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Homework 3

Problem 1 (Analyticity of the Trigonometric Functions).
Prove thet the following functions are analytic everywhere in the C plane, except at some special points, and that sin(s)
and cos(s) are periodic with period 2.

Trigonometric Functions of complex variable s are defined in terms of the Exponential Function, €%, as follows,

sin(s) £ S — )
cosis) & & *26_” )
cse(s) 2 gml(s) 3)
sec(s) 2 COSI(S) @
an(s) 2 ::;((SS)) (5)
cot(s) 2 Z:((j)) 6)
Solution

1. Analyticity of sin(s)

Solution 1. Using Euler’s formula (¢'° = cos 6 +1sino)

15 _ LS

sin(s) = —
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Since, s € C
We can replace s with 6 + 10, where 1 =+/—1 and 6,0 € R

So,
) ( ) el(o+10) _ ,—1(o+im)
sin(s) =
21
) pl0 o=@ _ p=10 L0
sin(s) = 5

Using Euler’s formula (e'° = cos ¢ + 1sin o) to simplify,

e @ e?
sin(s) = E'8 (coso +1sinc) — N (coso —1sino)

So, Re [sin(s)] = ¢ (¢? + ¢~ ) and Im sin(s)] = <5 (e? — e~ ?)
To prove analyticity, the partial derivatives, Ug, Uy, Vs, Vo must exist and satisfy the Cauchy-Reimann condi-
tions.

_dU _coso

Us = %= 2 (e®+e?)
Vo= 0 S0 (0 _ o)
Vo = % _ ZING (o_ o)
Vo= 00— S8 (04 o)

Vo,w R, Ug, Uy, Vs, Vi exit and satisfy the Cauchy-Reimann conditions, i.e.

UG:V(D

Ua) = *Vo-
Hence, proved that sin(s) is analytic. QED

To, calculate the period of sin(s) :
Lets, assume that the period is s = 01 +10.
Using the expression for sin(s), we derived above,

sino + 0
2

1COSO + O]

) —e

sin(s+s1) =

(ew+w1_‘_67w7wl)_‘_ (ew+w,

7w7w1)

Since, sin(s) = sin(s+sy), we get, 6| =27 and @} =0



This is because ¢* and e are monotonically increasing and decreasing functions respectively, and periodicity
of sin(x) and cos(x) is 27, where x € R
Hence, proved that sin(s) has a periodicity of 2. QED

. Analyticity of cos(s)

Solution 2. Using Euler’s formula (¢'° = cos 6 +1sino)

els + e*ls

cos(s) = >

Since, s € C
We can replace s with 6 + 1@, where 1 =+/—1 and o,® € R

So,

el(o+10) +efl<0'+la))
cos(s) = 5

e'C.e @ 4710 0
cos(s)=———

2
Using Euler’s formula (e'° = cos ¢ + 1sin o) to simplify,

e ? . e? )
cos(s) = - (coso +1sino) + 5 (coso —1sino)

CUS(S) _ ﬂ (eo)+efo)) . 18S1nO (ew 767(0)
2 2
So, Re[cos(s)] = %% (e® +e~?) and Im [cos(s)] = — 332 (e® — ¢~ ?)

To prove analyticity, the partial derivatives, Ug, Uy, Vs, Vo must exist and satisfy the Cauchy-Reimann condi-
tions.

UG:(;—Z: 7S;n6(e“’+e*‘°)
Vo= 30 =900 (g0 _o-0)
V= OV = TN (o poo)
szg—z): —si2n6 (e®+e™?)

Vo,0 € R, Ug, Uy, Vg, Vi exit and satisfy the Cauchy-Reimann conditions, i.e.

