bar when heated?
You see at once that we are now speaking of nonobservables. We must
introduce a theory—the atomic theory of matter—and we are quickly
plunged into atomic laws involving concepts radically different from
those we had before. It is true that these theoretical concepts differ from
concepts of length and temperature only in the degree to which they
are directly or indirectly observable, but the difference is so great that
there is no debate aboutthe radically different nature of the laws that
must be formulated.
Theoretical laws are related to empirical laws in a way somewhat
analogous to the way empirical lawsare related to single facts. An empirical law helps to explain a fact that has been observed and to predict a fact not yet observed. In similar fashion, the theoretical law helps
to explain empirical laws already formulated, and to permit the derivation of new empirical laws. Just as the single, separate facts fall into
place in an orderly pattern when they are generalized in an empirical
law, the single and separate empirical lawsfit into the orderly pattern of
a theoretical law. This raises one of the main problemsin the methodology of science. How can the kind of knowledge that will justify the
assertion of a theoretical law be obtained? An empirical law may be
justified by making observations of single facts. But to justify a theoretical law, comparable observations cannot be made because the enti-

ties referred to in theoretical laws are nonobservables.
Before taking up this problem, some remarks made in an earlier
chapter, about the use of the word “fact”, should be repeated. It is important in the present context to be extremely careful in the use of this
word because some authors, especially scientists, use “fact” or “em-

pirical fact” for some propositions which I would call empirical laws.
For example, many physicists will refer to the “fact” that the specific
heat of copperis .090. I would call this a law becausein its full formu-
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lation it is seen to be a universal conditional statement: “For any x, and
any time 7, if x is a solid body of copper, then the specific heat of x at
t is 090.” Some physicists may even speak of the law of thermal expansion, Ohm’s law, and others, as facts. Of course, they can then say that

theoretical laws help explain such facts. This sounds like my statement

that empirical laws explain facts, but the word “fact” is being used here
in two different ways. I restrict the word to particular, concrete facts
that can be spatiotemporally specified, not thermal expansion in general, but the expansion of this iron bar observed this morning at ten
o’clock when it was heated. It is important to bear in mind the restricted way in which I speak of facts. If the word “fact” is used in
an ambiguous manner, the important difference between the ways in
which empirical and theoretical laws serve for explanation will be entirely blurred.
How can theoretical laws be discovered? We cannot say: “Let’s
just collect more and more data, then generalize beyond the empirical
laws until we reach theoretical ones.” No theoretical law was ever
found that way. We observe stones andtrees and flowers, noting various
regularities and describing them by empirical laws. But no matter how
long or how carefully we observe such things, we never reach a point
at which we observe a molecule. The term “molecule” never arises as
a result of observations. For this reason, no amount of generalization
from observations will ever produce a theory of molecular processes.
Such a theory mustarise in another way.It is stated not as a generalization of facts but as a hypothesis. The hypothesis is then tested in a
manner analogous in certain ways to the testing of an empirical law.
From the hypothesis, certain empirical laws are derived, and these empirical laws are tested in turn by observation of facts. Perhaps the
empirical laws derived from the theory are already known and well
confirmed. (Such laws may even have motivated the formulation of the
theoretical law.) Regardless of whether the derived empirical laws are
known and confirmed, or whether they are new laws confirmed by new
observations, the confirmation of such derived laws provides indirect
confirmation of the theoretical law.
The point to be made clearis this. A scientist does not start with
one empirical law, perhaps Boyle’s law for gases, and then seek a theory

about molecules from which this law can be derived. The scientist tries
to formulate a much more general theory from which a variety of empirical laws can be derived. The more such laws, the greater their variety
and apparent lack of connection with one another, the stronger will be
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the theory that explains them. Some of these derived laws may have
been known before, but the theory may also make it possible to derive
new empirical laws which can be confirmed by newtests. If this is the
case, it can be said that the theory made it possible to predict new
empirical laws. The prediction is understood in a hypothetical way. If
the theory holds, certain empirical laws will also hold. The predicted
empirical law speaks about relations between observables, so it is now
possible to make experiments to see if the empirical law holds. If the
empirical law is confirmed, it provides indirect confirmation of the
theory. Every confirmation of a law, empirical or theoretical, is, of

course, only partial, never complete and absolute. But in the case of
empirical laws, it is a more direct confirmation. The confirmation of a
theoretical law is indirect, because it takes place only through the confirmation of empirical laws derived from the theory.
The supreme value of a new theory is its power to predict new
empirical laws. It is true that it also has value in explaining known empirical laws, but this is a minor value. If a scientist proposes a new
theoretical system, from which no new laws can be derived, then it is
logically equivalent to the set of all known empirical laws. The theory
may have a certain elegance, and it may simplify to some degree the
set of all known laws, although it is not likely that there would be an

essential simplification. On the other hand, every new theory in physics
that has led to a great leap forward has been a theory from which new
empirical laws could be derived. If Einstein had done no more than propose his theory of relativity as an elegant new theory that would embrace certain known laws—perhaps also simplify them to a certain
degree—thenhis theory would not have had such a revolutionaryeffect.
Of course it was quite otherwise. The theory of relativity led to
new empirical laws which explained for the first time such phenomena
as the movementof the perihelion of Mercury, and the bendingof light
rays in the neighborhood of the sun. These predictions showed that
relativity theory was more than just a new way of expressing the old
laws. Indeed, it was a theory of great predictive power. The consequences that can be derived from Einstein’s theory are far from being
exhausted. These are consequences that could not have been derived
from earlier theories. Usually a theory of such power does have an
elegance, and a unifying effect on known laws. It is simpler than the
total collection of known laws. But the great value of the theory lies
in its power to suggest new laws that can be confirmed by empirical
means.

CHAPTER

24

Correspondence Rules

AN IMPORTANTqualification must now

be added to the discussion of theoretical laws and terms given in the
last chapter. The statement that empirical laws are derived from theoretical laws is an oversimplification. It is not possible to derive them
directly because a theoretical law contains theoretical terms, whereas
an empirical law contains only observable terms. This prevents any direct deduction of an empirical law from a theoretical one.
To understand this, imagine that we are back in the nineteenth

century, preparing to state for the first time some theoretical laws about
molecules in a gas. These laws are to describe the number of molecules per unit volume of the gas, the molecular velocities, and so forth.

To simplify matters, we assumethat all the molecules have the same
velocity. (This was indeed the original assumption; later it was abandoned in favor of a certain probability distribution of velocities.) Fur-

ther assumptions must be made about what happens when molecules
collide. We do not know the exact shape of molecules, so let us suppose that they are tiny spheres. How dospherescollide? There are laws
about colliding spheres, but they concern large bodies. Since we cannot
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directly observe molecules, we assumetheir collisions are analogous to
those of large bodies; perhaps they behave like perfect billiard balls on

a frictionless table. These are, of course, only assumptions; guesses suggested by analogies with known macrolaws.
But now we come up against a difficult problem. Our theoretical

laws deal exclusively with the behavior of molecules, which cannot be
seen. How,therefore, can we deduce from such laws a law about observ-

able properties such as the pressure or temperature of a gas or properties of sound waves that pass through the gas? The theoretical laws
contain only theoretical terms. What we seek are empirical laws containing observable terms. Obviously, such laws cannot be derived without having something else given in addition to the theoretical laws.
The something else that must be given is this: a set of rules connecting the theoretical terms with the observable terms. Scientists and
philosophers of science have long recognized the need for such a set of
rules, and their nature has been often discussed. An example of such a

rule is: “If there is an electromagnetic oscillation of a specified frequency, then there is a visible greenish-blue color of a certain hue.”
Here something observable is connected with a nonobservable microprocess.
Another example is: “The temperature (measured by a thermometer and, therefore, an observable in the wider sense explained earlier)

of a gas is proportional to the mean kinetic energy of its molecules.”
This rule connects a nonobservable in molecular theory, the kinetic
energy of molecules, with an observable, the temperature of the gas.
If statements of this kind did not exist, there would be no wayof deriving empirical laws about observables from theoretical laws about nonobservables.
Different writers have different names for these rules. I call them
“correspondence rules”. P. W. Bridgman calls them operational rules.
Norman R. Campbell speaks of them as the “Dictionary”.1 Since the
rules connect a term in one terminology with a term in another terminology, the use of the rules is analogous to the use of a French-English
dictionary. What does the French word “cheval” mean? You look it
up in the dictionary and find that it means “horse”. It is not really that
1 See Percy W. Bridgman, The Logic of Modern Physics (New York: Macmillan,

1927), and Norman R. Campbell, Physics: The Elements (Cambridge: Cambridge

University Press, 1920). Rules of correspondence are discussed by Ernest Nagel,

The Structure of Science (New York: Harcourt, Brace & World, 1961), pp. 97-

105.
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simple when a set of rules is used for connecting nonobservables with
observables; nevertheless, there is an analogy here that makes Campbell’s “Dictionary” a suggestive name for the set of rules.
There is a temptation at times to think that the set of rules provides
a meansfor defining theoretical terms, whereas just the opposite is really
true. A theoretical term can never be explicitly defined on the basis of
observable terms, although sometimes an observable can be defined in
theoretical terms. For example, “iron” can be defined as a substance

consisting of small crystalline parts, each having a certain arrangement
of atoms and each atom being a configuration of particles of a certain
type. In theoretical terms then, it is possible to express what is meant
by the observable term “iron”, but the reverse is not true.

There is no answerto the question: “Exactly what is an electron?”
Later we shall come back to this question, because it is the kind that
philosophers are always asking scientists. They want the physicist to tell
them just what he means by “electricity”, “magnetism”, “gravity”, “a
molecule”. If the physicist explains them in theoretical terms, the philosopher may be disappointed. “That is not what I meantat all”, he will
say. “I want you to tell me, in ordinary language, what those terms

mean.” Sometimes the philosopher writes a book in which he talks

about the great mysteries of nature. “No one”, he writes, “has been
able so far, and perhaps no one ever will be able, to give us a straightforward answerto the question: ‘Whatis electricity?’ And so electricity
remains forever one of the great, unfathomable mysteries of the universe.”
There is no special mystery here. There is only an improperly
phrased question. Definitions that cannot, in the nature of the case, be
given, should not be demanded.If a child does not know whatanelephant is, we can tell him it is a huge animal with big ears and a long
trunk. We can show him picture of an elephant. It serves admirably
to define an elephant in observable terms that a child can understand.
By analogy, there is a temptation to believe that, when a scientist introduces theoretical terms, he should also be able to define them in familiar

terms. Butthis is not possible. There is no way a physicist can show us
a picture of electricity in the way he can show his child a picture of an
elephant. Even the cell of an organism, although it cannot be seen with
the unaided eye, can be represented by a picture because the cell can

be seen whenit is viewed through a microscope. But we do not possess

a picture of the electron. We cannotsay howit looks or howit feels, be-
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cause it cannot be seen or touched. The best we can do is to say that
it is an extremely small body that behaves in a certain manner. This may
seem to be analogousto our description of an elephant. We can describe
an elephantas a large animal that behaves in a certain manner. Whynot
do the same with an electron?
The answeris that a physicist can describe the behaviorof an electron only by stating theoretical laws, and these laws contain only theoretical terms. They describe the field produced by an electron, the
reaction of an electron to a field, and so on. If an electron is in an

electrostatic field, its velocity will accelerate in a certain way. Unfortunately, the electron’s acceleration is an unobservable. It is not like the
acceleration of a billiard ball, which can be studied by direct observation. There is no way that a theoretical concept can be defined in terms
of observables. We must, therefore, resign ourselves to the fact that def-

initions of the kind that can be supplied for observable terms cannot be
formulated for theoretical terms.

It is true that some authors, including Bridgman, have spoken of

the rules as “operational definitions”. Bridgman had a certain justification, because he used his rules in a somewhat different way, I believe,
than most physicists use them. He was a great physicist and was certainly aware of his departure from the usual use of rules, but he was
willing to accept certain forms of speech that are not customary, and
this explains his departure. It was pointed out in a previous chapter that
Bridgman preferred to say that there is not just one conceptof intensity
of electric current, but a dozen concepts. Each procedure by which a
magnitude can be measured provides an operational definition for that
magnitude. Since there are different procedures for measuring current,
there are different concepts. For the sake of convenience, the physicist
speaks of just one concept of current. Strictly speaking, Bridgman believed, he should recognize many different concepts, each defined by a

different operational procedure of measurement.
Weare faced here with a choice between twodifferent physical languages. If the customary procedure amongphysicists is followed, the
various concepts of current will be replaced by one concept. This means,
however, that you place the concept in your theoretical laws, because
the operational rules are just correspondencerules, as I call them, which
connect the theoretical terms with the empirical ones. Any claim to
possessing a definition—that is, an operational definition—of the theoretical concept must be given up. Bridgman could speak of having opera-
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tional definitions for his theoretical terms only because he was not speaking of a general concept. He was speaking of partial concepts, each
defined by a different empirical procedure.
Even in Bridgman’s terminology, the question of whetherhis partial
concepts can be adequately defined by operational rules is problematic.
Reichenbach speaks often of whathe calls “correlative definitions”. (In

his German publications, he calls them Zuordnungsdefinitionen, from
zuordnen, which meansto correlate.) Perhaps correlation is a better
term than definition for what Bridgman’s rules actually do. In geometry,
for instance, Reichenbachpoints out that the axiom system of geometry,
as developed by David Hilbert, for example, is an uninterpreted axiom

system. The basic concepts of point, line, and plane could just as well
be called “class alpha”, “class beta”, and “class gamma”. We must not
be seduced by the sound of familiar words, such as “point” and “line”,
into thinking they mustbe taken in their ordinary meaning. In the axiom
system, they are uninterpreted terms. But when geometry is applied to
physics, these terms must be connected with something in the physical
world. We can say, for example, that the lines of the geometry are exemplified by rays of light in a vacuum orby stretched cords. In order
to connect the uninterpreted terms with observable physical phenomena,

we must haverules for establishing the connection.
Whatwecall these rules is, of course, only a terminological question; we should be cautious and not speak of them as definitions. They

are not definitions in any strict sense. We cannot give a really adequate
definition of the geometrical concept of “line” by referring to anything
in nature. Light rays, stretched strings, and so on are only approximately
straight; moreover, they are not lines, but only segments of lines. In
geometry,a line is infinite in length and absolutely straight. Neither property is exhibited by any phenomenonin nature. For that reason,it is
not possible to give an operational definition, in the strict sense of the

word, of concepts in theoretical geometry. The sameis true of all the
other theoretical concepts of physics. Strictly speaking, there are no

