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“Let no one ignorant of logic enter.”

a paraphrase of a gate sign
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Preface

The concept of propositional formulae and their logical validity developed over
almost two and a half millennia and reached its current mathematical defini-
tion at the advent of mathematical logic in the second half of the nineteenth
century. It is remarkably simple. We have propositional atoms and few logical
connectives to combine them into formulas. We identify truth assignments with
functions assigning values > (true) and ⊥ (false) to atoms and use simple alge-
braic rules to quickly compute the truth value of any formula under a particular
truth assignment. Logically valid formulas, tautologies, are then those formulas
receiving the value > under any truth assignments. The definition of logical
validity offers a mechanical way how to decide whether or not a formula is a
tautology: compute its truth value under all truth assignments to its atoms.
The definition is amenable to countless variations, leading to formulations of
various non-classical logics. A truth assignment may be in some of these alter-
native definitions a more complicated notion but the idea of determining the
truth value bottom up by few rules is common to all.

The preoccupation of logic over the ages with logically sound modes of rea-
soning lead to various lists of logically valid inference schemes and eventually
to a concept of a logical calculus. Aristotle and Frege are the main figures at
the advent of logic and of mathematical logic, respectively. In such calculi one
starts with initial tautologies, axioms, of few transparent forms, and uses a fi-
nite number of inference rules to derive more and more complicated tautologies.
One can typically simulate the mechanical process of going through all truth
assignments by such a derivation.

A property of these specific derivations simulating computations is that they
do not involve formulas more complicated than the one being proved. But one
may prove a tautology entirely differently, deriving first intermediate formulas
(lemmas), seemingly having nothing to do with the target formula, and even-
tually combining them into a valid derivation. It is a fundamental problem of
logic to understand how a general derivation may look like and, in particular,
when it can be significantly shorter than the trivial mechanical one and how
can we find it.

When the truth values are represented by bits 1 and 0, truth assignments can
be identified with binary strings, truth functions with properties of such strings
and propositional formulae become algorithms how to compute them. At once
we thus find propositional logic at the heart of the theory of computing and the

11
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above questions about the efficiency of proofs become fundamental problems
of computational complexity theory like the P versus NP problem or the NP
versus coNP problem.

The mathematical area studying complexity of propositional proofs, proof
complexity, is at present one of the richest approaches to these problems. It is
this facet of proof complexity which, together with its logical foundations, I em-
phasize in this book. Proof complexity has, in my view, at least as good a chance
to achieve a significant breakthrough on the problems as any other approach
contemplated at present. And contrary to some other, even partial results -
lower bounds for specific proof systems - can be often genuinely interpreted as
saying something interesting and relevant about the problems.

We should also keep an open mind to how the eventual answers may turn out.
Mathematics can be seen as a special kind of language developed for the world
of virtual objects like points and lines, numbers and equations, sets, spaces,
algebras, and other occupants of the world of mathematics, and for our thoughts
about them. This language is quite powerful and is akin in many respects to
natural languages. And just as a talented poet can describe in few lines or even
in few words a thought or a situation for which you or I may need volumes,
miraculously short and eloquent proofs which nobody would have dreamt of
may exist. I think that at present we have only a tentative understanding of
how powerful language mathematics is.

J.K.
Lužnice

May 2018
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I am indebted to Pavel Hrubeš, Moritz Müller, Igor C. Oliveira, Ján Pich and
Pavel Pudlák for offering comments or suggestions concerning significant parts
of the draft.

I thank to Albert Atserias, Olaf Beyersdorff, Sam Buss, Steve Cook, Gilda
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Introduction

Mathematical theory of computing grew out of the quest of mathematicians to
clarify the foundations of their field. Turing machines and other models of com-
putation are tied with formal logical systems and the algorithmic unsolvability
with the unprovability. The problems whose solutions lead to this understand-
ing included Hilbert’s Entscheidungsproblem (deciding the logical validity of a
first-order formula) or his goal, Hilbert’s program, to establish by finitary means
the consistency of mathematics. This development would not be possible with-
out prior advent of mathematical logic in late nineteenth century guided by
contributions from a number of people. The most important was, in retrospect,
Frege’s Begriffsschrift [190] realizing facets of an old dream of Leibniz about the
calculus ratiocinator.

The problems got eventually opposite answers than Hilbert and others hoped
for (Entscheidungsproblem is algorithmically undecidable by Church [145] and
Turing [498] and a proof of the consistency of a theory formalizing a non-trivial
part of mathematics requires axioms outside of the theory by Gödel [202]). But
the leap in the development of logic this study of the foundations of mathematics
stimulated was enormous compared with the progress of the previous two mil-
lennia. All this is discussed and analyzed in a number of books; I found most
stimulating the volume [226], edited by J. Van Heijenoort, of translations of
selected papers from the era and accompanied by knowledgeable commentaries.

The next significant step from our perspective was the formalization of an
informal notion of a feasible algorithm by the formal notion of a polynomial
time algorithm in late 1960s. This was accompanied by the introduction of
complexity classes, reductions among problems and discoveries of natural com-
plete problems, all quite analogous to earlier developments in mathematical
logic around Turing computability. Plethora of open questions about the new
concepts were posed. The most famous of them, the P vs. NP problem, is
now recognized as one of fundamental problems of mathematics. Some of these
new problems were, in fact, foreshadowed by specific problems in logic which
did not explicitly mentioned machines or time complexity. These include the
spectrum problem in model theory of Scholz [466] and Asser [25] (early 1950s),
which we now know is asking for a characterization of NE sets (non-deterministic
time 2O(n)) and, in particular, if the class NE is closed under complementation.
Or problems about rudimentary sets of Smullyan [480] and Bennett [65] (early
1960s). The first problem mentioning time complexity explicitly was perhaps

15
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the problem posed by Gödel to von Neumann in a 1956 letter [203]; there he
asks about the time complexity of a problem we now know to be NP-complete
(see the introduction to the volume of Clote and K. [146] for the letter and its
translation, and Buss [111] for the completeness result). Sipser [472] describes
these developments clearly and succinctly.

In the light of this history it seems plausible that the P vs. NP problem has
significant logical facets connected to the foundations of mathematics. It can
be even seen as a miniaturization of the Entscheidungsproblem: replace first-
order formulas by propositional formulas and ask for a feasible algorithm rather
than any algorithm. We do not know how hard the problem is. It may require
just one trick (as some famous problems of past did), one dramatically new
idea (like was forcing for the independence of the Continuum Hypothesis) or a
development of a whole part of mathematics (as was needed for Fermat’s last
theorem). But in either case it seems sensible to try to develop an understanding
for the logical side of the problem.

This thinking is, however, foreign to canons of contemporary computational
complexity theory. That field developed as a part of combinatorics and some
early successes stimulated a lot of faith into that approach. But although many
interesting developments took place, the progress on the combinatorial insight
into the original fundamental problems remains tentative. Despite this, com-
plexity theorists go sometimes to a great length to talk about logic without ever
mentioning the word. Although it is remarkable that one can discuss the prov-
ability or the unprovability without using words like “a theory” or “a formula”,
it is hard to imagine that doing so is faithful to the topic at hand.

There are several research areas connecting mathematical logic and compu-
tational complexity theory, some of these connections are tighter than others.
We shall concentrate on propositional proof complexity. Proof complexity (the
adjective propositional is often left out as it is tacitly understood) is now a fairly
rich subject drawing its methods from many fields (logic, combinatorics, alge-
bra, computer science, ...). First results appeared in 1960s, with a significant
acceleration from late 1980s to early 2000s. For some years now, however, the
progress lies more in sharpening and generalizing earlier advances and recasting
them in a new formalism and in improving the technical tools at hand but not
that much (at least not on the level of the progress in 1990s) in developing
completely new ideas. It thus seems a good time to write an up-to-date presen-
tation of the field to enable newcomers to learn the subject and to allow active
researchers to step back and contemplate a larger picture.

There are two approaches to proof complexity, complementary in a sense to
each other. The first one views problems, especially the lengths-of-proofs prob-
lems, as purely combinatorial problems about the existence and properties of
various combinatorial configurations. Eminent early examples of this approach
are Tseitin’s [496] 1968 lower bound for regular resolution or Haken’s [218] 1985
lower bound for general resolution proofs of the pigeonhole principle. This ap-
proach, when successful, gives typically qualitatively very detailed results. But
it works only for weak proof systems.

The second approach views the problems through the eyes of mathematical
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logic. Representative examples of this view are Cook’s [151] 1975 and Paris-
Wilkie’s [393] 1985 translations of bounded arithmetic proofs into (sequences
of) propositional proofs, Ajtai’s [5] 1988 forcing lower bound for the pigeonhole
principle proofs in constant depth Frege systems or my 1991 idea of the feasible
interpolation method formulated in [278] (1994, preprint circulating 1991). This
approach yields typically a general concept and its applications in specific cases
require combinatorics as well.

The two approaches are not disjoint and can be fruitfully combined. Nev-
ertheless, there is a lot of emphasis in recent years on a purely combinatorial
analysis of proof systems related to specific SAT solving or optimization algo-
rithms. Only a small number of researchers involve themselves in mathematical
logic or in investigations aiming at explaining some general phenomenon. Of
course, the original fundamental - logic motivated - problems are dutifully men-
tioned when the goals of the area are discussed in talks or papers but in actual
research programs these problems are rarely studied. It seems that not only
are the original problems abandoned but a lot of proof complexity theory de-
veloped around them is becoming exotic to many researchers. I suppose this is
due in part to the demise of logic from a standard computer science curriculum.
Being able to formulate a theorem or a proof is not a sufficient logic education
similarly as being able to draw a graph is not a sufficient education in combina-
torics. Without at least an elementary logic background the only part of proof
complexity that remains accessible is the algorithm analysis sort. Of course, it
is a perfectly sound research topic but it is not the whole of proof complexity;
it is not even its half, not even close.

I think that logic will play eventually a greater role in the proof complexity
research motivated by applications as well. I am not competent to judge how
significant contributions current proof complexity makes to the analysis and to
the practise of real life algorithms. The contributions often contain ingenious
technical innovations and ought to shed the light on the performance of the
respective algorithms. But SAT solving (or other algorithm design) is mostly
an engineering activity with a little theory as we mathematicians understand it
involved. Even the basic issue how to compare the efficiency of two algorithms is
in reality approached in an ad hoc, heuristic, mathematically non-principal way.
Therefore I think that proof complexity could contribute most by introducing
new original theoretical concepts and ideas that could influence how the whole
field of SAT solving is approached in future. A significant contribution may
come even from technically simple ideas; for example, how to use stronger proof
systems in proof search or how to combine the present day optimization algo-
rithms with a little logic. This may be, in my opinion, quite analogous to the
fact that fairly general ideas of Turing and others influenced thinking in com-
puter science significantly. But from where else could genuinely new concepts
and ideas, and not just technical innovations, come other than from thinking
about the very foundational problems of the field?

In the book I stress my view of proof complexity as a whole entity rather
than as a collection of various topics held together loosely by few notions. The
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frame that supports it is logic. This is not a dogma but the current state of
the affairs. For this reason I choose as the book motto the paraphrase of the
famous gate sign: to underline the point, not to distress the reader.

I present basic concepts, classical results, current work and possible future
directions. I do not attempt to compile a compendium of all known results and
I concentrate more on ideas than on the technically strongest statements. These
ideas might be enlightening definitions and concepts, stimulating problems, or
original proof methods. I give preference to statements that attempt some
generality over statements that are strong in some specific situations only.

The intended readers include researchers and doctoral students in math-
ematics (mathematical logic and discrete mathematics, in particular) and in
theoretical computer science (in computational complexity theory, in particu-
lar). I do not necessarily present the material in the most elementary way. But
I try to present them in a honest way, meaning that I attempt to expose the
fundamental ideas underlying the topics and I do not hide difficult or technically
delicate things under the carpet. The book is meant to be self-contained in a
reasonable sense of the word as a whole; it is not a collection of self-contained
chapters and there is a lot of cross-referencing.

Organization of the book.

The book is divided into four parts. The first chapter in the first part Basic
concepts recalls some preliminaries from mathematical logic and computational
complexity and introduces the basic concepts and problems of proof complexity.
The remaining six chapters in that part give a number of examples of proposi-
tional proof systems and we prove there many of their fundamental properties.

The main topic of the second part Upper bounds are the relations between
bounded arithmetic theories and proof systems and translations of arithmetic
proofs into propositional logic, and how can these be utilized to prove length-
of-proofs upper bounds and simulations among proof systems.

The third part Lower bounds is devoted to known lengths-of-proofs lower
bounds. This is the royal subject of proof complexity as the fundamental prob-
lems are formulated as questions about lengths-of-proofs. Some people reduce
proof complexity to this topic alone.

The last part Beyond bounds discusses topics transcending the lengths-of-
proofs bounds for specific proof systems. I report on those developments at-
tempting to address all proof systems. It is here where is, I think, a chance
to develop some deeper understanding of the fundamental problems. I present
there topics for which some general theory emerged in past and I discuss direc-
tions that seem to me to be promising for future research. In the last chapter
we step back a little and look at what was achieved and offer few thoughts on
the nature of proof complexity.

Each part is divided into chapters which further divide into sections with, I
hope, informative titles. This gives a structure to all material that should be
apparent at a first glance. There are various novel results, topics, constructions
and proofs.
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In the main narrative I typically explicitly attribute to sources only main
results, concepts, problems and ideas discussed. The qualification main is sub-
jective, of course, and does not necessarily refer to the technically hardest topics
but sometimes also to simple observations that proved to be very useful: I rather
agree with the classical dictum that the really important ideas are also simple.
Each chapter ends with a section on bibliographical and other remarks where I
attempt to give correct and full bibliographical information for all results cov-
ered, point to other relevant literature and discuss at least some topics that are
related but were omitted.

I use occasionally adjectives interesting and important and similar qualifi-
cations. This should be understood as meaning: interesting (or important) for
me. In fact, it is a dangerous illusion some people succumb to that these words
have an objective meaning in mathematical literature.

Conventions and the notation.

Throughout the book we use standard symbols of propositional and first-
order logic. Formulas are denoted either by capital Latin letters or by lower
case Greek letters. We also use the O-notation (and the related o-, Ω- and ω-
notations) that is so handy in expressing upper and lower bounds in complexity
theory. In particular, for f, g : N→ N, g = O(f) means that g(n) ≤ cf(n) + c
for some constant c ≥ 1 and all n, g = o(f) means that g(n)/f(n) goes to 0 as
n −→∞, g = Ω(f) means that g(n) ≥ εf(n) for some constant ε > 0 and all n,
and finally g = ω(f) means that g(n)/f(n) cannot be bounded by a constant
for all n.

The symbol [n] denotes the set {1, . . . , n}. The symbols ⊆ and ( denote
set-theoretic inclusion and proper inclusion, respectively. We use n >> 1 as a
shorthand for n is large enough. Most first-order object we consider are finite
words (ordered tuples) over an alphabet (numbers, binary words, formulas, truth
assignments, proofs, etc.). When it is important that a variable ranges over
tuples and we need to address their elements I use the notation b, x, . . . and
denote the elements at the i-th position bi, xi, . . . .

Only few notions and concepts exceptionally important in proof complex-
ity have their numbered definitions but all other notions (a vast majority) are
defined in the text and the defined notion appears in boldface. To these defi-
nitions we refer by referring to the sections where they appeared (sections are
fairly short and it is easy to navigate in them). I think that this treatment of
definitions makes the structure of a long text more comprehensible. All lemmas,
theorems and corollaries are syntactically distinguished and numbered as it is
customary.

All unfamiliar symbols are properly defined in the text and the Special sym-
bol index at the end lists for each such a symbol the section where it appeared
first.

Remarks on the literature.
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During the last ten years only two books appeared that are about proof
complexity: [157] by Cook and Nguyen and my [309]. The Cook-Nguyen book
develops mostly various bounded arithmetic theories and their relations to weak
computational complexity classes utilizing witnessing theorems, and defines as-
sociated propositional proof systems simulating the theories. The emphasis
there is on the triple relation a theory / a computational class / a proof sys-
tem. However, there are no lower bounds in the book presented, either old
or more recent. My book [309] is a research monograph developing a particu-
lar construction of models of bounded arithmetic and how it can be applied to
proof complexity lower bounds but it reviews only snapshots of proof complexity
needed.

There is also a related book [425] by P.Pudlák about foundations of math-
ematics. It contains one chapter (out of seven) about proof complexity (and
one of its sections is on lower bounds) offering a few highlights. It is written in
three levels of precision, with the top level giving details.

From older books the most used one is perhaps my 1995 monograph [281]
that presented the field in an up-to-date manner (relative to 1995). It may occur
to the reader that it would be more sensible to update that book rather than to
write a new one. But I am putting now a lot more emphasis on propositional
proof systems while at least a half of the 1995 book was devoted to a development
of bounded arithmetic theories, and only a smaller part of this is directly relevant
to propositional proof complexity.

There is also an excellent book [147] from 2002 by P.Clote and E.Kranakis
that does contain one chapter (out of seven) about proof complexity lower
bounds. It contains some results (and lower bounds, in particular) not cov-
ered in my 1995 book.

Handbook of Proof theory (Elsevier 1998) edited by Buss, contains a chapter
on lengths of proofs by Pudlák [417]. Buss has in the same volume introductory
texts [116, 117] about first-order proof theory and theories of arithmetic and we
recommend those to all readers in the need of learning that background. There
is also a number of survey articles addressing usually few selected topics only;
these include [501, 279, 283, 58, 118, 48, 301, 300, 422, 121, 447].

Background.

Although I review some elements of propositional and first-order logic in the
first two sections of Chapter 1, this is mostly to set-up the scene and to introduce
some formalism and notation. It is helpful if the reader has a basic knowledge of
mathematical logic on the level of an introductory course to first-order logic and
its model theory. This includes the completeness and the compactness theorems
and Herbrand’s theorem (although I do present a proof of this theorem). I do
not assume any specific knowledge of bounded arithmetic or model theory of
arithmetic.

From computational complexity theory I assume the knowledge of basic con-
cepts of Turing machines and their time complexity and definitions of standard



Introduction 21

complexity classes (although some of this is briefly recalled in Section 1.3). I do
not assume a particular knowledge of circuit complexity (it is explained when
needed) but it may make some ideas and arguments more transparent.
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Part I

Basic Concepts
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This part is devoted to the introduction of basic concepts and problems
and to a number of examples of propositional proof systems. Chapter 1 recalls
also some very basic notions of propositional and first-order logic (Sections 1.1
and 1.2) and of computational complexity theory (Sections 1.3 and 1.4). The
former is aimed at the readers with primarily a CS background without any
logic education while the latter aims at the readers who avoided CS until now.
These sections should give the reader enough intuition to follow the presentation
in the later chapters but they cannot replace a proper education in these two
subjects.

Section 1.5 introduces the key concepts of proof complexity and three funda-
mental problems. Chapters 2 - 5 present main examples of logical proof systems
and explain their basic properties, Chapter 6 introduces several examples of al-
gebraic and geometric proof systems and Chapter 7 collects a number of proof
systems that do not fit into the previous categories.
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Chapter 1

Concepts and Problems

1.1 Propositional Logic

In this section we recall basic notions of propositional logic and some standard
notation. We also formulate a few statements that will be used many times
later.

The DeMorgan language of propositional logic consists of:

• An infinite set At of atoms denoted by p, q, . . . , x, y, . . . ,

• logical connectives:

– constants > (true) and ⊥ (false),
– a unary connective ¬ (the negation),
– binary connectives ∨ (the disjunction) and ∧ (the conjunction),

• brackets: (, ).

Propositional formulas are particular finite words over this alphabet constructed
by applying finitely many times in an arbitrary order the following rules:

• Constants > and ⊥ are formulas and any atom is a formula.

• If α is a formula then so is (¬α).

• If α, β are formulas then so are (α ∨ β) and (α ∧ β).

We will use often also capital Latin letters A,B, . . . to denote formulas.
A subformula of a formula α is any sub-word of α that is also a formula.

Equivalently (this uses Lemma 1.1.1), a subformula of α is any formula that
occurs in a process of creating α via the three rules above.

The pairs of brackets used may be any, e.g. [, ], to improve the readability.
The reason for the abundant use of brackets is to arrange the following lemma.
It is proved by a suitable counting of the number of occurrences of the left and
the right brackets.

27
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Lemma 1.1.1 (unique readability) If α is a propositional formula then ex-
actly one of the following cases occurs:

• α is a constant or an atom.

• There is a formula β such that α = (¬β).

• There are formulas β, γ such that α = (β ∨ γ).

• There are formulas β, γ such that α = (β ∧ γ).

An alternative way how to write formulas is the prefix notation that works
without brackets. For example, (β ∨ γ) is written as ∨βγ. But it seems to be
readable only for machines.

It is customary to employ some simplifications in the bracket use. These
include:

• We do not use the very last (outside) pair of brackets. E.g. (α ∨ β) is
written just as α ∨ β.

• ¬ has a preference over ∨,∧. E.g. ((¬α) ∨ β) can be written as ¬α ∨ β.

• We do not use brackets when the formula is built using a repeated use of
∨ or of ∧. E.g. ((α ∨ β) ∨ γ) is thus α ∨ β ∨ γ.

A literal ` is an atom or its negation. The following notation is useful:

`1 := ` and p0 := ¬p and (¬p)0 := p . (1.1.1)

A conjunction of literals is called a logical term (or just a term if there is no
danger of a confusion). A disjunction of literals is called a clause.

The expression α(p1, . . . , pn) means that all atoms occurring in α are among
p1, . . . , pn but not all of them have to actually occur.

A truth assignment is any function

h : At −→ {0, 1} .

The values 1 and 0 are meant to represent the truth values true and false,
respectively, and we often simply identify the bits 1, 0 with the truth values.
An assignment h is extended to the map h∗ giving the truth value to any formula
by the following rules:

• h∗(>) = 1 and h∗(⊥) = 0.

• h∗(¬α) = 1− h∗(α).

• h∗(α ∨ β) = max(h∗(α), h∗(β)).

• h∗(α ∧ β) = min(h∗(α), h∗(β)).
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The extended map h∗ will be often denoted by h as well. Due to the first item
the constants > and ⊥ are written simply 1 and 0 if there is no danger of a
confusion. It is important to realize that the unique readability Lemma 1.1.1 is
needed to make this definition correct; without it there could be several ways
how to evaluate a formula.

A formula that is valid under any truth assignment is logically valid and
it is called a tautology and such formulas form the set TAUT. A formula that
is true under at least one truth assignment is called satisfiable. Satisfiable
formulas form the set SAT and unsatisfiable ones form the set UNSAT.

A function from {0, 1}n to {0, 1} is called a Boolean function. The truth
value an assignment h gives to a formula α(p1, . . . , pn) depends only on the
values h gives to p1, . . . , pn. If h(pi) = bi ∈ {0, 1} then we denote h∗(α) just by
α(b1, . . . , bn).

Any formula α(p1, . . . , pn) thus defines a Boolean function, the truth table
function, defined by:

ttα : b = (b1, . . . , bn) ∈ {0, 1}n −→ α(b1, . . . , bn) ∈ {0, 1} .

Now observe that for b = (b1, . . . , bn) ∈ {0, 1}n the term

pb1
1 ∧ · · · ∧ pbn

n

is true only under the assignment pi := bi. Hence the truth table function
defined by the formula: ∨

b∈{0,1}n:f(b)=1

pb1
1 ∧ · · · ∧ pbn

n

equals to f . Similarly the truth table function of the formula:∧
b∈{0,1}n:f(b)=0

p1−b1
1 ∨ · · · ∨ p1−bn

n

is also equal to f . A formula that is a disjunction of terms is said to be in a
disjunctive normal form, or simply DNF, and dually a conjunction of clauses
is in a conjunctive normal form, or CNF.

Hence we have:

Lemma 1.1.2 Let f : {0, 1}n −→ {0, 1} be any Boolean function. Then there
exists a DNF formula α(p1, . . . , pn) and a CNF formula β(p1, . . . , pn) such that

f = ttα = ttβ .

A function f is monotone if and only if a ≤ b, meaning
∧

i(ai ≤ bi), implies
f(a) ≤ f(b). Observe that f is monotone then a DNF formula α representing f
can be written without the negation. For example, if f(0, a2, . . . ) = 1 then also
f(1, a2, . . . ) = 1 and the two terms

p0
1 ∧ p

a2
2 ∧ . . . and p1

1 ∧ p
a2
2 ∧ . . .
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can be merged into one
pa2
2 ∧ . . . .

Repeating this reduction process first for all occurrences of p1 as long as it is
possible, then for p2, etc. gets rid of all literals p0

i , i.e. of all negations.
If all terms in a DNF formula contain at most k literals the formula is said

to be kDNF; analogously we have kCNF formulas. The set of kCNF formulas
in SAT is denoted by kSAT.

A formula α(p1, . . . , pn) is logically implied by a set of formulas T , written
T |= α, if and only if every truth assignment making true all formulas in T makes
also α true. It follows that if T consists of just one formula β(p1, . . . , pn) then
T |= α, abbreviated β |= α, if and only if ttβ is majorized on {0, 1}n by ttα.
This is further equivalent to the condition that ¬β ∨ α is a tautology. Two
formulas α, β are logically equivalent if and only if both β |= α and α |= β
hold .

Representability of all Boolean functions by formulas has an interesting im-
mediate consequence.

Theorem 1.1.3 (Craig [165] and Lyndon [349]) Let p, q, r be disjoint (pos-
sibly empty) tuples of atoms. Assume that

α(p, q) |= β(p, r) .

In particular, the atoms occurring in both formulas are among p.

• Then there exists a formula γ(p) such that

α |= γ and γ |= β .

• If the atoms p occur only positively (i.e. in the scope of an even number
of negations) in α or only negatively (in the scope of an odd number of
negations) in β then there exists such a formula γ without ¬.

The formula γ is called an interpolant (resp. a monotone interpolant) of
α and β.

Proof:
Assume p are n-tuples and define two sets U, V ⊆ {0, 1}n by:

U := {a ∈ {0, 1}n | ∃b ttα(a, b) = 1}

and
V := {a ∈ {0, 1}n | ∃c ttβ(a, c) = 0} .

The assumption α |= β is equivalent to U ∩ V = ∅. Take any Boolean function
f on {0, 1}n that is identically 1 on U and 0 on V , and let γ(p) be any formula
defining it. It is clear that such a formula is an interpolant.

In the monotone case take for f either the function which equals to 1 on U
and to 0 outside of U , if p appear positively in α, or the function that equals
to 1 on V and to 0 outside of V if they appear only negatively in β. Such f is
monotone and the observation after Lemma 1.1.2 yields a monotone interpolant.
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q.e.d.

We have postulated at the beginning of the section that the language of
propositional logic is the DeMorgan one. That is a customary choice but it is
often useful to enlarge the language by other connectives that allow to shorten
DeMorgan formulas. The implication α→ β and the equivalence α ≡ β are
binary connectives whose truth values are computed by formulas ¬α ∨ β and
(α ∧ β) ∨ (¬α ∧ ¬β), respectively.

The equivalence connective is particularly useful for talking about logically
equivalent formulas: α, β are logically equivalent if and only if α ≡ β is a
tautology. This allows to express pairs of logically equivalent formulas as logical
equations, meaning equivalences that are logically valid. These include the
DeMorgan laws:

¬(α ∨ β) ≡ (¬α ∧ ¬β) and ¬(α ∧ β) ≡ (¬α ∨ ¬β)

or properties of the negation like

¬¬α ≡ α , ¬> ≡ ⊥ , ¬⊥ ≡ >

or algebraic properties like the commutativity and the associativity of both ∨
and ∧, and the distributivity of one of these connectives over the other.

The implication and the equivalence are defined by DeMorgan formulas and
one can reverse the process: ¬α can be defined as α → ⊥, the DeMorgan laws
allow to define one of ∨, ∧ from the other and from ¬, etc. There are even
binary connectives which alone define all DeMorgan connectives and hence, by
Lemma 1.1.2, all Boolean functions. The most famous is the so called Sheffer’s
stroke α|β denoted in computer science by NAND and defined as ¬(α ∧ β).

There are also connectives which are often used in circuit complexity and
that are best defined as having an unbounded arity. The most important are
the parity:

⊕ (a1, . . . , an) = 1 if and only if
∑

i

ai ≡ 1 (mod 2) (1.1.2)

where ai are bits, or its generalizations to the counting modulo m connectives

MODm,j(a1, . . . , an) = 1 if and only if
∑

i

ai ≡ j (mod m) (1.1.3)

with 0 ≤ j < m, or the threshold connective

THn,k(a1, . . . , an) = 1 if and only if
∑

i

ai ≥ k (1.1.4)

with 0 ≤ k ≤ n.
There is one issue when passing from one language to another and that

is that formulas may grow exponentially in size. But we need to clarify first
what the size of a formula is. At surface this is obvious: any formula is, in
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particular, a finite string in some alphabet and its size is its length. But this
is not an entirely satisfactory definition. We shall consider formulas (and other
syntactic objects like proofs) also as inputs for algorithms and hence they need
to be represented by words over a finite alphabet. In propositional logic we
use infinitely many names from At for atoms. Hence we need to represent At
itself by a set of words over a finite language. For example, atoms can be words
starting with the letter p followed by a string from {0, 1}∗. This does change
the length: if a formula contains n atoms (we may assume without a loss of
generality that they are p1, . . . , pn) they will now be represented by strings of
length up to 1 + log n and the string representing the whole formula may grow
by that multiplicative factor. This is admittedly a technicality but we need to
recognize the need to deal with it and then largely ignore it: almost all our
questions ask about the existence of polynomially (exponentially) bounded size
objects (often proofs) and the log factor is irrelevant. We shall continue to use
the definition of the size referring to the original propositional language with At
but with the understanding that for algorithmic purposes it is slightly bigger.

