SVD Models |

STAT3009 Recommender Systems

Ben Dai (CUHK)
Department of Statistics and Data Science



» What You Should Know by Now

RS data and Python & Numpy Programming

+ Basic RS data structures
+ Array operations and vectorization

' Machine Learning Basics
+ Linear regression, regularization (Ridge)
+ Cross-validation techniques, Grid search
Baseline Methods (global mean, user/item bias)
. scikit-learn Usage

+ Implement a RS method using sklearn BaseEstimator
framework

+ Automatically perform hyperparameter tuning with
GridSearchCV

Kaggle Platform Operations
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» Recall: RS

* Training dataset: [userID, itemID, rating]
+ Testing dataset: [userID, itemID, 7]

+ Evaluation: Given a testing index set Qt (set of
user-item pairs we want to predict),

1 R 2\ 1/2
RMSE = (| —— Pui — ryi .
<|Qte| (UJ)ZEQte( : UI) )

+ Goal: Find predicted ratings (Pi)(u icqte such that
minimizes RMSE

« Baseline methods: Global-average, user-average,
item-average, user-item average

[2/32]



» Machine learning (ML): RS

Usmg ML methods to build RS:

Introduce a model with some parameters and
hyperparameters

~ Estimate the parameters by minimizing (maximizing)
the Evaluation Loss in Training Set

;. Using Cross-Validation to determine the optimal hps
' Refit the best model, and make prediction

[3/32]



» Components in ML

(feat, label) is a pair of input features and its outcome
fo: a parameterized function to map features to label

L(-,-): The measure of how good the predicted outcome
compared with the true outcome

hyperparameter to control the complexity of the model
to prevent overfitting

The algorithm for solving the problem
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» Rethink baseline methods: Opt

Introduce a method with some

method MATH
Global pred Pui = Ho Uo
User pred Pui = ay a=(ap, - ,an)T
Item pred Pui = b; b= (by, - ,by)T
Estimate the by minimizing
?G(Uv I) =r
fo(u,i) =7y
fo(u,i) =T

CV to find the best model

Refit the best model on the whole dataset, and make
prediction

Recall Kaggle Quiz 1
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» Discussion: Baseline Methods

“All models are wrong, but some are useful.” — George E. P.
Box
To evaluate each method, we need to understand the
underlying
Global average assumes that all users and items are
homogeneous.
User average assumes that a user has uniform
preference for all items.
Item average assumes that all users prefer "good”
items.
User-item average assumes additive effects from users
and items, with
Example: Eric is a generous person, and this is indeed an
excellent film, but he simply do not like it.
To improve upon these methods, we need to model the
user-item
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» Motivation: SVD Model

Netflix baseline:
0.9514 .
. 1
User average: 1 Correlation-based: 1
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]
. Ensembie model:
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» Motivation: SVD Model

A new Python sklearn-type Estimator for RS...

Introduce a method with (latent factors):
Associate each user u with a K-length latent factor
vector

Pu= (pu17 t 7puK)T‘
Associate each item i with a K-length latent factor vector
qi = (qilv e vqu)T'

Model the user-item as the of
these vectors:

By el
Pui = Puqi — Yui-

The number of latent factors, K, is a pre-specified
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Intuition: Each user/item is represented by a k-dimensional
vector capturing latent preferences/attributes.
Example with k =2 latent factors:

User vectors p, € R?: Predicted Ratings:
Alice watches Avengers:

0.9
Palice = [o.z} FAlice,Avengers =0.9x 1.0+0.2x0.1 =
PBob = [82} Bob watches Avengers:

Item vectors q; ¢ R2: PBob,Avengers = 0.3x1.0+0.8x0.1=

1’0] Alice watches Notebook:

JAvengers = {
0.1 Patice Notebook = 0.9 % 0.24+0.2 x 0.9=[0.36 |
0.2
QNotebook = |:09:|
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» Geometric Interpretation of ry; = puq,

Dot Product as Similarity:

p.ai = [Ipullllai cos(6)
0 ~ 0: vectors aligned = high rating
6 ~ 90: orthogonal = neutral rating

Large ||pu||: user with strong preferences
Large ||q;||: item with distinct features

[10/32]



» Loss: SVD Model

~ Estimate the parameters by minimizing RMSE

1
min e
PER"XK,QER'"XK ’Q| (

Y, (ru—pla)? (1)

u,ieQ

Question: What are the parameters and hyperparameters of
this model?
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» SVD Model

pu(u=1,--- n)and q;(i=1,--- ,m) are the parameters
we want to learn from data.