“definitions” of such concepts. I prefer not to speak of “operational definitions” or even to use Reichenbach’s term “correlative definitions”.
In my publications (only in recent years have I written about this question), I have called them “rules of correspondence” or, more simply,

“correspondencerules”.
Campbell and other authors often speak of the entities in theoretical physics as mathematical entities. They mean bythis that the entities
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are related to each other in ways that can be expressed by mathematical
functions. But they are not mathematical entities of the sort that can be
defined in pure mathematics. In pure mathematics, it is possible to define various kinds of numbers, the function of logarithm, the exponential
function, and so forth. It is not possible, however, to define such terms

as “electron” and “temperature” by pure mathematics. Physical terms

can be introduced only with the help of nonlogical constants, based on

observations of the actual world. Here we have an essential difference
between an axiomatic system in mathematics and an axiomatic system
in physics.
If we wish to give an interpretation to a term in a mathematical
axiom system, we can doit by giving a definition in logic. Consider, for
example, the term “number”asit is used in Peano’s axiom system. We
can define it in logical terms, by the Frege-Russell method, for example.
In this way the concept of “number”acquires a complete, explicit definition on the basis of pure logic. There is no need to establish a connection
between the number 5 and such observables as “blue” and “hot’’. The
terms have only a logical interpretation; no connection with the actual
world is needed. Sometimes an axiom system in mathematicsis called a
theory. Mathematicians speak of set theory, group theory, matrix theory,
probability theory. Here the word “theory” is used in a purely analytic
way. It denotes a deductive system that makes no reference to the
actual world. We must always bear in mind that such a use of the word
“theory” is entirely different from its use in reference to empirical theories such asrelativity theory, quantum theory, psychoanalytical theory,
and Keynesian economic theory.
A postulate system in physics cannot have, as mathematical theories have, a splendid isolation from the world. Its axiomatic terms—
“electron”, “field”, and so on—mustbe interpreted by correspondence

rules that connect the terms with observable phenomena. This interpretation is necessarily incomplete. Because it is always incomplete, the
system is left open to makeit possible to add new rules of correspondence. Indeed, this is what continually happens in the history of physics.
J am not thinking now of a revolution in physics, in which an entirely
new theory is developed, but of less radical changes that modify existing
theories. Nineteenth-century physics provides a good example, because
classical mechanics and electromagnetics had been established, and, for

many decades, there was relatively little change in fundamental laws.
The basic theories of physics remained unchanged. There was, however,
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a steady addition of new correspondence rules, because new procedures
were continually being developed for measuring this or that magnitude.
Of course, physicists always face the danger that they may develop
correspondencerules that will be incompatible with each other or with
the theoretical laws. As long as such incompatibility does not occur,
however, they are free to add new correspondencerules. The procedure
is never-ending. There is always the possibility of adding new rules,
thereby increasing the amountof interpretation specified for the theoretical terms; but no matter how muchthis is increased, the interpretation
is never final. In a mathematical system,it is otherwise. There a logical
interpretation of an axiomatic term is complete. Here we find another
reason for reluctance in speaking of theoretical terms as “defined” by
correspondencerules. It tends to blur the important distinction between
the nature of an axiom system in pure mathematics and one in theoretical physics.
Is it not possible to interpret a theoretical term by correspondence
rules so completely that no further interpretation would be possible? Perhaps the actual world is limited in its structure and laws. Eventually a
point may be reached beyond whichthere will be no room for strengthening the interpretation of a term by new correspondencerules. Would
not the rules then provide a final, explicit definition for the term? Yes,

but then the term would no longer be theoretical. It would becomepart
of the observation language. The history of physics has not yet indicated
that physics will become complete; there has been only a steady addition
of new correspondence rules and a continual modification in the interpretations of theoretical terms. There is no way of knowing whetherthis
is an infinite process or whether it will eventually come to somesort
of end.
It may be looked at this way. There is no prohibition in physics
against making the correspondence rules for a term so strong that the
term becomes explicitly defined and therefore ceases to be theoretical.
Neither is there any basis for assumingthatit will always be possible to
add new correspondence rules. Becausethe history of physics has shown
such a steady, unceasing modification of theoretical concepts, most
physicists would advise against correspondence rules so strong that a
theoretical term becomes explicitly defined. Moreover, it is a wholly
unnecessary procedure. Nothing is gained by it. It may even have the
adverse effect of blocking progress.
Of course, here again we must recognize that the distinction be-
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tween observables and nonobservables is a matter of degree. We might
give an explicit definition, by empirical procedures, to a concept such
as length, because it is so easily and directly measured, and is unlikely
to be modified by new observations. But it would be rash to seek such
strong correspondence rules that “electron” would be explicitly defined.
The concept “electron” is so far removed from simple, direct observa-

tions that it is best to keep it theoretical, open to modifications by new
observations.

CHAPTER

25

How New Empirical
Laws Are Derived from
Theoretical Laws

IN CHAPTER 24, the discussion concerned

the ways in which correspondencerules are used for linking the nonobservable terms of a theory with the observable terms of empirical
laws. This can be made clearer by a few examples of the manner in
which empirical laws have actually been derived from the laws of a
theory.
The first example concerns the kinetic theory of gases. Its model,

or schematic picture, is one of small particles called molecules, all in
constant agitation. In its original form, the theory regarded these particles as little balls, all having the same mass and, when the temperature
of the gas is constant, the same constant velocity. Later it was discov-

ered that the gas would notbe in a stable state if each particle had the
same velocity; it was necessary to find a certain probability distribution
of velocities that would remain stable. This was called the BoltzmannMaxwell distribution. According to this distribution, there was a certain probability that any molecule would be within a certain range on
the velocity scale.
Whenthe kinetic theory wasfirst developed, many of the magni-

tudes occurring in the laws of the theory were not known. No one knew
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the mass of a molecule, or how many molecules a cubic centimeter of

gas at a certain temperature and pressure would contain. These magnitudes were expressed by certain parameters written into the laws. After
the equations were formulated, a dictionary of correspondence rules
was prepared. These correspondence rules connected the theoretical
terms with observable phenomena in a way that made it possible to
determine indirectly the values of the parameters in the equations. This,
in turn, madeit possible to derive empirical laws. One correspondence
rule states that the temperature of the gas corresponds to the mean
kinetic energy of the molecules. Another correspondence rule connects
the pressure of the gas with the impact of molecules on the confining
wall of a vessel. Although this is a discontinuous process involving discrete molecules, the total effect can be regarded as a constant force
pressing on the wall. Thus, by means of correspondence rules, the

pressure that is measured macroscopically by a manometer (pressure
gauge) can be expressed in terms of thestatistical mechanics of molecules.
Whatis the density of the gas? Density is mass per unit volume,
but how do we measure the mass of a molecule? Again our dictionary—
a very simple dictionary—supplies the correspondence rule. The total
mass M of the gas is the sum of the masses m of the molecules. M is
observable (we simply weigh the gas), but m is theoretical. The dic-

tionary of correspondencerules gives the connection between the two
concepts. With the aid of this dictionary, empirical tests of various
laws derived from our theory are possible. On the basis of the theory,
it is possible to calculate what will happen to the pressure of the gas
whenits volume remains constant and its temperature is increased. We
can calculate what will happen to a sound wave produced bystriking
the side of the vessel, and what will happen if only part of the gas

is heated. These theoretical laws are worked out in terms of various

parameters that occur within the equations of the theory. The dictionary
of correspondence rules enables us to express these equations as empirical laws, in which concepts are measurable, so that empirical procedures can supply values for the parameters. If the empirical laws can
be confirmed, this provides indirect confirmation of the theory. Many
of the empirical laws for gases were known, of course, before the

kinetic theory was developed. For these laws, the theory provided an

explanation. In addition, the theory led to previously unknown empirical laws.
The powerof a theory to predict new empirical lawsis strikingly
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exemplified by the theory of electromagnetism, which was developed
about 1860 by two great English physicists, Michael Faraday and
James Clerk Maxwell. (Faraday did most of the experimental work,
and Maxwell did most of the mathematical work.) The theory dealt
with electric charges and how they behaved in electrical and magnetic
fields. The concept of the electron—atiny particle with an elementary
electric charge—wasnot formulated until the very end of the century.
Maxwell’s famous set of differential equations, for describing electromagnetic fields, presupposed only small discrete bodies of unknown nature, capable of carrying an electric charge or a magnetic pole. What
happens when a current moves along a copper wire? The theory’s dictionary made this observable phenomenon correspond to the actual
movement along the wire of little charged bodies. From Maxwell’s
theoretical model, it became possible (with the help of correspondence
rules, of course) to derive many of the knownlawsofelectricity and
magnetism.
The model did much more than this. There was a certain parameter
c in Maxwell’s equations. According to his model, a disturbance in an
electromagnetic field would be propagated by waves having the velocity
c. Electrical experiments showed the value of c to be approximately
3 x 10° centimeters per second. This was the same as the known
value for the speed of light, and it seemed unlikely that it was an accident. Is it possible, physicists asked themselves, that light is simply a
special case of the propagation of an electromagnetic oscillation? It was
not long before Maxwell’s equations were providing explanations for
all sorts of optical laws, including refraction, the velocity of light in
different media, and many others.

Physicists would have been pleased enough to find that Maxwell’s
model explained knownelectrical and magnetic laws; but they received
a double bounty. The theory also explained optical laws! Finally, the
great strength of the new model wasrevealed in its powerto predict, to
formulate empirical laws that had not been previously known.
The first instance was provided by Heinrich Hertz, the German
physicist. About 1890, he began his famous experiments to see whether

electromagnetic waves of low frequency could be produced and detected
in the laboratory. Light is an electromagnetic oscillation and propagation of wavesat very high frequency. But Maxwell’s laws madeit possible for such waves to have any frequency. Hertz’s experiments resulted
in his discovery of whatat first were called Hertz waves. They are now
called radio waves. At first, Hertz was able to transmit these waves
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from one oscillator to another over only a small distance—first a few
centimeters, then a meter or more. Today a radio broadcasting station
sends its waves many thousands of miles.
The discovery of radio waves was only the beginning of the derivation of new laws from Maxwell’s theoretical model. X rays were discovered and were thoughtat first to be particles of enormousvelocity
and penetrative power. Thenit occurred to physicists that, like light and
radio waves, these might be electromagnetic waves, but of extremely
high frequency, much higher than the frequency of visible light. This
also was later confirmed, and laws dealing with X rays were derived

from Maxwell’s fundamentalfield equations. X rays proved to be waves
of a certain frequency range within the much broader frequency band
of gammarays. The X rays used today in medicine are simply gamma
rays of certain frequency. All this was largely predictable on the basis
of Maxwell’s model. His theoretical laws, together with the correspond-

ence rules, led to an enormousvariety of new empirical laws.
The great variety of fields in which experimental confirmation was
found contributed especially to the strong overall confirmation of Maxwell’s theory. The various branches of physics had originally developed
for practical reasons; in most cases, the divisions were based on our
different sense organs. Because the eyes perceive light and color, we

call such phenomena optics; because our ears hear sounds, wecall a
branch of physics acoustics; and because our bodies feel heat, we have
a theory of heat. We find it useful to construct simple machines based
on the movements of bodies, and we call it mechanics. Other phenomena, such aselectricity and magnetism, cannot be directly perceived, but their consequences can be observed.
In the history of physics, it is always a big step forward when one
branch of physics can be explained by another. Acoustics, for instance,
was found to be only a part of mechanics, because sound wavesare
simply elasticity waves in solids, liquids, and gases. We have already
spoken of how the laws of gases were explained by the mechanics of
moving molecules. Maxwell’s theory was another great leap forward
toward the unification of physics. Optics was found to be a part of
electromagnetic theory. Slowly the notion grew that the whole of physics
might some day be unified by one great theory. At present there is an
enormous gap between electromagnetism on the one side and gravitation on the other. Einstein made several attempts to develop a unified
field theory that might close this gap; more recently, Heisenberg and
others have made similar attempts. So far, however, no theory has been
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devised that is entirely satisfactory or that provides new empirical laws
capable of being confirmed.
Physics originally began as a descriptive macrophysics, containing
an enormous number of empirical laws with no apparent connections.
In the beginning of a science, scientists may be very proud to have
discovered hundreds of laws. But, as the laws proliferate, they become
unhappy with this state of affairs; they begin to search for underlying,
unifying principles. In the nineteenth century, there was considerable
controversy over the question of underlying principles. Some felt that
science must find such principles, because otherwise it would be no more
than a description of nature, not a real explanation. Others thought that

that was the wrong approach, that underlying principles belong only to
metaphysics. They felt that the scientist’s task is merely to describe, to
find out how natural phenomenaoccur, not why.
Today we smile a bit about the great controversy over description
versus explanation. We can see that there was something to be said
for both sides, but that their way of debating the question was futile.
There is no real opposition between explanation and description. Of
course, if description is taken in the narrowest sense, as merely describing what a certain scientist did on a certain day with certain materials,
then the opponents of mere description were quite right in asking for
more, for a real explanation. But today we see that description in the

broader sense, that of placing phenomenain the context of more general laws, provides the only type of explanation that can be given for
phenomena. Similarly, if the proponents of explanation mean a metaphysical explanation, not grounded in empirical procedures, then their