In fact, there is an elegant way how to picture formulas as finite labelled
trees and this gives a raise to the most natural size measure. For DeMorgan
formulas the trees will be binary, for formulas in a language with connectives
up to arity k the trees would be k-ary. Let us discuss now the DeMorgan case
in detail.

Given a DeMorgan formula α we construct a finite, binary, labelled tree Sα

by induction on the size of α as follows:

1. If α is an atom or a constant, Sα is one node labelled by the atom or by
the constant, respectively. It is also the root of the tree.

2. If α = (¬β), Sα has one node a, the root, labelled by the connective ¬.
The root has one child b which is the root of the subtree Sβ . There is an
edge from b to a.

3. If α = (β ◦ γ), Sα has one node a, the root, labelled by the connective
◦ = ∨,∧. The root has two children: the left child b which is the root of
the subtree Sβ and the right child c which is the root of the subtree Sγ .
There are edges from b and c to a.

4. The tree is partially ordered by directed paths: node u is less than node
v if and only if there is a (non-empty) directed path from u to v.

The definition of the size of a formula α we shall use is the cardinality of its
tree Sα, i.e. the number of its vertices. Because each connective comes with
two brackets, the length of the string representing α and using names from At
is

3 · i+ (|Sα| − i) ≤ 3 · |Sα|

where i is the number of non-leaves in Sα, and this increases slightly to

3 · i+ (|Sα| − i) · log n ≤ (3 + log n) · |Sα| ≤ (3 + log |Sα|) · |Sα|
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when α has n atoms represented by binary words.
This definition can be further simplified for formulas in the negation nor-

mal form: the negations are applied only to atoms, and there are no constants
(a DeMorgan formula may be transformed into such a form without the size in-
crease by the DeMorgan laws and by contracting subformulas with constants).
For such a formula each inner node in Sα branches into exactly two subtrees
and we may define the size to be the number of leaves in Sα. This definition
has the nice property that the size of a disjunction or of a conjunction is exactly
the sum of the sizes of the disjuncts or of the conjuncts, respectively, and it is
proportional to the cardinality of Sα (|Sα| is twice that number minus 1).

Now let us return to the issue of translating formulas from one language to
another. Consider a formula using just binary ⊕. Subformulas α ⊕ β can be
replaced by (α ∧ ¬β) ∨ (¬α ∧ β), going from simpler to more complex ones.
But both α and β appear in this defining formula twice and so if we iterate the
removal of ⊕ in a formula, its size may grow in each step twice. For example,
formula p1 ⊕ (p2 ⊕ (p3 ⊕ . . . ) . . . ) computing the parity of n atoms has size n
but after the translation it will be bigger than 2n. In particular, if the parity
connectives are nested in ` levels then the size of the translation will be between
2` and 2`+1.

Next we need to define the notion of the logical depth of a formula. The
logical depth of formula α in language L, denoted by `dp(α), is defined as:

• `dp of atoms and constants is 0,

• ◦(β1, . . . , βk)) = 1 + maxi `dp(βi), for ◦ a k-ary connective in L.

There is a simple but very useful Lemma 1.1.5 about the logical depth allowing
to balance formulas. We first prove a lemma about finite k-ary trees, i.e. at
each node branching into at most k subtrees. Think now of trees as ordered
downwards from the root down towards the leaves. Let us denote the ordering
by a generic symbol ≤. For a k-tree T and a node a in T , denote by Ta the
subtree of T consisting of nodes b such that b ≤ a. By T a denote the tree
(T \ Ta) ∪ {a}, i.e. it consists of nodes b such that b 6< a.

In the following lemma we shall denote by |T | denote the number of leaves
of tree T . The lemma is usually formulated for binary trees only.

Lemma 1.1.4 (Spira’s lemma [485]) Let T be a finite k-ary tree and |T | >
1. Then there is a node a ∈ T such that:

(1/(k + 1))|T | ≤ |Ta|, |T a| ≤ (k/(k + 1))|T | .

Proof:
Walk on a path through T , starting at the root and always walking inside

the biggest subtree (if there are more options choose one arbitrarily). The size
s of a current subtree can decrease in one step only to s′ ≥ s−1

k .
Continue in this fashion until reaching the first node a such that the subtree

Ta has size |Ta| ≤ (k/(k + 1))|T |. Then also (1/(k + 1))|T | ≤ |Ta|. This is
because the immediately previous subtree can have the size (by the bound to
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s′ above) at most s ≤ k|Ta|: If it were |Ta| < (1/(k + 1))|T | then the previous
subtree had size ≤ (k/(k + 1))|T | and the process should have stopped then.

As |T a| = |T | − |Ta|, the inequalities (1/(k + 1))|T | ≤ |T a| ≤ (k/(k + 1))|T |
hold too.

q.e.d.

We will need the notion of a substitution. A substitution of formulas for
atoms in a formula α(p1, . . . , pn) is any map σ assigning to each pi some formula
βi. The formula σ(α) arising from applying the substitution to α is also denoted
by

α(p1/β1, . . . , pn/βn)

or just by
α(β1, . . . , βn)

and it is created by simultaneously replacing all occurrences of all pi by βi,
i = 1, . . . , n. It is allowed that the atoms p occur in formulas βi.

Now the promised lemma about the logical depth.

Lemma 1.1.5 Let α be a formula in a language consisting of at most k-ary con-
nectives and assume its size is s. Then there is a logically equivalent DeMorgan
formula β of logical depth `dp(β) ≤ O(log(k+1)/k(s)) = O(log s).

Proof:
Assume that the atoms of α are p and let q be a new atom and γ(p, q) and

δ(p) be two formulas such that after substituting δ for q in γ one gets α:

α = γ(q/δ) .

Then α can be equivalently written also as

(γ(p, 1) ∧ δ) ∨ (γ(p, 0) ∧ ¬δ) .

The point of this is that the logical depth of the new formula is

2 + max(`dp(γ), `dp(δ)) .

By Spira’s Lemma 1.1.4 we can choose γ such that both γ and δ have the sizes
at most k/(k+1) fraction of the size of α, and by induction we can assume that
the statement holds for formulas of the size smaller than s.

q.e.d.

Having a formula with ⊕ we can first balance it by Spira’s lemma and then
replace all occurrences of ⊕ by the DeMorgan formula above defining it.

Corollary 1.1.6 Let α be any formula in the DeMorgan language augmented
by the binary connective ⊕ and assume that the size of α is s. Then there is a
DeMorgan formula logically equivalent to α and of size at most O(log s) ≤ sO(1).
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1.2 First-Order Logic and Finite Structures

In this section we shall review some material from first-order logic and we recall
some properties of finite structures.

Languages of first-order logic contain some common, logical symbols and
also a specific vocabulary. The logical symbols are:

• the DeMorgan propositional logical connectives and various brackets (but
not propositional atoms or propositional constants),

• the universal ∀ and the existential ∃ quantifiers,

• a countably infinite set of variables x, y, . . . ,

• the binary relation symbol = for the equality.

A vocabulary of a language L contains three sets:

• CL: the set of constants,

• FL: the set of symbols function, each symbol f ∈ FL comes with a positive
arity,

• RL: the set of relation symbols, each symbol R ∈ RL comes with a positive
arity.

Any or all of these sets may be empty. A language is relational if CL = FL = ∅
and relational with constants if FL = ∅.

L-terms are finite strings of these symbols obtained by the following rules:

• Variables and constants are terms,

• if f ∈ FL is a symbol of arity k and t1, . . . , tk are terms, so is f(t1, . . . , tk).

Note that even if the vocabulary is empty we still have some terms: the variables.
We do not have propositional atoms but we have atomic formulas. For

t1, . . . , tk any terms these are:

• t1 = t2,

• R(t1, . . . , tk), if R ∈ RL is of arity k.

First-order formulas are built from atomic ones by the propositional connec-
tives and by quantification: if A is a formula so are (∃xA) and (∀xA). It is
not required that the variable x actually occurs in A. The brackets are left out
when there is no doubt about how to read the formula.

Variables have free or bound occurrences in a formula. This is defined
inductively as follows: all occurrences of variables in an atomic formula are
free, combination of formulas by propositional connectives does not change the
qualification for any variable occurrence in them, and in (∃xA) and (∀xA) all
occurrences of x are bounded and occurrences of all other variables do not
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change the qualification. This notion is important when we want to substitute
a term for a variable.

An L-structure A is a non-empty set A (sometimes denoted by |A|) that
is called the universe of A, together with the interpretation of L on A:

• an element cA for each c ∈ CL,

• a function fA : Ak −→ A, for each f ∈ FL of arity k,

• a relation RA ⊆ Ak, for each R ∈ RL of arity k.

This generalizes the truth assignment of propositional logic and determines the
satisfaction relation which we define in a moment. We will use a convention
analogous to that in propositional logic that the notation t(x1, . . . , xk) means
that all variables occurring in t are among x1, . . . , xn, and B(x1, . . . , xk) means
that all variables that have a free occurrence in B are among x1, . . . , xk, but
not all these variables need to actually occur.

First note that any term t(x1, . . . , xn) defines on any structure A naturally
an n-ary function tA : An −→ A. For an atomic formula s = t with terms
s(x1, . . . , xn) and t(x1, . . . , xn) and an n-tuple a = (a1, . . . , an) ∈ An then
define:

• A satisfies s = t for the assignment xi := ai if and only if sA(a) = tA(a).
This is denoted by A |= s(a) = t(a) if it holds, and by A 6|= s(a) = t(a) if
it does not.

This is then extended to all first-order formulas of L via the so called Tarski’s
truth definition by induction on the logical depth of formulas (in first-order
logic also called logical complexity): the logical complexity is defined identi-
cally as for propositional formulas with the additional clause that a quantifier
increases the logical depth by 1. For formulas B(x1, . . . , xn) and C(x1, . . . , xn)
and a ∈ An define:

• A |= ¬B(a) if and only if A 6|= B(a),

• A |= B(a) ∧ C(a) if and only if A |= B(a) and A |= C(a),

• A |= B(a) ∨ C(a) if and only if A |= B(a) or A |= C(a).

The inductive clauses for the quantifiers generalize those for ∨ and ∧. For a
formula B(x1, . . . , xn, y) and a ∈ An define:

• A |= ∃yB(a, y) if and only if there is b ∈ A such that A |= B(a, b),

• A |= ∀yB(a, y) if and only if for all b ∈ A it holds that A |= B(a, b).

The following lemma is proved by induction on the logical depth of the
formula.
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Lemma 1.2.1 Let L be finite and let B(x1, . . . , xn) a first-order L-formula.
Then there exists a deterministic log-space machine that upon receiving a finite
L-structure A (i.e. its code) and an n-tuple a of its elements decides whether
the satisfaction relation A |= B(a1, . . . , an) holds.

The notion of log-space machines (and of NP machines used below) are
recalled in Section 1.3.

Second-order logic allows to quantify also over functions or relations on the
universe of a structure. This is a notion that appears natural at first but is quite
foggy: properties of the class of all relations or all functions on an infinite set
depend on the axioms of set theory and are not in any sensible way canonical.
In particular, for a non-trivial vocabulary one can write second-order sentences
equivalent to various set-theoretic statements undecidable in ZFC.

When we will say second-order logic we will actually mean first-order logic
with variables of several sorts: one of them for the elements of the structure (as
intended in the first-order logic). Such a many-sorted structure has the universe
of elements and also the universes of some k-ary functions and relations on the
element universe. The quantification over k-ary functions then refers to the
ordinary first-order quantification over the corresponding sort. In particular,
Tarski’s definition of the truth of second-order quantifiers refers to elements
of the function or relation universes and not to functions or relations on the
universe of the structure. This may seem just a cosmetic change but it is not:
one escapes set theory and maintains all of the many wonderful properties of
first-order logic (the completeness and the compactness, in particular).

If an L-structure A is finite we can represent any k-ary relation by a finite
k-dimensional array of bits and any k-ary function by the array representing
its graph. Hence if L is finite we can represent the whole structure by a finite
string of bits and present it as an input to a machine. Note that the length of
such a string will be polynomial in the size of the universe. But there is one
subtler, technical point. Any such representation implicitly defines an order
on the universe of A but no order relation may be in L. On the other hand,
having a linear order on A determines the lexicographic order on the arrays and
hence selects uniquely the final binary code of the structure. The solution finite
model theory adopted is that it is not required that an ordering is in L but it
is demanded that the machine gives the same answer no matter which ordering
is used in the encoding. This is admittedly an unpleasant technicality but it
seems unavoidable.

Now we present two topics, Fagin’s theorem and the so called propositional
translation of first-order formulas over finite structures. In later chapters we
shall need generalizations (or rather, strengthening) of both.

The class of second-order formulas may be stratified by the quantifier com-
plexity. We shall define just one class now (and add other later). The class of
strict Σ1

1-formulas, denoted by sΣ1
1, consists of all formulas of the form:

∃X1∃X2 . . .∃XkB(X1, . . . , Xk)
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where Xi are second-order variables (i.e. variables over the relation sort or
the function sort) and B is first-order. We say that a class of structures is
sΣ1

1-definable if and only if it contains exactly the structures satisfying a fixed
sΣ1

1-sentence.
For finite structures we a priori take for the function/relation sorts the classes

of all functions and all relations, respectively, of the appropriate arities on the
universe.

Theorem 1.2.2 (Fagin’s theorem [180]) Let L be a finite language. A class
of finite L-structures is sΣ1

1-definable if and only if it is in the computational
class NP.

The only-if direction is simpler: the NP machine guesses witnesses for the
second-order existential quantifiers (i.e. the tables of bits defining them) in the
defining sentence and then checks in polynomial time (by Lemma 1.2.1) that
they indeed witness the formula. For the if direction one needs to encode into a
finite number of relations an accepting computation of the machine (if it exists)
and express in a first-order way that it is correct. This is tedious and quite
analogous to usual proofs of the NP-completeness of SAT.

Now we turn to the propositional translation. Let L be a finite relational
language. Recall that for n ≥ 1 we denote by [n] the set {1, . . . , n}.

Let B(x1, . . . , xk) be an L-formula. We shall define by induction on the
logical complexity of B the propositional formula 〈B(i1, . . . , ik)〉n for any choice
of i1, . . . , ik ∈ [n] as follows:

• If B is a k-ary relation symbols R then

〈R(i1, . . . , ik)〉n := ri1,...,ik
,

where ri1,...,ik
are new nk propositional atoms associated with R and in-

dexed by the k-tuples of elements of [n].

• The translation 〈. . . 〉n commutes with the propositional connectives:

– 〈¬B(i1, . . . , ik)〉n := ¬〈B(i1, . . . , ik)〉n,

– 〈B(i1, . . . , ik) ◦C(i1, . . . , ik)〉n := 〈B(i1, . . . , ik)〉n ◦ 〈C(i1, . . . , ik)〉n
for ◦ = ∨,∧.

• 〈∃yB(i1, . . . , ik, y)〉n :=
∨

j∈[n]〈B(i1, . . . , ik, j)〉n.

• 〈∀yB(i1, . . . , ik, y)〉n :=
∧

j∈[n]〈B(i1, . . . , ik, j)〉n.

Now we slightly generalize this definition. Let L0 ⊆ L and let A be an
L0-structure with the universe [n]. For an L-formula B and a k-tuple i1, . . . , ik
as above define the translation

〈B(i1, . . . , ik, j)〉n,A

by the following substitution:
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• For any k-ary relation symbol R from L0 and any i1, . . . , ik ∈ [n] substi-
tute in 〈B(i1, . . . , ik, j)〉n for ri1,...,ik

value >, if A |= R(i1, . . . , ik), and
substitute ⊥ otherwise.

The following lemma should be clear from the definitions. It uses the notion
of an expansion of a first-order L-structure A: it is an L′-structure for some
L′ ⊇ L that has the same universe as A and interprets the symbols from L in
the same way. That is, it is A together with an interpretation of some symbols
not in the original language.

Lemma 1.2.3 Let L ⊇ L0 be finite relational languages and B(x1, . . . , xk) an
L-formula. Let n ≥ 1, i1, . . . , ik ∈ [n] and let A be an L0-structure with the
universe [n].

Then the following statements are equivalent:

• B(i1, . . . , ik) holds in some L-expansion of A.

• ∃S1 . . .∃StB(i1, . . . , ik) holds in A, where {S1, . . . , St} = L \ L0.

• 〈B(i1, . . . , ik)〉n,A is satisfiable.

This lemma, together with Fagin’s theorem, implies the NP-completeness of
SAT. Applying it to Skolemized formulas yields the NP-completeness of kSAT
for some k. Of course, this is no wonder if one uses the idea of the proof of the
NP-completeness of SAT in the proof of Fagin’s theorem.

1.3 Complexity Classes

The machine model Turing defined is not the only one considered in complexity
theory. But is it the most intuitive and elementary one and it is best suited for
the purpose of defining basic complexity classes.

A Turing machine operates on a tape divided into infinitely many unit
squares ordered identically as integers; the squares can be numbered by integers
when discussing machines but the machines have no a priori access to such a
numbering. Initially all squares are empty except possibly a finite interval of
squares holding each one symbol from a non-empty input alphabet Σ. It is
convenient to model the empty squares by saying that they contain the blank
symbol which is not a member of Σ. We will also assume that the two bits 0
and 1 are in Σ. Thus we imagine the initial tape configuration to be a bi-infinite
string of blanks interrupted by a word, the input, from Σ∗.

The machine has a head, a read-write device, that initially scans the first
non-blank symbol on the tape (if there is any), i.e. the first symbol of the input.
If there are only blanks, we say that the input is the empty word Λ.

The set-up so far can be altered in a number of ways (and we will need to
do that when defining space complexity below) but what will remain the same
are:

• finite control,
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• the locality of computations.

The phrase finite control means that the machine is always in one state from a
finite set of states Q and what action is taken at any given step depends only
on:

• the symbol currently scanned by the head, and

• the state the machine is in.

The locality means that:

• at every step the machine can replace only the symbol currently scanned
by the head; the new symbol is from a working alphabet Γ that contains
Σ as well as the blank symbol,

• move the head one square left or right,

• change the machine state.

To define a machine M formally one needs to specify a 5-tuple

Σ,Γ, Q, q0, I

where

• Σ is a finite alphabet containing 0, 1 and not containing the blank symbol,

• Γ is a finite alphabet extending Σ and containing the blank symbol,

• Q is a finite set of states and q0 ∈ Q is the initial state,

• I ⊆ Γ×Q× Γ× {L,R} ×Q is a set of instructions.

Machine M then operates as follows:

• when M ’s head scans symbol s and M is in a state q and a 5-tuple

(s, q, s′, X, q′)

is in I, then M

– replaces the symbol s in the current square by s′,

– moves its head one square to the left if X = L and to the right if
X = R,

– and changes its state to q′.
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The machine is deterministic if for each pair (s, q) ∈ Γ × Q there is at most
one instruction in I starting with this pair. Otherwise the machine is non-
deterministic.

The computation of the machine stops when there is no instruction that
could be used. When this happens we define the output of the machine to be
the longest word from Σ∗ written on the tape such that the head scans its first
symbol. If the head scans a symbol not in Σ we define the output to be the
empty word.

The number of steps the machine took in a particular computation that
stopped is the time of the computation. If the computation did not stop we
may say for a convenience that the time is ∞. For w ∈ Σ∗, define timeM (w) to
be the smallest time of some computation on w (if M is deterministic there is
at most one).

The time complexity of M is the function tM : N→ N ∪ {∞} defined by

tM (n) := max{timeM (w) | w ∈ Σn} .

A deterministic M decides a language L ⊆ {0, 1}∗ if and only if M computes
the characteristic function

χL : w ∈ {0, 1}∗ → {0, 1}

that is equal to 1 if and only if w ∈ L. A non-deterministic machine M accepts
such L if and only if for all w ∈ {0, 1}∗:

w ∈ L if and only if timeM (w) 6=∞ .

That is, there is some finished computation on w.
Now we are in a position to define several basic computational complexity

classes. For a function f : N→ N define Time(f) to be the class of all languages
L that can be decided by a machine with the time complexity O(f(n)). Similarly
NTime(f) to be the class of all languages L that can be accepted by a machine
with the time complexity O(f(n)).

Basic classes are:

• P :=
⋃

c≥1 Time(nc) and NP :=
⋃

c≥1 NTime(nc)

• E :=
⋃

c≥1 Time(2cn) and NE :=
⋃

c≥1 NTime(2cn)

• EXP :=
⋃

c≥1 Time(2nc

) and NEXP :=
⋃

c≥1 NTime(2nc

)

It is obvious that

P ⊆ E ⊆ EXP and NP ⊆ NE ⊆ NEXP

but, in fact, a suitable diagonalization as in the halting problem establishes
the following theorem. A time-constructible function is one which is the time
complexity of some deterministic machine on input 1(n).
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Theorem 1.3.1 (The time hierarchy theorem [223, 150])
For f, g : N → N time-constructible such that n ≤ f(n) and f(n + 1) =

o(g(n)) it holds:

Time(f) ( Time(g log g) and NTime(f) ( NTime(g)

where ( is the proper subset relation. In particular,

P ( E ( EXP and NP ( NE ( NEXP .

Furthermore, an exhaustive search argument going through all possible compu-
tation of an NP machine shows that

NP ⊆ EXP .

Thus we know that
P ⊆ NP ⊆ EXP

and that the last class is strictly larger than the first one, but we do not know
which of the two inclusions are strict. It is generally conjectured that both are.

Informally, the space of a computation is the number of tape squares the
machine used. But we want to count only the squares used in the computation
proper and not those on which the input is stored or the output is written.
Because of this consideration, for the purpose of defining the space complexity,
we consider a modification of the Turing machine model by adding:

• an input tape where the input is written and that is scanned by a read-
only head,

• an output tape where the machine writes eventually the output and that
is scanned by a write-only head,

• a working tape that is scanned by a read-write head operating as in the
single tape model.

The space of a computation is the number of squares on the working tape
the head visited during the computation. We shall denote by spaceM (w) the
minimum space of a computation of M on input w. Then, analogously with
the time complexity, define the space complexity of machine M to be the
function sM : N→ N ∪ {∞} defined by

sM (n) := max{spaceM (w) | w ∈ Σn} .

Classes Space(f) and NSpace(f) consist of languages that can be decided or
accepted, respectively, by a machine with the space complexity bounded by
O(f(n)). Basic classes are:

• L := Space(log n) and NL := NSpace(log n).
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• PSPACE :=
⋃

c Space(nc) and NPSPACE :=
⋃

c NSpace(nc).

For a class C denote by coC the class of complements of C-languages:

coC := {{0, 1}∗ \ L | L ∈ C} .

A function is space-constructible if and only if it is the space complexity of some
machine.

Theorem 1.3.2
Let f, g be space-constructible functions.

1. For f = o(g), Space(f) ( Space(g).

(The space hierarchy theorem [222])

2. For f ≥ log n , NSpace(f) ⊆ Space(f2) and hence PSPACE = NPSPACE.
(Savitch’s theorem [463])

3. For f(n) ≥ log n: NSpace(f) = coNSpace(f).

(The Immermann-Szelepscényi theorem, [489, 242])

We have also simple inclusions:

L ⊆ NL ⊆ P ⊆ PSPACE

with the last class strictly larger than the first one but, as with the time classes
earlier, we do not know which of the three inclusions are proper.

Finally we recall in this section reductions and complete problems. A poly-
nomial time reduction (a p-reduction, shortly) of a language L1 to a language
L2 is a p-time function f : {0, 1}∗ → {0, 1}∗ such that for all w ∈ L1:

w ∈ L1 if and only if f(w) ∈ L2 .

The notation is L1 ≤p L2.
For a class C, a language L is C-hard if and only if L′ ≤p L holds for all

L′ ∈ C, and it is C-complete if and only if it is C-hard and is itself in C.
The existence of complete problems for various computational classes con-

taining P are simple consequences of the existence (and its properties) of uni-
versal Turing machines. What is deeper is that some natural languages having
combinatorial or logical descriptions are complete for some of the classes defined
earlier. We shall mention here just the most famous example.

Theorem 1.3.3 (Cook’s theorem [149])
SAT is NP-complete (and hence TAUT is coNP-complete).
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The second part follows from the first part because for a propositional for-
mula α it holds:

α ∈ TAUT if and only if ¬α /∈ SAT .

The general argument for the existence of complete problems shadowing univer-
sal machines can be applied to the so called syntactic classes. Informally, these
are classes when some a priori (syntactic) restrictions on the machines defining
languages in the class (e.g. a clock imposing a bound on time) guarantee that
the language is indeed in the class. There are also the so called semantic classes
to which such an argument does not seem to apply and, often, it is open whether
such a class has a complete problem.

An example is the class BPP, bounded probabilistic polynomial time
class consisting of all languages L for which there is a Turing machine M with
two inputs x, y, and a constant c ≥ 1 such that:

• On inputs x := w ∈ {0, 1}n and y := r ∈ {0, 1}∗ the machine runs in time
at most nc and outputs either 0 or 1.

• For all w ∈ {0, 1}n:

– if w ∈ L then Probr[M(w, r) = 1] ≥ 2/3,
– if w /∈ L then Probr[M(w, r) = 0] ≥ 2/3,

where r are uniformly distributed over {0, 1}nc

.

The two conditions involving the probability are not guaranteed to hold by
any a priori condition on how M is programmed but instead refer to how M
behaves (hence the qualification “semantic”) on the space of all r. It is not
known whether BPP has a complete problem.

It is easy to see that:
P ⊆ BPP ⊆ EXP

and, in fact, it is often conjectured that P = BPP.

1.4 Boolean Circuits and Computations

A formula whose truth table function is f : {0, 1}n → {0, 1} can be used as an
algorithm to compute f : given an input, evaluate the formula using its inductive
definition. In this process the same subformula may appear several times (as in
the example with the parity function in Section 1.1). But it is clearly redundant
to compute its truth value again and again: the truth value of a subformula
remains the same irrespective at which place in the whole formula we encounter
it. This wastefulness is remedied by the notion of a Boolean circuit.

We shall define circuits over the DeMorgan language - that is the canonical
choice. But the definition applies analogously to other propositional languages
(and is even more general: there are arithmetic circuits, algebraic circuits, etc.).
A circuit with inputs x1, . . . , xn is a sequence of instructions how to compute
Boolean values y1, . . . , ys. Each instruction has one of the following forms:
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• yi := > or yi = ⊥.

• yi := xj , any 1 ≤ j ≤ n.

• yi := ¬yj , where j < i.

• yi := yj ◦ yk, where j, k < i and ◦ = ∨,∧.

The size of such a circuit is s and ys is its output. The circuit defines a Boolean
function on {0, 1}n: on assignment xj := aj ∈ {0, 1} evaluate sequentially all yi

using the instructions and output the value computed for ys. If the circuit is
called C the output value will be denoted by C(a).

It will be often useful to represent the instructions of a circuit C as above
by a 3CNF formula, a set of 3-clauses; we shall denote the set by DefC(x, y).
For example, the instruction yi := xj is represented by two clauses

{yi,¬xj} , {¬yi, xj}

while the instruction yi := yu ∧ yv by three clauses

{¬yi, yu} , {¬yi, yv} , {yi,¬yu,¬yv} .

The number of the clauses in DefC is at most 3s and for any a ∈ {0, 1}n, the
clauses of DefC(a, y) are satisfied by the unique assignment to the variables yi

- the computation of C on the input a.
Similarly as we represented the DeMorgan formulas by trees in Section 1.1

we can represented circuits by directed acyclic graphs (called often dags). It is
defined analogously to how the trees were defined:

1. The nodes are 1, . . . , s and they correspond to the instructions y1, . . . , ys,

2. yi is labelled by the type of the instruction yi: the values ⊥ or >, the
inputs xj or one of the connectives ¬, ∨ or ∧,

3. if the value yj was used in the instruction defining yi there is an edge from
j to i.

Formulas can thus be viewed as circuits that happen to be trees.

It is easy to see that parity ⊕n has a circuit of size O(n). In fact, a major
problem in theoretical computer science is to produce any “explicit” example of
a Boolean function that would not have a linear size circuit. Often the informal
qualification explicit is meant “to be in NP” but an example is unknown even
for E. This is in contrast with the following fact.

Theorem 1.4.1 (Shannon’s estimate [470]) With the probability going to 1
as n→∞, a random Boolean function on {0, 1}n needs a circuit of size at least
Ω(2n/n).
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The importance of the task to establish strong lower bounds for the size of
circuits stems from the following theorem.

Theorem 1.4.2 (Savage [462])
Let M be a deterministic Turing machine computing a predicate on {0, 1}∗

and assume its time complexity is tM (n). Then for n = 1, 2, . . . there are circuits
Cn with inputs x1, . . . , xn which compute the predicate on {0, 1}n and such that
the size of Cn is bounded above by O(t2M (n)).

In addition, the description (i.e. the list of instructions) of circuits Cn can
be computed by an algorithm from the input 1(n) in time polynomial in tM (n).

It follows that if we could demonstrate a super-polynomial lower bound on
the size of any circuits computing a problem in NP, the separation P 6= NP
would be established. At present we do not know such a problem even in the
first level NEXP of the exponential time hierarchy (recall that even P ( EXP
and NP ( NEXP by Theorem 1.3.1). The counting argument behind Shannon’s
estimate 1.4.1 does not yield any example in NEXP.

The fact that time lower bounds can be reduced to size lower bounds for
circuits leads to a combinatorial approach to the P vs. NP problem as well as
to other separation problems. In this approach one disregards the reference to
Turing machines (or to some other uniform algorithms) solving a problem for all
lengths. Instead it considers a language to be computed for each input length
by a circuit specific for that length. The circuits are bound together only by a
common form of an upper bound on their size. This leads to the definitions of
several circuit classes. The most natural is the class P/poly. It consists of all
languages L ⊆ {0, 1}∗ such that there is c ≥ 1 and a sequence of circuits Cn,
n ≥ 1, such that:

• Cn has n inputs and computes the characteristic function χL on {0, 1}n,

• for all n > 1, |Cn| ≤ nc.