K is a pre-specified #Latent Factor, can NOT be solved
from data.
K increases —> more = lower

How many params?
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» Overfitting in ML: SVD Model

Underfitting Desired Overfitting

Sourcel

: fit the noise
Too many ( ) leads to

1 https://hackernoon.com/memorizing-is-not-learning-6-tricks-to-prevent-overfitting-in-machine-
learning-820b091dc42
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» Overfitting in ML: SVD Model

Error
A

Best
Complexity

Testing Error

Training Error

Model Complexity

Source?

too large = Low Training loss but high

Testing loss

2
learning-820b091dc42

https://hackernoon.com/memorizing-is-not-learning-6-tricks-to-prevent-overfitting-in-machine-
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» Overfitting in ML: SVD Model

Low Training Error High Training Error

Probably some error in
Low Testing Error The model is learning!  your code. Or you've
created a psychic Al.

. . The model is not
High Testing Error OVERFITTING learning,

Source3

3https://hackernoon.com/memorizing—is—not—learning—6—tricks—to—prevent—overﬁtting—in—machine-
learning-820b091dc42
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» Tuning: SVD Model

Q1: How to the Model
: (n+m)K
of Parameters: Y7, |pul3,£1" | ail3
A1l: Control (#Parameters by K, by l-norm).
SVD Model:

. 1 T 5 n 2 m 5
min-= ), (ri—pig) +A( Y lpdlz+ ) llaillz) (2)
P.Q ‘ ’(u,i)eQ u=1 i=1

Training loss Params mvagnitude
where Kand A > 0 are parameters to

the model complexity and training loss.
Why the later term can control the magnitude?

Implement Estimator. init anda
method 0bj to compute the objective function in (2).
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» Tuning: SVD Model

Using GridSearch + CV to find the optimal (K,1).
(holdout or K-Fold CV)

Refit the model with the optimal (K,;1) and make
prediction.
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» Summary: SVD Model

Introduce a method with some + hps
Model the user-item as

rul puql — rul

Estimate the by minimizing
1
min ol Z (rvi—pL4i) +)“ Z HPUHZ + Z H‘h”z (3)
PQ | |(MDQQ u—1 i=1
Using to determine the optimal
(K,A), denote as K* and A*
the model based on with K* and

A* and make prediction.
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» Big Picture: MF RS

Algorithm 1 Fitting+Tuning+Prediction MF

1: Input: set (Ui, i) (uijeq

2: Return: Predicted ratings for set: (u,i) € Qte

3: for (K,1) € Grid Set do

4:  (Tuning: compute CV score)

5. Estimate the model with (K,1) by solving (3)

6: Compute

7: end for

8: Find the hps (K*,A*) with smallest RMSE on valid set

9: (Refitting) Estimate the by solving (3)
10: (Predict) test ratings by the estimated tuned model

Question: What’s the Python workflow?
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» Python Estimator

SVD (BaseEstimator)
_init
fit(X, y): Solving optimization problem in (3)
predict(X)

Then, GridSearch + CV can automatically implemented by
GridSearchCV

Thus, the is to implement the fit method to solve (3)?

Implement predict method.
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» Optimization | Matrix Factorization (Optional)

Recall the Matrix Factorization (MF) problem:

1 5 3
min ;) (rui—qui)er?L(Z!mH%fZII%H%)

Q|9 (o u=1 i=1
We make the following key observations:
The optimization problem is due to the
term pl q;.
However, when either P or Q is fixed, the problem
becomes and can be solved as a standard

Quadratic Program (QP), which is essentially a ridge
regression problem.

These observations motivate us to consider using coordinate
descent to solve this problem.
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» Optimization |: Matrix Factorization (Optional)

Coordinate Descent

T | - | T

At the (/4 1)th iteration, minimize the objective w.r.t.
one coordinate, while keeping all others fixed:

I+1 I+1) I+1 +1 |
61(+) argmin,, Obj (6" ,-.-,GJ.(_J{ ), ,ej(ﬁ ) ... QM)

Repeat until a termination condition is met.

This approach is useful when the optimization
problem is difficult to solve, but the

(minimizing w.r.t. one coordinate) are easy to solve.

Image Source: https://egallic.fr/Enseignement/ML/ECB/book/gradient-descent.html (22/32]


https://egallic.fr/Enseignement/ML/ECB/book/gradient-descent.html

» Optimization |: Matrix Factorization (Optional)

Blockwise Coordinate Descent

At the (/+1)th iteration, minimize the objective function
with respect to a block of coordinates:

0}’”) = argmin, Obj (0§I+1),~- ,Ojﬁl)axa Oﬁrll)f" 70\((9\)’

where each 6; is a vector.