Opponents were correct in insisting that science should be concerned
only with description. Each side had a valid point. Both description and
explanation, rightly understood, are essential aspects of science.
The first efforts at explanation, those of the Ionian natural philoso-

phers, were certainly partly metaphysical; the world is all fire, or all
water, or all change. Those early efforts at scientific explanation can
be viewed in twodifferent ways. We can say: “This is not science, but
pure metaphysics. There is no possibility of confirmation, no correspondencerules for connecting the theory with observable phenomena.”
On the other hand, we can say: “These Ionian theories are certainly
notscientific, but at least they are pictorial visions of theories. They are
the first primitive beginnings of science.”
It must not be forgotten that, both in the history of science and
in the psychological history of a creative scientist, a theory has often
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first appeared as a kind of visualization, a vision that comes as an inspiration to a scientist long before he has discovered correspondence
rules that may help in confirming his theory. When Democritus said
that everything consists of atoms, he certainly had not the slightest
confirmation for this theory. Nevertheless, it was a stroke of genius, a

profound insight, because two thousand yearslater his vision was confirmed. We should not, therefore, reject too rashly any anticipatory
vision of a theory, provided it is one that may be tested at some future
time. We are on solid ground, however, if we issue the warning that no

hypothesis can claim to bescientific unless there is the possibility that
it can be tested. It does not have to be confirmed to be a hypothesis,
but there must be correspondencerules that will permit, in principle, a

means of confirming or disconfirming the theory. It may
difficult to think of experiments that can test the theory;
today with various unified field theories that have been
if such tests are possible in principle, the theory can be

be enormously
this is the case
proposed. But
called a scien-

tific one. When a theoryis first proposed, we should not demand more

than this.
The developmentof science from early philosophy was a gradual,
step-by-step process. The Ionian philosophers had only the most primitive theories. In contrast, the thinking of Aristotle was much clearer

and on moresolid scientific ground. He made experiments, and he

knew the importance of experiments, although in other respects he was

an apriorist. This was the beginning of science. But it was not until the
time of Galileo Galilei, about 1600, that a really great emphasis was
placed on the experimental method in preference to aprioristic reasoning about nature. Even though many of Galileo’s concepts had previously been stated as theorctical concepts, he was the first to place
theoretical physics on a solid empirical foundation. Certainly Newton’s
physics (about 1670) exhibits the first comprehensive, systematic theory,

containing unobservables as theoretical concepts: the universal force of
gravitation, a general concept of mass, theoretical properties of light
rays, and so on. His theory of gravity was one of great generality. Between any two particles, small or large, there is a force proportional to
the square of the distance between them. Before Newton advancedthis
theory, science provided no explanation that applied to both the fall of
a stone and the movements of planets around the sun.
It is very easy for us today to remark how strange it was that it
never occurred to anyone before Newton that the same force might
cause the apple to drop and the moonto go around the earth. In fact,
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this was not a thought likely to occur to anyone. It is not that the
answer was So difficult to give; it is that nobody had asked the question.
This is a vital point. No one had asked: “Whatis the relation between
the forces that heavenly bodies exert upon each other and terrestrial
forces that cause objects to fall to the ground?” Even to speak in such
terms as “terrestrial” and “heavenly” is to make a bipartition, to cut
nature into two fundamentally different regions. It was Newton’s great
insight to break away from this division, to assert that there is no such
fundamental cleavage. There is one nature, one world. Newton’s uni-

versal law of gravitation was the theoretical law that explained for the
first time both the fall of an apple and Kepler’s laws for the movements
of planets. In Newton’s day, it was a psychologically difficult, extremely
daring adventure to think in such general terms.
Later, of course, by means of correspondencerules, scientists dis-

covered how to determine the masses of astronomical bodies. Newton’s
theory also said that two apples, side by side on a table, attract each
other. They do not move toward each other because the attracting force
is extremely small and the friction on the table very large. Physicists
eventually succeeded in actually measuring the gravitational forces between two bodies in the laboratory. They used a torsion balance consisting of a bar with a metal ball on each end, suspendedatits center
by a long wire attached to a high ceiling. (The longer and thinner the
wire, the moreeasily the bar would turn.) Actually, the bar never came

to an absolute rest but always oscillated a bit. But the mean point of the
bar’s oscillation could be established. After the exact position of the
mean point was determined, a large pile of lead bricks was constructed
near the bar. (Lead was used because ofits great specific gravity. Gold
has an even higher specific gravity, but gold bricks are expensive.) It
was found that the meanofthe oscillating bar had shifted a tiny amount
to bring one of the balls on the end of the bar nearer to the lead pile.
The shift was only a fraction of a millimeter, but it was enough to provide the first observation of a gravitational effect between two bodies in
a laboratory—an effect that had been predicted by Newton’s theory of
gravitation.
It had been known before Newton that apples fall to the ground
and that the moon moves around the earth. Nobody before Newton
could have predicted the outcome of the experiment with the torsion
balance. It is a classic instance of the power of a theory to predict a
new phenomenonnot previously observed.

CHAPTER

26

The Ramsey Sentence

SCIENTIFIC THEORY, in the sense in

which we are using the term—theoretical postulates combined with
correspondence rules that join theoretical and observational terms—
has in recent years been intensely analyzed and discussed by philosophers of science. Much of this discussion is so new that it has not yet
been published. In this chapter, we will introduce an important new
approachto the topic, one that goes back to a little known paper by the
Cambridge logician and economist, Frank Plumpton Ramsey.
Ramsey died in 1930 at the age of twenty-six. He did notlive to
complete a book, but after his death a collection of his papers was
edited by Richard Bevan Braithwaite and published in 1931 as The
Foundations of Mathematics.’ A short paper entitled “Theories” appears in this book. In my opinion, this paper deserves much morerecognition than it has received. Perhaps the book’stitle attracted only readers interested in the logical foundations of mathematics, so that other
1 Ramsey, The Foundations of Mathematics (London: Routledge and Kegan Paul,

1931), reprinted in paperback,Littlefield, Adams (1960).

247

248

Theoretical Laws and Theoretical Concepts

important papers in the book, such as the paper on theories, tended to
be overlooked.
Ramsey was puzzled by the fact that the theoretical terms—terms
for the objects, properties, forces, and events described in a theory—

are not meaningful in the same way that observational terms—“iron

rod”, “hot”, and “red’”—are meaningful. How, then, does a theoretical

term acquire meaning? Everyone agrees that it derives its meaning from
the context of the theory. “Gene” derives its meaning from genetic
theory. “Electron” is interpreted by the postulates of particle physics.

But we are faced with many confusing, disturbing questions. How

can the empirical meaning of a theoretical term be determined? What
does a given theory tell us about the actual world? Does it describe the
structure of the real world, oris it just an abstract, artificial device for

bringing order into the large mass of experiences in somewhat the same
way that a system of accounting makes it possible to keep orderly
records of a firm’s financial dealings? Can it be said that an electron
“exists” in the same sense that an iron rod exists?
There are procedures that measure a rod’s properties in a simple,
direct manner. Its volume and weight can be determined with great
accuracy. We can measure the wave lengths of light emitted by the surface of a heated iron rod and precisely define what we mean when we
say that the iron rodis “red”. But when wedeal with the properties of
theoretical entities, such as the “spin” of an elementary particle, there

are only complicated, indirect procedures for giving the term an empirical meaning. First we must introduce “spin” in the context of an

elaborate theory of quantum mechanics, and then the theory must

be connected with laboratory observables by another complex set of
postulates—the correspondence rules. Clearly, spin is not empirically
grounded in the simple, direct manner that the redness of a heated
iron rod is grounded. Exactly what is its cognitive status? How can
theoretical terms, which must in some way be connected with the actual
world and subject to empirical testing, be distinguished from those meta-

physical terms so often encountered in traditional philosophy—terms
that have no empirical meaning? How can the right of a scientist to
speak of theoretical concepts be justified, without at the same timejustifying the right of a philosopher to use metaphysical terms?
In seeking answers to these puzzling questions, Ramsey made a
novel, startling suggestion. He proposed that the combined system of
theoretical and correspondence postulates of a theory be replaced by
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whatis today called the “Ramsey sentence of the theory”. In the Ramsey sentence, which is equivalent to the theory’s postulates, theoretical
terms do not occur at all. In other words, the puzzling questions are

neatly side-stepped by the elimination of the very terms about which
the questionsare raised.
Suppose we are concerned with a theory containing n theoretical
terms: “7”, “T2”, “Ts” . . . “Ty”. These terms are introduced by the
postulates of the theory. They are connected with directly observable
terms by the theory’s correspondence rules. In these correspondence
rules occur m observational terms: “O,”, “O2”, “O3” .. . “Om. The

theory itself is a conjunction of all the theoretical postulates together
with all the correspondence postulates. A full statement of the theory,

therefore, will contain the combined sets of T- and O-terms: “T,”,
“Tr, ..., Tas 0,03”, ... , “Om. Ramsey proposed that,
in this sentence, the full statement of the theory, all the theoretical terms
are to be replaced by corresponding variables: “U,”, “U2”, ... ,
“U,”, and that what logicians call “existential quantifiers’—‘(HU,)’,
“(dU2)’, . . . » ‘(HU,)’—be added to this formula. It is this new
Sentence, with its U-variables and their existential quantifiers, that is

called the “Ramsey sentence”.
To see exactly how this develops, consider the following example.
Take the symbol “Mol” for the class of molecules. Instead of calling
something “a molecule”, call it “an element of Mol”. Similarly, ‘““Hymol”
stands for “the class of hydrogen molecules”, and “a hydrogen molecule” is “an element of Hymol”. It is assumed that a space-time coordinate system has been fixed, so that a space-time point can be represented by its four coordinates: x, y, z, f. Adopt the symbol “Temp”for
the concept of temperature. Then, “the (absolute) temperature of the
body b, at time ¢, is 500” can be written, “Temp(b,t) = 500”. Tem-

perature is thus expressed as a relation involving a body, a time point,
and a number. “The pressure of a body b, at time ¢’”, can be written,

“Press(b,t)”. The concept of mass is represented by the symbol “Mass”.
For “the mass of the body b (in grams) is 150” write, “Mass(b) =

150”. Mass is a relation between a body and a number. Let “Vel”
stand for the velocity of a body (it may be a macro- or a microbody).

For example, “Vel(b,t) = (rı, rs, rs)”, where the right side of the equa-

tion refers to a triple of real numbers, namely, the components of the
velocity in the directions of x, y, and z. Vel is thus a relation concerning
a body, a time coordinate, and a triple of real numbers.
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Generally speaking, the theoretical language contains “class terms”
(such as terms for macrobodies, microbodies, and events) and “relation

terms” (such as terms for various physical magnitudes).
Consider theory TC. (The “7”stands for the theoretical postulates
of the theory, and “C” stands for the postulates that give the correspondence rules.) The postulates of this theory include some laws from
the kinetic theory of gases, laws concerning the motions of molecules,
their velocities, collisions, and so on. There are general laws about any

gas, and there are special laws about hydrogen. In addition, there are
macro-gas-theory laws about the temperature, pressure, and total mass
of a (macro-) gas body. Suppose that the theoretical postulates of theory
TC contain all the terms mentioned above. For the sake of brevity, instead of writing outin full all the T-postulates, write only the theoretical

terms, and indicate the connecting symbolism by dots:
(T)

...Mol...Hymol... Temp... Press...

Mass... Vel...

To complete the symbolization of theory TC, the correspondence
postulates for some, but not necessarily all, of the theoretical terms
must be considered. These C-postulates may be operational rules for
the measurement of temperature and pressure (that is, a description of
the construction of a thermometer and a manometerandrules for determining the values of temperature and pressure from the numbers read
on the scales of the instruments). The C-postulates will contain the
theoretical terms “Temp” and “Press” as well as a number of observational terms: “O,”, “O2”, . . . , “Om’. Thus, the C-postulates can

be expressed in a brief, abbreviated way by writing:
(C)

...Temp...0O,...0O2...0O3..

Press... Og... Om...

The entire theory can now be indicated in the following form:
(TC)

...Mol...Hymol... Temp... Press...

Mass... WVel...3;...Temp...O,...O2...
Oz... Press ...0O4...Om...

To transform this theory TC into its Ramsey sentence, two steps
are required. First, replace all the theoretical terms (class terms and

relation terms) with arbitrarily chosen class and relation variables.

Wherever “Mol” occurs in the theory, substitute the variable “C;”, for

example. Wherever “Hymol” occurs in the theory replace it by another
class variable, such as “C,”. The relation term “Temp”is replaced
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everywhere (both in the 7 and portions of the theory) by a relation
variable, such as “R,”. In the same way, “Press”, “Mass”, and “Vel”
are replaced by three other relation variables, “Rz”, “Ra”, and “R4”
respectively, for example. The final result may be indicated in this way:
. Cı ...Ca...Rı...Ra...R3...Rı...;
... Rı...0ı...0O0a2...03...Rs...
O,...Om...

This result (which should be thought of as completely written out,
rather than abbreviated as it is here with the help of dots) is no longer
a sentence (as T, C, and TC are). It is an open sentence formula or,
as it is sometimes called, a sentence form or a sentence function.
The second step, which transforms the open sentence formula into

the Ramsey sentence, ®TC, consists of writing in front of the sentence
formula six existential quantifiers, one for each of the six variables:

("TC)

(cr (A Cy) (A Ri) (AR) (ARs) (IR) LT... Cı
9... Ry... Ro... Rp... Rew. . 5

. Rı...0ı...02...03...Re...
Os... On...

A formula preceded by an existential quantifier asserts that there
is at least one entity (of the type to which it refers) that satisfies the

condition expressed by the formula. Thus, the Ramsey sentence indicated above says (roughly speaking) that there is (at least) one class
C,, one class Cs, one relation R,, one Ra, one Ras, and one R, suchthat:
(1) these six classes and relations are connected with one an-

other in a specified way (namely, as specified in the first or 7 part
of the formula),
(2) the two relations, R, and Re, are connected with the m
observational entities, O,, . . . , Om, in a certain way (namely,
as specified in the second or C part of the formula).