Theorem 1.4.2 implies P ⊆ P/poly but it is easy to see that P 6= P/poly as the
latter class contains languages that are not algorithmically decidable (for any
A ⊆ N consider L := {w ∈ {0, 1}∗ | |w| ∈ A}: it is undecidable if A is but it
has the circuit complexity 1). The problem to demonstrate super-polynomial
lower bound for the size of circuits deciding some language in NP can thus be
rephrased as the task to show that NP 6⊆ P/poly (again NP 6= P/poly is simple).

The problem to establish such a lower bound appears to be very hard and
researchers considered instead of general circuits various restricted classes of
circuits. Five prominent classes, important also for proof complexity, are:

• AC0: the languages computed on {0, 1}n by circuits Cn in the DeMorgan
language with

∨
and

∧
of an unbounded arity, of logical depth bounded

by a constant d common to all lengths n ≥ 2, and size bound |Cn| ≤ nc

as in P/poly,
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• AC0[m]: defined as AC0 but the circuits can use also unbounded arity
connectives MODm,j defined in (1.1.3). In particular, circuits defining
languages in AC0[2] use the parity connective (1.1.2).

• TC0: defined as AC0 but the circuits can use also unbounded arity con-
nectives THn,k defined in (1.1.4).

• NC1: languages computed on {0, 1}n by formulas Fn in the DeMorgan
language with binary ∨ and ∧, having size |Fn| ≤ nc for n ≥ 2, for some
constant c ≥ 1.

• mP/poly (m is for monotone P/poly): the circuits in the definition of
P/poly are not allowed to use the negation.

Strong lower bounds for some of these restricted classes of circuits are known.
We state for an illustration the following theorem (see Section 1.6 for more
references). For n ≥ k ≥ 2 the Boolean function Cliquen,k is defined on {0, 1}m
where m =

(
n
2

)
and where we identify a string w ∈ {0, 1}m with an undirected

simple graph on [n]: Cliquen,k(w) = 1 if and only if the graph determined by w
contains a clique (i.e. a complete subgraph) of size at least k.

Theorem 1.4.3

1. {⊕n}n /∈ AC0. (Ajtai [4], Furst, Saxe and Sipser [194])

2. {THn,n/2}n /∈ AC0[2]. (Razborov [435])

3. If p 6= q are primes then {MODq,0}n /∈ AC0[p]. (Smolensky [478])

4. For 2 ≤ k ≤ n/4, Cliquen,k /∈ mP/poly. (Razborov [434])

Monotone circuits play important role in the feasible interpolation method that
we shall treat in Chapters 17 and 18.

There is an important connection of the class AC0 to first-order logic on finite
structures introduced in Section 1.2. Strings from {0, 1}n can be identified with
subsets of [n] and subsets of [n] are, in particular, all possible interpretations
of a unary relation symbol on the universe [n]. For w ∈ {0, 1}n put Vw := {i ∈
[n] | wi = 1} ⊆ [n].

If L0 is an arbitrary finite relational language denote by L0(V ) its extension
by one unary relation symbol V (x).

Lemma 1.4.4 Let L ⊆ {0, 1}∗ be a language (in the computational sense).
Then the following statements are equivalent:

1. L ∈ AC0.

2. There is a finite relational language L0, an L0(V )-sentence B and for all
n ≥ 1 there are L0-structures An with universe [n] such that:
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• for all w ∈ {0, 1}n: w ∈ L if and only if the L0(V )-structure (An, Vw) |=
B, where Vw interprets the predicate V .

Proof:
By Lemma 1.2.3 B holds in (An, Vw) if and only if 〈B〉n,(An,Vw) is true.

The if-part of the lemma follows by noting that the 〈. . . 〉 translation produces
a sequence of constant depth, polynomial (in n) size formulas (each quantifier
is translated by a disjunction or a conjunction of arity n).

For the opposite direction assume that Cn are circuits certifying that L ∈
AC0. Because the depth of Cn is bounded by a constant we can unwind the cir-
cuits into formulas, repeating the subformulas as many times as needed. Further
we may assume without a loss of generality that:

• all negations in Cn are in front of atoms (the negation normal form from
Section 1.1),

• Cn has constant depth d with the top connective being the conjunction,
and the connectives at each level d− 1, d− 2, . . . being of the same type,
and alternating from one level to the next between the disjunctions and
the conjunctions,

• the arity of each
∧
,
∨

in Cn is exactly nc for some constant c ≥ 1.

Wires entering a disjunction or a conjunction are in a one-to-one correspondence
with the tuples from [n]c and hence the elements of ([n]c)d are in a one-to-one
correspondence with the paths in Cn from the top connective

∧
to a literal at

level the bottom 0 (variable xj or ¬xj).
We take for L0 the language consisting of two (cd + 1)-ary relations P and

N and we define an L0-structure An by interpreting them on [n] as follows. For
(i11, . . . , i

1
c , . . . , i

d
1, . . . , i

d
c , j) ∈ ([n]c)d × [n]:

• P (i11, . . . , i
1
c , . . . , i

d
1, . . . , i

d
c , j) holds if and only if the input determined by

the path (i11, . . . , i
1
c , . . . , i

d
1, . . . , i

d) is the variable xj , and

• N(i11, . . . , i
1
c , . . . , i

d
1, . . . , i

d
c , j) holds if and only if the input determined by

the path (i11, . . . , i
1
c , . . . , i

d
1, . . . , i

d) is the literal ¬xj .

Input variables xj of the circuit Cn are interpreted by V (j) and hence we have
for w ∈ {0, 1}n: w ∈ L if and only if Cn(w) = 1 if and only if the structure
(An, Vw) satisfies the sentence:

∀y1∃y2∀ . . . [(P (y1, . . . , yd, x)→ V (x)) ∧ (N(y1, . . . , yd, x)→ ¬V (x))]

where yi are c-tuples of variables.

q.e.d.
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We note that analogous characterizations can be given for classes AC0[m]
and TC0 by extending the first-order logic by quantifiers that count (modulo m
or exactly).

Before we conclude this section we shall look again at how one can extract
an algorithm from a formula. This time we shall use the notion of decision trees.
A decision tree T is a binary tree with ordered edges whose every node has
the out-degree 2 (the inner nodes) or 0 (the leaves). There is a unique node
of the in-degree 0 (the root) and all other nodes have in-degree 1. The inner
nodes are labelled by variables xi (i ∈ [n]) and the two edges leaving such a
node are labelled by xi = 0 and xi = 1, respectively. The leaves are labelled by
0 or 1.

Any a ∈ {0, 1}n determines a unique path PT (a) in T , starting in the root
and using the edges whose labelling is valid for a. It thus determines a unique
leaf and its label will be denoted by T (a). In this sense T defines a Boolean
function on {0, 1}n.

Here is a useful lemma. The depth of a tree, often called also its height,
is the maximum number of edges on a path through the tree.

Lemma 1.4.5 Assume that a Boolean function f : {0, 1}n → {0, 1} is defined
by a kDNF-formula and also by an `CNF-formula. Then it can be computed by
a decision tree of depth at most k · `.

On the other hand, any function computed by a decision tree of depth d can
be defined by both dDNF and dCNF formulas.

Proof:
The hypothesis of the first part means that f can be defined by a disjunction

of some size ≤ k terms αi and that 1 − f can be defined by a disjunction of
some size ≤ ` terms βj . In particular, no two terms αi, βj can be simultaneously
satisfied. Hence letting a tree to ask on its first ≤ k levels about all variables
in α1, in each of βj at least one variable is answered on these levels. Doing this
`-times with α2, . . . either exhausts all αi or all variables in all terms βj . In
either case each path determines the value of f .

The second part is easier. Each path corresponds to a term of size ≤ d:
include xi for an edge labelled xi = 1 and ¬xi for an edge labelled xi = 0. The
f is defined by the disjunctions of the terms corresponding to the paths ending
in a leaf labelled 1 and 1 − f by a disjunction of the terms coming from the
paths ending in 0.

q.e.d.

1.5 Proof Systems and Fundamental Problems

What is the difference we experience between simple proofs and complex ones?
Perhaps the most notable one is the time we need to spend on them: a simple
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proof is approved very quickly while to understand and verify a complex proof
may take ages.

We may model the informal requirement that a proof of a statement should
be something that needs no further creative input and is a complete evidence for
the truth of the statement by stipulating that any verifying procedure, a proof
system as we shall call it later, is algorithmic. Such a verifier is any algorithm
that receives a statement and a finite string (the purported proof) and either
accepts or rejects the string as a proof of the statement. It is natural to require
that it is sound (you cannot prove an invalid statement) and complete (you
can prove all valid statements) although weakenings of both requirements were
considered fruitfully in computational complexity. The time complexity of such
a verifier is then a formal model of the informal notion of proof complexity: the
minimum complexity of a proof of a formula is the minimum time needed to
verify some proof (i.e. the simplest proof) of the formula.

I think that the following questions are then quite natural, irrespective of
the connections to computational complexity discovered much later than logical
proof systems were:

1. Is there a verifier with respect to which every valid statement has a simple
proof, i.e. the verifier accepts quickly at least one proof of the statement?

2. Is there a verifier which is best among all verifiers, i.e. any statement
having a simple proof for some verifier has also a simple proof for the best
verifier?

3. What is the best way to find a proof of a statement that a given verifier is
willing to accept?

When statements are understood as first-order sentences and verifiers as logic
calculi for first-order logic then the negative solution to the Entscheidungsprob-
lem by Church [145] and Turing [498] implies strongly negative answers to all
three questions. But for propositional logic their arguments do not apply and
the problems, when formalized as below, are all open.

The actual formalization of proof systems for propositional logic is done
slightly differently, although equivalently. Namely it is not only required that
a proof system is an algorithm but that it is a feasible algorithm, meaning
polynomial-time. A general verifier which is not polynomial time is turned
into one by padding short but complex proofs by some dummy symbol so that
the verifier runs on the original pair a formula/a proof in time polynomial in
the length if the padded pair. This maneuvre transforms the time the original
verifier needs to accept a proof into the length of the padded proof.

We will now proceed formally. Recall from Section 1.1 that TAUT is the set
of propositional tautologies in the DeMorgan language.

Definition 1.5.1 (The Cook - Reckhow definition [158])
A function version: A functional propositional proof system is any

polynomial time function P : {0, 1}∗ → {0, 1}∗ whose range is exactly TAUT.
Any string w such that P (w) = α is called a P -proof of α.
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A relation version: A relational propositional proof system is a binary
relation Q ⊆ {0, 1}∗ × {0, 1}∗ such that

• Q is p-time decidable.

• For any w,α, if Q(w,α) holds then α ∈ TAUT.

• For any α ∈ TAUT there is w ∈ {0, 1}∗ such that Q(w,α) holds.

The second condition is the soundness of Q and the third one is its completeness.

We will often shorten the terminology propositional proof system to a proof
system. The two definitions are equivalent in the following sense. Having a
functional proof system P , the graph of P is a binary relation that is a relational
proof system. On the other hand, having a relational proof system Q, define a
function P by: if w encodes a pair (u, v) such that Q(u, v) then put P (w) := v,
otherwise put P (w) := >. Note that in these transformations the set of proofs of
a given formula (except >) remains the same. Hence from now on we shall talk
about a proof system without specifying whether it is functional or relational
(unless the distinction is needed for a particular construction).

Consider various logical propositional calculi one may learn in school (Chap-
ters 2, 3 and 5 will give examples). They are sound and complete by their de-
sign. The provability relation is p-time decidable as they are typically defined
by axiom schemas and schematic inference rules and so the verifying algorithm
essentially only needs to decide repeatedly if a string is a formula (a clause, a
sequent, etc.) or if one string is a substitution instance of another (an axiom or
an inference rule). In fact, one may take this one level up, to a first-order logic.
If T is a theory with a rich enough language and capable of formalizing the
syntax of propositional logic (we shall see examples in Part II) we may define a
proof system PT by the relation:

• π is a T -proof of the (formalized) statement “α is a tautology”.

Simple conditions on T ensure the soundness and the completeness of PT and
if T is axiomatized using a finite number of axiom schemes (as are e.g. Peano
arithmetic PA or set theory ZFC) then the provability relation is p-time.

The following notation will come handy. Let P be a proof system and α a
propositional formula. Define

sP (α) := min{|π| | P (π, α)}

if α ∈ TAUT and sP (α) := ∞ otherwise. Cook and Reckhow[158] define a
proof system P to be p-bounded if and only if there exists c ≥ 1 such that
for all tautologies α: sP (α) ≤ (|α|+ c)c. They pointed out the following direct
consequence of this definition and of the coNP-completeness of TAUT. (The
additive term c in the upper bound is to cover also the situation when |α| = 1;
we shall leave such trivial cases out in future.)

Theorem 1.5.2 (The Cook-Reckhow theorem [158])
A p-bounded proof system exists if and only if NP = coNP.
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In the light of this theorem the first informal question asked above becomes
the main fundamental problem of proof complexity:

Problem 1.5.3 (Main problem: the NP vs. coNP)
Does there exists a p-bounded propositional proof system? That is, does

NP = coNP hold?

The notion of p-bounded proof systems and the problem of their existence
cuts to the heart of the matter but it is a bit coarse for understanding the realm
of proof systems. We need a notion that will allow to compare them.

Definition 1.5.4 (p-simulation, [158]) Let P and Q be two propositional
proof systems. A p-time function f : {0, 1}∗ → {0, 1}∗ is a p-simulation
of Q by P if and only if for all strings w,α:

Q(w,α)→ P (f(w,α), α) .

For the function version of proof systems this can be written more succinctly as:

Q(w) = P (f(w)) .

We write P ≥p Q if there exists such a p-simulation.
Proof systems P and Q are p-equivalent, written P ≡p Q if and only if

P ≥p Q ∧Q ≥p P .

It is easy to see that ≤p is a quasi-ordering that becomes a partial ordering
after factoring by the equivalence relation ≡p.

K. and Pudlák [321] defined a proof system P to be p-optimal if and only
if P p-simulates all other proof systems Q, and to be optimal if and only if for
all proof systems Q there exists c ≥ 1 such that for all tautologies α:

sQ(α) ≤ sP (α)c .

When P has at most a polynomial slow-down over Q as in the latter definition
we often say that P simulates Q (leaving out the adjective polynomially and
the sign p-), and denote it by P ≥ Q.

As p-time functions are p-bounded, a p-optimal proof system is necessarily
also optimal. The following problem formalizes the second informal question
discussed above.

Problem 1.5.5 (The optimality problem, K.-Pudlák [321])
Does there exists a p-optimal or, at least, an optimal proof system?

This problem is related in a deep way to a surprising number of different
topics, ranging from classical proof theory and Gödel’s theorems, to structural
complexity theory or to finite model theory to name just few. We will discuss
the problem and all these connections in Chapter 21.

The third informal question listed earlier is harder to formalize and, in my
view, we do not at present know the right formalization. But for the definiteness
of the discussion let us pose:
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Problem 1.5.6 (The proof search problem - informal formulation )
Is there an optimal algorithm among all deterministic algorithms that, for

every tautology τ , find a proof of τ in a given proof system P? Is there a such
an algorithm for a fixed P that is optimal among all proof search algorithms for
any proof systems?

A proof search algorithm needs not to find the shortest proof; in fact, finding
it is often an NP-hard task. But if you have one proof, can you always find one
close in size to the shortest one? And does the time lower bound for search holds
only in the worst-case model or also for the average-case model under some
natural distributions for tautologies? Is there a combinatorially transparent
subset of TAUT such that searching for proofs is hard already for formulas from
this set? Is searching for proofs in a stronger proof system easier or harder than
in a weaker one or, on the other hand, is there a fixed proof system P such that
searching for P -proofs is as efficient as searching for proofs in any proof system?
There is a plethora of variants of these questions and we shall discuss this topic
in Section 21.5 where we propose a technical formulation of the problem. The
three fundamental problems we formulated have also various relations among
themselves and we mention some in Part IV.

When investigating length-of-proofs problems it will be important to have
examples of propositional tautologies that have a clear meaning but are plausible
candidates for being hard formulas, formulas requiring long or hard to find
proofs. It seems, in fact, fairly difficult to come up with such examples for
strong proof systems and we shall study this in Part IV. Now we shall mention
only one example, arguably the most famous formula in proof complexity.

The pigeonhole (principle) formula, denoted by PHPn, is formed from
(n+ 1)n atoms:

pij , i ∈ [n+ 1] and j ∈ [n] .

We think of the atom pij as expressing that the pigeon i sits in the hole j (or
simply that i is mapped to j) and in this interpretation the formula says that
it cannot happen that every pigeon sits in exactly one hole and no two pigeons
share a hole. Or, equivalently, there is no injective map from [n + 1] into [n].
The PHPn formula is

¬ [
∧
i

∨
j

pij ∧
∧
i

∧
j 6=j′

(¬pij ∨ ¬pij′) ∧
∧
i 6=i′

∧
j

(¬pij ∨ ¬pi′j) ] . (1.5.1)

It is known that this formula is not hard for strong proof systems but it will
serve as a hard example for many of the weaker ones. There are many variants
of (1.5.1). For example, the second conjunct

∧
i

∧
j 6=j′(¬pij ∨ ¬pij′) inside the

[. . . ] brackets is not needed to make PHPn a tautology (it restricts the principle
to graphs of functions rather than allowing multi-functions) or, on the other
hand, one can add a conjunct

∧
j

∨
i pij formalizing thus the principle only for

surjective maps. Useful modifications are the so called weak PHP principles:
the number m of pigeons is much larger than just n+1; for example, m = 2n, n2
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or even m = 2n. Some of the candidate hard formulas for stronger proof systems
formalize principles related to PHP, albeit quite differently.

One should be optimistic and aim at a full solution of one or all of these
problems. The results obtained in proof complexity so far are either statements
about properties of the class of all proof systems (e.g. the results about the
optimality problem) or about a specific proof system (e.g. various length-of-
proofs lower bounds). While the former are by their design of some relevance
to the three problems, does also a lower bound for a specific proof system P
say something relevant? After all, unless there is an optimal proof system you
cannot hope to prove that NP 6= coNP by gradually proving super-polynomial
lower bounds for stronger and stronger proof system as that would be an infi-
nite process. It is one of the strong messages of proof complexity that indeed
lower bounds for specific proof systems P do have significant consequences, and
that this is true even for very weak P . Let us list some now, although rather
informally at this point.

An algorithm M deciding whether a formula is satisfiable (a SAT algorithm)
can be interpreted as a special kind of a proof system: the computation of M on
α ending with rejecting can be taken for a proof that ¬α is a tautology. Thus:

• A lengths-of-proofs lower bound for any one proof system P implies time
lower bounds for the class of all SAT algorithms that can be simulated
(when considered as a proof system) by P .

We will see that quite weak proof systems simulate in this sense most popular
SAT algorithms and that we have time lower bounds for them.

A proof in a first-order theory T that every finite string has some coNP-
property (a special kind of Π0

1-statements) can be transformed into a sequence
of short PT -proofs of tautologies expressing the universal statement for the
strings of the individual lengths n = 1, 2, . . . . This is analogous to an extent
with how a sequence of circuits results from one algorithm in Theorem 1.4.2.
The proof system PT depends on T but not on the statement. Thus:

• Lengths-of-proofs lower bounds for PT -proofs of specific tautologies imply
the independence of specific true Π0

1-statements from theory T .

Mathematical logic offers several methods how to prove the independence of
true statements about natural numbers (i.e. binary strings) in a theory but none
of them applies to Π0

1-statements expressing natural combinatorial or number-
theoretic facts. In particular, to statements fundamentally different than are
the consistency statements. The restriction to Π0

1 does not limit the expressive
power of such statements to some elementary facts. For example, the Riemann
hypothesis can be expressed as a Π0

1-statement. The above relation to the
lengths of propositional proofs is the only method that allows such independence
proofs at least for some theories. The lengths-of-proofs lower bounds we have
at present give such independence results unconditionally for weak subtheories
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of Peano arithmetic PA (the so called bounded arithmetic theories) but not for
PA (or even set theory ZFC) itself. This looks disappointing until we notice
that:

• Any strong (more than polynomial or quasi-polynomial, depending on T )
lower bounds for PT -proofs of any formulas imply that P 6= NP is consis-
tent with T , and

• a large part of contemporary complexity theory can be formalized in a weak
bounded arithmetic theory.

These and other related issues will be studied in Part IV.

1.6 Bibliographical and Other Remarks

Secs.1.1 and 1.2. Propositional and first-order logic as we know them orig-
inated with Frege [190] although some notation he used did not survive (in
particular, his two-dimensional way of writing formulas) and we own to later
authors, Hilbert and Bernays [231, 232] especially, for cleaning up and stream-
lining the formalism. Textbooks covering basics include Shoenfield [474] or
Enderton [176].

Craig [165] proved the interpolation theorem and Lyndon [349] its monotone
version. The statements are trivial for propositional logic but they proved them
for first-order logic. Spira’s lemma 1.1.4 for k = 2 is from [485], k > 2 is a
folklore.

Sec.1.3. Turing machines were introduced in Turing [498]. Sipser [473] and Pa-
padimitriou [381] are excellent introductions to basic computational complexity
theory; although both texts are older, they are in my view still the best text-
books on the subject. The definition of the class P was a result of a research of a
number of people, notably J.Edmonds [175]. The class NP has been defined by
Cook [149] who also proved the NP-completeness of SAT. Cook used unnecessar-
ily general notion of Turing reductions (which does not distinguish between NP
and coNP, in particular) and Karp [268] pointed out that the NP-completeness
holds under more strict many-one reductions and, in addition, produced a num-
ber of examples of combinatorial NP-complete problems. Versions of these ideas
appeared in Russia (then behind the iron curtain) and Levin [344] in particu-
lar, formulated analogous notions of search problems. Tseitin recognized at
that time the universality of propositional Entscheidungsproblem (i.e. TAUT)
but he did not have formal concepts of the reducibility and the completeness.
Accounts of this history are in Sipser[472] or in Trakhtenbrot [495].

The time hierarchy theorem 1.3.1 originated with Hartmanis and Stearns
[223] and Hartmanis, Lewis and Stearns [222] and the eventual result was proved
by Žák [515].

Sec.1.4. Boolean circuits and other material from the section is excellently and
succinctly presented in Boppana and Sipser [101]. There has been a much slower
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progress on circuit lower bounds after the heroic 1980s that yield the results
reported in Theorem 1.4.3 and [101] is not too outdated. In particular, bounds
from 1.4.3 were improved to exponential (Yao [514], Hastad [224], Andreev [20],
Alon and Boppana [18]). Shannon’s estimate 1.4.1 was complemented by an
(1 + o(1))(2n/n) upper bound by Lupanov [348]. An additional evidence that
NP 6⊆ P/poly was given by Karp and Lipton [269] who proved that NP ⊆ P/poly
would imply the collapse of the polynomial time hierarchy. This is found unlikely
by most experts. But one should keep an open mind. It may be that the
uniformity of P and the non-uniformity of P/poly make the crucial difference.
Wegener [508] and Jukna [265] are monographs on Boolean complexity. More
detailed history of the ideas can be found there.

Sec.1.5. Definition 1.5.1 of proof systems is from Cook and Reckhow [158] as
well as is Definition 1.5.4 of p-simulations. The definition of a mere simulation
in the sense of having at most a polynomial slow-down sQ(α) ≤ sP (α)c is due
to K. and Pudlák [321] who also first formulated and studied the optimality
problem. Other notions of a simulation are possible, utilizing the links between
the provability of the soundness of one proof system in another and simulations
from [321] (we shall study this in Part II). These include, for example, effectively
p-simulations defined by Pitassi and Santhanam [406] or p-reductions between
disjoint NP-pairs representing the soundness of the respective proof systems (we
shall study this in Chapter 21).

The PHPn tautology was defined by Cook and Reckhow [158] and their weak
variants with the number of pigeons much larger than the number of holes by
Woods [511] and Paris, Wilkie and Woods [396].

The example that the Riemann hypothesis can be expressed as a Π0
1-statement

is due to Davis, Matiyasevich and Robinson [169] and was simplified by Lagarias
[337].



Chapter 2

Frege Systems

In this chapter we introduce several logical calculi for propositional logic. The
word calculus is used in this connection because all these proof systems are
defined by selecting a finite number of inference rules of a particular form and
a proof is created by applying them in a mechanical - though not deterministic
- way. This is similar to algebraic calculations or, in perhaps a better analogy,
to forming sentences and longer texts in a language.

A proof in these calculi consists of proof steps (also called proof lines) which
have a form depending on the specific calculus. The steps may be formulas,
sequences of formulas (called cedents or sequents in the sequent calculus) in
Chapter 3 or formulas of specific form (e.g. clauses in resolution in Chapter
5). Proofs in many proof systems studied in later chapters also proceed step by
step.

For all these proof systems it is natural to consider the number of steps in
a proof as another measure of its complexity besides the size. In fact, we shall
see later that it is equally important as the size measure. Our generic notation
for the number of steps in a proof π will be k(π) and the minimum number
of steps in a P -proof of a formula α will be denoted by kP (α). But we shall
not attempt to give a general definition of what a step is due to the varying
nature of these calculi.

2.1 Frege Rules and Proofs

Our foremost example of logical calculi is a class of proof systems operating with
formulas in some complete propositional language via a finite set of inference
rules. In the established terminology of Cook and Reckhow [158] they are rightly
called Frege systems but in mathematical logic literature they are often called
Hilbert-style calculi, referring to Hilbert’s work with Ackermann and Bernays
[230, 231, 232] founding proof theory.

Let L be a finite and complete language for propositional logic. That is,
L consists of a finite number of connectives (including possibly the constants

57
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> and ⊥) interpreted by specific Boolean functions of the appropriate arity
and having the property that any Boolean function of any arity can be defined
by an L-formula (this is the completeness of L). The main example is the
DeMorgan language introduced in Section 1.1 and its extensions discussed after
Theorem 1.1.3.

Definition 2.1.1 Let L be a finite complete language for propositional logic and
let ` ≥ 0. An `-ary Frege rule (tacitly in the language L) is any (`+ 1)-tuple
of L-formulas A0, . . . , A` written as

A1, . . . , A`

A0

such that
A1, . . . , A` |= A0 .

Formulas A1, . . . , A` are called the hypotheses of the rule and A0 is its con-
sequence. A rule with no hypotheses (i.e. ` = 0) is called a Frege axiom
scheme. An axiom scheme is written simply as A0.

Well-known example of a Frege rule in a language containing the implication
connective is the so called modus ponens:

p, p→ q

q
.

An example of an axiom scheme is tertium non datur:

p ∨ ¬p .

Definition 2.1.2 Let F be a finite set of Frege rules in a finite complete lan-
guage L. An F -proof of an L-formula C from L-formulas B1, . . . , Bt is any
sequence of L-formulas D1, . . . , Dk such that:

• Dk = C

• For all i = 1, . . . , k:

– either there is an `-ary rule

A1, . . . , A`

A0

in F , numbers j1, . . . , j` < i and a substitution σ such that

σ(A1) = Dj1 , . . . , σ(A`) = Dj`
and σ(A0) = Di ,

– or Di ∈ {B1, . . . , Bt}.
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We shall denote by the notation

π : B1, . . . , Bt `F C

the fact that π = (D1, . . . , Dk) is an F -proof of C from B1, . . . , Bt (and drop
the F under the ` sign if it is clear from the context), and by the notation

B1, . . . , Bt `F C

the fact that there exists an F -proof of C from B1, . . . , Bt.

Definition 2.1.3 Let L be a finite complete language for propositional logic. A
Frege proof system F in the language L is a finite set of Frege rules that
is sound and implicationally complete, meaning that for any L-formulas
B1, . . . , Bt, C:

B1, . . . , Bt |= C if and only if B1, . . . , Bt `F C .

In future we shall assume tacitly that the language of any Frege system is
finite and complete.

A prominent (and the first) example of a Frege system was given by Frege
[190]. The system, as subsequently simplified by Lukasiewicz [347], uses the
language {¬,→}, has modus ponens as the only rule of arity bigger than 0 and
three axiom schemes:

• p→ (q → p),

• [p→ (q → r)]→ [(p→ q)→ (p→ r)],

• (¬p→ ¬q)→ [(¬p→ q)→ p].

We will often use the following two lemmas. The first one is a simple technical
statement.

Lemma 2.1.4 Let F be a Frege system in any language L and let σ be a sub-
stitution of L-formulas for atoms. Let π = (D1, . . . , Dk) and assume

π : B1, . . . , Bt `F C .

Then for σ(π) := (σ(D1), . . . , σ(Dk)) it holds that

σ(π) : σ(B1), . . . , σ(Bt) `F σ(C) .

Define the width of a Frege proof π, denoted by w(π), to be the maximum
size of a formula in π.
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Lemma 2.1.5 (The deduction lemma)
Let F be a Frege system. Assume that

π : A,B1, . . . , Bt ` C

and let k = k(π) and w = w(π).
Then there is an F -proof π′:

π′ : B1, . . . , Bt ` A→ C

with O(k) steps and of width O(w) and size |π′| ≤ O(|π|2). Here the implication
→ is either in the language of F or it denotes one of its definitions in that
language.

[We shall introduce in the next section the notion of tree-like proofs; the
reader will have no problem to verify that the lemma holds for the tree-like
proofs as well.]

Proof:
We first establish a useful claim.

Claim: There is a constant c ≥ 1 depending just on F such that whenever

E1, . . . , E`

E0

is an F -rule and q is an atom not occurring in any of Ej then there is an F -proof
η

η : q → E1, . . . , q → E` ` q → E0

with the number of steps and the width at most c.

