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“There is Nothing More Practical Than A Good Theory.” — Kurt Lewin

1 Recall
Based on Lectures 1-7, we are able to compute the convergence rate and establish a probabilistic
bound for a general learning method/algorithm. For illustration, we turn to investigate the asymp-
totics of nonparametric regression in a Reproducing Kernel Hilbert Space (RKHS).

2 RKHS

2.1 Why RKHS?
Motivation. In nonparametric regression, we seek a function space F that is rich enough to
approximate complex functions, yet structured enough to allow for stable estimation.
From Hilbert Spaces to RKHS. A general Hilbert space H provides a powerful framework for
function approximation, but it does not necessarily guarantee that convergence in the norm implies
pointwise convergence. In nonparametric regression, we require that if our estimator fn converges
to the true function f in the Hilbert space norm, the predicted values fn(x) also converge to the
true values f (x).

Reproducing Kernel Hilbert Spaces (RKHS) are the specific class of Hilbert spaces that satisfy
this requirement. By definition, an RKHS ensures that the evaluation functional δx( f ) = f (x) is
a continuous linear functional. According to the Riesz representation theorem, this continuity im-
plies the existence of a representer Kx ∈ H such that f (x) = ⟨ f ,Kx⟩H . This reproducing property
is the bridge between the abstract Hilbert space structure and the concrete evaluation of functions,
enabling the use of kernels to define the space and perform computations.

Theorem 2.1 (The Riesz Representation Theorem for Hilbert Spaces). Let H be a Hilbert space,
and L : H →R be a bounded linear functional on H . Then there exists a unique element K ∈H
such that for every h ∈ H , we have L(h) = ⟨h,K⟩H , and ∥L∥= ∥K∥H .

Applying the Riesz representation theorem, if the evaluation functional δx : f 7→ f (x) is a
bounded linear functional on H , there exists a unique representer Kx ∈ H such that

f (x) = δx( f ) = ⟨ f ,Kx⟩H ,
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for all f ∈ H . This result implies that function evaluation at any point x can be represented as an
inner product with a specific function Kx in the Hilbert space.

Definition 2.2 (Reproducing Kernel Hilbert Space (RKHS)). A Hilbert space H of functions on
X is called a Reproducing Kernel Hilbert Space (RKHS) if the evaluation functional δx : f 7→ f (x)
is a bounded linear functional on H for every x ∈ X .

Theorem 2.3 (Pointwise Convergence in RKHS). If H is an RKHS, then convergence in the
Hilbert space norm implies pointwise convergence. That is, for any sequence {hn} ⊂ H and
h ∈ H ,

∥hn −h∥H → 0 =⇒ hn(x)→ h(x), ∀x ∈ X .

2.2 From kernel function to RKHS
Motivation. The definition of an RKHS guarantees the existence of a representer Kx for every
evaluation functional δx. This naturally leads to the question: can we reverse this process? That
is, given a series of representers Kx(x ∈ X ), can we construct a Hilbert space H such that K acts
as its “core"? The answer is yes, and this construction is fundamental to the utility of RKHS in
machine learning. By starting with a kernel, we can define the inner product structure of the space,
which in turn determines the geometry and the properties of the Hilbert space.

By the Riesz representation theorem, the set {Kx : x ∈ X } serves as a natural basis for the
RKHS.

Step 1. Define the inner product between basis elements.
The inner product between these basis elements is determined by the reproducing property:

⟨Kx′,Kx⟩H = δx(Kx′) = Kx′(x).

Here, K(x,x′) = Kx′(x) = Kx(x′) is a symmetric bivariate function known as the kernel function.
By defining the kernel, we implicitly define both the basis elements Kx and the inner product
between any two basis functions K(x,x′).

Step 1. Define a pre-RKHS as the linear span of kernel functions.
To mimic the construction in the finite-dimensional case, we first define a pre-RKHS H0 as the

set of all finite linear combinations of kernel functions:

f (x) =
n

∑
i=1

αiK(xi,x),

where n ∈ N, αi ∈ R, and xi ∈ X . We equip this space with an inner product defined by the
reproducing property:

⟨ f , f ′⟩H0 =
n

∑
i=1

m

∑
j=1

αiα
′
jK(xi,x′j),

where f (x) = ∑
n
i=1 αiK(xi,x) and f ′(x) = ∑

m
j=1 α ′

jK(x′j,x).
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Step 2. Generate the RKHS by taking the completion of the pre-RKHS.
The pre-RKHS H0 is generally not complete, meaning it may not contain the limits of all

its Cauchy sequences. To ensure that we have a complete Hilbert space, we define H as the
completion of H0 with respect to the norm induced by the inner product ⟨·, ·⟩H0 . This completion
includes all limit points of Cauchy sequences in H0, resulting in a space of functions of the form:

f (x) =
∞

∑
i=1

αiK(xi,x),

where the series converges in the norm of H . The inner product on H is defined by the continuous
extension of the inner product on H0:

⟨ f , f ′⟩H = lim
n→∞

⟨ fn, f ′n⟩H0 ,

where { fn} and { f ′n} are Cauchy sequences in H0 converging to f and f ′, respectively.
Finally, we verify that H is indeed an RKHS by confirming that: (i) H is a Hilbert space; (ii)

the evaluation functional δx is continuous on H . A formal proof of this construction can be found
in [Sejdinovic and Gretton, 2012].