The important thing to note is that in the Ramsey sentence the theoretical terms have disappeared. In their place are variables. The variable
“C,” does not refer to any particular class. The assertion is only that
there is at least one class that satisfies certain conditions. The meaning
of the Ramsey sentence is not changed in any wayif the variables are
arbitrarily changed. For example, the symbols “C,” and “C2” can be
interchanged or replaced with other arbitrary variables, such as “X,”
and “X,”. The meaning of the sentence remains the same.
It may appear that the Ramsey sentence is no more than just an-
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other somewhat roundabout way of expressing the original theory. In a

sense, this is true. It is easy to show that any statement about the real
world that does not contain theoretical terms—that is, any statement
capable of empirical confirmation—that follows from the theory will
also follow from the Ramsey sentence. In other words, the Ramsey sentence has precisely the same explanatory and predictive poweras the
original system of postulates. Ramsey was thefirst to see this. It was
an importantinsight, although few of his colleagues gave it much attention. One of the exceptions was Braithwaite, who was Ramsey’s friend
and who edited his papers. In his book, Scientific Explanation (1953),

Braithwaite discusses Ramsey’s insight, emphasizing its importance.
The important fact is that we can now avoid all the troublesome
metaphysical questions that plague the original formulation of theories
and can introduce a simplification into the formulation of theories. Before, we had theoretical terms, such as “electron”, of dubious “reality”
because they were so far removed from the observable world. Whatever
partial empirical meaning could be given to these terms could be given
only by the indirect procedure of stating a system of theoretical postulates and connecting those postulates with empirical observations by
means of correspondence rules. In Ramsey’s way of talking about the
external world, a term such as “electron” vanishes. This does not in any
way imply that electrons vanish, or, more precisely, that whatever it is
in the external world that is symbolized by the word “electron” vanishes. The Ramsey sentence continues to assert, through its existential
quantifiers, that there is something in the external world that has all
those properties that physicists assign to the electron. It does not question the existence—the “‘reality’—of this something. It merely proposes a different way of talking about that something. The troublesome
question it avoids is not, “Do electrons exist?” but, “Whatis the exact

meaning of the term ‘electron’?” In Ramsey’s way of speaking about
the world, this question does not arise. It is no longer necessary to inquire about the meaning of “electron”, because the term itself does not
appear in Ramsey’s language.
It is important to understand—andthis point was not sufficiently
stressed by Ramsey—that Ramsey’s approach cannotbe said to bring
theories into the observation language if ‘‘observation language” means
(as is often the case) a language containing only observational terms
and the terms of elementary logic and mathematics. Modern physics
demands extremely complicated, high-level mathematics. Relativity
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theory, for instance, calls for non-Euclidean geometry and tensor cal-

culus, and quantum mechanics calls for equally sophisticated mathematical concepts. It cannot be said, therefore, that a physical theory,

expressed as a Ramsey sentence, is a sentence in a simple observational

language. It requires an extended observational language, which is observational because it contains no theoretical terms, but has been extended to include an advanced, complicated logic, embracing virtually
the whole of mathematics.
Suppose that, in the logical part of this extended observation language, we provide for a series Do, D;, Dz, . . . of domains of mathematical entities such that:
(1) The domain D, contains the natural numbers (0, 1,
2,...).
(2) For any domain D,, the domain D, +41 contains all
classes of elements of Dp.

The extended language contains variables for all these kinds of
entities, together with suitable logical rules for using them. It is my
opinion that this language is sufficient, not only for formulating all
present theories of physics, but also for all future theories, at least for
a long time to come. Of course,it is not possible to foresee the kinds of
particles, fields, interactions, or other concepts that physicists may introduce in future centuries. However, I believe that such theoretical con-

cepts, regardless of how bizarre and complex they may be, can—by
means of Ramsey’s device—be formulated in essentially the same extended observation language that is now available, which contains the
observational terms combined with advanced logic and mathematics.”
On the other hand, Ramsey certainly did not mean—and no one
has suggested—that physicists should abandon theoretical terms in
their speech and writing. To do so would require enormously complicated statements. For example, it is easy to say in the customary language that a certain object has a mass of five grams. In the symbolic
notation of a theory, before it is changed to a Ramseysentence, one
can say that a certain object No. 17 has a massoffive grams by writing,
“Mass (17) = 5”. In Ramsey’s language, however, the theoretical term
2] have defended this view at greater length, and with more technical details, in

my paper, “Beobachtungssprache und theoretische Sprache,” Dialectica, 12
(1958), 236-248; reprinted in W. Ackermann et al., eds., Logica: Studia Paul
Bernays dedicata (Neuchatel (Switzerland): Editions du Griffon, 1959), pp. 32-

44,
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“Mass” does not appear. There is only the variable (as in the previous
example) “R3’”. How can the sentence “Mass (17) = 5” be translated

into Ramsey’s language? “Rg (17) = 5” obviously will not do; it is not
even a sentence. The formula must be supplemented by the assumptions

concerning the relation Rz that are specified in the Ramsey sentence.

Moreover, it would not be sufficient to pick out only those postulateformulas containing “R,”. All the postulates are needed. Therefore, the
translation of even this brief sentence into the Ramsey language demands an immensely long sentence, which contains the formulas corre-

sponding toall the theoretical postulates, all the correspondence postu-

lates, and their existential quantifiers. Even when the abbreviated form

used earlier is adopted, the translation is rather long:

(A C,) (AC)... (ARs) ARLE... ..
1...Re... Reg... Re...

53... Rr...

O,...O,...03...Re.... Og... On...
and R3(17) = 5].

It is evident that it would be inconvenient to substitute the Ramsey
way of speaking for the ordinary discourse of physics in which theoretical terms are used. Ramsey merely meant to makeclear that it was
possible to formulate any theory in a language that did not require
theoretical terms but that said the same thing as the conventional language.
When wesay it “says the same thing”, we mean this only so far
as all observable consequences are concerned. It does not, of course,

say exactly the samething. The former language presupposes that theoretical terms, such as “electron” and “mass”, point to something that
is somehow more than what is supplied by the context of the theory
itself. Some writers have called this the “surplus meaning” of a term.
Whenthis surplus meaning is taken into account, the two languages are
certainly not equivalent. The Ramsey sentence represents the full observational content of a theory. It was Ramsey’s great insight that this
observational contentis all that is needed for the theory to function as
theory, that is, to explain known facts and predict new ones.
It is true that physicists find it vastly more convenient to talk in
the shorthand language that includes theoretical terms, such as “proton’, “electron”, and “neutron”. But if they are asked whether electrons

“really” exist, they may respond in different ways. Some physicists are
content to think about such terms as “electron” in the Ramsey way.
They evade the question about existence by stating that there are cer-
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tain observable events, in bubble chambers and so on, that can be de-

scribed by certain mathematical functions, within the framework of a
certain theoretical system. Beyond that they will assert nothing. To ask
whetherthere really are electrons is the same—from the Ramsey point
of view—as asking whether quantum physics is true. The answer is
that, to the extent that quantum physics has been confirmed bytests,
it is justifiable to say that there are instances of certain kinds of events
that, in the language of the theory, are called “electrons”.
This point of view is sometimes called the “instrumentalist” view
of theories. It is close to the position defended by Charles Peirce, John

Dewey, and other pragmatists, as well as by many other philosophers
of science. From this point of view, theories are not about “reality”.
They are simply language tools for organizing the observational phenomena of experience into some sort of pattern that will function efficiently in predicting new observables. The theoretical terms are convenient symbols. The postulates containing them are adopted because
they are useful, not because they are “true”. They have no surplus
meaning beyond the way in which they function in the system. It is
meaningless to talk about the “real” electron or the “real” electromagnetic field.
Opposed to this view is the “descriptive” or “realist” view of
theories. (Sometimes these two are distinguished, but it is not necessary to delve into these subtle differences.) Advocates of this approach
find it both convenient and psychologically comforting to think of electrons, magnetic fields, and gravitational waves as actual entities about

which science is steadily learning more. They point out that there is no
sharp line separating an observable, such as an apple, from an unobservable, such as a neutron. An amoebais not observable by the naked
eye, but it is observable through a light microscope. A virus is not
observable even through a light microscope, but its structure can be
seen quite distinctly through an electron microscope. A proton cannot
be observed in this direct way, but its track through a bubble chamber

can be observed. If it is permissible to say that the amoebais “real”,
there is no reason whyit is not permissible to say that the proton is
equally real. The changing view aboutthe structure of electrons, genes,
and other things does not mean that there is not something “there”,
behind each observable phenomenon; it merely indicates that more
and more is being learned about the structure of those entities.
Proponents of the descriptive view remind us that unobservable
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entities have a habit of passing over into the observable realm as more
powerful instruments of observation are developed. At one time, “virus”
wasa theoretical term. The same is true of “molecule”. Ernst Mach
was so opposed to thinking of a molecule as an existing “thing” that
he once called it a “valueless image”. Today, even atoms in a crystal
lattice can be photographed by bombarding them with elementary particles; in a sense, the atom itself has become an observable. Defenders

of this view argue that it is as reasonable to say that an atom “exists”
as it is to say that a distant star, observable only as a faint spotoflight
on a long-exposed photographic plate, exists. There is, of course, no
comparable way to observe an electron. But that is no reason for refusing to say it exists. Today,little is known aboutits structure; tomorrow
a great deal may be known.It is as correct, say the advocates of the
descriptive approach, to speak of an electron as an existing thing as it
is to speak of apples and tables and galaxies as existing things.
It is obvious that there is a difference between the meanings of
the instrumentalist and the realist ways of speaking. My own view,
which I shall not elaborate here, is that the conflict between the two

approachesis essentially linguistic. It is a question of which way of
speaking is to be preferred under a given set of circumstances. To say
that a theory is a reliable instrument—thatis, that the predictions of
observable events that it yields will be confirmed—is essentially the
same as saying that the theory is true and that the theoretical, unobservable entities it speaks about exist. Thus, there is no incompatibility
between the thesis of the instrumentalist and that of the realist. At
least, there is no incompatibility so long as the former avoids such
negative assertions as, “. . . but the theory does not consist of sentences which are either true or false, and the atoms, electrons, and the

like do not really exist’’.?

3 An illuminating discussion of the two or three points of view on this controversy

is given by Ernest Nagel, The Structure of Science (New York: Harcourt, Brace &

World, 1961), Chapter 6, “The Cognitive Status of Theories.”

CHAPTER

21

Analyticity in an
Observation Language

ONE OF THE OLDEST, most persistent

dichotomies in the history of philosophy is that between analytic and
factual truth. It has been expressed in manydifferent ways. Kant introduced the distinction, as shown in Chapter 18, in terms of what he

called “analytic” and “synthetic” statements. Earlier writers spoke of
“necessary” and “contingent” truth.
In my opinion, a sharp analytic-synthetic distinction is of supreme
importance for the philosophy of science. The theory of relativity, for
example, could not have been developed if Einstein had not realized
that the structure of physical space and time cannot be determined
without physical tests. He saw clearly the sharp dividing line that must
always be kept in mind between pure mathematics, with its many types
of logically consistent geometries, and physics, in which only experiment
and observation can determine which geometries can be applied most
usefully to the physical world. This distinction between analytic truth
(which includes logical and mathematical truth) and factual truth is
equally important today in quantum theory, as physicists explore the

nature of elementary particles and search for a field theory that will
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bind quantum mechanics to relativity. In this chapter and in the next,
we shall be concerned with the question of how this ancient distinction
can be madeprecise throughoutthe entire language of modern science.
For manyyears, it has been found useful to divide the terms of a

scientific language into three main groups.

1. Logical terms, including all the terms of pure mathematics.
2. Observational terms, or O-terms.
3. Theoretical terms, or T-terms (sometimes called “constructs”).

It is true, of course, as has been emphasized in earlier chapters,
that no sharp boundary separates the O-terms from the T-terms. The
choice of an exact dividing line is somewhat arbitrary. From a practical
point of view, however, the distinction is usually evident. Everyone
would agree that words for properties, such as “blue”, “hard”, “cold”,
and wordsfor relations, such as “warmer”, “heavier”, “brighter”, are
O-terms, whereas “electric charge”, “proton”, “electromagnetic field”

are T-terms, referring to entities that cannot be observedin a relatively
simple, direct way.

With respect to sentences in the language of science, there is a
similar three-fold division.
1. Logical sentences, which contain no descriptive terms.

2. Observational sentences, or O-sentences, which contain O-terms but
no T-terms.
3. Theoretical sentences, or T-sentences, which contain T-terms. T-

sentences, however, are of two types:

a. Mixed sentences, containing both O- and T-terms, and

b. Purely theoretical sentences, containing T-terms but no O-terms.

The entire language, L, of science is conveniently divided into two
parts. Each contains the whole of logic (including mathematics). They
differ only with respect to their descriptive, nonlogical elements.
1. The observation languages, or O-language (Lo), containing logical
sentences and O-sentences, but no T-terms.

2. The theoretical language, or T-language (Ly), containing logical

sentences and T-sentences (with or without O-terms in addition to
T-terms).

The T-terms are introduced into the language of science by a
theory, T, which rests upon two kinds of postulates—the theoretical, or
T-postulates, and the correspondence, or C-postulates. The T-postulates are the laws of the theory. They are pure T-sentences. The C-
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postulates, the correspondence rules, are mixed sentences, combining
T-terms with O-terms. As shownearlier, they constitute what Campbell called the dictionary for joining the observational and theoretical
languages, what Reichenbach called coordinative definitions, and what
in Bridgman’s terminology might be called operational postulates or
operational rules.
With this background,let us turn to the problem of distinguishing
between analytic and factual truth in the observational language.
The first kind of analytic truth is logical truth or “L-truth” in our
terminology. A sentence is L-true, whenit is true in virtue of its form
and of the meanings of the logical terms occurring in it. For example,
the sentence, “If no bachelor is a happy man, then no happy manis a
bachelor”, is L-true, because you can recognize its truth if you know
the meanings, the way of using the logical words “if”, “then”, “no”,

and “is”, even if you do not know the meaningsof the descriptive words
“bachelor”, “happy”, and “man”. All the statements (principles and

theorems) of logic and mathematics are of this kind. (That pure mathe-

matics is reducible to logic was shown by Frege and Russell, although
some points of this reduction are still controversial. This question will
not be discussed here.)
On the other hand, as Willard V. ©. Quine has madeclear, the

observational language is rich in sentences that are analytic in a much
wider sense than L-true. These sentences cannot be described as true
or false until the meanings of their descriptive terms are understood as
well as the meanings of their logical terms. Quine’s well-known example is, “No bachelor is married.” The truth of this sentence is patently
not a matter of the contingentfacts of the world, yet it cannot be called
true because ofits logical form alone. In addition to knowing the meaning of “no” and “is”, it is necessary to know whatis meant by “bachelor”
and “married”. In this case, everyone who speaks English would agree
that “bachelor” has the same meaning as “a man who is not married”.
Once these meanings are accepted, it is immediately apparent that the
sentence is true, not because of the nature of the world, but because

of the meanings our language assigns to the descriptive words. It is not
even necessary to understand these meanings fully. It is necessary only
to know that the two words have incompatible meanings, that a man
cannot be described simultaneously as both a bachelor and a married
man.
Quine proposed, and I follow his proposal, that the term “ana-
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lytic” be used for “logically true” in the broader sense, the sense that
includes sentences of the type just discussed, as well as L-true sentences. “A-truth” is the term I use for analytic truth in this broad sense.
Thus, all L-true sentences are A-true, although not all A-true sentences
are L-true. An L-true sentence is true becauseof its logical form alone.