The claim follows by the completeness of F as

q → E1, . . . , q → E` |= q → E0

Let π = D1, . . . , Dk and assume that A was indeed used in π. Prove by induction
on i ≤ k that there is an F -proof

ρi : B1, . . . , Bt ` A→ Di

with O(i) steps and width O(w) (the size estimate O(iw) then follows). We
need to distinguish three cases how Di was inferred in π:

1. Di = A,

2. Di is one of Bj ,

3. Di was inferred via an F -rule.
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In the first case A→ Di is A→ A and has an F -proof with a constant number
of steps and the width O(|A|) = O(w) by Lemma 2.1.4. The second case is
similar: A→ Di is A→ Bj which can be derived from Bj and Bj → (A→ Bj)
by a proof that is a substitution instance of a fixed derivation of p → q from q
and q → (p → q). But the first formula Bj is a hypothesis we can use and the
second formula Bj → (A → Bj) is an instance of the tautology q → (p → q)
and hence has a proof that is an instance of a fixed proof.

In the third case use the claim.

q.e.d.

Two main facts about Frege systems that we shall establish in this chapter
are about the robustness of the definition of the complexity of Frege proofs: the
proof format can be restricted to tree-like proofs (Section 2.2) without increasing
the size or the number of steps too much, and all Frege systems are (essentially)
p-equivalent (Section 2.3).

2.2 Tree-like Proofs

A Frege proof is called tree-like if every step of the proof is a part of the
hypotheses of at most one inference in the proof. For F a Frege system, F ∗

will denote the proof system whose proofs are exactly tree-like F -proofs. If
we want to stress that we talk about general proofs, not necessarily tree-like,
we may describe them as sequence-like or equivalently dag-like. Dag is an
abbreviation for a directed acyclic graph and refers to the underlying graph of
a proof, where nodes are proof steps and arrows lead from the hypotheses of an
inference to its conclusion. Note that this proof graph is a tree if the proof is
tree-like (and it is called a proof tree in that case).

A natural measure of the complexity of tree-like proofs is their height but
the definition makes sense even for dag-like proofs: the height of an F -proof
π, denoted by h(π), is the maximum number of edges on a directed path in
the proof graph. In the case of tree-like proofs this is simply the height of the
proof tree. Given a formula A, hF∗(A) is the minimum height of some tree-like
F -proof of A.

We shall consider first the case of the DeMorgan language.

Theorem 2.2.1 (K. [278])
Let F be any Frege system in the DeMorgan language. Assume π = C1, . . . , Ck

is an F -proof of A from B1, . . . , Bt having k steps and size s.
Then there exists an F ∗-proof π∗ of A from B1, . . . , Bt such that:

1. the number of steps in π∗ is k(π∗) = O(k log k) ,

2. the height of π∗ is h(π∗) = O(log k),

3. the size of π∗ is |π∗| = O(sk log k) = O(s2 log s).
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The constants implicit in the O-notation depend only on F . The tree-like proof
π∗ can be constructed by a polynomial time algorithm from π; in particular,
F ≡p F ∗.

Proof:
We may assume without a loss of generality that B1, . . . , Bt are the first t

formulas in π. Let c ≥ 1 be the maximum number of hypotheses in a rule of F .
Define

Di := C1 ∧ · · · ∧ Ci

bracketed in a balanced binary tree fashion; in particular, the height of this tree
of conjunctions is about log i. (If we used the left-to-right bracketing this would
change the factor k log k to k2 in items 1. and 3. above.)

Claim 1:For any i ≤ k and j1, . . . , jc < i the conjunct

(. . . (Di ∧ Cj1) ∧ Cj2) ∧ . . . ) ∧ Cjc
)

has an F ∗-proof ρi from Di with O(c log i) steps and size O(c|Di| log i).

This amounts to rearranging Di and getting copies of Cj1 , Cj2 , . . . , Cjc out.
The claim implies:

Claim 2:For i < k, Di+1 has an F ∗-proof ρi from Di with O(c log i) steps and
size O(c|Di+1| log i).

Now construct π∗ as follows:

1. Derive Dt from B1, . . . , Bt by a tree-like proof of height O(log t) and size
O(t|Dt|) ≤ O(ts).

2. Derive Dt −→ Dk (with −→ defined in the DeMorgan language) by in-
duction arranged in a binary tree. That is, Dt −→ Dk is derived from two
implications Dt −→ Du and Du −→ Dk where u := b(t+ k)/2c, etc. The
subproofs at the top of this proof tree are provided by Claim 2.

3. From Dk derive A.

It is easy to check that π∗ has the required parameters.

q.e.d.

If the language of F is not the DeMorgan one we can use the formulas βk

from the following lemma to represent the nested conjunctions.

Lemma 2.2.2 Let L be any finite complete propositional language and α(p, q)
an L-formula such that α defines the conjunction: ttα = tt∧. Let L-formulas
βk(p1, . . . , pk) be defined for k ≥ 1 by the conditions:

• β1(p1) := p1 and β2(p1, p2) := α(p1, p2),

• β2k(p1, . . . , p2k) := α(βk(p1, . . . , pk), βk(pk+1, . . . , p2k)) for k ≥ 1,
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• β2k+1(p1, . . . , p2k+1) := α(βk(p1, . . . , pk), βk+1(pk+1, . . . , p2k+1)) for k ≥
1.

Then the following holds for any Frege system F in the language L. For all
k ≥ i ≥ 1 there is an F ∗-proof πk,i:

πk,i : βk(p1, . . . , pk) `F βk+1(p1, . . . , pk, pi)

such that

• πk,i has O(log k) steps,

• |πk,i| ≤ O(|βk| log k).

The constants implicit in the O-notations depend just on α and F .

We now give a game-theoretical interpretation of tree-like proofs. The game,
often called the Buss-Pudlák game, is played by two players, Prover and
Liar. The game is determined by formulas B1, . . . , Bt, C and we shall denote
it by G(B1, . . . , Bt;C). Prover wants to show that B1, . . . , Bt |= C while Liar
maintains that he has an assignment satisfying all Bi but not C. The play
proceeds in rounds. At each round Prover asks about the truth value of some
formula A under the assignment Liar claims to have, and Liar answers 1 or 0.
The rules are:

1. The formulas B1, . . . , Bt must get value 1.

2. The formula C must get value 0.

3. If formulas A,D,E were given the truth values a, d, e by Liar then:

• If A = ¬D then a = ¬d.
• If A = D ◦ E then a = d ◦ e, for ◦ = ∧,∨.

The game stops when Liar cannot answer without breaking a rule. If indeed
B1, . . . , Bt |= C, Prover has a winning strategy. She can ask for the values of all
atoms in the formulas and then subsequently for the values of larger and larger
subformulas. By the third rule Liar must answer correctly and hence he has
to eventually violate the first or the second rule. Note that this takes at most
|C|+

∑
i |Bi| rounds.

For a Prover’s strategy S let r(S) be the maximum number of rounds she
needs to win using S over any Liar and let w(S) be the maximum size of a
formula she needs to ask in some play using S.

Lemma 2.2.3
Assume π is an F ∗-proof of C from B1, . . . , Bt of height h(π) = h. Then

there is a winning strategy S for Prover such that:

r(S) = O(h) and w(S) = O(w(π)) .
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Moreover, S asks only for the truth values of some formulas that appear as
subformulas in π.

On the other hand, for any Prover’s winning strategy S there is an F ∗-proof
π of C from B1, . . . , Bt such that:

h(π) = O(r(S)) and w(π) = O(w(S)) .

Moreover, all formulas occurring in π are constructed from the formulas queried
by S in some play using at most c connectives, where c is a constant depending
on F only. In particular, the maximum logical depth of a formula in π is the
maximum logical depth of a query S can make plus a constant.

Proof:
Let π be an F ∗-proof of C from B1, . . . , Bt of height h and width w. Use

π to define the following strategy S for Prover. Prover asks for the value of C
(the last formula in π) and Liar must say 0. Assume C was derived in π by an
instance

D1, . . . , D`

C

of some F -rule
A1, . . . , A`

A0

given by a substitution pi := σ(pi) for atoms p1, . . . , pn in the rule. Hence
Dj = σ(Aj).

The Prover asks for the values of all formulas E(σ(p1), . . . , σ(pn)), where
E(p) is a subformula of one of Aj . Note that the number of these formulas is
bounded by a constant c depending just on the rule but not on the substitution
σ.

Because A1, . . . , A` |= A0 and σ(A0) = C got the value 0, Liar either violates
the third rule or gives the value 0 to at least one of the hypothesis Dj , 1 ≤ j ≤ `,
of the inference. Say Dj got value 0. The Prover then uses the inference
yielding in π this formula Dj and analogously forces Liar to give value 0 to one
of its hypotheses. In this fashion Prover moves up in the proof tree and so in
O(c h) = O(h) rounds arrives at either one of Bi, forcing Liar to violate the
first rule, or at an axiom of F , forcing him to violate the third rule.

Now assume S is a winning strategy for Prover, allowing her to win always in
at most r = r(S) rounds and asking formulas of size at most w = w(S). Picture
S as a labelled binary tree: the nodes are labelled by Prover’s questions (i.e.
by formulas) and the two edges outgoing from a node by the two possible truth
values Liar may answer with. Hence the root is labelled by the first Prover’s
question.

Paths in the tree from the root to leaves correspond to finished plays against
some Liar. As S is winning, the path has to determine the truth values to
formulas on the path in a way that violates one of the rules. Let

E0, e0, . . . , Ev, ev (2.2.1)
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be a possible partial path in the tree, with the formulas Ej getting the values
ej . Note that v ≤ r. We shall extend the notation from (1.1.1) to all formulas
E: E1 := E and E0 := ¬E.

Claim:For every partial path of the form (2.2.1) there is an F ∗-proof ρ:

ρ : B1, . . . , Bt, E
e0
0 , . . . , E

ev
v ` C

such that the height of ρ is O(r − v) and its width is O(w).

We prove the claim by induction on v = r, . . . , 0. Assume that the path is
maximal (this must be the case if v = r, in particular). Liar’s answers

Ee0
0 , . . . , E

ev
v

must contain a violation of one of the rules. If it is the second one, then for some
j, Eej

j = C1(= C) and ρ exists with a constant height and width O(|C|) ≤ O(w).
Analogously if the first rule was violated. If the third rule was violated, say
Eu = Ea ∧ Eb but eu 6= ea ∧ eb then

Eeu
u , Eea

a , Eeb

b (2.2.2)

is a substitution instance of one of

¬(p ∧ q), p, q, p ∧ q,¬p, q, p ∧ q, p,¬q, p ∧ q,¬p,¬q

each of which can be brought to a contradiction by a fixed F ∗-proof and hence
so can be (2.2.2) in a constant number of steps and width O(|Eu|+|Ea|+|Eb|) ≤
O(w) by Lemma 2.1.4.

For the induction step assume there are proofs ρa for a = 0, 1:

ρa : B1, . . . , Bt, E
e0
0 , . . . , E

ev−1
v−1 , E

a
v ` C

with the required properties, which yield by the deduction Lemma 2.1.5 proofs

ρ′a : B1, . . . , Bt, E
e0
0 , . . . , E

ev−1
v−1 ` Ea

v → C

with the required parameters. But there is a fixed tree-like derivation of q from
p→ q and ¬p→ q by Lemma 2.1.4 and hence ρ′0 and ρ′1 can be combined into
the wanted proof of C from B1, . . . , Bt, E

e0
0 , . . . , E

ev−1
v−1 .

The same argument with the role of E0
v and E1

v played by E0
0 and E1

0 derives
the lemma from the claim.

q.e.d.
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2.3 Reckhow’s Theorem

Reckhow’s theorem asserts that all Frege systems, irrespective of their language,
p-simulate each other. There is, however, something a bit ad hoc about it. If the
language L of F does not include the DeMorgan language we must represent the
DeMorgan formulas by L-formulas. We shall see in Chapter 5 how this can be
done in resolution via the so called limited extension but that presupposes hav-
ing ¬ and ∨ in the language. Moreover, the limited extension does not produce
an equivalent formula but only equivalent with respect to the satisfiability.

The transformation of the DeMorgan formulas into the L-formulas ought
to be polynomial time in order to stay within the Cook-Reckhow framework
but otherwise there do not seem to be some natural requirements that would
single out one, canonical transformation. This adds certain arbitrariness to the
formulation of the theorem.

In the simulation of F2 by F1 we take an F2-proof and first rewrite it so
that all formulas in it are balanced and thus have small logical depth. Then the
balanced formulas are translated into the language of F1 and the small logical
depth will yield only polynomial size increase as in Lemma 1.1.5 using Spira’s
Lemma 1.1.4. Finally, the resulting sequence of formulas is filled in by more
formulas to make it a valid F1-proof. This last bit is the technical heart of the
matter.

To avoid the arbitrariness described above we shall prove the Reckhow the-
orem for the case when the languages of both F1 and F2 contain the DeMorgan
language. We start with a simple case when the two Frege systems have the
same language.

Lemma 2.3.1 Let F1 and F2 be two Frege systems in a common language L.
Then F1 ≡p F2.

In fact, for all L-formulas α:

sF1(α) = O(sF2(α)) , kF1(α) = O(kF2(α)) and `dpF1
(α) ≤ `dpF2

(α) +O(1) .

Proof:
Let

A1, . . . , A`

A0

be an F1-rule. In particular,

A1, . . . , A` |= A0

and because F2 is, by the definition, implicationally complete there is an F2-
proof π of A0 from A1, . . . , A`. Hence whenever the instance of this rule given by
a substitution σ is used in an F1-proof, we can simulate it in F2, using Lemma
2.1.4, by σ(π). The estimates follow as such an F2-proof π is fixed for each
F1-rule.

q.e.d.
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The general case will follow from the next two lemmas.

Lemma 2.3.2 For any two Frege systems F1 and F2 in languages containing
the DeMorgan language there exists a function f such that for all DeMorgan
formulas A, if ρ is an F2-proof of A with k = k(ρ) steps and of ` = `dp(ρ)
logical depth then:

f(ρ) : `F1 A

and f(ρ) is constructed in time k2O(`). In particular, |f(ρ)| ≤ k2O(`).

Proof:
Let t be a translation of the language L2 of F2 into the language L1 of F1.

That is, t assigns to any L2-connective ◦(p1, . . . , pr) an L1-formula t(◦)(p1, . . . pr)
defining the same Boolean function as ◦ (cf. Section 1.1). We assume t is the
identity on the DeMorgan connectives.

Denote by t also the resulting translation of L2-formulas into L1-formulas.
We have:

Claim 1: For any L2-formula B, t(B) is constructed in time 2O(`dp(B)). In
particular, |t(B)| = 2O(`dp(B)).

Let ρ = D1, . . . , Dk. We shall construct f(ρ) by taking the sequence

t(D1), . . . , t(Dk) (2.3.1)

(in time k2O(`dp(ρ))) and filling in some L1-formulas to make (2.3.1) a valid
F1-proof. This is done for each of the k inferences separately, adding in each
case a constant number of steps of size 2O(`dp(ρ)).

Obviously, if
E1(p), . . . , Ev(p)

E0(p)
, p = p1, . . . , pn

is an F2-rule then there is an F1-proof η of t(E0) from t(E1), . . . , t(Ev). Hence
each inference in ρ that is an instance of such a rule determined by a substitution
pi := σ(pi), i ≤ n, can be simulated using η and the same substitution. The
correctness of this follows from

Claim 2:For any L2-formula E(p1, . . . , pn) and any substitution pi := σ(pi) of
L2-formulas for atoms it holds that

t(σ(E)) = t(E)(t(σ(p1)), . . . , t(σ(pn))) .

This claim is verified by induction on the size of E.

q.e.d.

The heart of the matter is the next lemma.
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Lemma 2.3.3 Let F2 be a Frege system in a language containing the DeMorgan
language. Then there exists a p-time function g such that for all DeMorgan
formulas A, whenever

π : `F2 A

then
g(π) : `F2 A

and |g(π)| = |π|O(1) and `dp(g(π)) = O(log |π|) + `dp(A).

Proof:
Let a ≥ 2 be the maximum arity of a connective in L2. For an L2-formula

C(p) denote by b[C] the equivalent balanced formula produced by the construc-
tion in Lemma 1.1.5 (based on Spira’s lemma 1.1.4). In particular, the construc-
tion finds in a canonical way (by performing a walk in the tree of the formula)
a formula β(p, q) with exactly one occurrence of q and a formula γ(p) such that
C equals syntactically, i.e. as strings, to β(q/γ)), the size of the formulas satisfy
|C|/(a+ 1) ≤ |β|, |γ| ≤ a

a+1 |C|, and it holds

b[C] = ((b[β](p, 1) ∧ b[γ]) ∨ (b[β](p, 0) ∧ ¬b[γ])) (2.3.2)

(we use = instead of logical ≡ to stress the syntactic equality) and `dp(b[C]) =
O(log |C|).

Let π = D1, . . . , Dk be an F2-proof of A. We would like to take the sequence

b[D1], . . . , b[Dk]

and fill in some formulas to get another proof with a small logical depth. Indeed,
this is how we proceed but the “filling-in” part is much more difficult than it was
in the proof of Lemma 2.3.2 because the balancing procedure does not commute
with the connectives.

Claim 1:The formula

b[β](p, q/b[γ]) ≡ ((b[β](p, 1) ∧ b[γ]) ∨ (b[β](p, 0) ∧ ¬b[γ]))

has an F2-proof of size O((|b[β]| + |b[γ]|)2) and of the logical depth at most
`dp(b[β]) + `dp(b[γ]) +O(1).

The claim is established by induction on `dp(b[β]). It is a special case of a
propositional transcription of first-order equality axioms:∧

i

Gi ≡ Hi → K(G1, . . . ) ≡ K(H1, . . . ) .

Here and in future claims the statements claiming the existence of a size zO(1)

and logical depth `+O(1) F2-proofs may be conveniently verified by describing a
winning strategy S for Prover in the associated Buss-Pudlák game that queries
only formulas of size O(z) and logical depth at most ` and takes at most O(log z)
rounds. The wanted proof is then obtained by the second part of Lemma 2.2.3.
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The following is the key claim.

Claim 2:Let ◦(q1, . . . , qu) ∈ L2 and let B1, . . . , Bu be L2-formulas. Then

b[◦(B1, . . . , Bu)] ≡ ◦(b[B1], . . . , b[Bu])

has an F2-proof of size (
∑

i |Bi|)O(1) and of logical depth at most maxi `dp(b[Bi])+
O(1). Moreover, the proof can be constructed in polynomial time.

To prove this claim we will prove by induction a more general statement
(Claim 4) but let us first see that the claim suffices to derive the lemma. The
claim readily implies

Claim 3:Let E(p1, . . . , pn) and let B1, . . . , Bn be L2-formulas. Then there is
an F2-proof of

b[E(B1, . . . , Bn)] ≡ E(b[B1], . . . , b[Bn])

of size |b[E(B1, . . . , Bn)]|O(1) and of logical depth bounded by

`dp(E) + max
i
`dp(b(Bi)) +O(1) .

Moreover, the proof can be constructed in polynomial time.

Now consider the inference

E1(B1, . . . , Bn), . . . , Ev(B1, . . . , Bn)
E0(B1, . . . , Bn)

,

yielding in the original proof π step Di, that is an instance of an F2-rule

E1(p), . . . , Ev(p)
E0(p)

, p = p1, . . . , pn . (2.3.3)

We assume that we have already constructed an F2-proof containing all b[Dj ]
for j < i, with the size polynomial in

∑
j<i |Dj | and of logical depth at most

maxj<i `dp(b[Dj ]) +O(1). Using Claim 3 we derive all formulas

Ej(b[B1], . . . , b[Bn]) , for j = 1, . . . v

and by the rule (2.3.3) also

E0(b[B1], . . . , b[Bn])

which implies, again via Claim 3, the formula b[Di]. Finally, from b[Dk](= b[A])
derive (using Claim 3) the formula A itself.

To prove Claim 2 we shall prove a more general statement (this is needed
for the induction argument). Claim 2 follows by taking G(p, q) = ◦(q).

Claim 4:Let G(p, q1, . . . , qu) and H1(p), . . . ,Hu(p) be L2-formulas such that
each qi has exactly one occurrence in G. Then the equivalence

b[G(p, q1/H1, . . . , qu/Hu)] ≡ b[G](p, q1/b[H1], . . . , qu/b[Hu])
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has an F2-proof of size O(|G(p, q1/H1, . . . , qu/Hu)|O(1)) and of logical depth at
most `dp(b[G(p, q1/H1, . . . , qu/Hu)]) +O(1).

To ease the notation let us skip the reference to atoms p and assume (without
a loss of generality) that u = 2. Denote by K := G(q1/H1, q2/H2). Let t
be the minimum number such that |K| ≤ (a+1

a )t (the nesting of iterations of
Lemma 1.1.5 in the construction of b[K]). We prove the claim by induction on
t, distinguishing two cases:

1. The walk in the tree of K when using Spira’s lemma 1.1.4 in the construc-
tion of b[K] in Lemma 1.1.5 stops in the G-part of K.

2. The walk stops inside H1 or H2.

We shall treat in detail the first case; the second case is analogous. Case 1
splits into three subcases: when the walk stops then none of H1,H2 is below
the subformula, only one of them is or both are. Let us treat the general case
when H1 is not below the end-point of the walk but H2 is. That means that
there are formulas β(q1, r), r a new atom, and γ(q2) such that

G = β(q1, γ(q2))

and
K = β(q1/H1, γ(q2/H2))

and their sizes satisfy

|β(H1, r)| , |γ(H2)| ≤
(
a+ 1
a

)t−1

.

Then b[K] is

(b[β(H1, 1)] ∧ b[γ(H2)]) ∨ (b[β(H1, 0)] ∧ ¬b[γ(H2)]) .

By the induction hypothesis this is provably equivalent (by an F2-proof obeying
the requirements on the size and the logical depth) to

(b[β](b[H1], 1) ∧ b[γ](b[H2])) ∨ (b[β](b[H1], 0) ∧ ¬b[γ](b[H2]))

and by Claim 1 thus also to

b[β](b[H1], b[γ](b[H2])) .

We now want to derive the equivalence:

b[G](q1, q2) ≡ b[β](q1, b[γ](q2)) (2.3.4)

which readily yields the wanted equivalence from Claim 4.
Unfortunately we cannot assume that the size of G is at most (a+1

a )t−1 and
thus we cannot use the induction hypothesis. But we may use it for formulas
β and γ. We apply the balancing procedure to G; assume the walk in the tree
of G stops at subformula ψ and decomposes G as ϕ(ψ) with the size of both ϕ
and ψ at most (a+1

a )t−1. We use this decomposition to prove (2.3.4).
Three cases may occur:
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(i) ψ is a proper subformula of γ,

(ii) γ is a subformula of ψ,

(iii) neither (i) nor (ii) occurs.

As before we shall treat in detail only case (i); the other two cases are analogous.
In this case γ = ρ(ψ) for some ρ, and ϕ = β(ρ). The balanced formula b[G]

(= b[ϕ(ψ)]) is by the definition:

(b[ϕ](1) ∧ b[ψ]) ∨ (b[ϕ](0) ∧ ¬b[ψ])

which is, by the induction hypothesis applied to ϕ which equals to β(ρ), provably
equivalent to:

(b[β](b[ρ](1)) ∧ b[ψ]) ∨ (b[β](b[ρ](0)) ∧ ¬b[ψ])

and by Claim 1 to:
b[β](b[ρ](b[ψ])) .

Applying the induction hypothesis to γ, we prove that b[ρ](b[ψ]) is equivalent
to b[γ] and thus establish (2.3.4).

q.e.d.

Reckhow’s theorem now follows from Lemmas 2.3.2 and 2.3.3 as f ◦ g is a
p-simulation of F2 by F1.

Theorem 2.3.4 (Reckhow’s theorem [449]) Any two Frege systems F1, F2

in any complete languages containing the DeMorgan language p-simulate each
other.

2.4 Extended and Substitution Frege Systems

In this section we consider two ways how to make Frege systems possibly
stronger. I write possibly as it was not proved that they are indeed strictly
stronger than Frege systems in the sense of p-simulations or simulations.

A substitution Frege system extends a given Frege system F by the sub-
stitution rule:

A(p1, . . . , pn)
A(B1, . . . , Bn)

where the formulas Bi are arbitrary and are substituted for the atoms pi si-
multaneously. This rule does not fall under the category of Frege rules from
Definition 2.1.1. The new proof system is denoted SF . The use of the rule is
very natural from a logical point of view, so much so that it often gets overlooked
(even by Frege himself in [190]).

The substitution rule is sound in the sense that it preserves the logical valid-
ity but it does not necessarily preserve the truth under a particular assignment.
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For example, using the rule we may infer ¬p from p. Thus we consider it as
a proof system in the sense of Definition 1.5.1 but not as a proof system for
proving one formula from a set of formulas. We will see in Section 2.5 that
SF allows to reduce sometimes the number of steps in a proof exponentially in
comparison with F . But whether it also gives a super-polynomial speed-up for
the size is open.

An extended Frege proof system is often said to extend a given Frege
system F by the extension rule but that is incorrect; there is no such inference
rule in the sense that it would be a mechanical recipe how to derive a formula
from few formulas and could be applied locally at any step of the proof. The
definition of EF , the system extending a given F , is a slightly more roundabout.

First we define EF -derivations. A sequence of formulas

C1, . . . , Ck

is an EF -derivation from the set B1, . . . , Bt if every Ci is either one of Bj , or is
obtained from some earlier formulas Cu by one of the rules of F, or - and this
is what is informally called the extension rule - it has the form

q ≡ D (2.4.1)

where ≡ abbreviates its definition in the language of the particular F, and

• the atom q does not occur in any B1, . . . , Bt,

• q does not occur in C1, . . . , Ci−1, and

• q does not occur in D.

The formula (2.4.1) is called an extension axiom and the atom q is called the
extension atom introduced in the axiom.

This way of introducing new formulas into a derivation is sound in the same
sense as Frege rules are: any assignment to the atoms occurring in the formulas
C1, . . . , Ci−1 (and to further atoms in D, if there are any) can be extended to
an assignment to q making the extension axiom true.

An EF -derivation from the set B1, . . . , Bt ending with the formula A is
called an EF -proof of A from B1, . . . , Bt if in addition

• no extension atom introduced in the derivation occurs in A.

Intuitively, the extension atom q may be used as an abbreviation for D later
in the derivation and this may, in principle, shorten proofs significantly. We
demonstrate the use of the extension variables in the proof of the next lemma.

Lemma 2.4.1 The PHPn tautologies (1.5.1) have size O(n4) EF -proofs.
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Proof:
Let pij be the atoms of PHPn, (i, j) ∈ [n + 1] × [n]. For pairs (i, j) from

[n]× [n− 1] introduce by the extension rule new extension variables

qij := pij ∨ (pn+1,j ∧ pin) .

Then it is easy to see that PHPn−1(q) has a size O(n3) F -proof from PHPn(p).
Iterate this reduction to n − 2, . . . down to PHP1 which has a constant size
F -proof.

q.e.d.

If we formalize the same proof in Frege systems without the extension rule
the definitions of the new atoms of the PHP principle for n − 1, n − 2, . . . will
compose and their size would grow exponentially. However, as shown by Buss
[108], PHPn do have polynomial size F -proofs but by a different argument (we
shall show this in Sections 11.2 and 11.3).

In fact, it is open whether F p-simulates EF . But we can at least show that
with respect to the number of steps EF has no significant speed-up over F .

Lemma 2.4.2 For any tautology A: kEF (A) ≤ kF (A) = O(kEF (A)).

Proof:
The first inequality is trivial. For the second assume that π : C1, . . . , Ck is

an EF -proof of A(= Ck) with the extension axioms E1, . . . , Er introduced in
this order and with Ei having the form qi ≡ Di.

First substitute for all occurrences of qr in π the formula Dr, then do the
same with qr−1 and Dr−1, etc. Each substitution may increase the size of the
sequence of formulas by the multiplicative factor Ω(|Di|) and hence we cannot
get a polynomial upper bound on the size of the eventual sequence. But the
number of steps in it remains the same and by Lemma 2.1.4 it is an F -proof of
A (as no extension atoms occur in it) except that it also contains lines of the
form U ≡ U . But each such formula has an F -proof with a constant number of
steps (e.g. by Lemma 2.1.4).

q.e.d.

In the next lemma we use the substitution rule to make the previous con-
struction feasible also with respect to the size increase. The particular ordering
in which we eliminated the extension atoms in the proof of Lemma 2.4.2. did
not matter but here it will.

Lemma 2.4.3 SF ≥p EF .

Proof:
Let π be an EF -proof of A in which extension atoms q1, . . . , qr were intro-

duced in extension axioms Ei having the form qi ≡ Gi and in this order (i.e. qj
does not appear in the extension axioms E1, . . . , Ej−1).
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Applying the Deduction Lemma 2.1.5 r-times will transform π into an F -
proof of the implication

Er −→ (Er−1 −→ (. . . −→ (E1 −→ A) . . . )

but the size will grow exponentially with r. We need to proceed more eco-
nomically and use a generalized form of the deduction lemma stated in Claim
1.

Let Bj , 1 ≤ j ≤ t, be formulas and σ a permutation of [t]. The notation∧
σ Bj means the conjunction of formulas Bσ(1), . . . , Bσ(t) bracketed for the

definiteness to the right: (Bσ(1) ∧ (Bσ(2) ∧ (· · · ∧Bσ(t)) . . . ).

Claim 1:Assume ρ is an F -proof of C from B1, . . . , Bt of size s. Let id be the
identity permutation on [t] Then ∧

id

Bj → C

has a Frege proof of size O(s2).

Let ρ = D1, . . . , Dk. The proof of the claim shadows the proof of Lemma
2.1.5 but instead of deriving formulas A → Di as in that proof we derive∧

idBj → Di.
For simulating the inferences we need to reorder the big conjunctions. For

example, if Di = Bu we take any permutation σ such that σ(1) = u and derive∧
σ Bj → Bu: this formula is an instance of

(q ∧ r)→ q

which has a fixed F -proof. But this may introduce different permutations of the∧
and for simulating the inferences in ρ we may need to reorder them. This is

done via the following claim proved easily by induction on t.

Claim 2:Let σ be a permutation of [t]. Then∧
id

Bj →
∧
σ

Bj

has an F -proof of size O((
∑

j |Bj |)2).