This approach is useful when the optimization
problem is difficult to solve, but the

(minimizing with respect to a block of coordinates) are
easy to solve.

perfectly fits with our Matrix
Factorization formulation...
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» Example: BCD for Matrix Factorization (k= 1) - Part 1

Setup: 2 users, 2 items, k=1 latent factor, A =0
Observed ratings: ri, =5, ) =4
Objective: MiNp; py.q1.42 (5= pqu)z +(4- pqu)2

Iteration O (Initialize):
pr=1 p=1 q=1 ¢g=1

Current obj: (5—-1)2+(4—1)>2=16+9=

BCD Strategy: Alternate between two blocks:

Block 1: Update all p’s (user factors) while fixing all g’s
(item factors)

Block 2: Update all g’s (item factors) while fixing all p’s
(user factors)
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» Example: BCD for Matrix Factorization (k= 1) - Part 2

Iteration 1, Step 1: Fix g; = 1,9, = 1, update p
Update p1: minp1(5 —pP1- 1)2 = (5 _pl)Z
Derivative: d%(5 —p1)?>=-2(5-p1)=0=
Update py: minp, (4 —p;-1)? = (4 — p;)?
Derivative: dipz(4 —p2)?=-2(4-p;)=0=
Iteration 1, Step 2: Fix p; =5, p, =4, update q
Update q1: minql(4—4- ql)Z = 16(1 — ql)Z
Derivative: 32(1—g;)(-1)=0=
Update gp: ming,(5—5-g2)% = 25(1 — g5)?
Derivative: 50(1—g»)(-1)=0=
After Iteration 1: p; =5,p,=4,g1=1,9, =1
New predictions: 7, =5x1=5¢/,7; =4x1=4y
New obj: (5—5)2+(4—4)2=|0]
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» Optimization ll: Matrix Factorization (Optional)

Let’s take a closer look...

When (p,)"_; are fixed, (3) is a quadratic program (QP)
with respect to (gi)i=1.... m

1 d <
minigr X (ra—pla)® +A(Y lpd3+ ), lail3)
(

u,i)eQ u=1 i=1

1 m
— mln@ Z (ru1_qul)2+7L‘Zqu”%
(u,i)e i=1

1
¢:mmz( Y (rui—pha +2]a3). (4)
|Q| ucU;

Note that the objective function in (4) is separable with
respect to g;fori=1,--- m.
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» Optimization lll: Matrix Factorization (Optional)

Thus, solving the objective function in (4) is equivalent
to separately solving m
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» Optimization lll: Matrix Factorization (Optional)

Thus, solving the objective function in (4) is equivalent
to separately solving m

Interestingly, each sub-QP is essentially a Ridge
Regression problem:

1 2 2
ml_nﬁ (rui_ q,TPu ) +A‘||ql||2
qi ’ ‘ uel; N~ S—~—
BT7x; in Linear Regression 18113

Solve the sub-problem by
sklearn.linear model.Ridge fori = 1.
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» Optimization SUM: MF

perfectly fits our model (alternative least squares (ALS))
solve Q (fixed P) — solve P (fixed Q) — ...
When P is fixed, the objective function for Q is a

standard QP, and each q; can be solved with
an analytic solution.

When Q is fixed, the objective function for P is a
standard QP, and each p; can be solved with
an analytic solution.

[28/32]



» ALS: MF

Algorithm 2 ALS for solving MF

1: Input: Training set (u, i, rui)uieq, hps: K4
2: Return: Est params: (P,Q)

3 ( ) Initialize P

4; for [=0,---,Max_Iter do

5 ( )

6: fori=1,--- mdo

7 q,(”l) updated by Ridge regression
8: end for



» ALS: MF

Algorithm 3 ALS for solving MF

1: Input: Training set (u, i, rui)uieq, hps: K4
2: Return: Est params: (P,Q)

3 ( ) Initialize P
4; for [=0,---,Max_Iter do
5 ( )
6: fori=1,---,mdo
7: SIH) updated by Ridge regression
8: end for
9 ( )
10: foru=1,--- ,ndo
11: p Y updated by Ridge regression
12:  end for
13:  Break the loop if termination condition.
14: end for

15: Return (P(H1), Q1)
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» ALS: Latent Factor Model

Diff in params:

S|

Diff in objective function:
MSED 4+ AReg() — (MSE(HY) 4 AReg(HV)) < ¢

Implementation of Algorithm 3.

4 I+1) (I+1) I
Zup” —pPIB+= Zuq,* g3 <e,
u=1

[30/32]



» Theory of Algorithms

An iterative algorithm is said to when, as the
iterations proceed, the output gets closer and closer to
a specific value.

for convergence

If a sequence of real numbers is decreasing and
bounded below, then it will converge to its infimum.
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» Theory of Algorithms

An iterative algorithm is said to when, as the
iterations proceed, the output gets closer and closer to
a specific value.

for convergence

If a sequence of real numbers is decreasing and
bounded below, then it will converge to its infimum.

Most algorithms use this lemma to show convergence
The objective function is
Most objective functions are bounded below by their
definition: Root Mean Squared Error (RMSE) +
Regularization (Reg)
Each step should result in a objective
function
Block Coordinate Descent (BCD) and Alternating Least

Squares (ALS)
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» Tips for Debugging Block Coordinate Descent (BCD)

Identifying a bug in the algorithm with multiple blocks in one
iteration
Handling multiple blocks in a single iteration
Monitor the after each block update
Identify the blocks for which the is
not decreasing
Pinpoint the location of the bug
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