An A-true sentence, not L-true, is true because of the meanings as-

signed to its descriptive terms as well as because of the meanings of its
logical terms. In contrast, the truth or falsity of a synthetic sentence is
not determined by the meaningsofits terms, but by factual information
about the physical world. “Objects fall to the earth with an acceleration
of 32 feet per second per second.” It cannot be decided whether the
statementis true or false simply by an examination of its meaning. An
empirical test is necessary. Such a statement has “factual content”. It
tells something about the actual world.
Of course, no natural language, such as English, is so precise that
everyone understands every word in the same way.Forthis reason,it is
easy to formulate sentences that are ambiguous with respect to their
analyticity; they are sentences whose analyticity or syntheticity will be
argued about.
Consider, for instance, the assertion, “All red-headed woodpeckers
have red heads.” Is it analytic or synthetic? At first you may answer
that it is, of course, analytic. “Red-headed woodpeckers” means “woodpeckers that have red heads”, so the sentence is equivalent to the assertion that all woodpeckers with red heads have red heads. Such a sentence is not only A-true but also L-true.
You are right /f the meaning of “red-headed woodpecker” is such
that “having a red head” is, in fact, an essential component of the mean-

ing. But is it an essential component? An ornithologist may have a

different understanding of “red-headed woodpecker”. For him the term

may refer to a species of bird defined by a certain type body structure,
shape of bill, and behavior habits. He may consider it quite possible
that this species of bird, in some isolated region, may have undergone
a mutation that changed thecolor of its head to, say, white. For sound
taxonomic reasons, he would continue to call such birds red-headed

woodpeckers even though their heads were not red. They would be a
Species variant. He might even refer to them as “white-headed redheaded woodpeckers”. Therefore, if “red-headed woodpecker” is so
interpreted that having a red head is not an essential component,
the sentence becomes synthetic. It is necessary to make an empirical
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survey of all red-headed woodpeckers to determine whetherall of them
do, in fact, have red heads.
Even the statement “If Mr. Smith is a bachelor, he does not have

a wife” could be taken as synthetic by anyone who interpreted certain
words in an unorthodox way. For example, to a lawyer the word “wife”
may have a broad meaningthat includes “common-law wife’. If a lawyer interprets “bachelor” to mean a mannotlegally married but takes
“wife” in this broader sense, then clearly the sentence is synthetic. One
must investigate Mr. Smith’s private life to find out whether the sentence
is true orfalse.
The problem of analyticity can be discussed with respect to an
artificial observational language that can be constructed by laying down
precise rules. These rules need not specify the full meanings of all descriptive words in the language, but meaning relations between certain
words must be made clear by rules that I once called “meaning postulates” but now prefer to call, more simply, “A-postulates” (analyticity
postulates). We can easily imagine how complete specifications could
be given forall the language’s descriptive words. For example, we could
specify the meanings of “animal”, “bird”, and “red-headed woodpecker”
by the following designation rules:
(D1) The term “animal” designates the conjunction of the following properties (1) ..., (2) ..., (3) ...,(4)...,

(5)... (here a complete list of definitory properties would
be given).
(D2) The term “bird” designates the conjunction of the following properties

(1) ..., (2) ..., (3) ...,(4)...,

(5) ... (as in D1 above), plus the additional properties
(6) ..., (7) ..., (8) ..., (9)... , (10)... (all
the properties needed to specify the meaning of “‘bird’’).

(D3) The term “red-headed woodpecker” designates the conjunction
of the following properties (1) ..., (2) ...,..., 0)
... (as in D1), plus (6) ..., (7) ...,..., (10)
..., (as in D2), plus the additional properties (11) ...,

(12) ..., (13) ..., (14) ..., (15)... (all the
properties needed to specify the meaning of “‘red-headed woodpecker’).

If all the required properties were written out in the spaces indicated by dots, it is apparent that the rules would be enormously lengthy
and cumbersome. Something like this would be necessaryif a full specification of the meanings of all descriptive terms in ourartificial language
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were insisted upon. Fortunately, it is not necessary to go to suchtiresome lengths. A-postulates can be limited to specifying the meaning relations that hold among the language’s descriptive terms. For example,
for the three terms just discussed, only two A-postulates are needed.
(A1) All birds are animals,
(A2) All red-headed woodpeckersare birds.

If the three D-rules are given, the two A-postulates can obviously
be derived from them. But, since the D-rules are so cumbersome,it is

not necessary to formulate them whenthe purpose is merely to indicate
the analytic structure of a language. Only the A-postulates need be
given. They are much simpler, and they provide a sufficient basis for
making the distinction between analytic and synthetic statements in the
language.
Assumethatthe artificial language is based on the natural language
of English but we wish to give A-postulates to make it possible, in all
cases, to determine whether a given sentence in the languageis analytic.
In some cases, the A-postulates can be obtained by consulting an ordinary English dictionary. Consider the sentence, “If a bottle is tossed out
of a window,the bottle is defenestrated.” Is this analytic or synthetic?
The A-postulate, derived from the dictionary definition, says, “x is
defenestrated if and only if x is tossed out of a window.”It is apparent
at once that the sentence is A-true. It is not necessary to toss a bottle
through a window to see whether it does or does not become defenestrated. The truth of the sentence follows from the meaningrelations of
its descriptive words, as specified by the A-postulate.
An ordinary dictionary may be precise enough to guide us with
respect to some sentences, but will be of little help with respect to
others. For example, consider those traditionally ambiguousassertions,

“All men are rational animals” and “All men are featherless bipeds.”
The main difficulty here lies in the great ambiguity of what is meant by
“men”. In our artificial language, there is no difficulty because thelist
of our A-postulates settles the matter by fiat. If we desire to interpret
“men” in such a way that “rationality” and “animality” are essential
meaning components of the word, then “All men are rational” and “All
men are animals” are listed among the A-postulates. On the basis of
these A-postulates, the statement “All men are rational animals” is

A-true. On the other hand, if the A-postulates for “men”refer only to
the structure of men’s physical bodies, then the statement, “All men are
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rational animals”, is synthetic. If analogous A-postulates are not laid
down for the terms “featherless” and “biped”, this indicates that in our
language “featherlessness” and “bipedity” are not considered essential

meaning components of “men”. The assertion “All men are featherless
bipeds” also becomes synthetic. In our language, a one-legged man
wouldstill be called a man. A man whogrewfeathers on his head would
still be called a man.
The important point to understand here is that the more precise
the list of A-postulates is made, the more precise a distinction can be
made between analytic and synthetic sentences in our language. To the
extent that the rules are vague, the constructed language will contain
sentences that are hazy with respect to their analyticity. Any haziness

that remains—andthis point is essential—will not be because of lack
of clarity in understanding the dichotomy between analytic and synthetic. It will be because of haziness in understanding the meanings of
the descriptive wordsof the language.
Alwaysbearin mindthat the A-postulates, although they may seem
to do so, do nottell anything about the actual world. Consider, for example, the term “warmer”. We may wish to lay down an A-postulate
to the effect that the relation designated by this term is asymmetric. “For
any x and any y, if x is warmer than y, then y is not warmer than x.”
If someonesays he has discovered two objects A and B, of such a nature
that A is warmer than B, and B is warmerthan A, we would not respond

by saying: “How surprising! What a wonderful discovery!” We would
reply: “You and I must have different understandings of the word
‘warmer’. To me it means an asymmetric relation; therefore, the situation you have found cannot be described as you have described it.”
The A-postulate specifying the asymmetric character of the relation

“warmer” is concerned solely with the meaning of the wordasit is used
in our language. It says nothing whatever aboutthe nature of the world.
In recent years, the view that a sharp distinction can be made between analytic and synthetic statements has been strongly attacked by
Quine, Morton White, and others." My own views on this matter are
1 Quine’s attack is in his paper, “Two Dogmas of Empiricism,” Philosophical Review, 60 (1951), 20-43; reprinted in From a Logical Point of View (Cambridge:
Harvard University Press, 1953); (New York: Harper Torchbooks, 1963). See
also his essay, “Carnap and Logical Truth,” in Paul Arthur Schilpp, ed., The

Philosophy of Rudolf Carnap (La Salle, Ill.: Open Court, 1963), pp. 385-406,
and my reply, pp. 915-922. For Morton White’s animadversions, see his paper,

“The Analytic and Synthetic: An Untenable Dualism,” in Sidney Hook,ed., John

Dewey (New York: Dial, 1950), and Part 2 of White’s Toward Reunion in

264

Theoretical Laws and Theoretical Concepts

given in two papers reprinted in the appendix of the second edition
(1956) of my previously cited book Meaning and Necessity. Thefirst
of these papers, on “Meaning Postulates”, replies to Quine by showing
in a formal way (as I have indicated informally here) how the distinction can be made precise for a constructed observation language by the
simple expedient of adding A-postulates to the rules of the language.
My second paper, “Meaning and Synonymy in Natural Languages”,
indicates how the distinction can be made,notfor anartificial language,
but for a commonly used language, such as everyday English. Here the
distinction must be based on an empirical investigation of speaking
habits. This involves new problems, which are discussed in the paper
but which will not be considered here.
So far, analyticity has been discussed only in reference to observa-

tion languages: the observation language of everyday life, of science,
and the constructed observation language of a philosopherof science. It
is my conviction that the problem of distinguishing analytic from synthetic assertions in such languageshas, in principle, been solved. Moreover, I believe, and I am convinced that almost all working scicntists

would agree, that, in the observation language of science, the distinction
is a useful one. When, however, we seek to apply the dichotomy to the
theoretical language of science, we meet formidable difficulties. In
Chapter 28 someofthese difficulties and a possible way of overcoming
them are considered.
Philosophy (Cambridge: Harvard University Press, 1956); (New York: Athe-

neum paperback, 1963). A list of some important articles replying to Quine will

be found in Paul Edwards and Arthur Pap, eds., A Modern Introduction to
Philosophy (Glencoe, Ill.: The Free Press, 1962), p. 89.

CHAPTER

28

Analyticity in a
Theoretical Language

BEFORE EXPLAININGhowI believe the
analytic-synthetic distinction can be made clear with respect to the theoretical language of science, it is important first to understand the huge
difficulties involved and how they spring from the fact that T-terms
(theoretical terms) cannot be given complete interpretations. In the

observation language, this problem doesnotarise. It is assumedthat all
meaning relations between the descriptive terms of the observation language have been expressed by suitable A-postulates, as explained in the
preceding chapter. With respect to T-terms, however, the situation is
altogether different. There is no complete empirical interpretation for
such terms as “electron”, “mass”, and “electromagnetic field”. True, a

track in a bubble chamber can be observed and explained as produced
by an electron passing through the chamber. But such observations
provide only partial, indirect empirical interpretations of the T-terms
to which they are linked.
Consider, for example, the theoretical term “temperature”, as
used in the kinetic theory of molecules. There are C-postulates (correspondence rules) that connect this term with the construction and use
265

266

Theoretical Laws and Theoretical Concepts

of a thermometer, for instance. After a thermometeris put into a liquid,
a scale reading is observed. C-postulates join this procedure to the
T-term “temperature” in such a way that the scale readings provide a
partial interpretation of the term.It is partial because this particular interpretation of “temperature” cannot be usedfor all the sentencesin the
theory in which the term occurs. An ordinary thermometer works only
within a narrow interval on the temperature scale. There are temperatures below which any test liquid would freeze solid and temperatures
above which any test liquid would vaporize. For these temperatures, en-

tirely different methods of measurement must be used. Each methodis
linked by C-postulates with the theoretical concept of “temperature”,

but it cannot be said that this exhausts the empirical meaning of “temperature”. New observations in the future may yield new C-postulates
that will add still further to the empirical interpretation of the concept.
Hempel, in Section 7 of his monograph, “Methods of Concept Formation in Science” (Encyclopedia of Unified Science, 1953), has drawn

a memorable picture of the structure of a theory.

A scientific theory might therefore be likened to a complex spatial
network: Its terms are represented by the knots, while the threads connecting the latter correspond, in part, to the definitions and, in part,
to the fundamental and derivative hypotheses included in the theory.
The whole system floats, as it were, above the plane of observation and
is anchored to it by rules of interpretation. These might be viewed as
strings which are not part of the network but link certain parts of the
latter with specific places in the plane of observation. By virtue of
those interpretive connections, the network can function as scientific
theory: From certain observational data, we may ascend, via an in-

terpretive string, to some point in the theoretical network, thence pro-

ceed, via definitions and hypotheses, to other points, from which an-

other interpretive string permits a descent to the plane of observation.!