UO':V(U



Ua) = _VO'
Hence, proved that cos(s) is analytic. QED

To, calculate the period of cos(s) :

Lets, assume that the period is s1 = 0] + 1.
Using the expression for cos(s), we derived above,
cosO + O o 1sinc+o

#1 (e“"”’" 4@ wl) _ fl (e“"”"l e

cos(s+s1) = Tomon)

Since, cos(s) = cos(s+s1), we get, 0 =27 and @] =0

This is because " and e are monotonically increasing and decreasing functions respectively, and periodicity
of sin(x) and cos(x) is 21, where x € R

Hence, proved that cos(s) has a periodicity of 2r. QED

. Analyticity of cosec(s)

Solution 3. Using Euler’s formula (¢'® = cos ¢ +1sino)

21

COseC(S) = m

Domain of this complex valued function is s € C —nm where n € Z
Since, s € C
We can replace s with 6 + 1@, where 1 =+/—1 and 6,0 € R

So,
21

el(0+10) _ ,—1(c+10)

cosec(s) =

Using Euler’s formula (€'° = cos 0 +1sin o)

2
(e?+e ?)sinc+1(e? —e~?)coso

cosec(s) =
Using |z|> = zZ’ to simplify,

2 ((ew + e*“’) sinoc —1 (ew — e*“’) cos G)
(e® + ¢ ©)%sin 6 + (@ — e ©)?

cosec(s) =
cos?o

(e?+e ®)sinc 1 (e® —e @) coso

020 4 o—20
2

cosec(s) = T
2

—cos20 —cos20

(e®+e “)sinc

(0} -0
So. R _ (e®—e ?)coso
0, Re[cosec(s)] T S

d I =
and Im[cosec(s)] Mfcoﬂc

To prove analyticity, the partial derivatives, Ug, Uy, Vi, Vi must exist in the domain and satisfy the Cauchy-
Reimann conditions.
Below the steps have been left for brevity,



Use the quotient rule and trigonometric identities to get the results below,

ou  coso (e®+e ?) (M — 0820 — 4sin? G>

U(; === 7

Jo (ezmge 0 COSZG)

oU sinG(e“’fe_“’) (M +cos26+2)
Up= o= = — .

(9(1) <62w+26—2w —cos 20_)

gy sinc(e?—e®) (M +c0526+2)
V.= — —

° Jo £20 4 p—20 2
<f —00520>

oV cosG(e“’+e_“’) (M — 0820 — 4sin? 6)

Va) — -

o In0) - 2 -2 2
(% — cos26)

Vo,0 € R, Ug, Uy, Vi, Vi exit and satisfy the Cauchy-Reimann conditions, i.e.

Us =Vp

Ua) = 7‘/0-

The Cauchy-Riemann conditions are satisfied, but do the partial derivatives exist everywhere in the domain? For
that check the denominators. The denominator vanishes only in the case where ® = 0 and ¢ = nm, where n € Z.
We have already excluded these points from the domain. Hence, proved that cosec(s) is analytic. QED

. Analyticity of sec(s)

Solution 4. Using Euler’s formula (¢'® = cos G +1sin o)

2

sec(s) = P

Domain of this complex valued function is s € C — (n + %) T wheren € Z
Since, s € C

We can replace s with 6 + 1@, where 1 =+/—1 and 6,0 € R

So,

2
el(0+10) | p—1(0+10)

sec(s) =

Using Euler’s formula (€'° = cos 0 +1sino)

2
(e?+e=?)coso —1(e? —e~?)sino

sec(s) =

Using |z)* = zZ’ to simplify,



2((e?+e ®)coso+1(e?—e ?)sino)

sec(s) =
(ew +€70))2C082 o+ (ew — e*w)z sin2 o
(ew +e—w) coso 1 (ew — e—w) sinc
Sec(s) - 62“’+e 20 eZm+e 20
53— +cos20 55— +cos2o
So, Re[sec(s)] = w and Im[sec(s)] = W

+cos20 +cos20

To prove analyticity, the partial derivatives, Ug, Uy, Vo', Vi must exist in the domain and satisfy the Cauchy-
Reimann conditions.

Below the steps have been left for brevity,

Use the quotient rule and trigonometric identities to get the results below,

oU sinc(e“’—o—e*“’) (mi—l-coﬂc 4cos’o )

Uo' — 7

86 (Lez +cosZG)
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Vo=54~ o ro e 2

(7 +cosZG)
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Vo,w €R, Ug, Uy, Vs, Vi exit and satisfy the Cauchy-Reimann conditions, i.e.