Remark 2.4 (Positive-definite kernel). One quick observation is that a valid kernel function should
be symmetric and positive definite.

• From inner product: a kernel function should be symmetric.

K(x,x′) = ⟨Kx,Kx′⟩H = ⟨Kx′,Kx⟩H = K(x′,x)

• From norm: a kernel function should be positive definite.

0 ≤ ∥ f∥2
H = ∥

n

∑
i=1

αiK(xi,x)∥2
H =

n

∑
i=1

n

∑
j=1

αiα j⟨Kxi,Kx j⟩H =
n

∑
i=1

n

∑
j=1

αiα jK(xi,x j),

which holds for any f ∈H or for any n ≥ 1, any (α1, · · · ,αn) ∈Rn, any (x1, · · · ,xn) ∈X n.

2.3 Definitions and theorems
In this section, we provide the formal definitions and theorems that underpin the construction of
an RKHS.

Definition 2.5 (Reproducing kernel). Let H be a Hilbert space of functions on X . A function
K : X ×X → R is called a reproducing kernel of H if it satisfies the following two conditions:

1. For every x ∈ X , the function K(·,x) belongs to H .

2. (Reproducing property). For every x ∈ X and every h ∈ H , the inner product satisfies
⟨h,K(·,x)⟩H = h(x).
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Definition 2.6 (Positive semi-definite kernel). A symmetric function K : X ×X → R is called a
positive semi-definite kernel if, for any n ∈ N, any set of points {x1, . . . ,xn} ⊂ X , and any set of
coefficients {α1, . . . ,αn} ⊂ R, the following inequality holds:

n

∑
i=1

n

∑
j=1

αiα jK(xi,x j)≥ 0.

The Moore-Aronszajn theorem guarantees the validity of the construction presented in Section
2.2.

Theorem 2.7 (Moore-Aronszajn theorem). Let K : X ×X → R be a symmetric, positive semi-
definite kernel. Then there exists a unique Reproducing Kernel Hilbert Space (RKHS) H such that
K is the reproducing kernel of H .

In summary, the following concepts are equivalent:

Reproducing kernel ⇐⇒ Positive semi-definite kernel ⇐⇒ RKHS.

2.4 Examples
• Linear kernel.

K(x,x′) = x⊺x′

• Gaussian kernel.

K(x,x′) = exp
(
−

∥x−x′∥2
2

σ2

)
• γ-degree polynomial kernel.

K(x,x′) = (x⊺x′+ c)γ

Remark 2.8. What is the difference among different kernels? Theoretically, it affects both estima-
tion and approximation errors; see the discussion in Section 4. Practically, it is highly related to
the topic of multiple kernel learning; see [Gönen and Alpaydın, 2011] and references therein.

3 Ordinal Regression in RKHS
Let X∈Rd be a feature vector and Y ∈{0, . . . ,K} be an ordinal outcome. We consider a continuous
prediction function f (X) ∈ R and use the mean absolute error (MAE) as the loss function:

R( f ) = E
(

l
(
Y, f (X)

))
= E

∣∣∣Y − f (X)
∣∣∣.

We summarize the quantities of interest as follows:

• Bayes rule: f ∗(x) = Median(Y |X = x) is the global minimizer of R( f ).
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• Excess risk:
E ( f ) = R( f )−R( f ∗) = E

∣∣∣Y − f (X)
∣∣∣.

• R-ERM: Given random samples {(Xi,Yi)}n
i=1 and an RKHS HK , the estimator is defined as

f̂n = argmin
f∈HK

(
1
n

n

∑
i=1

∣∣Yi − f (Xi)
∣∣+λn∥ f∥2

HK

)
.

• Asymptotics: Finally, we investigate the asymptotic behavior of E ( f̂n).

First, we consider the empirical optimization of ERM on RKHS. Indeed, this can be challeng-
ing, since f ∈ HK , and the RKHS HK is an infinity-dimensional function class. Fortunately, we
have the Representer Theorem, which implies that ERM reduces to a finite dimensional optimiza-
tion problem.