The problem is to find a way to distinguish, in the language that
speaks about this complex network, the sentences that are analytic and
those that are synthetic. It is easy to identify L-true sentences, that is,

sentences that are true in virtue of their logical form. “If all electrons
have magnetic moments andparticle x has no magnetic moment, then
particle x is not an electron.” This sentence is clearly L-true. It is not
necessary to know anything about the meaningsof its descriptive words
1 The quotation is from Carl G. Hempel, International Encyclopedia of Unified

Science, Vol. 2, No. 7: Fundamentals of Concept Formation in Empirical Science

(Chicago: University of Chicago Press, 1952), pp. 23-38.
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to see that it is true. But how is the distinction to be made between sentences that are analytic (true in virtue of the meanings of their terms,
including their descriptive terms) and sentences that are synthetic (the

truth of which cannot be decided without observing the actual world)?
To recognize analytic statements in a theoretical language, it is
necessary to have A-postulates that specify the meaningrelations holding amongthe theoretical terms. A statementis analytic if it is a logical
consequence of the A-postulates. It must be true in a way that does not
demand observation of the actual world; it must be devoid of factual
content. It must be true solely by virtue of the meanings of its terms,

just as the observational statement “No bachelor is married”is true by
virtue of the meanings of “bachelor” and “married”. These meanings
can be madeprecise by rules of the observation language. How can comparable A-postulates be formulated to identify analytic statements in a
theoretical language containing theoretical terms for which there are no
complete interpretations?
The first thought, perhaps, is that the T-postulates alone might
serve as A-postulates. It is true that a deductive theory can be built up
by combining T-postulates with logic and mathematics, but the result
is an abstract deductive system in which the theoretical terms have not
even a partial interpretation. Euclidean geometry is a familiar example.
It is an uninterpreted structure of pure mathematics. To becomea scientific theory, its descriptive terms must be interpreted,at least partially.

This meansthat its terms must be given empirical meanings, which is
done, of course, by correspondencerules that connectits primitive terms
with aspects of the physical world. Euclidean geometry is thereby transformed into physical geometry. We say that light moves in “straight
lines”, cross-hairs in a telescope intersect at a “point”, and planets move
in “ellipses” around the sun. Until the abstract mathematical structure
has been interpreted (at least partially) by C-postulates, the semantic
problem of distinguishing analytic from synthetic sentences does not
even arise. The T-postulates of a theory cannot be used as A-postulates
because they fail to provide the T-terms with empirical meaning.
Can the C-postulates be used to provide A-postulates? The C-postulates cannot, of course, be taken alone. To obtain the fullest possible
interpretation (though still only partial) for the T-terms, it is necessary

to take the entire theory, with its combined T- and C-postulates. Suppose, then, that we presuppose the entire theory. Will the combined
T- and C-postulates furnish the A-postulates we seek? No; now we have

268

Theoretical Laws and Theoretical Concepts

presupposed too much. We have, indeed, obtained all the empirical

meaning we can get for our theoretical terms, but we have also obtained
factual information. The conjunction of T- and C-postulates, therefore,
gives us synthetic statements, and, as we have seen, such statements can-

not provide A-postulates.
An example will make this clear. Suppose we say that the T- and
C-postulates of the general theory of relativity will serve as A-postulates
for identifying analytic sentences in the theory. On the basis of certain
T- and C-postulates, aided by logic and mathematics, we deduce that

light from stars will be deflected by the sun’s gravitational field. Can we
not say that this conclusion is analytic, true solely by virtue of the empirical meanings that have been assigned to all the descriptive terms?
Wecannot, because the general theory of relativity provides conditional
predictions about the world that can be confirmed or refuted by empiricaltests.
Consider, for instance, the statement, “These two photographic
plates were made of the samepattern of stars. The first was made during
a total eclipse of the sun, when the sun’s covered disk wasinside the star

pattern. The second was made when the sun did not appear nearthis
pattern.” This will be called statement A. Statement B is: “On thefirst
plate, the imagesof stars very close to the rim of the eclipsed sun will be
displaced slightly from their positions as shown on the second plate and
will be displaced in a direction away from the sun.” The conditional assertion, “If A, then B”, is a statement that can be derived from the general theory of relativity. But it is also a statement that can be tested by
observation. Indeed, as shown in Chapter 16, a historic test of this asser-

tion was made by Findlay Freundlich in 1919. He knew that A wastrue.
After careful measurements of the spots of light on the two plates, he
found B to be true also. Had he found B false, the conditional statement,
“If A, then B”, would have been falsified. This, in turn, would have re-

futed the theory of relativity, from which “If A, then B” was derived.
There is, therefore, factual content in the theory’s assertion that star-

light is deflected by gravitationalfields.
To make the same point more formally, after the T- and C-postulates of relativity theory have been specified, it is possible, on the basis
of a given set of premisses, A, in the observation language, to derive
another set of sentences, B, also in the observation language, that can-

not be derived without TC, the entire theory. The statement, “If A, then
B’’, is, therefore, a logical consequence of the conjunction of T andC.
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If T and C were taken as A-postulates, it would be necessary to look
upon the statement “If A, then B” as analytic. But, it clearly is not
analytic. It is a synthetic statement in the observation language. It would
be falsified if observation of the actual world showed A to be true and
B to befalse.
Quine and other philosophers of science have argued that the difficulties here are so great that the analytic-synthetic dichotomy, in its

intended meaning, cannot be applied to the theoretical language of science. More recently, this view has been presented with great clarity by
Hempel.*? Hempel waswilling, perhaps hesitatingly, to accept the dichotomy with respect to the observation language. Regarding its usefulness
with respect to the theoretical language, he voiced strong Quinian scepticism. The double role of the T- and C-postulates, he maintained, makes

the concept of analytic truth, with respect to a theoretical language, entirely elusive. It is hardly to be imagined, he thought, that a way exists
to split up these two functions of the T- and C-postulates so that it can
be said that this part of them contributes to meaning, and, therefore, the
sentences that rely on that part are, if they are true, true because of
meaning only, whereas the other sentences are factual sentences.
One extreme way to solve, or rather avoid, all the troublesome

problems connected with theoretical terms is the one proposed by
Ramsey. As shown in Chapter 26, it is possible to state the entire observational content of a theory in a sentence known as the Ramsey sentence, ®TC, in which only observational and logical terms appear. The
theoretical terms are, it may be said, “quantified away”. Since there are
no theoretical terms, there is no theoretical language. The problem of
defining analyticity for a theoretical language disappears. This, however,
is too radical a step. As shownearlier, giving up the theoretical terms

of science leads to great complexities and inconveniences. Theoretical
terms enormously simplify the task of formulating laws and, for that

reason alone, cannot be eliminated from the language of science.
I believe that there is a way to solve the problem by making use of
the Ramsey sentence, but only by doing so in a manner that does not
force us to take Ramsey’s final, extreme step. By makingcertain distinc*See Hempel’s two papers, “The Theoretician’s Dilemma” in Herbert Feigl,
Michael Scriven, and Grover Maxwell, eds., Minnesota Studies in the Philosophy
of Science (Minneapolis, Minn.: University of Minnesota Press, 1956), Vol. II,

and “Implications of Carnap’s Work for the Philosophy of Science” in Paul
Arthur Schilpp, ed., The Philosophy of Rudolf Carnap (La Salle, Ill.: Open
Court, 1963).
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tions, the desired dichotomy between analytic and synthetic truth in the
theoretical language can be obtained, and, at the same time, all the
theoretical terms and sentences of a theory can beretained.

So far, we have regarded a theory as consisting of two “sentences”:

sentence 7, the conjunction of all the T-postulates, and sentence C, the

conjunction of all the C-postulates. The theory TC is the conjunction

of these two sentences.

I shall propose another way in which the theory TC can be split
into two sentences that, taken in conjunction, are equivalent to the
theory. It will be divided into a sentence Ay and a sentence Fy. The sentence Ar is intended to serve as the A-postulate for all the theoretical
terms of the theory. It must, of course, be completely devoid of factual
content. The sentence Fy is intended to be the sentence that expresses

the entire observational or factual content of the theory. As has been
shown, the Ramseysentenceitself, "TC, does exactly this. It expresses,
in an observation language extended to include all of mathematics,

everything that the theory says about the actual world. It provides no
interpretation of theoretical terms, because no such terms appearin the
sentence. Thus, the Ramsey sentence, ®7C,is taken as the factual postulate Fr.
The two sentences Fr and Ar, taken together, should logically im-

ply the entire theory TC. How can a sentence Ar that fulfills these requirements be formulated? For any two sentences S; and $,, the
weakest sentence that, together with S,, logically implies Sz, is the conditional assertion, “If S,, then S,”. In symbolic form, this is expressed
with the familiar symbol for material implication: “S, D S»2’. Thus, the

simplest way to formulate an A-postulate Ar, for a theory TC,is:
(Ar)

RTCITC

It can easily be shown that this sentenceis factually empty. It tells
nothing about the world. All the factual content is in the sentence Fr,
which is the Ramsey sentence "TC. The sentence Ay simply asserts that
if the Ramsey sentenceis true, we must then understand the theoretical
terms in such a waythat the entire theory is true. It is a purely analytic
sentence, because its semantic truth is based on the meanings intended
for the theoretical terms. This assertion, coupled with the Ramsey sen-

tenceitself, will then L-imply the entire theory.
Let us see how this curious A-postulate "TC DTC provides a
way to distinguish between analytic and synthetic statements in the theo-
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retical language. The Ramsey sentence ®TCis synthetic. Its truth can
be established only by actual observation of the world. But any statement L-implied by the given A-postulate will be analytic.
Here, as with analytic sentences in the observation language, there
is a loose sense in which the A-postulate does say something about the
world. But, in a strict sense, it does not. The A-postulate states that if

entities exist (referred to by the existential quantifiers of the Ramsey
sentence) that are of a kind bound togetherbyall the relations expressed
in the theoretical postulates of the theory and that are related to observational entities by all the relations specified by the correspondence postulates of the theory, then the theory itself is true. The A-postulate seems
to tell something about the world, but it actually does not. It does not
tell us whether the theory is true. It does not say that this is the way the
world is. It says only that if the world is this way, then the theoretical

terms must be understoodassatisfying the theory.
In Chapter 26, an example of a theory with six theoretical concepts,
namely, two classes and four relations, was considered. A schematic
formulation (with the context simply indicated by dots) of the theory
TC and its Ramsey sentence, ®TC, was given. With this example in view,

the A-postulate for this theory can be formulated asfollows:

(Ar)

2

(ACi) (A C2) (ARi) (ARs) (ARs) (ARs)... Ga.
.

1...

Ro...Rg...

Re...

3...

Ry

- Or... Og... Og... Ro... On... On... 5]
D[...Mol...Hymol... Temp...

Press... Mass... Vel...35... Temp...
O,...0O2...0O3... Press...O4..On.. .|.

This says that, if the world is such that there is at least one sextuple
of entities (two classes and four relations) that are related among themselves and to the observational entities, O,, Oo, . . . , Om, as specified
by the theory, then the theoretical entities Mol, Hymol, Temp, Press,

Mass, and Vel form a sextuple that satisfies the theory. It is important
to understand that this is not a factual statement asserting that, under

the conditions stated, six specified entities do, as a matter offact, satisfy
the theory. The six theoretical terms do not namesix specified entities.
Before the A-postulates Ar is laid down, these terms have no interpretation, not even a partial one. The only interpretation they receive in this

form of the theory is the partial interpretation they obtain through this

A-postulate. Thus, the postulate says in effect that, if there are one or
more sextuplesof entities that satisfy the theory, then the six theoretical
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terms are to be interpreted as denoting six entities forming a sextuple of
that kind. If there are, as a matter of fact, sextuples of that kind, then the

postulate gives a partial interpretation of the theoretical terms by limiting the sextuples admitted for denotation to the sextuples of that kind.
If, on the other hand, there are no sextuples of that kind—in other

words, if the Ramsey sentence happens to be false—then the postulate is true irrespective of its interpretation (because, if “A” is false,
“A > B”is true). Hence, it does not give even a partial interpretation

of the theoretical terms.
Onceall this is fully grasped, there is no barrier to taking the conditional statement "TC DTC as an A-postulate for TC in the same way
that A-postulates are taken in the observation language. As an A-postulate in the observation language tells something about the meaning of
the term “warmer”, so the A-postulate for the theoretical language gives
some information about the meaning of theoretical terms, such as “electron” and “electromagnetic field”. This information, in turn, permits us

to find out that certain theoretical sentences are analytic, namely those
that follow from the A-postulate Ar.

It is now possible to say precisely what is meant by A-truth in the
total language of science. A sentence is A-true if it is L-implied by the
combined A-postulates, that is, by the A-postulates of the observation

language together with the A-postulate of any given theoretical language.
A sentence is A-false if its negation is A-true. If it is neither A-true nor
A-false, it is synthetic.

I use the term “P-truth”—truth based on the postulates—for the
kind of truth possessed by sentences if and only if they are L-implied by
the postulates, namely, the F-postulate (Ramsey sentence), together
with both observational and theoretical A-postulates. In other words,
P-truth is based on the three postulates Fr, Ao, and Ar. But, since Fr

and Ay together are equivalent to TC, the original form of the theory,
it may be just as well to represent all the postulates together as TC
and Ao.

On the basis of the various kinds of truth that have been defined
and the corresponding kinds of falsity, a general classification of the
sentences of a scientific language is obtained. It may be diagrammedas
shown in Figure 28-1. This classification cuts across the previous division of the language into logical, observational, theoretical, and mixed

sentences given earlier, which are based on the kinds of terms occurring
in the sentences. As the readerwill note, the traditional term “synthetic”
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is listed as an alternative to “A-indeterminate”; this seems natural, since

the term “A-true” was used for that concept defined as an explication
of the customary term “analytic” (or “analytically true”). On the other
hand, the term “P-indeterminate” applies to a narrowerclass, namely, to

those A-indeterminate (or synthetic)sentences for which truth or falsity
is not even determined by the postulates of the theory TC, as, for example, the basic laws of physics or some otherfield of science. Here the
term “contingent” suggestsitself as an alternative.
S

true

IL

false

=

P-true

P-false

A-true

A-false

ne

u

L-true

L-false

ee

(a

|

|

|
r+———- P- indeterminate ————

(contingent)

m A-indeterminate —-—————-»

4

(synthetic, factual)
L-indeterminate
(possible)

Figure 28-1.