Claim 2 allows to derive from each
∧

σ Bj → Di the wanted formula
∧

idBj →
Di in size O(|Di|+ (

∑
j |Bj |)2).

Let us return to the original EF -proof π of A. It can be seen as a Frege
proof of A from Er, . . . , E1 and Claim 1 gives us a Frege proof of

(Er ∧ (Er−1 ∧ (· · · ∧ E1) . . . )→ A (2.4.2)

of size |π|O(1).
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Now apply to this formula the substitution rule with qr := Gr and with the
other atoms left unsubstituted, getting

((Gr ≡ Gr) ∧ (Er−1 ∧ (· · · ∧ E1) . . . ) −→ A) .

Any F can prove Gr ≡ Gr and derive from this formula in a constant number
of steps the formula

(Er−1 ∧ (· · · ∧ E1) . . . ) ∧A . (2.4.3)

The derivation of (2.4.3) from (2.4.2) has a constant number of steps and size
O(|π|O(1)). Thus repeating the same process for qi, i = r − 1, . . . , 1, yields an
SF -proof of A of the size bounded above by O(|π|O(1)).

q.e.d.

Somewhat harder is the opposite simulation.

Lemma 2.4.4 EF ≥p SF .

Proof:
Let π = D1, . . . , Dk be an SF -proof and let p = (p1 . . . , pn) be all atoms

appearing in it. For each i < k introduce a new n-tuple of mutually distinct
atoms qi and also p denote by qk to unify the treatment below. We use these
new tuples to create copies of the steps in π; for i ≤ k put:

Ei := Di(qi)

(hence Ek = Dk).
The informal idea is the following. Because the atoms in the copies Ei of

different steps Di are disjoint, we may informally think about Ei as saying that
Di is true for all assignments. We will eventually show that each Ei has a short
EF -proof and hence, in a sense, that all steps in π are logically valid. (The
reader may compare this with the proof of the lemma via bounded arithmetic
simulation of the soundness proof of SF in S1

2 in Section 11.5 and see that it is
similar.)

For j ≤ k define an n-tuple of formulas B
j

as follows:

(B1) If Dj(p) is an axiom or has been inferred by other rule than the substitu-
tion rule, put: B

j
:= qj .

(B2) If Dj(p) has been inferred by the instance of the substitution rule from
Di, i < j:

Di(p)
Di(σ(p))

,

by the substitution σ, put: B
j

:= σ(qj), i.e. Bj
u := σ(qj

u).
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Let Ẽij abbreviates the conjunction:

Ei ∧ · · · ∧ Ej , 1 < i ≤ j < k,

and put also Ẽi,i−1 := 1.
Now we start the simulation of π in EF . Introduce the n-tuples of the

extension variables qk−1, . . . , q1 via the extension rule by stipulating:

qi
` := (Ẽi+1,i ∧ ¬Ei+1 ∧Bi+1

` ) ∨ · · · ∨ (Ẽi+1,k−1 ∧ ¬Ek ∧Bk
` ) .

Then the implication

Ẽi+1,j−1 ∧ ¬Ej → qi
` ≡ B

j
` , i < j,

is logically valid and has a short Frege proof. Lemma 2.1.4 then gives us short
proofs of

Ẽi+1,j−1 ∧ ¬Ej → Di(qi) ≡ Di(B
j
), i < j,

which are just:

Ẽi+1,j−1 ∧ ¬Ej → Ei ≡ Ei(B
j
), i < j . (2.4.4)

The simulation of π proceeds by deriving the formulas Ei for i = 1, . . . , k;
this will conclude the construction as Ek = Dk. To derive Ej assume that
E1, . . . , Ej−1 were proved already and consider three cases:

1. Dj is an axiom,

2. Dj follows from Du, Dv, u, v ≤ j − 1 by other rule than the substitution
rule,

3. Dj has been inferred by the substitution rule.

In case 1. Ej is also an axiom. In case 2. derive Ẽut+1,j−1, t = 1, . . . , ` if Dut

are the hypothesis of the rule yielding Dj in π. The implication (2.4.4) for all
i = ut, t = 1, . . . , `, yields:

¬Ej →
∧
t≤`

Dut
(B

j
) .

Applying the same rule to the ` formulas in the conclusion we get

¬Ej → Dj(B
j
)

which is just ¬Ej → Ej , and thus Ej follows.
In the third case assume that Dj was inferred by the substitution σ from

Di. Similarly as above we get ¬Ej → Di(B
j
). But by (B2) above:

Di(B
j
) = Di(σ(qj)) = Dj(qj) = Ej .

This completes the derivation of Ej .
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q.e.d.

Let us turn to the structure of EF -proofs. It does not make much sense
to consider tree-like EF proofs as the extension atoms and the corresponding
axioms may be reused - that is their whole point.

A statement analogous to Reckhow’s theorem is true and has a simple proof.
The extension atoms can be used to define the value of any formula in any
language using extension axioms of the total size proportional to the size of the
circuit computing the formula; this is analogous to the sets of clauses DefC from
Section 1.4. In particular, the total size of the extension axioms for a formula
A is bounded by O(|A|) irrespective of the language. This allows to translate
EF -proofs from one language to another with just a linear size increase.

Lemma 2.4.5 Let EF1 and EF2 be two Extended Frege systems in two lan-
guages containing the DeMorgan one. Then EF1 ≡p EF2 and there is a p-
simulation changing the size only linearly.

The most informative structural result about EF -proofs is the following. For
a formula A let Ext(A) be the set of formulas (extension axioms) constructed
as follows:

1. For each subformula E of A (including all atoms and A itself) introduce
a new atom qE .

2. For each such E put into Ext(A) axioms as follows:

• if E = ¬G, include qE ≡ ¬qG,

• if E = G ◦H, include qE ≡ (qG ◦ qH), for ◦ = ∨,∧,

• include p ≡ qp for all atoms p.

Lemma 2.4.6 Let EF be an Extended Frege system in any language and as-
sume π is an EF -proof of a formula A with k steps.

Then there is an EF -proof ρ of qA from Ext(A) such that

k(ρ) = O(k) and w(ρ) ≤ O(1) .

Proof:
Let π = D1, . . . , Dk. Note that for all i ≤ k there is a Frege proof of qDi

from ⋃
j≤i

Ext(Dj) ∪ {qD1 , . . . , qDi−1}

of a constant size. For example, of Di was derived from Du and Dv = Du → Di

by modus ponens the qDi
follows from qDu

and qDv
and the extension axiom

qDv
≡ (qDu

→ qDi
).

Hence we have a Frege proof of qDk
, i.e. of qA, from⋃

j≤k

Ext(Dj) (2.4.5)
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with O(k) steps and of constant width. (2.4.5) can be interpreted as extension
axioms in an EF -proof ρ of qA.

q.e.d.

We can use the extension axioms from Ext(A) to derive A from qA. This
derivation has O(|A|) steps, size O(|A|2), the width O(|A|) and the logical depth
at most `dp(A) +O(1).

Corollary 2.4.7 Under the same hypotheses as in Lemma 2.4.6 there is an
EF -proof π′ of A with O(k + |A|) steps, width O(|A|), size O(k + |A|2) and
logical depth ≤ `dp(A) +O(1).

In particular, for all formulas A:

• sEF (A) = O(kEF (A) + |A|),

• wEF (A) = O(|A|),

• `dpEF (A) ≤ `dp(A) +O(1).

2.5 Overview of Proof Complexity Measures

Let us start with reviewing the complexity notions for formulas. The complexity
of a formula A is measured by its size |A| or by its logical depth `dp(A). There
is also the notion of the depth of A, denoted by dp(A), which is defined as
the maximum number d such that there is a chain of subformulas of A whose
top connectives change their type d-times. For the DeMorgan formulas this is
equivalent to the following inductive definition:

• atoms and the constants have depth 0,

• dp(¬B) = dp(B), if B starts with ¬ and dp(¬B) = 1 + dp(B), otherwise,

• if B(q1, . . . , qt) is built from the atoms and the disjunctions only and none
of the formulas C1, . . . , Ct starts with a disjunction then

dp(B(C1, . . . , Ct)) = 1 + max
i

dp(Ci) ,

• an analogous condition for the conjunction as the previous item.

For the DeMorgan formulas a version of this definition is often used, in which
we demand that the formula is in the negation normal form and we do not
count the negations. However, this is not that important as the chief use of
the depth measure is to distinguish between classes of formulas of a bounded
depth and of an unbounded depth, as this distinction remains unchanged for the
modified definition. This is then used to define the bounded depth subsystems
(equivalently, the constant depth) of Frege systems.
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We include now a result about them but we shall study later the bounded
depth subsystems of the sequent calculus instead as that allows for a much
more elegant treatment. In particular, if we formulated the DeMorgan language
as having unbounded arity disjunction

∨
and conjunction

∧
we could simply

define that

dp(
∨
i

Ai) = 1 + max
i

dp(Ai) and dp(
∧
i

Ai) = 1 + max
i

dp(Ai) .

However, formulating Frege systems in such a language is cumbersome while it is
very simple and natural in the sequent calculus (cf. Section 3.4). Moreover, the
sequent calculus formalism also allows for more precise estimates of the depth
of proofs.

For a Frege system F and d ≥ 0, let Fd be the subsystem of F allowing in
proofs only formulas of depth at most d. It is not complete (as tautologies do
not have bounded depth). But at least:

Lemma 2.5.1 Given a Frege system F , for every d0 there exists d1 ≥ d0 such
that every tautology of depth ≤ d0 has an Fd1-proof.

Such a proof simulates the evaluation of the formula on all assignments.

Let us turn now to measures of the complexity of proofs. For Frege proofs
π we have defined so far the following measures:

• the number of steps: k(π),

• the size: |π|,

• the maximum logical depth of a formula in it: `dp(π),

• the width: w(π),

• the height: h(π),

and for a Frege proof system F and a formula A we considered the minimum
measure (one of the five) an F -proof of A must have:

kF (A) , sF (A) , `dpF (A) , wF (A) and hF (A) .

The main relations among them established so far were:

• kF (A) and kEF (A) are proportional to each other and are polynomially
related to sEF (A) and sSF (A) (L. 2.4.2, 2.4.3, 2.4.4 and Cor. 2.4.7)

• kF∗(A) = O(kF (A) log kF (A)) and hF∗(A) = O(log kF (A) (Thm. 2.2.1)

• `dpEF (A) ≤ `dp(A) +O(1) (Cor. 2.4.7)

• wEF (A) = O(|A|) (Cor. 2.4.7)

• `dpF (A) ≤ O(log sF (A)) (L. 2.3.3)
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We add here a one more relation between `dpF (A) and kF (A).

The term unification is the following problem. Let T = {(si, ti) | i ≤ u} be
u pairs of terms in some first-order language L. A unifier for T is a substitution
σ of L-terms for variables such that for all i ≤ u: σ(si) = σ(ti). A most general
unifier is a unifier σ0 such that for any unifier σ there is a substitution σ1 such
that σ = σ1◦σ0. If a unifier for T exists then there is also a most general one. In
fact, we can estimate its complexity as follows (cf. Section 2.6 for a reference).

Lemma 2.5.2 Let T be a finite set of pairs of terms that have a unifier. Then
any most general unifier σ0 satisfies:

dp(σ0(sj)), dp(σ0(tj)) ≤
∑
i≤u

(|si|+ |ti|) .

Theorem 2.5.3 (K.[274, 281])
Let F be a Frege system in any finite language. Assume π is an F -proof with

k steps. Then there is an F -proof π̃ and a substitution σ such that:

• σ(π̃) = π,

• `dp(π̃) ≤ O(k), where the constant implicit in the O-notation depends only
on F .

Proof:
Let π = D1, . . . , Dk. Introduce for each i ≤ k:

• a new variable qi,

• for the F -rule
A1(p), . . . , A`(p)

A0(p)

with p = p1, . . . , pn whose instance was used in π to derive Di from
Dj1 , . . . , Dj`

introduce new variables pi
1, . . . , p

i
n,

and form a set T of pairs of the DeMorgan formulas as follows. For every i ≤ k
add to T pairs:

• (qjt , At(pi
1, . . . , p

i
n)) for t = 1, . . . , `, and

• (qi, A0(pi
1, . . . , p

i
n)).

Thinking of the DeMorgan formulas as of terms in the DeMorgan language we
know that T has a unifier (determined by π) and hence there is a most general
one.

The pairs of formulas in T enforce that a substitution by a unifier is an
F -proof and Lemma 2.5.2 gives the depth upper bound

∑
{|t| | t occurs in T}.

But each term in T has a constant size (depending on F only) and we have
constantly many pairs in T for each step in π. Hence the upper bound is O(k).
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q.e.d.

Corollary 2.5.4 Let F be a Frege system in any finite language. Assume π is
an F -proof with k steps:

π : B1, . . . , Bt `F C .

Let ` := max({`dp(Bj) | j ≤ t} ∪ {`dp(C)}).
Then there is an F -proof π′

π′ : B1, . . . , Bt `F C

such that `dp(π′) ≤ O(k) + `.

Corollary 2.5.5
Let An := (¬)(2

n)(1). Then kF (An) = Ω(2n) while kSF (An) = O(n).

Proof:
The lower bound to kF (An) follows immediately from Theorem 2.5.3: the

last formula in π̃ must be An.
For the upper bound define Bm := p → (¬)(2

m)(p) and note that Bm+1

can be derived in SF from Bm in a constant number of steps: substitute p :=
(¬)(2

m)(p) and use modus ponens. The formula An is then derived from Bn via
the substitution p := 1 (and modus ponens).

q.e.d.

There are interesting relations among the minimum sizes of proofs in TC0

Frege systems, in unrestricted Frege systems and in AC0 Frege systems (see Sec-
tion 2.6 for the terminology). We shall state the result now but give its proof
using bounded arithmetic in Section 11.6. Both statements utilize Nepomnjas-
cij’s theorem (cf. Section 8.7) and the first one is a corollary of the second one
and of the results in Section 11.3 (but its stand alone proof is simpler).

Theorem 2.5.6

1. (ess. Paris and Wilkie [393])

For d ≥ 0, let Fd(TH) be a Frege system in the DeMorgan language aug-
mented by all connectives THn,k defined in (1.1.4) and allowing only for-
mulas of depth at most d.

Then for any d0 ≥ 0 and ε > 0 there is d ≥ d0 such that for any DeMorgan
formula A of depth dp(A) ≤ d0 it holds:

sFd
(A) ≤ 2sFd0

(T H)(A)ε

.

2. (Filmus, Pitassi and Santhanam [188])

Let F be a Frege system in the DeMorgan language and d0 ≥ 0. Then
for every ε > 0 there is d ≥ d0 such that for any formula A of depth
dp(A) ≤ d0 it holds:

sFd
(A) ≤ 2sF (A)ε

.
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The last proof complexity measure we shall mention here was defined in
[281] and although it is rarely mentioned explicitly, a lot of lower bounds are
actually lower bounds for this measure. For a Frege system F and an F -proof π
let `(π) denote the number of distinct formulas that occur as subformulas
in π. For a formula A let `F (A) by the minimum of `(π) over all F -proofs of π
of A. Obviously:

kF (A) ≤ `F (A) ≤ sF (A)

and, in fact:

Lemma 2.5.7
For all Frege systems F and all formulas A: `F (A) = O(kF (A) + |A|).

2.6 Bibliographical and Other Remarks

Sec.2.1 Definitions from Section 2.1 are from Cook and Reckhow [158]. Hilbert
(as simplified by Kleene [270]) extended the Frege-Lukasiewicz system to handle
also ∨ and ∧, by adding two triples of axioms:

p→ (p ∨ q) , q → (q ∨ p) , (p→ r)→ [(q → r)→ ((p ∨ q)→ r)]

and
(p ∧ q)→ p , (p ∧ q)→ q , p→ (q → (p ∧ q)) .

A number of finer variants of the Deduction lemma 2.1.5 were studied by Buss
and Bonet [91, 92].

Sec.2.2 The Buss-Pudlák game described in Section 2.2 is from [134], although
here we formulate the constructions a bit differently.

Sec.2.3 The only published proof of Reckhow’s theorem 2.3.4, aside of Reck-
how’s unpublished PhD. Thesis [449], is in [281]. The key Lemma 2.3.3 appears
in [449] only implicitly and it was stated explicitly and proved in [281, L.4.4.14].
Our proof follows to a large extent the proof from [281, L.4.4.14], with some
simplifications.

Sec.2.4 The extension rule was first used by Tseitin [496] in the context of
resolution proof system (cf. Chapter 5) and the Extended Frege systems were
defined by Cook and Reckhow [158]. The name Substitution Frege is also from
[158], although the system goes back to Frege [190]. It suffices to allow only
substitutions of atoms and constants in the substitution rule and it is still p-
equivalent to SF , cf. Buss [112]. Lemmas 2.4.2 and 2.4.3 follow [281] although
they are proved in some form in [158] too.

Lemma 2.4.4 was derived first by Dowd [174] using bounded arithmetic (see
Section 11.5). The explicit p-simulation we give follows K. - Pudlák [321].
Lemma 2.4.5 is from [158] and Lemma 2.4.6 is from [281].

Sec. 2.5 Theorem 2.5.3 was specialized in [281] to Frege systems from a much
more general statement about predicate calculus in K. [274]. Our treatment fol-
lows a later argument via the term unification from K. - Pudlák [319]. Lemma
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2.5.2 and the argument it depends on was proved in [319, L.1.2] by analyzing
the algorithm for term unification devised by Chang and Lee [139, p.77]. Corol-
lary 2.5.5 separating kF (A) and kSF (A) was proved originally by Tseitin and
Choubarian [497], we follow K. [275].

The original proof of Theorem 2.5.6 by Filmus, Pitassi and Santhanam [188]
was combinatorial. Lemma 2.5.7 was proved in [281] using a technique not
developed here.

The collection of the bounded depth Frege subsystems of a Frege system in
the DeMorgan language are sometimes collectively called AC0-Frege systems,
referring to the circuit class AC0; loosely speaking, AC0-F operates with AC0-
formulas. What one means by that when making a claim that some tautolo-
gies τn have polynomial size AC0-Frege proofs is that there is one fixed d ≥ 2
such that τn have polynomial size Fd-proofs. Analogously there are classes
of AC0[m]- and TC0-Frege systems operating with formulas from the respec-
tive circuit class: the extensions of the DeMorgan language by the connectives
MODm,i form (1.1.3) or THn,k from (1.1.4). Note that the NC1-Frege systems
are due to Lemma 2.3.3 p-equivalent to full Frege systems. We shall return
to all these proof systems in some detail in Part II. Ghasemloo [201] studies a
formal definition of these collections of proof systems.

Avigad [42] found a Frege system with a particularly economic definition.
Its language uses the NAND connective of an arbitrary arity, NAND(ϕ) being
true if and only if not all ϕi are true. His system has one axiom scheme

NAND(ψ,ϕ,NAND(ϕ))

and one inference rule:

NAND(ψ,ϕ),NAND(ψ,NAND(ϕ))
NAND(ψ)

.
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Chapter 3

Sequent Calculus

The Sequent calculus for first-order logic was introduced by Gentzen [200]. We
will see that its propositional part is p-equivalent to Frege systems. Unlike
some Frege systems, it is very elegant, with simple, transparent and symmetric
inference rules. This syntactic clarity allows for deep proof-theoretic analysis of
derivations in the calculus. Gentzen himself used it for a penetrating study of
predicate calculus and of theories of arithmetic.

Gentzen’s proof system LK is for predicate calculus but we shall use the
same name also for its propositional part defined below (some authors call it
PK). The first-order LK underlines some arguments about bounded arithmetic
and we shall discuss it then (cf. Section 8.2).

3.1 Sequent Calculus LK

LK uses the DeMorgan language. A cedent is a finite, possibly empty, sequence
of formulas. We denote cedents by capital Greek letters Γ,∆, . . . . A line in an
LK-proof is a sequent: it is an ordered pair of cedents Γ,∆ written as

Γ −→ ∆ .

Γ is the antecedent and ∆ is the succedent of the sequent. A truth assign-
ment satisfies the sequent if and only if it either makes some formula in the
antecedent false or it makes some formula in the succedent true. In particular,
an assignment satisfies

−→ A1, . . . , At

if and only if it satisfies the disjunction
∨

i≤tAi, and it falsifies

A1, . . . , At −→

if and only if it satisfies the conjunction
∧

i≤tAi. Note that the empty sequent
∅ −→ ∅, written usually just −→, cannot be satisfied.

85
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Definition 3.1.1 The inference rules of the sequent calculus LK are the fol-
lowing:

• Initial sequents are sequents of the following form:

p −→ p, 0 −→, −→ 1

with p an atom,

• Structural rules:

– the weakening rules

left
Γ −→ ∆
A,Γ −→ ∆

and right
Γ −→ ∆

Γ −→ ∆, A

– the exchange rules

left
Γ1, A,B,Γ2 −→ ∆
Γ1, B,A,Γ2 −→ ∆

and right
Γ −→ ∆1, A,B,∆2

Γ −→ ∆1, B,A,∆2

– the contraction rules

left
Γ1, A,A,Γ2 −→ ∆
Γ1, A,Γ2 −→ ∆

and right
Γ −→ ∆1, A,A,∆2

Γ −→ ∆1, A,∆2

• Logical rules:

– ¬ : introduction rules

left
Γ −→ ∆, A
¬A,Γ −→ ∆

and right
A,Γ −→ ∆

Γ −→ ∆,¬A

– ∧ : introduction rules

left
A,Γ −→ ∆

A ∧B,Γ −→ ∆
and

A,Γ −→ ∆
B ∧A,Γ −→ ∆

and right
Γ −→ ∆, A Γ −→ ∆, B

Γ −→ ∆, A ∧B

– ∨ : introduction rules

left
A,Γ −→ ∆ B,Γ −→ ∆

A ∨B,Γ −→ ∆
and

right
Γ −→ ∆, A

Γ −→ ∆, A ∨B
and

Γ −→ ∆, A
Γ −→ ∆, B ∨A

• The cut rule:
Γ −→ ∆, A A,Γ −→ ∆

Γ −→ ∆
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An LK-proof is a sequence of sequents starting with initial sequents and using
the inference rules. An LK−-proof is an LK-proof that does not uses the cut
rule; such a proof is called cut-free. An LK-proof is tree-like if and only if
every sequent is used as a hypothesis of at most one inference. We shall denote
the tree-like subsystem of LK by the superscript ∗ as for Frege systems: LK∗.

We will use the same notation for various complexity measures as for Frege
systems: for an LK-proof π, k(π) is its number of steps and |π| is its size, w(π)
is its width (the maximum size of a sequent in π) and h(π) is the height of π
(almost always tree-like for this measure).

The following terminology comes handy: the formula introduced in an in-
ference is called the principal formula, the formulas from which it is inferred
are the minor formulas of the inference, and all other formulas occurring in
the inference are called the side formulas. A formula in ∆ or Γ has two occur-
rences in the inference, in the lower sequent and in the upper sequents: these are
called the immediate ancestor or the immediate successor, respectively,
of each other. The immediate ancestor(s) of a principal formula of an inference
are the minor formulas.

For Frege systems we considered a situation when a formula C is provable
from formulas B1, . . . , Bt. For LK this can be represented in two ways: either
by the fact that the sequent

B1, . . . , Bt −→ C

is provable or we can add a new type of initial sequents, axioms, of the form
−→ Bj , for j ≤ t, and ask for a proof of −→ C.

A syntactically simplified version of LK using just sequents with empty an-
tecedents is usually called the Tait-style sequent calculus. This calculus uses
just those rules of LK in which both the minor and the principal formulas are
in the succedents. In particular, there are no introduction rules for the negation
¬ but instead one adds a new type of an initial sequent:

−→ A,¬A

for any formula A.
Sometimes authors define that cedents are sets of formulas and not sequences

and then the contraction and the exchange rules are redundant. But such ce-
dents are written (or coded for an algorithm or a formal system) as a finite word
in some alphabet and this means that the two rules are used implicitly anyway.

3.2 The Strength of LK

First we need to verify that LK is indeed a proof system. We will show a bit
more.

Theorem 3.2.1 Both proof systems LK and LK− are sound and complete. In
fact, tree-like LK− is complete.
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[The tree-like LK− could be denoted by (LK−)∗ but that is a bit cumber-
some.]

Proof:
The soundness means that only logically valid sequents, i.e. those true under

all truth assignment, can be proved. This is easily verified by induction on the
number of steps in an LK-proof.

It remains to show that LK− is complete, meaning that any logically valid
sequent Γ −→ ∆ has a cut-free proof. We will build a tree-like LK−-proof of
the sequent bottom up. The last sequent has to be Γ −→ ∆. Having a tree with
nodes labelled by sequents that everywhere branches to at most two subtrees,
extend it as follows (for this construction - and other involving proofs - think
of trees as growing up). Pick a leaf and consider several cases according to the
form of its label:

• If the leaf is labelled by
Π −→ Σ,¬A

where ¬A is a formula with the maximum logical depth in the sequent
then the node has only one child (the predecessor in the future proof)
labelled by:

A,Π −→ Σ

• If the leaf is labelled by:
Π −→ Σ, A ∧B

where A ∧ B has the maximum logical depth then the node has exactly
two predecessors labelled by:

Π −→ Σ, A and Π −→ Σ, B

respectively

• If the leaf is labelled by:
Π −→ Σ, A ∨B

where A ∨ B has the maximum logical depth then it has one predecessor
labelled by:

Π −→ Σ, A ∨B,A ∨B

which itself has one predecessor labelled by:

Π −→ Σ, A,A ∨B

which has also one predecessor labelled by:

Π −→ Σ, A,B .

• If there are more formulas in the succedent having the maximum logical
depth, choose any.
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• If a formula having the maximum logical depth is only in the antecedent
the tree is extended analogously, exchanging the right rules for the left
rules and switching the roles of ∨ and ∧.

It is easy to see that all sequents appearing as labels of nodes are logically
valid, assuming that Γ −→ ∆ is. Hence when the tree can no longer be extended,
the leaves must be labelled by sequents consisting of atoms in which an atom
appears both in the antecedent and in the succedent, or containing 1 (resp. 0)
in the succedent (resp. in the antecedent): All these sequents can be derived
from the initial sequents by the weakening rules.

We never used the cut rule and so the resulting labelled tree is a tree-like
cut-free proof.

q.e.d.

The size of the cut-free proof constructed in the previous theorem can be
estimated as follows.

Corollary 3.2.2 Assume that Γ −→ ∆ is a logically valid sequent of size s.
Then the sequent has a tree-like LK−-proof of size at most O(s2s).

This is not a very interesting upper bound. Much more important is the
following structural property of the constructed proofs.

Corollary 3.2.3 Any formula that appears in an LK−-proof of a sequent Γ −→
∆ is a subformula of some formula in Γ ∪∆.

Proof:
Note that all formulas appearing in a hypothesis of any LK-rule except the

cut rule appear also as subformulas in its conclusion and hence, in a cut-free
proof, also in the end-sequent.

q.e.d.

This property is very useful and got its own name: the subformula prop-
erty. Very often this is the only consequence of having a cut-free proof one
needs in an argument.

Theorem 3.2.4 LK and Frege systems are p-equivalent.

Proof:
By Reckhow’s theorem 2.3.4 it suffices to show that LK is p-equivalent to a

Frege system in the DeMorgan language. If

A1, . . . , A`

A0
(3.2.1)

is a Frege rule then the sequent

A1, . . . , A` −→ A0 (3.2.2)
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is logically valid and has an LK−-proof. Fix one.

Claim: Assume π = D1, . . . , Dk is a proof in a Frege system in the DeMorgan
language. Then for each i ≤ k there is an LK-proof of the sequent −→ Di with
O(i) steps, the size bounded above by O(

∑
j≤i |Dj |) and the logical depth of all

formulas in the proof bounded above by maxj≤i `dp(Dj).

This is established by induction on i: Assume that Di is deduced in π by an
instance of rule (3.2.1) given by substitution σ:

σ(A0) = Di and σ(At) = Djt
, t = 1, . . . , ` and jt < i

By the induction hypothesis all −→ Djt
have LK-proofs with the required

properties. Joining them by ` cuts with a suitable substitution instance of the
fixed LK−-proof of (3.2.2) gives us the wanted proof of −→ Di. The claim
establishes that LK ≥p F , any Frege system F .

For the opposite simulation it suffices to construct a specific Frege system F
p-simulating LK. The language of F will be the DeMorgan one augmented by
the implication connective −→ and one of the F -rules will be the modus ponens.
Further for any LK-rule we add to F a rule tailored after it and allowing for a
simple simulation of the LK-rule. For example, for ∧:right include the axiom
scheme

p −→ (q −→ (p ∧ q))

and for ∨:right include both axiom schemes

p −→ (p ∨ q) and q −→ (p ∨ q) .

We also include rules for simple manipulations with nested disjunctions; for
example:

p ∨ (q ∨ r)
q ∨ (p ∨ r)

.

Represent a sequent S

S : A1, . . . , Au −→ B1, . . . , Bv

by the disjunction
∨
S:∨
S : ¬A1 ∨ · · · ∨ ¬Au ∨B1 ∨ · · · ∨Bv (3.2.3)

(arbitrarily bracketed) and simulate the LK-proof step by step by an F -proof
of the translations

∨
S of the sequents S in the proof.

q.e.d.

Note that we have used the cut rule (and modus ponens) in an essential way
in Theorem 3.2.4. The next lemma shows that it is indeed necessary.
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Lemma 3.2.5 LK− does not p-simulate LK. In fact, there are sequents having
a size s LK-proof such that every LK−-proof requires 2sΩ(1)

steps.

The representation of a sequent S by one formula in (3.2.3) will be used
repeatedly and we shall state now a simple technical lemma.

Lemma 3.2.6 Let S = Γ −→ ∆ be any sequent and
∨
S its representation

(3.2.3). Then:

1. −→
∨
S has a tree-like cut-free proof from S of size O(|S|2).