Ug:Vw

Up=—-Vs

The Cauchy-Riemann conditions are satisfied, but do the partial derivatives exist everywhere in the domain?
For that check the denominators. The denominator vanishes only in the case where @ =0 and 6 = (n + %) b3
where n € 7. We have already excluded these points from the domain. Hence, proved that sec(s) is analytic. QED

. Analyticity of tan(s)

Solution 5. Using Euler’s formula (¢'® = cos ¢ +1sino)
ol _ o 18

tan(s) = 7178” p=T

Domain of this complex valued function is s € C — (n + %) T wheren € Z



Since, s € C
We can replace s with 6 + 10, where 1 =+/—1 and 6,0 € R

So,

1(o+1m) 1(o+1m)

e —e
el(0+10) | p—1(0+10)

tan(s) = —1

Using Euler’s formula (¢'° = cos 0 +1sin o)

(e“’ +e‘“’) sino +1 (e‘” - e“”) cos o

t =
an(s) (e®?+e ?)coso—1(e? —e ?)sinc

Using |z|> = zZ to simplify,

25in20 +1 (2® —729)

tan(s) =
(e® +e?)?cos2 6 + (€@ — e~ )% sin’ &
((,Zwifzw)
_ sin20° .
So, Retan(s)] = M{f’;,},m and Im[tan(s)] = m

To prove analyticity, the partial derivatives, Ug, Uy, Vi, Vi must exist in the domain and satisfy the Cauchy-
Reimann conditions.

Below the steps have been left for brevity,

Use the quotient rule and trigonometric identities to get the results below,

U  cos20 (22 +e729) +2

5= — =
Jo 2 —2, 2
(% +C0526)

U sin2c (eZw + e_z“’)
Ua) — - -

T 0w 0] —20 2
oo (# +c0320>

)% sin20 (62(” + 6*2“’)
= — =
do (

2
2 —2
% -+ cos 26)

9V cos20 (2® +e729) +2

= — =
o 2 -2 2
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Vo,0 € the domain, Ug, Uy, Vs, Vi exist and satisfy the Cauchy-Reimann conditions, i.e.

U(y:Va)

Ua) = _Vg

The Cauchy-Riemann conditions are satisfied, but do the partial derivatives exist everywhere in the domain?
For that check the denominators. The denominator vanishes only in the case where ® =0 and ¢ = (n + %) T,
where n € Z. We have already excluded these points from the domain. Hence, proved that tan(s) is analytic. QED



6. Analyticity of cot(s)

Solution 6. Using Euler’s formula (¢'® = cos ¢ +1sino)

els + e*ls

cot(s) = T

Domain of this complex valued function is s € C— {nn} where n € Z
Since, s € C
We can replace s with 6 + 1@, where 1 =+/—1 and 6,0 € R

So,

el(o+10) _._671(0'4'1(1))
cot(s) =1

el(0+1w) _ p—1(c+10)

Using Euler’s formula ('® = coso +1sin o)

(e?+e ®)coso—1(e? —e ?)sinc
(e®+e=@)sinc+1(e? —e ?)coso

cot(s) =
Using |z|> = zZ’ to simplify,

2sin20 —1 (62“’ - 6*2“’)

(e® —e=©)?cos2 6 + (€@ + e~ @)% sin? &

cot(s) =

(020173*201)

_ sin2 _
So, Re|tan(s)] = % and Im|tan(s)] = — gzMZe,zﬁ

—cos20

To prove analyticity, the partial derivatives, Ug, Uy, Vs, Vi must exist in the domain and satisfy the Cauchy-
Reimann conditions.

Below the steps have been left for brevity,

Use the quotient rule and trigonometric identities to get the results below,

_dU _ cos20 (e2w+e*2“’) -2
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= — =
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Yo, € the domain, Us, Uy, Vi, Vi exist and satisfy the Cauchy-Reimann conditions, i.e.

Ug = Vw

Up=—Vs

The Cauchy-Riemann conditions are satisfied, but do the partial derivatives exist everywhere in the domain? For

that check the denominators. The denominator vanishes only in the case where @ = 0 and 6 = nx, where n € 7.
We have already excluded these points from the domain. Hence, proved that cot(s) is analytic. QED