I do not wish to be dogmatic about this program of a classification

and, in particular, about the definition of A-truth based upon the proposed A-postulate. Rather, I offer it as a tentative solution to the problem of defining analyticity for the theoretical language. Earlier, although
I did not share the pessimism of Quine and Hempel, I always admitted
that it was a serious problem and that I could notsee a satisfactory solution. For a while I thought we would perhaps haveto resign ourselves to
taking a sentence that contained theoretical terms and no observation
terms as analytic only under the most narrow and almosttrivial condition that it is L-true. For example: “Either a particle is an electron, or
it is not an electron.” Finally, after many years of searching, I found this
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new approach, with the new A-postulate.* No difficulties have yet been

discovered in this approach. I am now confident that there is a solution
and that, if difficulties appear, it will be possible to overcome them.
3 A more formal presentation of this approach can be found in my 1958 paper
cited in Chapter 26, note 2, and in my reply to Hempel in Schilpp, op. cit., pp.
958-966.
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29

Statistical Laws

PHILOSOPHERS OFscience, in the past,

have been very much concerned with the question: “Whatis the nature
of causality?” I have tried to make clear in previous chapters why
this is not the best way to formulate the problem. Whatever sort of
causality there is in the world is expressed by the laws of science. If
we wish to study causality, we can do so only by examining those laws,
by studying the ways in which they are expressed and how they are confirmed or disconfirmed by experiment.
In examining the laws of science, it was found to be convenient to
distinguish empirical laws, which deal with observables, from theoretical

laws, which concern nonobservables. We saw that, although there is no
sharp line separating observables from nonobservables, and therefore,
no sharp line separating empirical laws from theoretical ones, the dis-

tinction is nevertheless useful. Another important and useful distinction,

which cuts across both empirical and theoretical laws, is the distinction
between deterministic andstatistical laws. This distinction has been met
before, but, in this chapter, it will be discussed in more detail.

A deterministic law is one that says that, under certain conditions,
277

278

Beyond Determinism

certain things will be the case. As has been shown,a law of this type
may be stated in either qualitative or quantitative terms. The assertion
that, when an iron rodis heated,its length increases, is a qualitative as-

sertion. The assertion that, when the baris heated to a certain temperature, its length increases by a certain amount, is a quantitative assertion.
A quantitative deterministic law always states that, if certain magnitudes have certain values, another magnitude (or one of the former

magnitudes at a different time) will have a certain value. In brief, the
law expresses a functional relation between the values of two or more
magnitudes.

A statistical law, however, states only a probability distribution for

the values of a magnitude in individual cases. It gives only the average
value of a magnitude in a class of many instances. For example,a statistical law states that, if a cubical die is rolled sixty times, a given face may

be expected to be uppermost on aboutten of the rolls. The law does not
predict what will happen on anyoneroll, nor does it say whatis certain
to happen onsixty rolls. It asserts that, if a great many rolls are made,
each face can be expected to appear about as often as any other face.
Because there are six equally probable faces, the probability of rolling
any one face is 14. Probability is used here in a statistical sense, to mean
relative frequency in the long run, and not in the logical or inductive
sense, which I call degree of confirmation.

Statistical laws were common enoughin the nineteenth century, but
no physicist then imagined that such laws indicated an absence of determinism in the basic laws of nature. He assumedthatstatistical laws were
made either for reasons of convenience or because sufficient knowledge
was not available to describe a situation in a deterministic way.
Statements issued by a government, after a population census, are
familiar examples of statements expressedin statistical form for reasons
of convenience rather than of ignorance. During a census, the government attempts to obtain from every individual a record of his age, sex,
race, place of birth, number of dependents, state of health, and so forth.

By carefully counting all these facts, the government is able to issue
valuable statistical information. (In previous times, the counting and
calculation were done by hand. There was usually a ten-year interval
from one census to the next, and, by the time a new census started, the

calculations had not been completed on the old one. Today the data are
put on punch cards, and computers do the work rapidly.) The data reveal that a certain percentage of individuals are over sixty years of age,
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a certain percentage are doctors, a certain percentage have tuberculosis,
and so forth. Statistical statements of this sort are necessary in order to
reduce an enormous numberof facts to manageable form. This does not
mean that the individual facts are not available; it means only thatit
would be extremely inconvenient to express them as individual facts.
Instead of making millions of single statements, such as, “. . . and
there is also Mrs. Smith, of San Francisco, who was born in Seattle,

Washington, is seventy-five years old, has four children and ten grandchildren”, the information is compressedinto short statistical statements.

This is done for reasons of convenience, even though all the underlying
facts are on record.
Sometimesthe single facts are not available, but it is possible to obtain them. For example, instead of taking a complete census of every
individual in a large population, only a representative sample may be
investigated. If the sample indicates that a certain percentage of the
population own their own homes, it may be concluded that approximately the same percentage of the entire population own homes. It
would be possible to check every individual, but, rather than go to the
time and expense of such an undertaking, a sample check is made.If
the sample is chosen carefully, so that there is good reason to regardit
as representative, it is possible to obtain good general estimates.
Evenin the physical and biological sciences,it is frequently convenient to makestatistical statements, although individual facts are known
or would not be difficult to obtain. A plant breeder may disclose that
approximately a thousand plants with red blossoms were subjected to
certain conditions; in the next generation of plants, about 75 per cent of
the blossoms were white instead of red. The botanist may knowthe exact
numbersof red and white blossoms,or,if he does not, it may be possible

for him to obtain the numbers by making exact counts. But, if there is
no need for such accuracy, he may find it more convenient to express
the results as a rough percentage.
At timesit is extremely difficult, even impossible, to obtain exact
information about individual cases, although it is easy to see how it
could be obtained. For instance, if we could measureall the relevant

magnitudes involved in the fall of a die—its exact position at the time
it leaves the hand, the exact velocities imparted to it, its weight and

elasticity, the nature of the surface on which it bounces, and so on—

it would be possible to predict exactly how the die would cometo rest.
Because machines for making such measurements are not presently
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available, we must be content with a statistical law expressing a long
run frequency.
In the nineteenth century, the kinetic theory of gases led to the
formulation of many probabilistic laws in the field knownasstatistical
mechanics. If a certain quantity of, say, oxygen has a certain pressure
and temperature throughout, there will be a certain distribution of the

velocity of its molecules. This is called the Maxwell-Boltzmanndistribution law. It says that, for each of the three components of the velocity,

the probability distribution is the so-called normal (or Gaussian) func-

tion, represented by the familiar bell-shaped curve.It is a statistical law
abouta situation in which the facts concerning each individual molecule
were technically impossible to obtain. Here the ignorance—and this
point is important—is deeper than the ignorance involved in previous
examples. Even in the case of the die, it is conceivable that instruments

could be built for analyzing all the relevant facts. The facts could be fed
to an electronic computer, and, before the die stoppedrolling, the com-

puter would flash: “It will be a six-spot.” But, with regard to the molecules of a gas, there is no known technique by which the direction and

velocity of each individual molecule can be measured andthebillions of
results then analyzed in order to check whether the Maxwell-Boltzmann
distribution law holds. Physicists formulated that law as a microlaw,

expressed in the theory of gases and confirmed by testing various consequences derived from the law. Suchstatistical laws were common,in the
nineteenth century, in fields in which it was impossible to obtain indi-

vidual facts. Today, laws of this type are used in every branch ofscience, especially in the biological and social sciences.
Nineteenth-century physicists were fully aware that the probabilistic laws of gases or laws respecting human behavior concealed an ignorance more profoundthan the ignorance involved in the throw ofa die.
Nevertheless, they were convinced that in principle such information
was not impossible to obtain. To be sure, no technical means were on
hand for measuring individual molecules, but that was just an unfortunate limitation to the powerof available tools. Under a microscope, the

physicist could see small particles, suspended in a liquid and dancing
abouterratically as they were pushed this way andthat by collisions with
invisible molecules. With better instruments, smaller and smaller particles could be observed. In the future, perhaps, instruments might be

built to measure the positions and velocities of individual molecules.
There are, of course, serious optical limitations. The nineteenth-
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century physicists also knew that, when a particle is no larger than the
wavelength ofvisible light, it is not possible to see it in any conceivable
type oflight microscope. But this did not rule out the possibility of other
types of instruments that might measure particles smaller than the wave
length of light. Indeed, today’s electron microscopes enable one to “see”
objects that are below the theoretical limit of optical microscopes. Nineteenth-century scientists were convinced that there is in principle no
limit to the precision with which observations of smaller and smaller objects can be made.
Theyrealized, also, that no observation is ever completely precise.
There is always an elementof uncertainty. All laws of scienceare, in this
sense, Statistical; but it is a trivial sense. The important pointis that precision can always be increased. Today,said the nineteenth-century physicists, it is possible to measure something with a precision of two deci-

mal digits. Tomorrow it will be possible to reach a precision of three
decimaldigits, and, decades from now, perhaps we will reach twenty- or

a hundred-digit precision. There seemed to be no limit to the precisions
that could be obtained in any type of measurement. Nineteenth-century
physicists and many philosophers as well took for granted that, behind
all the macrolaws, with their inescapable errors of measurement, are
microlaws that are exact and deterministic. Of course, actual molecules

cannot be seen. But surely, if two molecules collide, their resulting motions will be completely determined by conditions prior to the collision.
If all these conditions could be known,it would be possible to predict
exactly how the colliding molecules would behave. How could it be
otherwise? The behavior of molecules must depend on something. It
cannot be arbitrary and haphazard. The basic laws of physics must be
deterministic.
Nineteenth-century physicists also recognized that basic laws are
idealizations seldom exemplified in pure form because of the influence
of extraneous factors. They expressed this by distinguishing between
basic laws and “restricted” laws, which derive from the basic laws. A

restricted law is simply a law formulated with a restricting clause; it
says, for example, that this or that will happen only under “normalcircumstances”. Consider: “An iron rod heated from freezing temperature
to that of boiling water will increase in length.” This is not true if the
rod is clamped in a strong vise that exerts pressure on the ends. If the
pressure is sufficient, expansion of the rod is prevented. The law is
restricted, therefore, in the sense that it is understood to hold only under
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normal circumstances, that is, when no other forces act on the rod to

disturb the experiment.
Behind all the restricted laws are the fundamental laws that make
unconditional assertions. “Two bodies attract each other with a gravitational force proportional to each of their masses and inversely proportional to the square of the distance between them.” This is an unconditional statement. There could, of course, be other forces, such as

magnetic attraction, that could change the motion of one of the two
bodies but that would not change the amountor direction of the gravitational force. No restrictive clauses need be added to the statement of
the law. Another example is provided by Maxwell’s equations for the
electromagnetic field. They were understood to hold unconditionally,

with absolute precision. The great picture presented by Newtonian
physics was that of a world in which all events could, in principle, be
explained by basic laws that were completely free of indeterminacy. As
shown in a previous chapter, Laplace gave a classic formulation ofthis
view by saying that an imaginary mind, which knew all the fundamental
laws andall the facts about the world at one instantin its history, would
be able to calculate all the world’s past and future events.
This utopian picture was shattered by the rise of quantum physics,
as we shall see in the next and final chapter.

CHAPTER

30

Indeterminism in

Quantum Physics

THE ESSENTIALLYnondeterministic character of quantum mechanics rests on the principle of indeterminacy,
sometimes called the uncertainty principle, or uncertainty relation,first
stated in 1927 by Werner Heisenberg. It says, roughly, that, for certain
pairs of magnitudes called ‘“‘conjugate” magnitudes, it is impossible in
principle to measure both at the same instant with high precision.
An example of such a pairis:
(1) The x-coordinate (qx) of the position of a given particle at

a given time (with respect to a given coordinate system).
(2) The x-component (px) of the momentum of the sameparticle

at the same time. (This componentis the product of the mass of the
particle and the x-componentof its velocity.)
The same holds for the pair q,, py, and for the pair qz, pz.
Suppose that measurements are made of two conjugate magnitudes
p and q and thatit is found that p lies within a certain interval of length
A p and that q lies within a certain interval of length A g. Heisenberg’s
uncertainty principle asserts that, if we try to measurep precisely, that

is, make A p very small, we cannot at the same instant measure q pre283
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cisely, that is, make Ag very small. More specifically, the product of

A p and Ag cannot be made smaller than a certain value which is expressed in terms of Planck’s quantum constant h. If the conjugate magnitudes are components of momentum and position, the uncertainty
principle says that it is not possible in principle to measure both with
a high degree of accuracy. If we know exactly where a particle is, its
momentum components become hazy. And if we know exactly whatits
momentum is, we cannot pin down exactly whereit is. In actual prac-

tice, of course, the inaccuracy of a measurementof this kind is usually
muchlarger than the minimum given by the uncertainty principle. The
important point, the implications of which are enormous, is that this

inaccuracy is part of the basic laws of quantum theory. The limitation
stated by the uncertainty principle must not be understood as being due
to the imperfections of measuring instruments and therefore as something that can be reduced by improvements in measuring techniques.
It is a fundamental law that must hold as long as the laws of quantum
theory are maintained in their present form.
This does not mean that the laws accepted in physics cannot be
changed or that Heisenberg’s uncertainty principle will never be abandoned. Nevertheless, I believe it is fair to assert that it would take a

revolutionary change in the basic structure of present-day physics to

remove this feature. Some physicists today are convinced (as was Ein-

stein) that this feature of modern quantum mechanics is questionable
and may some day be discarded. That is a possibility. But the step
would be a radical one. At the moment, no one can see how the uncer-

tainty principle can be eliminated.
A related and equally important difference between quantum theory
and classical physics lies in the concept of an instantaneous state of a
physical system. Consider, as an example, a physical system consisting
of a numberof particles. In classical physics, the state of this system
at the time ¢, is completely described by giving for each particle the
values of the following magnitudes (sometimescalled “state variables”,
I shall call them “state magnitudes”):
(a) The three position coordinates at 1ı.
(b) The three momentum components at fı.