2. Both sequents ∨
S,Γ −→ ∆ and Γ −→ ∆,

∨
S

have tree-like cut-free proofs of size O(|S|2).

3. S has a tree-like proof from −→
∨
S of size O(|S|2).

[Note that the proof in 3. cannot be cut-free due to the subformula property of
such proofs (Lemma 3.2.3).]

Proof:
The constructions use that for each formula A the sequents

A −→ A

and
A,¬A −→ and −→ A,¬A

have size O(|A|2) tree-like cut-free proofs; the first one is constructed by induc-
tion on the size of A, the other two by the ¬-rules.

The proof in 1. is constructed by applying first a number of ¬:right in-
ferences (moving the antecedent with the negations added to the succedent)
followed by a number of ∨:right inferences (replacing each formula by

∨
S) and

by contractions.
The first proof in 2. is constructed by combing proofs of all sequents

A,¬A −→ for A ∈ Γ with proofs of all sequents B −→ B for B ∈ ∆ by
some ∨:left inferences. The other proof in 2. is constructed analogously.

The proof in 3. is obtained by cut from −→
∨
S and the proof of

∨
S,Γ −→

∆ (item 2.).

q.e.d.

The following statement extends the simulation of Frege proofs by tree-like
Frege proofs (Theorem 2.2.1) to LK. We shall state the fact for the record now
but we shall prove a finer version in Section 3.4 and in Chapter 14 involving
optimal bounds for the depth of formulas in the tree-like proof. Recall that we
use the star notation LK∗ for the tree-like subsystem of LK.

Theorem 3.2.7 LK∗ and LK are p-equivalent.
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3.3 Interpolation for Cut-free Proofs

It will be useful to restrict in this section to formulas in the negation normal
form (cf. Section 1.1). We will consider cut-free proofs of sequents consisting of
such formulas only. In the absence of cuts the negation rules can be applied only
to atoms or constants. In that case one can modify the calculus by removing
the negation rules altogether and allowing the following new types of initial
sequents:

p,¬p −→ , −→ p,¬p , ¬p −→ ¬p , ¬1 −→ , −→ ¬0 . (3.3.1)

Let us call this variant of LK the negation normal form of LK (resp. of
LK−). It is easy to see that they are p-equivalent with the original versions as
long as the provability of sequents consisting of negation normal form formulas
is concerned.

Every valid sequent has an LK−-proof by Theorem 3.2.1. Hence the following
theorem offers another proof of the interpolation Theorem 1.1.3.

Theorem 3.3.1 Let π be a negation normal form tree-like LK−-proof of a se-
quent

Γ(p, q) −→ ∆(p, r)

where p, q and r are disjoint tuples of atoms.
Then there exists a formula I(p) such that:

• Both implications Γ −→ I and I −→ ∆ are logically valid and their nega-
tion normal form tree-like LK−-proofs can be constructed from π by a
p-time algorithm,

• the size of I is at most k(π) (the number of steps in π),

• the logical depth `dp(I) of I is at most h(π) (the height of π).

Moreover, if the atoms p occur only positively (i.e. without negations) in either
Γ or ∆ then I is monotone (i.e. it does not use any negation).

Proof:
Note that no q atoms occur in π in any succedent and no r atoms occur in

any antecedent. Let
S = Π(p, q) −→ Σ(p, r)

be a sequent in π. We shall define a formula I interpolating this sequent by
induction on the number of sequents in π before S.

All possible initial sequents in π are interpolated by a constant except p −→ p
and ¬p −→ ¬p which are interpolated by p and ¬p, respectively. Note that ¬p
cannot occur as an interpolant of an initial sequent if p appear only positively
in either Γ or ∆ as then ¬p −→ ¬p does not occur in π.

If S is derived by a unary rule, do nothing. If S is derived from sequents
U ,V by ∧:right which are interpolated by formulas J and K, respectively, put

I := J ∧K
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and if it is by ∨:left, put
I := J ∨K .

It is easy to see that the formula I constructed in this way has all stated prop-
erties.

q.e.d.

Now we shall drop the hypothesis that π is tree-like. Recall from Section 1.4
the definition of the clauses DefC representing a circuit C.

Theorem 3.3.2 Let π be a negation normal form LK−-proof of a sequent

Γ(p, q) −→ ∆(p, r)

where p, q and r are disjoint tuples of atoms.
Then there exists a Boolean circuit C of size s with inputs p and nodes

y1, . . . , ys (ys being the output node) such that:

• Both implications

Γ,DefC −→ ys and DefC , ys −→ ∆ (3.3.2)

are logically valid and their negation normal form LK-proofs (not neces-
sarily cut-free) can be constructed from π by a p-time algorithm,

• the size of C is at most k(π) (the number of steps in π).

Moreover, if the atoms p occur only positively (i.e. without negations) in either
Γ or ∆ then C is monotone.

[The circuit I is called an interpolating circuit.]

Proof:
The proof is analogous to the proof of Theorem 3.3.1 but instead of defining

a formula we define a circuit. Assign to all sequents Z in π a variable yZ : we
will use them in instructions in a program defining the eventual circuit C.

For any Z initial, instructions for yZ define it as either a constant or p or
¬p as before (and note again that the instruction yY := ¬p cannot occur if p
appear only positively in either Γ or ∆).

If Z is derived from the sequent W by a unary rule, include the instruction
yZ := yW . If Z is derived from the sequents U ,V by ∧:right, put

yZ := yU ∧ yV (3.3.3)

and if it is by ∨:left, put
yZ := yU ∨ yV .

It is easy to see that the circuit C corresponding to the end sequent has the
required properties.

The proofs of the sequents in (3.3.2) are not necessarily cut-free because, for
example, in order to derive from yU and yV the variable yZ (and vice versa)
defined by instruction (3.3.3) one needs cuts.
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q.e.d.

The property of LK− established in these two theorems will be later called
the feasible interpolation property. We shall study feasible interpolation
extensively in Chapters 17 and 18.

Next we derive from the preceding theorem a feasible version of Beth’s
implicit-explicit definability theorem. Beth’s theorem (its propositional form)
states that if some property A(p, q) defines q implicitly:

[A(p, q) ∧A(p, r)] −→
∧
i

qi ≡ ri

then q can be defined explicitly using p, that is:

A(p, q) −→
∧
i

qi := Bi(p)

for some formulas Bi. This follows by the same argument (using that every
Boolean function is definable by a formula) that we used in Section 1.1. However,
we shall use Theorems 3.3.1 and 3.3.2 to derive its effective version.

Theorem 3.3.3
Let π be a negation normal form LK−-proof of a sequent

Γ(p, q) , q1 −→ ¬Γ(p, r) , r1 (3.3.4)

where ¬Γ is the cedent of (the negation normal form of) the negations of for-
mulas from Γ and where p, q and r are disjoint tuples of atoms.

Then there exists a Boolean circuit B with inputs p and nodes y1, . . . , ys (ys

is the output) such that:

• Both implications

Γ(p, q) , DefB , ys −→ q1 and Γ(p, q) , DefB , q1 −→ ys

are logically valid and their negation normal form LK-proofs can be con-
structed from π by a p-time algorithm,

• the size of B is at most k(π).

Moreover,

• If π is tree-like then B is, in fact, a formula and `dp(B) ≤ h(π).

• If the atoms p occur only positively in Γ then B is monotone.

Proof:
Apply Theorems 3.3.1 and 3.3.2 to the proof of the sequent (3.3.4): the

interpolant has the required properties.

q.e.d.
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3.4 Constant Depth Subsystems of LK

Let
∧

and
∨

be symbols for the unbounded arity conjunction and disjunction,
respectively. Formally, if r ≥ 1 is arbitrary and A1, . . . , Ar are formulas then so
are the strings: ∧

(A1, . . . , Ar) and
∨

(A1, . . . , Ar) .

We shall use the less formal notation:∧
i≤r

Ai and
∨
i≤r

Ai

instead. Sometimes it is convenient to use the conjunction or the disjunction of
the empty set of formulas; the former stands for the constant 1, the latter for 0.

The reason why we only touched the topic of constant depth Frege systems
in Section 2.5 is that it is easier and more elegant to modify the definition of LK
to a language with the unbounded arity connectives

∧
and

∨
. In particular,

define:

• unbounded
∧

: introduction rules

left
A,Γ −→ ∆∧
iAi,Γ −→ ∆

and right
Γ −→ ∆, A1 . . . Γ −→ ∆, Ar

Γ −→ ∆,
∧

i≤r Ai

• unbounded
∨

: introduction rules

left
A1,Γ −→ ∆ . . . Ar,Γ −→ ∆∨

i≤r Ai,Γ −→ ∆
and

right
Γ −→ ∆, A

Γ −→ ∆,
∨

iAi

where in
∧

:left and
∨

:right the formula A is among the formulas Ai.
By the definition of

∧
i≤r Ai and

∨
i≤r Ai the formulas Ai are ordered in

them. But it is easy to see that for any permutation h of [r] the sequent∧
j≤r

qh(j) −→
∧
i≤r

qi

has a a tree-like cut-free proof with 2r + 1 steps: from each initial qi −→ qi
derive by

∧
:left the sequent

∧
j≤r qh(j) −→ qi and joint them by one

∧
:right

inference. This means that without a loss of generality the ordering of formulas
inside

∧
and

∨
is irrelevant and we may think of them as (multi)sets.
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Recall from Section 2.5 the definition of the depth of a DeMorgan formula
with the unbounded

∧
and

∨
: literals and the constants have the depth 0, the

negation does not change the depth and

dp(◦(A1, . . . , Ar)) := 1 + max
i

dp(Ai) , for ◦ =
∧
,
∨

.

With this definition of the depth in mind define for d ≥ 0 the system LKd to be
the system defined as LK but with the binary ∧ and ∨ and the corresponding
rules replaced by the unbounded

∧
and

∨
and their introduction rules, and

using only proofs with all formulas of the depth at most d. The symbol LK∗
d

will denote its tree-like subsystem.
The completeness of the cut-free LK− system and the subformula property

(Thm. 3.2.1 and Cor. 3.2.3) readily imply

Lemma 3.4.1 Let S be a logically valid sequent consisting of formulas of depth
at most d. Then S has an LK∗

d-proof.

The following is a quantitative version of Theorem 2.2.1; we are formulating
it for the constant depth subsystems of LK rather than of a Frege system as the
structure of LK allows for a tighter estimate of the depth.

Lemma 3.4.2
Let d ≥ 0 and assume π is an LKd-proof of a sequent S from sequents

Z1, . . . , Zt, each consisting of formulas of depth ≤ d.
Then there is an LK∗

d+1-proof ρ of S from Z1, . . . , Zt of size |ρ| = |π|O(1).
In fact, for each fixed d ≥ 0, ρ can be constructed from π by a p-time algorithm.

Proof:
Let π = T1, . . . , Tk be an LKd-proof of the sequent S from the sequents

Z1, . . . , Zt. Let w := maxi |Ti| be the width of π.
As in (3.2.3), for a sequent U = Γ −→ ∆ we denote by

∨
U the disjunction

of the formulas from ∆ together with the negations of the formulas from Γ. The
constructions in Lemma 3.2.6 established:

Claim 1: Let U be a sequent consisting of formulas of depth ≤ d. Then there
are LK∗

d+1-proofs of U from −→
∨
U and of −→

∨
U from U , both of size

O(|U |2).

The next claim is proved considering the type of the inference yielding Ti in
π, utilizing Claim 1.

Claim 2: For all i = 1, . . . , k there are LK∗
d+1-proofs σi of∨

T1, . . . ,
∨
Ti−1 −→

∨
Ti

from Z1, . . . , Zt with |σi| = O(iw2) = O(|π|3).

From Claim 2 we get by induction on j − i
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Claim 3: For all 0 ≤ i < j ≤ k there are LK∗
d+1-proofs ρi,j of∨

T1, . . . ,
∨
Ti−1 −→

∨
Tj

from Z1, . . . , Zt with |ρi,j | = O(|π|4).

The wanted proof is ρ0,k combined with an LK∗
d+1-derivation of S from

−→
∨
S guaranteed by Claim 1.

q.e.d.

The tree-like proof constructed in Lemma 3.4.2 is very unbalanced. But we
can balance any tree-like proof with respect to the cut inferences at the expense
of increasing the maximum depth of a formula in the proof by 1.

Lemma 3.4.3
Let π be an LK∗

d-proof of a sequent S from sequents Z1, . . . , Zt. Let s := |π|,
k := k(π) and w := w(π) be its size, the number of steps and the width (the
maximum size of a sequent in π), respectively.

Then there is a set T of tautological sequents of depth at most d and an
LK∗

d+1-proof ρ of S from {Z1, . . . , Zt} ∪ T such that:

• |ρ| = |π|O(1).

• all cut inferences in ρ are below all other non-unary inferences (
∨

:left and∧
:right).

• On any path in ρ are at most O(log(kw)) cut inferences.

In fact, for each fixed d ≥ 0, ρ can be constructed from π by a p-time algorithm.

Proof:
For each

∧
:right inference in π:

Γ −→ ∆, A1 . . . Γ −→ ∆, Ar

Γ −→ ∆,
∧

i≤r Ai

add to T all sequents (at most O(r) ≤ O(w) of them)

A1, A2,Γ −→ ∆, A1 ∧A2 , A3, A4,Γ −→ ∆, A3 ∧A4 , . . .

A1 ∧A2, A3 ∧A4,Γ −→ ∆, A1 ∧A2 ∧A3 ∧A4 , . . .

and simulate the inference by a balanced tree of cuts. This subderivation has
O(r) = O(w) cuts in a tree of the height O(logw). Treat all

∨
-left inferences

analogously.
This procedure will transform π into a LK∗

d-proof σ of size |σ| ≤ O(kw2) ≤
O(s3), the number of steps k(σ) ≤ O(kw) ≤ O(s2) and width O(w) in which
the only non-unary inferences are cuts.
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For a proof ξ denote by c(ξ) the number of cut inferences in ξ. Now use
Spira’s lemma 1.1.4 to find a sequent U = Π −→ Σ in σ such that the subproof
σU ending with U satisfies

1
3
c(σ) ≤ c(σU ) ≤ 2

3
c(σ) . (3.4.1)

Let σU be the rest of σ when σU is taken out: it is an LK∗
d-proof of S(= Γ −→ ∆)

from {Z1, . . . , Zt} ∪ T ∪ {U}, and c(σU ) satisfies (3.4.1) as well.
Add

∨
U to the antecedent of U , prove this new sequent by a cut-free LK∗

d+1-
proof of size O(|U |2) (Lemma 3.2.6), and carry the formula as a side formula to
the end-sequent S, obtaining a proof (σU )′ of∨

U,Γ −→ ∆ .

Take the proof σU of U and derive from it by a cut-free tree-like proof of size
O(|U |2) (Lemma 3.2.6 again) the sequent

−→
∨
U .

Finally, naming this proof (σU )′, join it by a cut with (σU )′ to get a new LK∗
d+1-

proof of S.
Now repeat the same procedure with the two maximal subproofs (σU )′ and

(σU )′; it is possible to use Spira’ lemma because all the non-unary inferences
other than cuts are above all cuts, i.e. from the point of view of the cuts the
proof tree is still binary.

q.e.d.

Now we complement Lemma 3.4.2 by a form of a converse.

Lemma 3.4.4
Let d ≥ 0 and assume ρ is an LK∗

d+1-proof of a sequent S from sequents
Z1, . . . , Zt, all consisting of formulas of depth ≤ d.

Then there is an LKd-proof π of S from Z1, . . . , Zt of size |π| = O(|ρ|4).
Moreover, π can be constructed from ρ by a p-time algorithm.

Proof:
Assume without a loss of generality that all depth d + 1 formulas in ρ are

disjunctions and hence a typical sequent U in ρ looks like:

. . . ,
∨
j

Ai
j , . . . ,Γ→ ∆, . . . ,

∨
v

Bu
v , . . . (3.4.2)

where Γ,∆ contain only the depth ≤ d formulas. Let ρU be the subproof of ρ
ending with U .

Claim:The depth ≤ d sequent

Γ→ ∆, . . . , Bu
v , . . .
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has an LKd-proof σ from Z together with the sequents:

→ . . . , Ai
j , . . . , one for each i

such that |σ| = O(|ρU |4).

The claim is proved by induction on the number of steps in ρU , showing
that the required proof σ exists with O(|ρU |2) steps, each of size O(|ρU |2). The
assumption that ρ (and hence ρU ) is tree-like is used in the estimate of the
number of steps.

The claim implies the lemma as there are no depth d+ 1 formulas in S.

q.e.d.

Under an additional condition we can get a tree-like proof.

Lemma 3.4.5 If the proof ρ in Lemma 3.4.4 has in each sequent at most c
depth d + 1-formulas, for some parameter c ≥ 0, then π can be also tree-like
(i.e. it is an LK∗

d-proof) and of size at most O(|ρ|c+4).

Proof:
Let ρ be an LK∗

d+1-proof of the sequent S from the sequents Z1, . . . , Zt,
all of depth ≤ d. As in the proof of Lemma 3.4.4 we assume without a loss
of generality that all depth d + 1 formulas in ρ are disjunctions and that a
typical sequent U in ρ looks like (3.4.2). Assume i and u range over [r] and [s],
respectively, i.e. r+ s ≤ c, and without a loss of generality j and v for all i and
u range over [t].

Claim:For each choice j1, . . . , jr ∈ [t] there is an LKd-proof π[j1, . . . , jr] of

A1
j1 , . . . , A

r
jr
,Γ −→ ∆, B1

1 , . . . , B
1
t , . . . , B

s
1, . . . , B

s
t

such that the total size of these proofs satisfies∑
j1,...,jr

|π[j1, . . . , jr]| ≤ O(trw(ρU )2k(ρU )2 ≤ O(|ρU |c+4) .

The claim is proved by induction on the number of inferences in ρU , dis-
tinguishing the type of the last inference yielding U . If the principal formula
of the inference has depth ≤ d, the same inference applies (this is a part of
the multiplicative term O(k(ρU )2)) to all proofs π[j1, . . . , jr], for all choices of
j1, . . . , jr (this is the multiplicative term tr term).

If the inference was an
∨

:left introduction of a depth d+ 1 formula there is
nothing to do. If it was the

∨
:right introduction, the inference is simulated by

one or more weakenings.
The only case requiring some non-trivial simulation is when the last inference

was a cut with the cut formula being a depth d + 1 disjunction
∨

i Ci. The
induction assumption gives us proofs of the sequents

Ci,Π −→ Ω , for i = 1, . . . , r (3.4.3)
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and a proof of
Π −→ Ω, C1, . . . , Cr (3.4.4)

and we use (3.4.3) for i = 1, . . . , r to cut out all formulas Ci from (3.4.4). We
do this for at most tr choices of (at most) r-tuples ji ∈ [t] and each simulation
of the cut needs size O(w(ρU )2).

The theorem follows from the claim for the end-sequent.

q.e.d.

Now we can strengthen Lemma 3.4.1 a bit.

Corollary 3.4.6 Let d ≥ 0 and let S and Z1, . . . , Zt be sequents consisting of
formulas of depth ≤ d. Assume

Z1, . . . , Zt |= S .

Then there is an LKd-proof of S from Z1, . . . , Zt.

Proof:
As in (3.2.3), for a sequent U :

U : A1, . . . , Au −→ B1, . . . , Bv∨
U denotes the disjunction ¬A1 ∨ · · · ∨ ¬Au ∨ B1 ∨ · · · ∨ Bv. The hypothesis

of the corollary implies that the depth ≤ d+ 1 sequent∨
Z1, . . . ,

∨
Zt −→

∨
S (3.4.5)

is logically valid and hence has a (cut-free, even) LK∗
d+1-proof by Lemma 3.4.1.

There are short LK∗
d+1-proofs of

∨
Zi from Zi, i ≤ t, and of S from

∨
S,

as proved in Claim 1 in the proof of Lemma 3.4.2. Hence Lemma 3.4.4 applies.
Note that we do not use here the feasibility of the simulation as the starting
proof of (3.4.5) may be exponentially long.

q.e.d.

For connections with bounded arithmetic in Part II it is useful to consider
a modification of the depth measure, the Σ-depth, and corresponding subsys-
tems of LK. The reason is that then there is an exact correspondence between
levels of the hierarchy of bounded formulas and the classes of bounded Σ-depth
propositional formulas: the Σb

d(α) bounded formulas translate to Σ-depth d
propositional formulas, as in Section 1.2. It is a simple concept that gets, how-
ever, often defined incorrectly in the literature.

Informally, a Σ-depth d formula (tacitly in the DeMorgan language with the
unbounded

∨
and

∧
) is a depth d + 1 formula with the depth 1 subformulas

being conjunctions or disjunctions of small arity t. For example, t can be a
constant or some parameter very slowly growing with the formula size. The
subtle point is not how to define the rate of t but with respect to what is t
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supposed to be small. Authors often define t = O(log n) where n is the number
of atoms or, even, the natural parameter of the formula as is the n in PHPn.
The latter is not well defined unless the formula is a translation of a first-order
sentence over a finite structure as in Section 1.2; in that case n can be the size of
the structure. The former is well-defined but does not work well: this definition
breaks the link with bounded formulas mentioned earlier.

The only correct approach seems to be to relate t to size S of the formula.
A propositional formula A is ΣS,t

d if and only if:

1. A is in the negation normal form (i.e. the negations are applied only to
atoms),

2. the top connective is
∨

,

3. dp(A) = d+ 1,

4. |A| ≤ S,

5. the depth 1 connectives
∨

and
∧

have the arity ≤ t.

We say that A is ΠS,t
d if and only if ¬A is ΣS,t

d (after applying the DeMorgan
rules to put ¬A into the negation normal form).

The Σ-depth d subsystem of LK, denoted by LKd+1/2, is simply LKd+1 in
which the size of the proof is measured differently: the size of an LKd+1/2-proof
π is S if and only if |π| ≤ S and all formulas in π are ΣS,t

d with t = log(S).
Choosing t to be the logarithm of S works well for the connections to

bounded arithmetic. Other choices for the rate of t will be considered in the
context of resolution in Section 5.7.

The constructions underlying the proofs of Lemmas 3.4.2, 3.4.4 and 3.4.5
do not alter the depth 1 subformulas (if the depth is at least 2 in the latter)
and hence the statements hold for the Σ-depth as well. We state it for a future
reference.

Lemma 3.4.7 Lemmas 3.4.2, 3.4.4 and 3.4.5 are also valid for the systems
LKd+1/2 and LK∗

d+3/2, for all d ≥ 0.

The same argument is easily modified to the case when the stronger, tree-
like, system is LK∗

1/2. We shall treat this in Section 5.7 using the resolution
proof system (Lemma 5.7.2 there).

3.5 Bibliographical and Other Remarks

Sec.3.1 LK stands for Logischer Kalkül. Takeuti [490] is a comprehensive
treatment of classical proof theory based on the sequent calculus LK and Buss
[106, 117] gives his modification LKB of the calculus for bounded arithmetic.
Some authors, for example Cook and Nguyen [157], use the name PK for the
propositional part of LK. I see no danger in using LK.
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Sec.3.2 The p-equivalence of F and LK (Theorem 3.2.4) was treated already
in Reckhow [449]. Cook and Reckhow [158] prove instead the p-equivalence of
Frege systems with a natural deduction system (cf. Prawitz [410]).

Lemma 3.2.5 was first proved Statman [486, 487] (see also [147] for an ex-
position of his construction) but he used also the implication connective that
we have not included in the language of LK. Urquhart [501] is a good source on
these weak systems.

Sec.3.3. The section stems from [282]. Beth’s theorem (whose feasible version
Theorem 3.3.3 is) was proved by Beth [74, 75].

Sec.3.4 Lemma 3.4.3 is from [278] and [281, L.4.3.10] but the balancing was
done there a bit differently. The introduction rules ∨:left and ∧:right were
replaced by new special unary rules and new axioms, and the balancing was
done with respect to to the cut-rule (the only left non-unary rule). Lemmas
3.4.4 and 3.4.5 are from [278, 281].



Chapter 4

Quantified Propositional
Calculus

The class of all quantified propositional formulas, denoted by Σq
∞, extends

the class of the DeMorgan propositional formulas as defined in Section 1.1 by
adding two new formation rules:

• If A(p, q) is a quantified propositional formula then so are ∃xA(x, q) and
∀xA(x, q).

The truth functions of ∃xA(x, q) and ∀xA(x, q) are the same as of the disjunction
A(0, q) ∨ A(1, q) and of the conjunction A(0, q) ∧ A(1, q), respectively. Quan-
tified propositional formulas thus do not define new Boolean functions (after
all, already ordinary propositional formula define all by Lemma 1.1.2) but may
define them by a shorter formula. For example∨

b∈{0,1}n

B(b, q)

has size at least 2n|B| while the same truth table function can be defined by a
size O(n+ |B|) quantified propositional formula

∃x1 . . .∃xn B(x, q) .

4.1 Sequent Calculus G

The class Σq
∞ can be stratified into levels analogously to the stratification of

predicate formulas by the quantifier complexity.

Definition 4.1.1 The class Σq
0 equals to the class Πq

0 and consists of all De-
Morgan quantifier free propositional formulas. For i ≥ 0 the classes Σq

i+1 and
Πq

i+1 are the smallest classes satisfying the following closure conditions:

103
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• Σq
i ∪Πq

i ⊆ Σq
i+1 ∩Πq

i+1,

• both Σq
i+1 and Πq

i+1 are closed under ∨ and ∧,

• if A ∈ Σq
i+1 then ¬A ∈ Πq

i+1 and if A ∈ Πq
i+1 then ¬A ∈ Σq

i+1,

• Σq
i+1 is closed under the existential quantification and Πq

i+1 is closed under
the universal quantification.

Note that Σq
∞ =

⋃
i Σq

i =
⋃

i Πq
i .

To define the proof system G for quantified propositional formulas we extend
the calculus LK by quantifier rules analogous to the first-order version of the
original Gentzen’s LK. The notions of a free and a bounded occurrence of a
variable (an atom) is same is in first-order logic (cf. Section 1.2.

Definition 4.1.2 Quantified propositional calculus G extends LK by allowing
any Σq

∞-formulas in sequents and by accepting also the following quantifier rules:

• ∀:introduction

left
A(B),Γ −→ ∆
∀xA(x),Γ −→ ∆

and right
Γ −→ ∆, A(p)

Γ −→ ∆,∀xA(x)

• ∃:introduction

left
A(p),Γ −→ ∆
∃xA(x),Γ −→ ∆

and right
Γ −→ ∆, A(B)

Γ −→ ∆,∃xA(x)

where B is any formula such that no variable occurrence free in B becomes
bounded in A(B), and with the restriction that the atom p does not occur in the
lower sequents of ∀:right and ∃:left

The system Gi is a subsystem of G which allows only Σq
i -formulas in sequents

and G∗ and G∗
i are the tree-like versions of G and Gi, respectively.

See Section 4.4 for variants of this definition considered in the literature. Sys-
tems Gi may look to be defined asymmetrically with respect to the classes Σq

i

and Πq
i but it is easy to see that allowing also Πq

i -formulas in Gi-proofs would
not make the system stronger (instead of a Πq

i -formula in an antecedent or a
succedent keep its negation in the opposite cedent). This definition simplifies
some arguments later.

We are interested in G and in its fragments primarily as proof systems for
TAUT but we may also compare their strength as proof systems for quantified
propositional formulas. The relations ≤p and ≡p are not quite adequate for
this. Denote by TAUTi the set of tautological Σq

i -formulas and for proof systems
P,Q for TAUTi denote by P ≤i

p Q the existence of a p-simulation of P -proofs of
formulas from TAUTi by Q-proofs. Similarly, P ≡i

p Q means P ≤i
p Q∧Q ≤i

p P .

Theorem 4.1.3 EF ≡p G
∗
1 and for all i ≥ 1, Gi ≡i

p G
∗
i+1.
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Proof:
We shall treat in detail the key case i = 1; the case i > 1 is analogous.
Let us observe first that G∗

1 can simulate efficiently an instance of the sub-
stitution rule:

A(p1, . . . , pn)
A(B1, . . . , Bn)

with A,B1, . . . , Bn quantifier-free formulas. Assume that we have already de-
rived −→ A(p1, . . . , pn) and apply to it n-times ∀:right to get

−→ ∀x1 . . .∀xn A(x1, . . . , xn) .

Then derive separately the sequent

A(B1, . . . , Bn) −→ A(B1, . . . , Bn)

and applying to it n-times ∀:left to derive

∀x1 . . .∀xnA(x1, . . . , xn) −→ A(B1, . . . , Bn) .

Using the cut rule infer what we want:

−→ A(B1, . . . , Bn) .

This simulation of the substitution rule is clearly enough to show that G∗
1 poly-

nomially simulates SF . However, SF ≥p EF by Lemma 2.4.3.
Now we describe the simulation of G∗

1 by EF . Let sΣq
1 be the class of strict

Σq
1-formulas consisting of all quantifier free formulas and all Σq

1-formulas that
begin with a block of existential quantifiers followed by a quantifier free kernel.

Consider first a G∗
1-proof in which all formulas are sΣq

1. In such a proof
sequents look like:

A1(p), . . . ,∃x1A
′
1(p, x1), . . . −→ B1(p), . . . ,∃y1B

′
1(p, y1), . . . (4.1.1)

where A1, . . . , A
′
1, . . . , B1, . . . , B

′
1, . . . are quantifier free formulas

We shall call a sequence of formulas an EF -sequence if it satisfies all the
conditions posed on EF -derivations in Section 2.4 except possibly the require-
ment that the extension atoms cannot appear in the last formula.

The following claim is established by induction on k.

Claim: Assume that the sequent (4.1.1) has a G∗
1-proof π in which all for-

mulas are either quantifier-free or strict Σq
1, with k := k(π) sequents and of size

|π|.
Then there is an EF -sequence ρ from {A1(p), . . . , A′1(p, qj), . . . } with exten-

sion atoms r1, . . . , with the last formula∨
s

Bs(p) ∨
∨
t

B′t(p, rt),

and with O(k) steps and size O(|π|).
The claim implies the lemma for G∗

1-proofs containing only strict Σq
1-formulas.