Theorem 3.1 (Representer Theorem [Kimeldorf and Wahba, 1970, Wahba, 1990]). Let K(·, ·) be a
kernel function and HK be its associated RKHS. Given a training sample (Xi,Yi)i=1,··· ,n, consider
the R-ERM:

f̂n = argmin
f∈HK

Ln
(
Y1, · · · ,Yn, f (X1), · · · , f (Xn)

)
+g(∥ f∥2

HK
). (1)

Suppose g(·) is an increasing function Ln depends on f only through f (X1), · · · , f (Xn). Then,
every minimizer of (1) has form:

f̂n(x) =
n

∑
i=1

α̂iK(Xi,x),

for some (α̂i)i=1,··· ,n ∈ Rn.

Remark 3.2. We refer readers to the summary by Wahba and Wang1. As they note:

“The significance of the representer theorem is that the solution in an infinite-dimensional
space falls in a finite-dimensional space. This property makes it possible to compute
estimates for general regularization problems in infinite-dimensional spaces.”

According to the Representer Theorem, the R-ERM can be reduced to:

min
ααα

1
n

n

∑
i=1

∣∣Yi −
n

∑
j=1

α jK(X j,Xi)
∣∣+λn∥

n

∑
j=1

α jK(X j, ·)∥2
HK

= min
ααα

1
n

n

∑
i=1

∣∣Yi −ααα
⊺Ki
∣∣+λnααα

⊺Kααα,

where ααα = (α1, · · · ,αn)
⊺ and K = (Ki j)n×n is a kernel matrix with Ki j = K(Xi,X j).

1http://pages.stat.wisc.edu/~wahba/ftp1/wahba.wang.2019submit.pdf

5

http://pages.stat.wisc.edu/~wahba/ftp1/wahba.wang.2019submit.pdf


3.1 A first excess risk bound
Next, we turn to bound the excess risk of RKHS regression. For simplicity, we assume 0 ≤
f̂n(Xi)≤ K, otherwise we can consider its truncated estimation. Note that

λn∥ f̂n∥2
HK

≤ R̂n( f̂n)+λn∥ f̂n∥2
HK

≤ R̂n(0)≤ K.

Thus, f̂n ∈ Hn = { f ∈ H : ∥ f∥HK ≤ Kλ
−1/2
n }. Then, by the standard decomposition of excess

risk, we have

E ( f̂n) = R( f̂n)−R( f ∗)≤ 2 sup
f∈Hn

|R̂n( f )−R( f )|+Approx(λn).

3.1.1 Estimation error in RKHS

Based on Corollary 3.1 in Lecture 6, it suffices to bound Radn(l • f ) and Approx(λn). We treat
them separately. Note that

Eρ

(
sup

f∈Hn

∣∣∣1
n

n

∑
i=1

ρi|Yi − f (Xi)|
∣∣∣)≤ Eρ∥Radn( f )∥Hn.

This bound follows from the Ledoux-Talagrand contraction inequality, as the absolute value func-
tion φ(z) = |z| is 1-Lipschitz. It suffices to bound the Rademacher complexity of HK , we have the
following lemma.

Lemma 3.3. Suppose K is a uniformly bounded kernel with supx∈X

√
K(x,x) ≤ K0 < ∞, HK is

its corresponding RKHS, and HK(r) = { f ∈HK : ∥ f∥HK ≤ r} is a HK-ball with a radius r. Then,

Eρ∥Radn( f )∥HK(r) ≤ rK0

√
1
n
.

Therefore, ∥Radn(l • f )∥Hn ≤ cK0(nλn)
−1/2.

3.1.2 Approximation error in RKHS

Then, we turn to bound Approx(λn). We present Proposition 8.5 in [Cucker and Zhou, 2007] to
illustrate the approximation error for RKHS. Recall Approx(λn) in RKHS regression:

Approx(λn) = inf
f∈Hn

R( f )−R( f ∗)+λn∥ f∥2
Hn

,

provided that R( f ) = E(Y − f (X))2.

Theorem 3.4 ([Cucker and Zhou, 2007]). Let X ⊂ Rd be a compact domain, and K be a repro-
ducing kernel. Suppose there exists 0 < s ≤ 1, such that f ∗ ∈ Range(Ls/2

K ), then

Approx(λn)≤ A0λ
s
n,

where A0 = E
(
L−s/2

K f ∗
)
.
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3.2 Hyperparameter tuning
Taken together, if we further assume that X is a compact domain almost surely, and

εn ≥ A0λ
s/2
n + cK0(nλn)

−1/2 ≥ Approx(λn)+8E∥Radn(l • f )∥Hn,

then

P
(

R( f̂n)−R∗ ≥ εn

)
≤ exp

(
− nε2

n

8
(
U2 +(1/2+U/6)εn

)).
Note that the developed inequality is valid for any λn, thus we can tune λn to improve the conver-
gence rate:

ε
∗
n = inf

λn
A0λ

s/2
n + cK0(nλn)

−1/2 = O(n−s/2(1+s)),

obtained by λn = O(n−1/(1+s)). Therefore, the convergence rate is given as:

E ( f̂n) = OP(ε
∗
n ) = OP(n

− s
2(1+s) ).
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