Assume that this system remains isolated during the time from
to fa; that is to say, it is not affected during this time interval by any
disturbance from outside. Then, on the basis of the given state of the
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system at t, the laws of classical mechanics determine uniquely its

state (the values of all the state magnitudes) atfo.
The picture in quantum mechanicsis entirely different. (We shall
disregard here the difference in the nature of those particles which are
regarded as ultimate in the sense of being indivisible. In modern physics
this character is no longer ascribed to atoms, but to smaller particles,

such as electrons and protons. Although this difference marks a great
step forward in the recent development of physics, it is not essential for

our present discussion of the formal methods of specifying the state of
a system.) In quantum mechanicsa set of state magnitudes for a given
system at a given time is called a “complete” setif, first, it is in principle
possible to measure all the magnitudes of the set simultaneously and if,
second, for any other state magnitude which may be measured simultaneously with all of those in the set, its value is determined by their
values. Thus, in our example of a class of particles, a complete set may
consist of the following magnitudes: for some of the particles, the co-

ordinates qx, gy, and g,; for some other particles, the momentum components px, Ps, Pz; for still others, px, qy, Pz OF Gx, Jy, Px; and for yet
other particles, other suitable sets of three magnitudes expressed in
terms of the q’s and p’s. According to the principles of quantum mechanics, the state of a system at a given time is completely described
by specifying the values of any complete set of state magnitudes. Evidently, such a description would be regarded as incomplete from the
classical point of view, because, if the set contains qx, then px is neither

given nor determined by the other values in the set. But this restriction
of a state description is in line with the uncertainty principle: if qx is
known, px is in principle unknowable. It is easily seen that there is an
enormous number—indeed an infinite number—of different possible
choices of a complete set of state magnitudes for a given system. We
may freely choose to make measurements of the magnitudes of any one
of the complete sets. And after having measured the exact values of the
magnitudesof the chosenset, then the state description specifying those
values is the one we may claim to know.
In quantum mechanics, any state of a system can be represented
by a function of a special kind called a “wave function”. A function
of this kind assigns numerical values to the points of a space. (This is
not, however, in general, our familiar three-dimensional space, but an

abstract higher-dimensional space. If the values of a complete set of
state magnitudes for the time 7, are given, the wave function of the
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system for t, is uniquely determined. These wave functions, although

each is based on a set of magnitudes that would appear incomplete from
the point of view of classical physics, play in quantum mechanics a
role analogous to that of the state descriptions in classical mechanics.
Under the condition of isolation as before, it is possible to determine
the wave function for tf on the basis of the given wave function for
t,. This is done with the help of a famous equation known as the
“Schrodinger differential equation”, first stated by Edwin Schrodinger,
the great Austrian physicist. This equation has the mathematical form
of a deterministic law; it yields the complete wave function for fe.
Therefore, if we accept the wave functions as complete representations
of instantaneous states, we would be led to say that, at least on the
theoretical level, determinism is preserved in quantum physics.

Such an assertion, although made by somephysicists, seems to me
misleading because it might induce the reader to overlook the following
fact. When we ask what the wave function calculated for the future
time point tz tells us about the values of the state magnitudesatta, the
answeris: if we plan to make at tz a measurement of a particular state

magnitude—for example, the y-coordinate of the position of particle
number 5—then the wave function does not predict the value that our
measurementwill find; it supplies only a probability distribution for the
possible values of this magnitude. In general, the wave function will

assign positive probabilities to several possible values (or to several
sub-intervals of possible values). Only in some special cases does one
of the values theoretically reach a probability of 1 (certainty), permitting us to say that the value has been definitely predicted. Note
that the wave function calculated for t, supplies a probability distribution for the values of every state magnitude of the physical system under
consideration. In our earlier example, this means that it supplies probability distributions for all the magnitudes mentioned under both (a) and
(b). Quantum theory is fundamentally indeterministic in that it does

not supply definite predictions for the results of measurements. It supplies only probability predictions.
Because the wave function calculated for time ft yields probability
distributions for the primary state magnitudes with respect to single
particles, it is likewise possible to derive probability distributions for
other magnitudes that are defined in terms of the primary ones. Among
these other magnitudes are the statistical magnitudes with respect to
the set of all the particles of the physical system, or a subset of these
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particles. Many of these statistical magnitudes correspond to macroobservable properties; for example, to the temperature of a small, but
visible body or to the position or velocity of a body’s center of gravity.
If the body is made upofbillions of particles—for example,an artificial
satellite circling the earth—its position, velocity, temperature, and other
measurable magnitudes can be calculated with great accuracy. In cases
of this kind, the probability density curve for a statistical magnitude has
the shape of an extremely narrow,steep hill. We can specify, therefore,
a small interval which includes practically the entire hill; as a conse-

quence, the probability of the event that the value of the magnitudelies
in this interval is extremely close to 1. It is so close that, for all practical
purposes, we may disregard the probability character of the prediction
and take it as if it were certain. But from the standpoint of quantum
theory, the satellite is a system made up of billions of particles, and,

for each individual particle there is an inescapable fuzziness in the
predictions. The uncertainty expressed by the quantum laws holds also
for the satellite, but is reduced almostto zero bythestatistical laws covering the very large numberofparticles.
Onthe other hand,there are situations of a quite different nature in

which the occurrence of an eventis directly observable in the strongest
sense, but is nevertheless dependent on the behavior of an extremely
small number of particles; sometimes, even a single particle. In cases of
this kind, the considerable uncertainty with respect to the particle’s be-

havior holds likewise for the macroevent. This occurs often in those

situations where a radioactive microevent ‘triggers” a macroevent; for

example, when an electron emitted in beta-decay produces clearly
audible click in a Geiger counter. Even if we make the idealized assumption that we know the values of a complete set of primary state magnitudes for the subatomic particles in a small set of radioactive atoms
constituting the body B at time t,, we could derive only probabilities for
the occurrence of such events as: no emitted particle, one emitted particle, two emitted particles, and so on, within the first second following
t;. If the process is such that the probability of no emission in the onesecond interval is near to 1, we cannotpredict, even with crude approximation, the time at which the first particle emission will take place and
cause the Geiger counter click. We can only determine probabilities and
related values; for example, the expectation value of the time of the

first click.
In view of this situation, I would say that nineteenth-century
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determinism has been discarded in modern physics. I believe that most
physicists today would prefer this way of expressing the radical alteration that quantum mechanics has madein the classical Newtonian picture.

When somephilosophers, such as Ernest Nagel, and some physicists, such as Henry Margenau,say thatthereis still determinism in the
laws about the states of systems and that only the definition of “state
of a system” has changed, I would not oppose their view. What they
say is indeed the case. But, in my opinion, the word “only” can be misleading. It gives the impression that the change is merely a different
answer to the question: What are the magnitudes that characterize the
state of a system? Actually, the change is much more fundamental.

Classical physicists were convinced that, with the progress of research,

laws would become more and more exact, and that there is no limit

to the precision that can be obtained in predicting observable events.
In contrast, the quantum theory sets an insuperable limit. For this
reason, I think there is less risk of misunderstanding if we say that
the causality structure—the structure of laws—in modern physics is
fundamentally different from what it was from the time of Newton to
the end of the nineteenth century. Determinism in the classical sense
has been abandoned.
It is easy to understand why this radically new picture of physical
law wasatfirst psychologically difficult for physicists to accept.’ Planck
himself, by nature a conservative thinker, was distressed when hefirst
realized that the emission and absorption of radiation was not a continuous process, but rather one that proceededin indivisible units. This
discreteness wasso entirely against the whole spirit of traditional physics
that it was extremely difficult for many physicists, including Planck, to
adjust to the new wayof thinking.
The revolutionary nature of the Heisenberg uncertainty principle
has led some philosophers and physicists to suggest that certain basic
changes be made in the language of physics. Physicists themselves seldom talk much about the language they use. Such talk usually comes
only from those few physicists who are also interested in the logical
1 On this point I would recommend little book by Werner Heisenberg called

Physics and Philosophy: The Revolution in Modern Science (New York: Harper,

1958). It contains a clear account of the historical development of quantum
theory—the first hesitant steps by Planck, then the contributions of Einstein,
Heisenberg, and others. F. S. C. Northrop correctly points out, in his introduction, that Heisenberg is much too modestin discussing his ownrole in this history.
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foundationsof physics or from logicians who have studied physics. Those
people ask themselves: “Should the language of physics be modified to
accommodate the uncertainty relations? If so, how?”
The most extreme proposals for such modification concern a change
in the form of logic used in physics. Philipp Frank and Moritz Schlick
(Schlick was then a philosopher in Vienna and Frank was a physicist

in Prague) together first expressed the view that, under certain conditions, the conjunction of two meaningful statements in physics should
be considered meaningless; for example, two predictions concerning the
values of conjugate magnitudes for the same system at the same time.
Let statement A predict the exact position coordinates of a particle for
a certain time point. Let statement B give the three momentum components of that same particle for the same time point. We know, from

the Heisenberg uncertainty principle, that we have only two choices:
1. We can make an experiment by which we learn (provided, of

course, we have sufficiently good instruments) the position of a particle

with high, though not perfect, precision. In this case, our determination

of the particle’s momentum will be highly unprecise.
2. We can instead make another experiment by which we measure
the momentum components of the particle with great precision. In this
case, we must be content with a highly imprecise determination of the

particle’s position.
In short, we can test either for A or for B. We cannot test for the

conjunction “A and B”. Martin Strauss, a pupil of Frank, wrote his

doctoral dissertation on this and related problems. Later, he worked

with Niels Bohr, in Copenhagen. Strauss held that the conjunction of
A and B should be taken as meaningless, because it is not confirmable.
Wecanverify A, if we wish, with any desired precision. We can do the
same for B. We cannot do it for “A and B”. The conjunction should
not, therefore, be considered a meaningful statement. For this reason,
Strauss maintained, the formation rules (rules specifying the admitted

forms of sentences) of the language of physics should be modified. In
my view, such a radical changeis inadvisable.
Another, similar suggestion was advanced by the mathematicians
Garrett Birkhoff and John von Neumann.” They suggested a change,
not in the formation rules, but in the transformation rules (rules by
which a sentence may be derived from another sentence or set of sen2See Garrett Birkhoff and John von Neumann, “The Logic of Quantum Mechanics,” Annals of Mathematics, 37 (1936), 823-843.
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tences). They proposed that physicists abandon oneof the lawsof dis-

tribution in propositional logic.
A third proposal was made by Hans Reichenbach, who suggested
that the traditional two-valued logic be replaced by a three-valued
logic.? In such a logic, each statement would have oneof three possible
values: 7 (true), F (false), and J (indeterminate). Theclassical law
of the excluded third (a statement must be either true or false; there
is no third possibility) is replaced by the law of the excluded fourth.

Every statement must betrue, false, or indeterminate; there is no fourth
alternative. For example, statement B, about the momentum ofa particle, may be foundtrue if a suitable experiment is made. In thatcase,
the other statement, A, about the particle’s position, is indeterminate.

It is indeterminate because it is impossible in principle to determine
its truth or falsity at the same instant that statement B is confirmed. Of

course, A could have been confirmed instead. Then B would have been

indeterminate. In other words, there are situations in modern physics
in which, if certain statements are true, other statements must be inde-

terminate.
In order to accommodate his three truth values, Reichenbach
found it necessary to redefine the customary logical connectives (impli-

cation, disjunction, conjunction, and so on) by truth tables much more
complicated than those used to define the connectives of the familiar
two-valued logic. In addition, he was led to introduce new connectives.
Again, my feeling is that, if it were necessary to complicate logic in this
way for the language of physics, it would be acceptable. At present,
however, I cannot see the necessity for such a radicalstep.
We must, of course, wait to see how things go in the future develop-

ment of physics. Unfortunately, physicists seldom present their theories
in a form that logicians would like to see. They do not say: “This is
my language, these are the primitive terms, here are my rules of formation, there are the logical axioms.” (If they gave at least their logical
axioms, we could then see whether they were in agreement with von

Neumannor with Reichenbach or whether they preferred to retain the
classical two-valued logic.) It would also be good to have the postulates
of the entire field of physics stated in a systematic form that would include formal logic. If this were done, it would be easier to determineif

there are good reasons to change the underlying logic.
3 See Hans Reichenbach, Philosophic Foundations of Quantum Mechanics (Berke-

ley: University of California Press, 1944).
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Here we touch on deep problems, not yet solved, concerning the
language of physics. This language isstill, except for its mathematical
part, largely a natural language; that is, its rules are learned implicitly
in practice and seldom formulated explicitly. Of course, thousands of
new terms and phrases peculiar to the language of physics have been
adopted, and, in a few cases, special rules have been devised to handle
some of these technical terms and symbols. Like the languages of other
sciences, the language of physics has steadily increased in exactness and
overall efficiency. This trend will certainly continue. At the moment,

however, the development of quantum mechanics has not yet been fully
reflected in a sharpening of the language of physics.
It is difficult to predict how the language of physics will change.
But I am convinced that two tendencies, which have led to great improvements in the language of mathematics during the last half century,
will prove equally effective in sharpening andclarifying the language of
physics: the application of modern logic and set theory, and the adoption of the axiomatic method in its modern form, which presupposes a
formalized language system. In present-day physics, in which not only
the content of theories but also the entire conceptual structure of physics
is under discussion, both those methods could be of enormoushelp.
Here is an exciting challenge, which calls for close cooperation
between physicists and logicians—better still, for the work of younger
men who havestudied both physics and logic. The application of modern
logic and the axiomatic methodto physics will, I believe, do much more

than just improve communication among physicists and between physicists and other scientists. It will accomplish something of far greater
importance: it will make it easier to create new concepts, to formulate
fresh assumptions. An enormous amount of new experimental results
has been collected in recent years, much of it due to the great improvement of experimental instruments, such as the big atom smashers. On
the basis of these results, great progress has been made in the development of quantum mechanics. Unfortunately, efforts to rebuild the
theory, in such a way that all the new datafit into it, have not been
successful. Some surprising puzzles and bewildering quandaries have
appeared. Their solution is an urgent, but most difficult, task. It seems
a fair assumption that the use of new conceptual tools could here be

of essential help.

Some physicists believe that there is a good chance for a new

breakthrough in the near future. Whether it will be soon or later, we
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may trust—provided the world’s leading statesmen refrain from the
ultimate folly of nuclear war and permit humanity to survive—that
science will continue to make great progress and lead us to ever deeper

insights into the structure of the world.
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