The general case when some formulas may be in Σq
1 \ sΣ

q
1 is more tedious but

can be treated analogously.
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q.e.d.

For the completeness of the discussion we state a lemma that is proved by
the argument analogous to the one in Section 2.2.

Lemma 4.1.4 G and G∗ are p-equivalent with respect to proofs of all quantified
propositional sequents.

We conclude this section by a lemma which underlines the importance of
Σq

1-tautologies among all quantified propositional tautologies and it is another
reason why considering systems Gi and G∗

i as proof systems for TAUT and
TAUT1 is central. We give its proof via bounded arithmetic in Section 12.5.

Lemma 4.1.5 Assume that all Σq
1-tautologies have polynomial size proofs in

Gi, for some i ≥ 1. Then all Σq
i -tautologies have polynomial size proofs in Gi

too. The same holds for G∗
i in place of Gi.

4.2 Relativised Frege systems and Boolean Pro-
grams

Let F be a Frege system in the DeMorgan language. For a collection L of
functions symbols f , each with an assigned arity kf ≥ 0, let F (L) be the proof
system defined as follows:

1. the language of F (L) is the DeMorgan language augmented by the symbols
from L as new connectives,

2. F (L) has the same Frege rules as F but its instances are obtained by
substituting for atoms any formulas in the language of F (L),

3. F (L) has also the following schemes of the equality axioms:∧
i≤kf

pi ≡ qi −→ f(p) ≡ f(q)

for all f ∈ L.

We shall this system a relativised Frege system and (in this context) F (L)-
formulas relativised formulas. The following is an easy observation. Its proof
needs the equality axioms.

Lemma 4.2.1 Any relativised Frege system F (L) is complete with respect to to
all logically valid formulas in the expanded language (i.e. formulas true under
any interpretation of the symbols from L and under any truth-assignment to
atoms).
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We are primarily interested in relativised Frege systems (and their exten-
sions) as in proof systems for TAUT (i.e. tautologies in the DeMorgan lan-
guage). One reason for that is that the satisfiability for the relativised formulas
is p-reducible to SAT. Namely, given a relativised formula C form the following
set S(C) of DeMorgan formulas (it is analogous to the set Ext(A) from Section
2.4):

1. introduce a new atom qD for each subformula D of C,

2. if D = ¬E, include in S(C) the formula qD ≡ ¬qE ,

3. if D = E ◦G for ◦ = ∨,∧, include in S(C) the formula qD ≡ (qE ◦ qG),

4. if D is an atom p, replace everywhere qD by p,

5. for allD,E starting with the symbol f and having subformulasD1, . . . , Dkf

and E1, . . . , Ekf
respectively, include in S(C) the formula∧

j≤kf

qDj
≡ qEj

−→ qD ≡ qE ,

6. include in S(C) the atom qC .

Then we have:

Lemma 4.2.2 For any relativised formula C:

C is satisfiable if and only if
∧
S(C) ∈ SAT .

Proof:
If C is satisfiable, each subformula gets a truth value and all local conditions

are satisfied, as well as all instances of the equality axiom in item 5. - because
f is interpreted by a Boolean function.

On the other hand, having a satisfying assignment a for the atoms in S(C),
interpret the functions f : {0, 1}kf → {0, 1} for all f ∈ L by setting

f(a(qD1), . . . , a(qDkf
)) := a(qD)

for each subformula D starting with f , and arbitrarily otherwise. The formulas
in item 5. imply that there is no conflict in this definition of f , and qC in item
6. means that the whole formula gets the value 1 when f are interpreted as
above and the atoms get the same value as in a.

q.e.d.

A consequence of this proof is the following lemma.

Lemma 4.2.3 Relativised Frege systems are implicationally complete also for
relativised formulas.
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Proof:
Let Ei be relativised formulas that imply a relativised formula G. Put

C :=
∧
i

Ei −→ G .

Then ¬C is not satisfiable and hence by Lemma 4.2.2 S(¬C) is not satisfiable
either. Therefore there is an F -proof π of 0 from S(¬C) and substituting in π
for each atom qD the formula D yields an F (L)-refutation of ¬C and hence a
proof of C.

q.e.d.

The notion of a Boolean program introduced by Cook and Soltys [159] is
quite natural when defining sequentially more and more complex Boolean func-
tions. A Boolean program is a sequence of function symbols f1, . . . , fs, each fi

with a prescribed arity ki ≥ 0, and a sequence of formulas A1, . . . , As satisfying:

• Ai is built from ki atoms pi
j , j ≤ ki, using the DeMorgan language aug-

mented by symbols f1, . . . , fi−1.

These formulas are understood as giving instructions how to compute fi:

fi(pi) := Ai(pi) .

The size of the program is
∑

i≤s |Ai|.
Boolean programs are analogous to an extent to circuits as defined by se-

quences of instructions in Section 1.4. Similarly as a sequence of p-size circuits
define languages in non-uniform P (i.e. P/poly), a sequence of p-size Boolean
programs define languages in non-uniform PSPACE (i.e. PSPACE/poly), cf.
Cook and Soltys [159].

Let P be a Boolean program introducing functions f1, . . . , fs; we shall denote
their collection by LP . The symbol F (P ) will denote the proof system that
extends the relativised Frege system F (LP ) by:

• the instructions of P as new axiom schemes.

In particular, a substitution of any formulas in the language of F (P ) for the
atoms in any instruction of P is a valid axiom instance of F (P ).

We shall call these extensions of Frege systems collectively as BP-Frege
systems, using a generic notation BPF .

Lemma 4.2.4 Let P be a Boolean program and assume

f(p) ≡ A(p, 1)

is one of its instructions and let B(p) be a quantifier free formula. Then the
formula

A(p, q)→ A(p, f(p)) (4.2.1)
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has an F (P )-proof of size |A|O(1) and its substitution instance

A(p,B)→ A(p, f(p))

has an F (P )-proof of size |A(B)|O(1).

Proof:
The second part of the statement follows from the first part by substituting

B for q in the F (P )-proof of (4.2.1). To construct size |A|O(1) F (P )-proof of
this formula we proceed as follows.

The first claim is established by induction on the logical complexity of A,
using the equality axioms if A starts with one of the symbols fi.

Claim 1:The formula q ≡ r → A(p, q) ≡ A(p, r) has an F (P )-proof of size
O(|A|2).

From Claim 1 follows

Claim 2:Both formulas

A(p, 1)→ A(p,A(p, 1)) and A(p, 0)→ A(p,A(p, 1))

have F (P )-proofs of sizes |A|O(1).

By Claim 1
1 ≡ A(p, 1)→ A(p, 1) ≡ A(p,A(p, 1))

has a p-size F (P )-proof from which the first statement follows. For the second
part split the proof into two cases: if A(p, 1) holds then the first part applies, if
not then 0 ≡ A(p, 1) and Claim 1 applies.

Claim 3:Formula A(p, q)→ (A(p, 0) ∨A(p, 1)) has a p-size F (P )-proof.

Claims 2 and 3 imply that the formula

A(p, q)→ A(p,A(p, 1))

has a p-size F (P )-proof from which (4.2.1) follows using Claim 1 and the axiom
of F (P ) about f .

q.e.d.

4.3 Skolemization of G

We shall investigate in this section the possibility to generalize the simulation of
G∗

1 by EF from Theorem 4.1.3 to G. A natural approach is to introduce defin-
able Skolem functions and remove from G-proofs all quantifiers; the Skolem func-
tions for the existential quantifiers in a Σq

1-formula then witness the quantifiers.
This witnessing is very much related to witnessing methods in bounded arith-
metic and, in particular, the links between witnessing of bounded existential



110 Basic concepts

consequences of fragments of bounded arithmetic and total NP search problems
offer a more detailed information for system Gi and G∗

i as well, cf.[281, 157].
A Skolem function for a formula ∃xA(p, x), with p = (p1, . . . , pn), is any

Boolean function f : {0, 1}n → {0, 1} such that the formula (4.2.1) from Lemma
4.2.4:

A(p, q)→ A(p, f(p))

is logically valid. Then the equivalence

∃xA(p, x) ≡ A(p, f(p))

is logically valid too but the advantage of (4.2.1) over this formula is that (4.2.1)
is quantifier free. Observe that the function f defined by:

f(p) := A(p, 1)

satisfies (4.2.1). To remove quantifiers from a more complex Σq
∞-formula we

iterate this process of introducing Skolem functions from smaller subformulas
to larger ones, i.e. we remove the quantifiers from inside out. For example, for

∀x∃yB(p, x, y) (4.3.1)

with B open first introduce f(p, q) by

f(p, q) := B(p, q, 1)

and then, using that (4.3.1) is equivalent to

¬∃x¬B(p, x, f(p, x))

introduce function g(p) by:

g(p) := ¬B(p, 1, f(p, 1)) .

Formula (4.3.1) is then equivalent to

B(p, g(p), f(p, g(p))) .

We see that the Skolemized formula gets syntactically complex very fast as the
new functions introduced later are substituted into terms involving the functions
introduced earlier. Moreover, the formula may grow exponentially in its size
as the functions may get substituted for atoms having multiple occurrences.
We shall thus proceed slightly differently, introducing further new functions as
abbreviations of formulas in which an existential quantifier was replaced by a
Skolem function.

Given a Σq
∞-formula A we shall define:

• a Boolean program Sk[A], and
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• a quantifier free formula ASk in the language of Sk[A]

and call this process the Skolemization of A. It is defined by induction on the
complexity of A as follows:

1. For B(p) quantifier free Sk[B] := ∅ and BSk := B.

2. For B(p) = C(p) ◦D(p),

Sk[B] := Sk[C] ∪ Sk[D] and BSk = CSk(p) ◦DSk(p) ,

for ◦ = ∨,∧.

3. For B(p) = ¬C(p), Sk[B] := Sk[C] and BSk = ¬CSk(p).

4. For B(p) = ∃xC(p, x), fB(p) is a new function symbol, Sk[B] is Sk[C]
together with the instruction

fB(p) := C(p, C(p, 1))

and BSk := fB(p).

5. For B(p) = ∀xC(p, x), Sk[B] and BSk are defined as Sk[¬∃x¬C] and
(¬∃x¬C)Sk, respectively.

In item 4. we combined two elementary steps into one: instead of defining
the Skolem function f as C(p, 1) and then introducing a new function g(p) to
abbreviate C(p, f(p)) we do it in one step. The last item of the definition implies
that for B(p) = ∀xC(p, x) the Boolean program Sk[B] is Sk[C] together with
the function f∃x¬C introduced by the instruction

f∃x¬C := ¬CSk(p,¬CSk(p, 1))

and BSk = ¬f∃x¬C . Note also that both Sk[A] and ASk have the sizes polyno-
mial in |A|.

For a set A of quantified formulas, let Sk[A] be the union of all Sk[A] for all
A ∈ A, where it is understood that the same formula occurring as a subformula
at different places in A gets assigned the same Skolem function symbol.

For a sequent S : Γ −→ ∆, Sk[S] is Sk[Γ ∪∆] and SSk : ΓSk −→ ∆Sk is
the sequent with each formula B in Γ ∪∆ replaced by BSk.

Theorem 4.3.1
Assume that π is a G-proof of the sequent S : Γ −→ ∆. Then there is a

Boolean program P of size |π|O(1) and an F (P )-proof σ of SSk of size |π|O(1).
Moreover, P and σ can be constructed by a p-time algorithm from π.

Proof:
By Lemma 4.1.4 we may assume without a loss of generality that π is tree-

like. Let A be the set of all formulas occurring in π and let P := Sk[A].
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For each sequent U from π we construct an F (P )-proof of USk of the size
O(t|π|O(1)), proceeding by induction on the number of steps t used in π to derive
U . As the Skolemization commutes with the propositional connectives we only
need to consider the cases when U was derived via the quantifier rules. We shall
consider the right rules only, the left rules being analogous.

∃:right: U is derived from some V with a minor formula C(D) and the principal
formula ∃xC(x). By induction hypothesis VSk has a short tree-like F (P )-proof
σV and its succedent contains the formula (C(D))Sk which is CSk(DSk).

By Lemma 4.2.4 we have short F (P )-proof of

CSk(DSk) −→ (∃xCSk(x))Sk

and joining it by a cut with σV yields σU .

∀:right: Here the minor formula in V is C(p, q) and the principal formula is
∀xC(p, x). The Skolemization of ∀xC(p, x) is

¬f∃x¬C(p) . (4.3.2)

Substitute in σV everywhere q := ¬CSk(p, 1) to get a short proof of VSk with
C replaced by C(p,¬CSk(p, 1)) (this uses that σV is tree-like). This formula
can be, using the instruction in P for f∃x¬C , further replaced by (4.3.2), getting
thus USk.

q.e.d.

Now we are ready for two statements generalizing in a sense Theorem 4.1.3.

Corollary 4.3.2 Assume π is a G-proof of a quantifier free formula A. Then
there are a size |π|O(1) Boolean program P and a size |π|O(1) F (P )-proof of A,
and both can be found by a p-time algorithm given π.

That is, BPF p-simulates G.

Corollary 4.3.3 Assume B(p, q) is a quantifier free formula, q = q1, . . . , q`,
and π is a G-proof of

−→ ∃x1, . . . , x`B(p, x) .

Then there are a size |π|O(1) Boolean program P containing functions

f1(p), . . . , f`(p)

and a size |π|O(1) F (P )-proof of

−→ B(p, f1(p), . . . , f`(p)) .

Moreover, both the program P and the F (P )-proof can be found by a p-time
algorithm from π.
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Note that the existence of a small P computing the witness for the existential
quantifiers is obvious as they can be computed in PSPACE and polynomial size
Boolean programs define all functions in PSPACE by Cook and Soltys [159].
The extra information is the existence of a short BPF -proof of the correctness
of the program.

We state a lemma complementing Corollary 4.3.2. It is easy to prove using
bounded arithmetic via the methods explained in Part II; in particular, the
lemma follows from Theorem 12.5.4 (part 2.) as the theory U1

2 is easily seen to
prove the soundness of BPF .

Lemma 4.3.4 G p-simulates BPF with respect to TAUT.

One can view BPF as a second-order version of EF , similarly as Boolean
programs generalize Boolean circuits from defining mere values to defining func-
tions. By Lemmas 2.4.3 and 2.4.4 EF ≡p SF and it springs to mind that the
relativised Frege system augmented by a suitable second-order substitution rule
could be p-equivalent to BPF and thus, by Corollary 4.3.2 and Lemma 4.3.4,
to G.

A second-order substitution σ into a relativised formula A(p, f) is deter-
mined by:

• σ assigns to each atom pi a relativised formula Bi,

• σ assigns to each f with arity kf a relativised formula Cf and a kf -tuple
of atoms q1, ..., qkf

(which may or may not occur in Cf and Cf may have
other atoms),

• the substitution instance σ(A) is obtained by simultaneously replacing
each atom pi by the formula Bi and each occurrence of f(x1, . . . , xkf

) by
the formula Cf with the atom qj playing the role of the j-th argument xj

of f .

The second-order substitution rule, abbreviated as S2-rule, allows to infer
from a relativised formula A any substitution instance σ(A) given by any second-
order substitution σ. It is easy to see that if A is logically valid, so is σ(A).
Thus we can define a sound extension of a relativised Frege system by adding
the S2-rule. Let us denote the system by S2F : a Frege system with the
S2-rule.

Unfortunately the next lemma shows that it is weaker than expected and
thus it is unlikely that it is p-equivalent to G.

Lemma 4.3.5 SF p-simulates S2F .

Although a direct p-simulation is not difficult, its definition is syntactically
cumbersome. We shall give instead a more conceptual proof of the lemma using
bounded arithmetic in Section 11.5. It comes down to the fact that the set of
logically valid relativised formulas is p-reducible to TAUT.
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The reason why a simulation of BPF by S2F cannot be apparently con-
structed analogously to the simulation of EF by SF in Lemma 2.4.3 is that
during the elimination of the instructions of a program P one substitutes for
function symbols formulas where these symbols occur but for varying lists of
arguments (this prevents using some circuit formalism for the substitution to
keep its description small).

4.4 Bibliographical and Other Remarks

Sec.4.1 Proof systems Gi and G∗
i were later redefined by Cook and Morioka

[156] in the following way:

• they allow arbitrary quantified propositional formulas in proofs and re-
strict only the cut-formulas to the class Σq

i , and

• they restrict the formulas B in ∀:left and ∃:right to quantifier free.

The first modification is natural when one studies the propositional translations
of bounded arithmetic proofs as we shall do in Part II. The second modification
causes that the only rule that can decrease the maximum quantifier complexity
of a formula in a sequent is then the cut rule. This is a form of a subformula
property analogous to the one in the proof of Corollary 3.2.3 and, in fact, it can
be formulated in a much more precise way.

But when considering the systems primarily as proof systems for TAUT or
TAUT1 (the latter in connections with NP search problems) this modification
does not matter as the two versions of the systems p-simulate proofs of tau-
tologies of each other. At places we refer to the original literature where the
definitions were given as above and because of this we stick to the original
definition of the systems.

Note that we could have similarly modified the definition of the systems
LKd in Section 3.4, restricting only the cut formulas to depth ≤ d. However, in
those systems we are primarily interested in proofs (or refutations) of constant
depth sequents and the modified definitions, in my view, only obfuscate the
problems studied by allowing to produce simple solutions involving LKd proofs
of unbounded depth sequents.

Morioka [360] proved that cut formulas in G∗
i -proofs can be (and also in

the modified systems) restricted to prenex formulas and this was extended to
Gi-proofs by Jeřábek and Nguyen [263].

Generalizations of the witnessing Σq
1-consequences of G∗

1-proofs from Theo-
rem 4.1.3 to higher fragments of G and to more complex formulas (in the style
of the KPT theorem, cf. Section 12.2) was given by Perron [397, 398].

Sec.4.2 A similar proof system to the relativised Frege system of Section 4.2
but in the sequent calculus formalism was considered by Cook [152] under the
name relativised propositional calculus and attributed there to Ben-David and
Gringauze [64].
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Sec.4.3 Cook and Soltys [159] showed how to witness G∗
1-proofs by Boolean

programs. This was generalized to the whole of G by Skelley [475, 476] who also
defined an extension BPLK of LK by Boolean programs, similar but not equal
to BPF (but he included the substitution rule).

One may speculate that going up in the hierarchy of Boolean circuits and
Boolean programs for functions to Boolean programs for functionals, etc. will
define extensions of BPF p-equivalent to the hierarchy of the implicit proof
systems i2EF , i3EF , ..., created from EF by the implicit proof system con-
struction in [296] (presented here in Section 7.3).

It would make sense to consider also a second-order Frege system F 2, an
extension of the relativised F (L) by allowing all substitution instances of F -rules
obtained by a second-order substitution but not the S2-rule itself. Beyersdorff,
Bonacina and Chew [76] and Beyersdorff and Pich [81] studied other extensions
of Frege system relating to fragments of G, and they also defined a Skolemization
of these fragments where the Skolem functions are computed by Boolean circuits.

Lemma 4.3.5 was pointed out to me by Jeřábek.
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Chapter 5

Resolution

In this chapter we introduce a very simple and elegant proof system: resolution
R. It is very popular due to its prominence in SAT solving and automated
theorem proving. A quick definition could be that it is essentially the subsystem
of the sequent calculus LK using from the connectives only ¬ but not ∨,∧ (for a
convenience we sometimes use also the constants 0 and 1). But we shall develop
R without any reference to LK.

The simplicity and elegance of R has to be paid for somewhere and the
bill comes when one wants to interpret R as a proof system for all tautologies;
naturally it is a proof system for DNF formulas only. The procedure how to
include all formulas is called the limited extension and will be described below.
We shall note that R is sound (that will be obvious) and give two proofs that it is
also complete. After that we shall investigate several proof-theoretic properties
of R, including the notion of the width and the so called feasible interpolation
property. Resolution and its variants will feature in several later chapters in all
parts of the book.

Recall the handy notation for a literal ` and ε ∈ {0, 1}:

`ε :=
{
` if ε = 1
¬` if ε = 0

from Section 1.1.

5.1 Resolution Rule and Its Completeness

Resolution proof system, denoted by R, is a very simple proof system. Its
lines are only clauses C: `1 ∨ · · · ∨ `w written not as disjunctions but simply
as sets of literals {`1, . . . , `w} that form the disjunction. The clause C ∪ {`} is
often abbreviated by C, `. Clauses are understood as not being ordered and the
exchange rule of LK is used implicitly.

A clause may contain a pair of complementary literals. This is often excluded
in SAT solving algorithms as such clauses are redundant but in proof theory it is

117
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allowed; otherwise applications of the resolution rule would have to be restricted
by some conditions preventing the creation of such a clause. The only inference
rule, the resolution rule is:

C, p D,¬p
C ∪D

.

where p is an atom.
The resolution rule is obviously sound in the sense that any truth assignment

satisfying both hypotheses of a resolution inference will satisfy the conclusion
too. Having an initial set C of clauses we can use the rule to expand C by
deriving repeatedly new clauses. In particular, we may manage to derive the
empty clause, which we shall denote by ∅. In that case it follows that the
clauses in the original set C are not simultaneously satisfiable. This allows to
interpret R as a refutation proof system: instead of proving that a formula
is a tautology it proves that a set of clauses is not satisfiable. If it could prove
this for all unsatisfiable formulas (not just sets of clauses) it would be as good
as having a proof system because A is a tautology if and only if ¬A is not
satisfiable.

Consider first a formula in DNF, say A =
∨

iAi where each Ai is a term, i.e.
a conjunction of literals of the form

∧
j `i,j . Then A is a tautology if and only

if ¬A =
∧

i ¬Ai is not satisfiable, i.e. if the set of clauses

{`0i,j | `i,j ∈ Ai} , for all i

is not satisfiable. Hence refuting in R this set of clauses amounts to proving that
A is a tautology. If A is not in DNF we could transform it first into DNF by the
DeMorgan rules and then use R on its negation. However, a difficulty is that
the DNF of a formula may be exponentially longer and hence a proof system
that would employ such a transformation would a priori need exponentially long
proofs. For example, any DNF of

∧
i≤k(pi ∨ qi) must have at least 2k clauses.

The way how to avoid this issue is the so called limited extension intro-
duced by Tseitin [496]. Let A be any DeMorgan formula in atoms p1, . . . , pn.
Introduce for each subformula B of A that is not a constant or a literal a new
variable qB and denote for convenience of notation 0, 1 and pi also by q0, q1 and
by qpi

, respectively. Form a set of clauses LimExt(A) as follows:

• If B = ¬C, include in LimExt(A) the clauses qB , qC and q0B , q
0
C .

• If B = C ∨ D, include in LimExt(A) the clauses q0B , qC , qD and q0C , qB
and q0D, qB .

• If B = C ∧ D, include in LimExt(A) the clauses q0B , qC and q0B , qD and
q0C , q

0
D, qB .

Lemma 5.1.1 For any DeMorgan formula A, A is a tautology if and only if
the set

LimExt(¬A), q¬A

is not satisfiable.
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Definition 5.1.2 Let C be a set of clauses. An R-refutation of C is a sequence
of clauses D1, . . . , , Dk such that:

• For each i ≤ k, either Di ∈ C or there are u, v < i such that Di follows
from Du, Dv by the resolution rule,

• Dk = ∅.

The number of steps in the refutation is k.
A refutation of the set LimExt(¬A), q¬A is also called an R-proof of A.

We want to establish that R is complete and we will show that by two proofs,
the second one in the next section. We continue to use the star notation for
tree-like versions of proof systems: R∗ is the tree-like resolution.

Theorem 5.1.3 Assume C is an unsatisfiable set of clauses. Then there is an
R-refutation of C and hence also an R∗-refutation.

Proof:
Assume C contains literals corresponding to n atoms and let p be one of

them. Split C into four parts:

• C0,0 := {C ∈ C | C does not contain either p or ¬p},

• C1,0 := {C ∈ C | C does contain p but not ¬p},

• C0,1 := {C ∈ C | C does not contain p but contains ¬p},

• C1,1 := {C ∈ C | C does contain both p and ¬p}.

Form set a D consisting of all clauses that can be obtained by applying the
resolution rule on a pair of clauses, one from C1,0 and the other one from C0,1.
Claim: C0,0 ∪ D is unsatisfiable.

Assume that there is an assignment to the atoms of C00 ∪ D that makes all
clauses true. It follow that already this assignment makes either all clauses in
C1,0 or all clauses in C0,1 true and thus we can set the value for p in a way to
satisfy all of C. That would be a contradiction.

Each clause in C0,0 ∪ D is derivable from C by one application of the rule
and the set has less atoms. Proceed by induction to eliminate all atoms and to
derive ∅.

The constructed refutation will not be tree-like because the clauses in sets
C0,1 and C1,0 are used many times in a resolution inference. But we can unwind
the proof - top to bottom - always repeating the subproof of yielding a clause
as many times as it is used.

q.e.d.

Note that the second proof of the completeness in the next section will yield
directly an R∗-refutation.
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5.2 R∗ and the DPLL Procedure

Let us start this section with another construction proving Theorem 5.1.3. As-
sume that we are given C and consider the following procedure which we shall
picture as a binary tree. At the root pick any atom p, label the root by p and
consider two arrows leaving it labelled p1 and p0, respectively. Going along the
arrow pb, b ∈ {0, 1}, substitute p := b ∈ {0, 1} in all clauses of C. Then pick
another variable q to label the node, split the subtree into two and label the
arrows q0 and q1 as before, etc. Every node v in the tree determines a partial
truth assignment αv by looking at the labels of the arrows leading from the root
to v. The process stops at the node v (i.e. the tree does not branch there any
more) if αv falsifies a clause from C.

Denote by Tv the subtree starting at the node v. In particular, if the process
stopped at v, Tv is just the one node v.

Claim: For each v, the clause

Ev := {p1−b | p ∈ dom(αv) ∧ αv(p) = b}

has an R∗-derivation from C whose proof tree is Tv.

This is proved by induction on the size of Tv. If |Tv| = 1, by the stopping
condition Ev contains a member of C. If v is labeled by q and has two successors
e, f , then by the induction assumption, Ee and Ef have R∗-refutations with the
underlying trees Te and Tf , respectively. Joint them by resolving the clauses
Ee Ef with respect to the atom q.

The procedure described in this construction is called DPLL after Davis and
Putnam [170] and Davis, Logemann and Loveland [168]. We now observe that
the converse of the construction also holds. That is, on unsatisfiable sets of
clauses R∗-refutations are exactly DPLL computations.

The first part of the next lemma restates explicitly what was done in the
construction above, the second part is obvious.

Lemma 5.2.1 Let C be an unsatisfiable set of clauses and let C̃ be the set of all
clauses containing as a subset a clause from C. Then the following correspon-
dence holds:

1. If σ is the labelled tree of a DPLL computation on C then an R∗-refutation
of C̃ is obtained by the following relabelling:

• Label each node v by the clause Ev (defined in the claim above),
• at each node v use the resolution rule to resolve the clauses labelling

the sons of v with respect to the variable labelling v in σ.

2. If π is an R∗-refutation of C then construct a DPLL computation by:

• The tree of the computation will be the tree of π, with the root being
the end clause ∅ and with the arrows leading from a clause to the two
hypotheses of the inference yielding it in π,



Resolution 121

• the branching variable of σ at a node is the variable which was re-
solved at that node in π.

Talking in item 1. about refutations of C̃ instead of C allows to leave the under-
lying tree unchanged; otherwise it would have to be trimmed because the leaf
labels Ev may be in C̃ \ C and when replacing it by a subset that is from C it
may not be possible to perform some inferences along the path to the root (as
some literals to be resolved may have disappeared). In the next section we shall
introduce the weakening rule and with it C̃ would not be need.

One can look at the DPLL procedure also as on a decision tree solving
the following search problem Search(C) associated with an unsatisfiable set
C = {C1, . . . , Ck} of clauses:

• Given a truth assignment α to the variables of C, find some Ci falsified by
α.

Lemma 5.2.1 implies that the minimum size of a decision tree solving Search(C)
equals to the minimum size of an R∗-refutation of C.

5.3 Regular Resolution and Read Once Branch-
ing Programs

We now extend the correspondence between R∗-refutations and decision trees
to a class of dag-like R-refutations satisfying the regularity condition defined
by Tseitin [496]. An R-refutation of C is regular if and only if on every path
through the refutation from the end-clause to an initial clause is every atom
resolved at most once.

The corresponding computational device will generalize decision trees as
well. A branching program σ for solving Search(C) is a dag with one root,
several inner nodes and several leaves such that:

• The root and the inner nodes are labelled by the variables of C,

• the root and the inner nodes have the out-degree 2 and the two arrows
leaving the node are labelled by p and ¬p, respectively, where p is the
variable labeling the node,

• the leaves of σ are labelled by the clauses of C.
Every assignment α determines a path Pα through σ from the root to a leaf.
We say that σ solves Search(C) if and only if the clause labelling the leaf on Pα

is falsified by α, for all α.
A branching program is read-once if and only if on every path through the

branching program every variable occurs at most once as a label of a node.

Theorem 5.3.1 Let C be an unsatisfiable set of clauses. Denote by k the min-
imum number of clauses in a regular R-refutation of C and by s the minimum
number of nodes in a read-once branching program solving Search(C).

Then k = s.
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Proof:
Take a regular R-refutation π of C. It determines a branching program σ

by the relabelling analogous to Lemma 5.2.1: the end-clause of π becomes the
root of σ, the initial clauses in π become the leaves of σ labelled by themselves,
and other steps in π become the inner nodes of σ with the two edges directed
from a clause to the two hypotheses of the inference yielding the clause in π.
The non-leaf nodes are labelled by the atom that was resolved at them in π and
the two arrows are labelled by p,¬p, using the complementary literal to the one
occurring in the clause.

Now assume that σ is a read-once branching program of the minimum size -
this assumption will be indeed used in the argument. Analogously to the trans-
formation of DPLL computations to R∗-refutations, we shall associate with
every node v of σ a clause Ev having the property that every assignment deter-
mining a path going through v falsifies Ev. The assignment will be, however,
less straightforward to define than it was before.

• For a leaf v put Ev to be the clause from C labelling v in σ.

For a non-leaf v, assume that the node is labelled by the atom p and the edge
labelled p goes to the node v1 and the one labelled by p0 to the node v0.

Claim: Ev1 does not contain p and Ev0 does not contain ¬p.
Here we use that σ is read-once and of the minimum size: no path reaching

v determines the value of p and at least one path does indeed reach v. If the
statement in the claim were not true, we could extend a path that reached v by
setting p := 1 if p ∈ Ev1 or by p := 0 if ¬p ∈ Ev0 . This longer path would satisfy
Ev0 or Ev1 , respectively. That contradicts the property of the construction.

The claim implies:

1. Either one of the clauses Ev1 , Ev0 is disjoint from {p,¬p},

2. or p ∈ Ev0 ∧ ¬p /∈ Ev0 and p /∈ Ev1 ∧ ¬p ∈ Ev1 .

In case 1. put Ev to be the clause containing none of the literals p,¬p. In case
2. put Cv to be the resolution of the two clauses Ev1 and Ev0 with respect to
the variable p. The construction implies that no path through v satisfies Ev.

All paths in σ start at the root and hence it has to be assigned the empty
clause and we have constructed a regular R-refutation as required.

q.e.d.

We would like to extend the correspondence to all R-refutations and all
branching programs but that does not hold. Note that s ≤ k holds without the
restriction to regular and read-once (as the proof shows).
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5.4 Width and Size

The size |D| of a clause D is also called the width of D, denoted by w(D),
i.e. it is the number of literals in D. For a set C of clauses define w(C) :=
maxD∈C w(D). In particular, the width of a proof π, w(π), is the maximum
width of a clause in the proof. We shall denote by wR(C) and wR∗(C), respec-
tively, the minimum width of an R- or R∗-refutation of C, respectively.

The number of steps in a width w proof can be bounded by the total num-
ber of all clauses of width w,

(
2n+2

w

)
. Our aim is to prove a sort of opposite

statement: a short R-proof can be transformed into a narrow proof (a proof of
a small width). This will allow us later to prove lower bounds for the size of
proofs by proving sufficiently strong lower bounds for their minimum width.

We shall use partial truth assignments called often in circuit and proof com-
plexity theory simply restrictions. Restrictions turn some literals into 1 or 0
and for this reason it is useful to allow clauses to contain the constants.

For a literal ` and ε ∈ {0, 1} and C a clause define the restriction of C by
` = ε to be the clause:

C � ` = ε :=

 C if neither ` nor ¬` occur in C
{1} if `ε ∈ C
C \ {`1−ε} if `1−ε ∈ C.

In particular, {p,¬p} gets restricted by p = ε to {1}. Similarly, for a set of
clauses C put

C � ` = ε := {C � ` = ε | C ∈ C} .

Consider the effect a restriction, say p = ε, has on a resolution inference:

X ∪ {q} Y ∪ {¬q}
X ∪ Y

If p = q then the inference transforms into

X {1}
X ∪ Y

or
{1} Y

X ∪ Y
(5.4.1)

which is not a resolution inference. But it can be replaced by the weakening
rule:

Z1

Z2
, provided that Z1 ⊆ Z2

that is obviously sound (when simulating (5.4.1) we use only one hypothesis, X
or Y ).

We shall also allow {1} as a new initial clause (axiom). Then a restriction of
a weakening inference is again an instance of the weakening rule or its conclusion
is {1}, the new axiom.

If p 6= q and pε ∈ X ∪ Y then the inference becomes

(X � p = ε) ∪ {q} (Y � p = ε) ∪ {¬q}
{1}
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and hence can be replaced by the new axiom. In the remaining case p 6= q
and pε /∈ X ∪ Y the restriction transforms the inference into another resolution
inference.

Let Rw be the proof system extending R by:

• allowing the weakening rule,

• adding the new initial axiom clause {1}

The point is that a restriction of an Rw-proof is again an Rw-proof (after trans-
forming the resolution inferences as it was described above). Clearly, lower
bounds for Rw-proofs apply, in particular, to R-proofs too.

The last two pieces of a useful notation is wRw(C ` A), denoting the mini-
mum width of an Rw-derivation of a clause A from C, and C `k A which stands
for wRw

(C ` A) ≤ k.

Lemma 5.4.1 If C � p = 0 `k A then C `k+1 A ∪ {p}.
If C � p = 1 `k A then C `k+1 A ∪ {¬p}.

Proof:
We prove only the first part as the proof of the second part is identical.

Assume that π = D1, . . . , Dt is an Rw-derivation of A from C � p = 0 having
the width k. Put Ei := Di ∪ {p}, for all i ≤ t. We claim that π′ = E1, . . . , Et

is essentially an Rw-derivation of A ∪ {p}. The qualification essentially will be
clear in a moment.

Assume first that Di ∈ C � p = 0, say Di = C � p = 0 for some C ∈ C.
Consider three cases:

1. ¬p ∈ C: Then Di = {1} and so Ei = {1, p} can be derived from the axiom
{1} by a weakening.

2. p ∈ C ∧¬p /∈ C: Then Di = C \ {p} and hence Ei = C is an initial clause
from C.

3. C ∩ {p,¬p} = ∅: Then Di = C and so Ei = C ∪ {p} can be derived from
C by a weakening.

Note that the extra line in the derivations of the clauses Ei has the width
bounded above by the width of clauses already in π′.

The case when Di is derived in π by a resolution rule was already discussed
when we motivated the extension of R to Rw. The case when Di is obtained by
the weakening rule is trivial.

q.e.d.

Lemma 5.4.2 For ε ∈ {0, 1}, assume that

C � p = ε `k−1 ∅ and C � p = 1− ε `k ∅ .

Then
wRw(C ` ∅) ≤ max(k,w(C)) .
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Proof:
By Lemma 5.4.1 the first part of the hypothesis implies C `k {p1−ε}. Resolve

{p1−ε} with all C ∈ C containing {pε}; the width of all these inferences is
bounded above by w(C). Therefore each clause D ∈ C � p = 1 − ε has an
Rw-derivation from C of the width at most max(k,w(C)).

This, together with the second part of the hypothesis of the lemma, concludes
the proof.

q.e.d.

Theorem 5.4.3 (Ben-Sasson and Wigderson[73])
Let C be an unsatisfiable set of clauses in literals pi,¬pi, for i ≤ n. Assume

that C has a tree-like Rw-refutation with ≤ 2h clauses.
Then:

wR∗
w
(C ` ∅) ≤ w(C) + h .

Proof:
We shall proceed by a double induction on n and h. If n = 0 or h = 0 then

necessarily ∅ ∈ C and there is nothing to prove. Assume that for h0 ≥ 0 the
statement is true for all h ≤ h0 and for all n ≥ 0. We shall prove that it is true
also for h0 + 1 by induction on n. By the above, we may assume that n > 0,
hence there is a literal in C.

Assume that the last inference in a refutation π (having ≤ 2h0+1 clauses) is:

{p} {¬p}
∅

Hence one of the subproofs has the size ≤ 2h0 . Assume that it is the subproof π0

ending with {p}. Restrict π0 by p = 0; it becomes an Rw-refutation of C � p = 0.
By the induction hypothesis for h0:

wR∗
w
(C � p = 0 ` ∅) ≤ w(C � p = 0) + h0

Similarly, the restriction of the subproof π1 ending with {¬p} by p = 1 becomes
a refutation of C � p = 1. It may have up to ≤ 2h0+1 clauses but it has ≤ n− 1
atoms. So the induction hypothesis for n− 1 implies:

wR∗
w
(C � p = 1 ` ∅) ≤ w(C � p = 1) + h0 + 1

Applying Lemma 5.4.2 concludes the proof.

q.e.d.

Note that this immediately yields a lower bound for the size in terms of a
lower bound for the width.

Corollary 5.4.4
Every tree-like Rw refutation of any C must have the size at least

2wR∗w (C`∅)−w(C) .
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Much more interesting is the following statement that shows that one can
derive a lower bound for the size from one for the width even for general, not
necessarily tree-like, Rw-proofs.

Theorem 5.4.5 (Ben-Sasson and Wigderson [73])
Let C be an unsatisfiable set of clauses in literals pi,¬pi, for i ≤ n. Then

every Rw-refutation must have the size at least

2Ω(
(wRw

(C`∅)−w(C))2

n ) .

Proof:
Let k be the number of clauses in an Rw-refutation π of C. Let h ≥ 1 be a

parameter. Later we shall specify that h := d
√

2n log(k)e but this actual value
is not used in the argument; it is only used at the end to optimize the bound.

We shall prove that

wRw(C ` ∅) ≤ w(C) +O(
√
n log(k)) .

If n = 0 then ∅ ∈ C and there is nothing to prove.
Suppose n > 0. Call a clause C in π wide if w(C) > h. Let s := (1− h

2n )−1.
By double induction on n and on t we prove that if the number of wide clauses
in π is < st then

wRw(C ` ∅) ≤ w(C) + h+ t .

Assume t = 0. Then there is no wide clause, i.e w(π) ≤ h ≤ w(C) + h.
Now assume t > 0. One of the 2n literals, say `, has to appear in at least

sth
2n wide clauses. Restrict π by ` = 1. The clauses containing ` will transform
to {1}. Hence, in π � ` = 1, a refutation of C � ` = 1, there remain less than

st − sth

2n
= st−1

wide clauses. By the induction hypothesis for t− 1:

wRw
(C � ` = 1 ` ∅) ≤ w(C � ` = 1) + h+ t− 1 .

Now apply to π the dual restriction ` = 0. This produces a refutation π � ` = 0
of C � ` = 0 where the number of wide clauses is still < st but where the number
of atoms is n− 1. Hence, by the induction hypothesis for n− 1:

wRw
(C � ` = 0 ` ∅) ≤ w(C � ` = 0) + h+ t .

By applying Lemma 5.4.2 we get:

wRw(C ` ∅) ≤ w(C) + h+ t .

The particular value of the parameter h yields the wanted upper bound (using
the estimate trivial t ≤ logs(k)).

q.e.d.

In order to be able to prove some lower bounds on the size of resolution
proofs via this theorem, we will need unsatisfiable sets of clauses of small width
(perhaps even constant) which require wide Rw-proofs. We shall construct such
sets of clauses in Section 13.3.
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5.5 Height and Space

The height of an R-refutation π, denoted by h(π), is defined identically as
the height of Frege proofs in Section 2.2: it is the maximum length of a path
through the proof-graph of π. Similarly, hR(C) is the minimum height of an
R-refutation of C, and clearly hR(C) = hR∗(C) for R∗. Its apparent significance
is in estimating the longest run when using an R- or R∗-refutation for solving
the search problem Search(C) from Section 5.2: the maximum length of a path
through the associated decision tree or branching program is the height. This,
perhaps coupled with a Spira-type argument, can be used for simple lower bound
proofs (cf. Chapter 13).

The height also relates to the space complexity of an R-proof. This is a
measure that has a natural intuitive appeal for all proof systems based on ma-
nipulating lines via rules. For resolution and, in general, for R-like proof systems
it is claimed to have an algorithmic significance. There are several versions of
this measure (cf. also Section 5.9) but we shall consider here only the total space
and the clause space.

Let π be an R-refutation of C. The space π uses is, intuitively, the minimum
number of symbols other than clauses from C that it suffices to remember at
any given time in order to verify that π is indeed a valid refutation. Formally,
consider a sequence of CNFs which we picture as sets of clauses

D0, . . . ,Ds

called configurations, such that:

(1) D0 = ∅,

(2) For each t = 1, . . . , s, Dt was obtained from Dt−1 by one of the rules:

(a) Dt = Dt−1 ∪ {C}, for some C ∈ C (an axiom download),
(b) Dt ⊆ Dt−1 (a clause erasure),
(c) Dt = Dt−1 ∪ {G}, where G is a resolvent of two clauses E,F ∈ Dt−1

and the inference occurs in π (a resolution inference).

(3) ∅ ∈ Ds.

The total space of π, denoted by Tsp(π), is

Tsp(π) := min(max
t

∑
D∈Dt

|D|) (5.5.1)

and the clause space of π, denoted by Csp(π), is

Csp(π) := min(max
t
|Dt|) (5.5.2)

where the minima are taken over all sequences D0, . . . ,Ds satisfying the above
conditions. The minimum (total or clause) space of any R-refutation of C will
be denoted by TspR(C) and CspR(C) respectively, and analogously for R∗.
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Lemma 5.5.1 For any set of clauses C:

1. TspR(C) and CspR(C) are defined by (5.5.1) and (5.5.2) where the min-
ima are taken over of all sequences D0, . . . ,Ds of configurations satisfying
the conditions (1), (2) and (3) above with the condition that the inference
has to occur in π dropped in (2c).

2. CspR(C) ≤ 1 + hR(C).

3. CspR(C) ≤ n+O(1), where n is the number of variables in C.

[The sequences D0, . . . ,Ds from statement 1. are called configurational
refutations of C. The meaning of the statement is that when discussing the
space complexity it is sufficient to consider configurational refutations. We say
that a sequence D0, . . . ,Ds is a configurational proof of clause A from clauses
C if and only if the condition (3) that ∅ ∈ Ds is changed to A ∈ Ds.]
Proof:

The first statement is obvious. For the second assume h = hR(C) and take
without a loss of generality an R∗-refutation π of C of height h. Say that a
clause A in π is at level ` if and only if ` is the maximum length of a path from
A to some initial clause. By induction on ` = 0, . . . , h prove

Claim:Every clause in π at level ` has a configurational proof from C with the
clause space at most 1 + `.

If A is an initial clause (` = 0) this is obvious. If A is at level `+ 1 and was
derived form E,F (necessarily at levels at most `) find first a configurational
proof of {E} (of space ≤ `) and use the erasure rule to keep in the memory
just E, and then take a space ≤ ` configurational proof of {F} adding to each
configuration clause E. This yields a configurational proof of {E,F} of space
≤ 1 + ` and in one step we derive {G} itself.

The third statement follows from the second as clearly hR(C) ≤ n.

q.e.d.

The definition of the space measure using configurations relates a priori to
general, dag-like, refutations. For tree-like refutation we could use the same
definition but with the condition (2c) changed to:

• Dt = (Dt−1 \ {E,F})∪ {G}, where G is a resolvent of two clauses E,F ∈
Dt−1 and the inference occurs in π (resolution inference).

In other words, whenever we use a resolution inference to get the next configu-
ration we have to erase the hypotheses of the inference.

An alternative and a quite elegant formulation uses a pebbling of the proof
graph of π and the same definition applies then to both the dag-like and the
tree-like refutations. Think of the nodes in a proof graph (i.e. clauses in π) to
be in two possible states: pebbled or not pebbled. At the beginning no nodes
are pebbled and we can pebble or un-pebble a node according to the following
rules:
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• A pebble can placed on an initial clause anytime,

• a pebble can be removed anytime,

• if both hypotheses of a resolution inference are pebbled you can put a
pebble on the consequence of the inference.

The pebbles can be reused. The aim is to pebble eventually the end-clause. The
following lemma is straightforward (and can be also modified for Tsp).

Lemma 5.5.2 For an R-refutation π, the minimum number of pebbles needed
to legally pebble the end-clause of π equals to Csp(π). The same holds for
R∗-refutations if the configurational definition is altered as described above.

To complement the second statement note that there are R∗-refutations with
the number of steps and the width bounded by 2h and h respectively, for h the
height. Hence we get

Corollary 5.5.3 TspR(C) ≤ hR(C)(1 + hR(C)).

We want a form of an opposite estimate and it is clear that it ought to be
possible. The configuration proofs carry in each configuration all information
needed to progress in the proof. This is quite analogous to the construction
of tree-like proofs from general Frege proofs in Theorem 2.2.1 (the formulas
Di in its proof are essentially configurations). Similarly as tree-like proofs can
be further put into a balanced tree form we can balance configurational proofs
as well, getting an estimate on its height. This view of configurational proofs
yields the following lemma. In its proof we shall use the relation between R∗

and DPLL as it is simpler than to directly manipulate proofs.

Lemma 5.5.4
It holds that

hR(C) ≤ O(Tsp2
R(C) · log n) ,

where n is the number of atoms in C.

Proof:
Put s = TspR(C) and let Θ : D0, . . . ,Dr be a configurational proof wit-

nessing the space bound. We shall use Θ to devise a strategy for the DPLL
procedure solving Search(C) (cf. Section 5.2).

Let a = br/2c and ask for the values of all (at most s) variables in Da.
If they make all clauses in the configuration true, concentrate on the second
half Da+1, . . . ,Dr. If they make some clause false, concentrate on the first half
D0, . . . ,Da. After at most log r such rounds (i.e. at most s(log r) variable
queries) we must find a pair Dt,Dt+1 in which all clauses in the first configu-
ration are true and there is some clause in the second one that is false. The
only option how this could happen is that the configuration was obtained by
the axiom download rule, i.e. we have found a falsified clause in C.

Lemma 5.2.1 finishes the proof, noting that r ≤ (2n+ 2)s.
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q.e.d.

We conclude this section by a theorem linking the width and the clause
space.

Theorem 5.5.5 (Atserias and Dalmau [31])
It holds that: wR(C) ≤ CspR(C) + w(C).

Proof:
Assume ρ : D0, . . . ,Dr is a sequence of CNFs (configurations) witnessing

the value s = CspR(C). We shall use ρ to construct an R-refutation having the
width bounded above by s+ w(C) (actually −1).

Each Di is of the form∧
u≤si

Ei
u , where Ei

u =
∨

v `
i
u,v, `iu,v literals .

with si ≤ s and Di+1 follows simply from Di. The qualification simply means
that there is a short tree-like depth 2 LK-proof of the sequent

−→ Di+1

from the sequents
−→ Di and −→ C , all C ∈ C .

These proofs can be arranged into a balanced tree and using the constructions of
Lemmas 3.4.4 and 3.4.5 it can be further transformed into a resolution refutation
of C. To liberate the reader from the need to refresh that material (or to actually
read it) we present the construction in a self-contained manner. However, the
constructions remains essentially the same.

Think of the derivation of

Di −→ Di+1

from C as saying that if we have witnesses (some literals `iu,v) for each disjunction
Ei

u, all u ≤ si, we can prove that some si+1-tuple of literals witnesses all Ei+1-
formulas in Di+1. In resolution this is better phrased counter-positively.

For i ≤ r denote by Fi the of clauses:

{¬`iu,vu
| u = 1, . . . , si} , for all choices v1, . . . , vsi+1 .

Note that their width is bounded above by si ≤ s.

Claim:For each i < r, all clauses of Fi can be derived in R from Fi+1 ∪ C by a
derivation of width at most s+ w(C)− 1.

This is fairly easy to check for all the rules how one can derive Di+1 from Di.
Let us verify the case in which the width increases by w(C) − 1, the download
of an axiom C = {`1, . . . , `w} ∈ C. This means that the clauses in Fi+1 have
the form F,¬` for all choices of F ∈ Fi and ` ∈ C.
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Consider `1 and resolve all clauses F,¬`1 against C, getting all F, `2, . . . , `w.
Then resolve all these clauses against all F, `2, getting all F, `3, . . . , `w, etc.

The claim implies the theorem because the last configuration Dr contains ∅,
hence we are starting with {1}, and the first configuration is empty, hence we
get a refutation.

q.e.d.

5.6 Interpolation

The following notation will be handy; for a given a clause D put:

•
∨
D: the disjunction of all literals in D,

• ¬D: |D| unit size clauses consisting each of the negation of a literal from
D,

•
∧
¬D: the conjunction of the negations of all literals in D.

Let A1, . . . , Am, B1, . . . , B` be clauses satisfying (for all i ≤ m and j ≤ `):

Ai ⊆ {p1,¬p1, . . . , pn,¬pn, q1,¬q1, . . . , qs,¬qs} (5.6.1)

and
Bj ⊆ {p1,¬p1, . . . , pn,¬pn, r1,¬r1, . . . , rt,¬rt} . (5.6.2)

In particular, only the literals corresponding to p may occur in both Ai and Bj .
The set {A1, . . . , Am, B1, . . . , B`} is unsatisfiable if and only if the implica-

tion: ∧
i≤m

(
∨
Ai) −→ ¬

∧
j≤`

(
∨
Bj) (5.6.3)

is a tautology. By the Craig interpolation Theorem 1.1.3 it has an interpolant
I(p). The size of I(p) constructed in the proof of Theorem 1.1.3 is possibly
exponential in n, the number of atoms p.

We proved in Theorems 3.3.1 and 3.3.2 that it is possible to estimate the
complexity of the interpolant by the size of a cut-free proof of the implication.
The following theorem proves an analogous result for R.That is rather surprising
as R is in a sense the opposite of cut-free LK: there are only cuts. We shall give
two more proofs of this theorem in Chapter 17.

Theorem 5.6.1 (The feasible interpolation theorem, K. [282]) Assume
that the set of clauses

{A1, . . . , Am, B1, . . . , B`}
satisfies (5.6.1) and (5.6.2) and has a resolution refutation with k clauses.

Then the implication (5.6.3) has an interpolating circuit I(p) whose size is
O(kn). If the refutation is tree-like, I is a formula.

Moreover, if all atoms p occur only positively in all Ai then there is a
monotone interpolating circuit (or a formula in the tree-like case) whose size
is O(kn).
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Proof:
Let σ = D1, . . . , Dk be an R-refutation of clauses A1, . . . , Am, B1, . . . , B`.

For a clause D denote by Dp, Dq and Dr the subsets of D consisting of the
literals corresponding to the atoms p, q and r, respectively. Let S be the set of
the following sequents:∨

Au,¬Aq
u −→ Ap

u , 1 ≤ u ≤ m , (5.6.4)

−→ Bp
v , B

r
v ,

∧
¬Bv , 1 ≤ v ≤ ` . (5.6.5)

Claim: For i ≤ k there exist cedents Γi,∆i and negation normal form LK−-
proofs πi of sequents Si of the form

Si : Γi,¬Dq
i −→ Dp

i , D
r
i ,∆i

from S such that it holds:

1. All initial sequents in πi are in S,

2. atoms r do not occur in Γi and all formulas in Γi are either one of∨
A1, . . . ,

∨
Am or are logically valid,

3. atoms q do not occur in ∆i and all formulas in ∆i are either one of∧
¬B1, . . . ,

∧
¬B` or are unsatisfiable,

4. πi has at most i non-unary inferences and if σ is tree-like, so is πi.

The claim is proved by induction on i. If Di is an initial clause Au then Si

(with Γi = {
∨
Au} and ∆i := ∅) is in S. Analogously when Di is an initial

clause Bv.
If Di was inferred from Du, Dv by resolving a p or an r atom x, say x ∈ Du

and ¬x ∈ Dv and
Di = (Du \ {x}) ∪ (Dv \ {¬x})

then put ∆i := ∆u ∪∆v ∪ {x ∧ ¬x} and Γi := Γu ∪ Γv and from

Su : Γu,¬Dq
u −→ Dp

u, D
r
u,∆u

and
Sv : Γv,¬Dq

v −→ Dp
v , D

r
v,∆v

derive
Si : Γi,¬Dq

i −→ Dp
i , D

r
i ,∆i

by some weakenings and one ∧:right. If the resolved variable was a q variable
then put ∆i := ∆u ∪ ∆v, Γi := Γu ∪ Γv ∪ {x ∨ ¬x} and use some weakenings
and one ∨:left.

Initial sequents in πk are all in S. If it is (5.6.4), its interpolant is
∨
Ap

u.
Note that it has size O(n) and it is monotone if no negated p variable occurs in
Au. If it is (5.6.5) its interpolant is constant 1.
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The wanted interpolant is then constructed from πk as in the proofs of
Theorems 3.3.1 and 3.3.2. It has the general form K(s1, . . . , st) where si are
interpolants of initial sequents and K is a monotone circuit (or a formula in the
tree-like case) whose size is bounded by the number of non-unary inferences, i.e.
by k. The total size is then O(kn).

q.e.d.

5.7 DNF-resolution

The DNF-resolution (denoted by DNF-R), a proof system operating with
DNF formulas, was defined in [291] (and called there R+) in order to describe a
proof system (to be denoted later by R(log)) corresponding precisely to bounded
arithmetic theory T 2

2 (α) (cf. Section 10.5). But the proof system and its frag-
ments R(f) have now a life of their own independent of bounded arithmetic.

In the context of DNF-R we may talk about DNF formulas as of clauses of
logical terms (i.e. conjunctions of literals, cf. Section 1.1) to stress that DNF-R
extends R by allowing in clauses not only literals but their conjunctions as well.
DNF-R has the following rules:

C ∪ {
∧

j `j} D ∪ {¬`′1, . . . ,¬`′t}
C ∪D

if t ≥ 1 and all `′i occur among `j , and

C ∪ {
∧

j≤s `j} D ∪ {
∧

s<j≤t `j}
C ∪D ∪ {

∧
i≤s+t `i}

.

The proof of the following statement is straightforward and is omitted.

Lemma 5.7.1 Let A be a set of DNF formulas. Then A is unsatisfiable if and
only if it has a DNF-R refutation.

Moreover, if A consists of k-DNF formulas then there is such a refutation
using kDNF formulas only.

For a constant k ≥ 1, denote by R(k) the subsystem of DNF-R operating with
k-DNF formulas. For the link with bounded arithmetic it was important to
define systems in which the size of the terms in formulas allowed in refutations
may grow with the size of the initial clauses and of the refutation itself.

Let f : N+ −→ N+ be a non-decreasing function. Define the R(f)-size of
a DNF-R refutation π to be the minimum s such that:

• π has at most s steps, and

• every logical term occurring in π has size at most f(s).
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For example, a size s R(log)-refutation may contain terms of the size up to log s.
The bottom case of Lemma 3.4.7 about the relation of tree-like and dag-like

LK proofs of a fixed Σ-depth is the mutual simulation of LK1/2 (i.e. R(log))
and LK∗

3/2. Latter we shall need to go one step lower, as formulated in the next
lemma.

Lemma 5.7.2 R p-simulates R∗(log) with respect to refutations of sets of clauses.
In fact, if C is a set of clauses in n variables and of width w0 := w(C) and

ρ is its R∗(log)-refutation with k := k(ρ) number of steps, height h := h(ρ) and
total size s := |ρ|, then there is an R-refutation π of C such that:

• k(π) = O(kw0),

• w(π) = max(w0, h · log(s)).

Moreover, π can be constructed from ρ by a p-time algorithm.

Proof:
The construction of π follows the strategy employed in the proof of Lemma

3.4.4. Let D be a DNF-clause in ρ of the form∧
j∈J1

`1j , . . . ,
∧

j∈Jr

`rj

where `ij are literals. Note that |Ji| ≤ log s. Let ρD be the subproof of ρ ending
with D and assume kD := k(ρD) and hD := h(ρD).

Claim:There is an R-refutation πD of C together with the clauses∨
j∈J1

¬`1j , . . . ,
∨

j∈Jr

¬`rj (5.7.1)

such that:

• k(πD) = O(kD) +O(|C|),

• w(πD) = max(w0, hD · log s).

In particular, |πD| = O(s3 log s).

Let C′ be C together with all clauses (5.7.1). To simulate the key R(log)
inference of the form

D,
∧

j∈J `j D ∪ {¬`j | j ∈ J ′}
D

, some ∅ 6= J ′ ⊆ J

we assume that we have an R-refutations π1 of C′ ⊇ C together with∨
j∈J′

¬`j



Resolution 135

and an R-refutation π2 of C′ together with |J ′| singleton clauses

{`j} , one for each j ∈ J ′ .

Modify π2 as follows: whenever any clause {`j} is used as a hypothesis of
an inference, do nothing and keep the complementary literal ¬`j in the other
hypothesis. This turns π2 into the R-derivation π′2 of

∨
j∈J′ ¬`j from C′, with

k(π2) steps and the width at most

w(π2) + |J ′| ≤ w(π2) + log s ≤ (h(π2) + 1) · log s .

Extending π′2 by π1 yields πD.
The additive factor O(|C|) in the estimate to k(πD) comes from the estimate

to the total number of steps needed to repeat for each C ∈ C the refutation of

C ∪ {{¬`} | ` ∈ C} .

q.e.d.

By organizing the construction in the Spira-type fashion we can replace the
multiplicative factor h(ρ) in the estimate for w(π) by O(log k(ρ)). This yields

Lemma 5.7.3 Under the same assumptions as in Lemma 5.7.2 an R-refutation
can be found with

w(π) = max(w0, (log(k(ρ)) · log(s)) .

In particular, if w0 ≤ log s, w(π) ≤ O(log2s).

5.8 Extended Resolution

The second strengthening of R is Tseitin’s [496] Extended resolution denoted
by ER. It is defined analogously to EF but it was, in fact, defined some ten
years earlier.

ER allows to enlarge the set of initial clauses as follows:

1. Pick two literals `1 `2 and a new atom q and add three clauses to the
initial ones:

{¬`1, q} , {¬`2, q} , {`1, `2,¬q} . (5.8.1)

2. Repeat step 1. arbitrary many times, for any literals `1, `− 2 but always
choosing a new atom in the place of q.

The variables q introduced in step 1. are called the extension variables and
the three clauses are the extension axioms corresponding to it. Note that if
the extension axioms are satisfied necessarily ` ≡ (`1 ∨ `2). Hence by repeating
the process can reduce the size of clauses in a refutation.

Lemma 5.8.1 1. ER is sound: no ER-refutable set of clauses is satisfiable.
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2. Let π be an ER-refutation of a set A of initial clauses in n variables and
assume that each clause in A has the size at most w. Assume also that π
has k steps.
Then there is an ER-refutation σ of A such that:

• k(σ) = O(k).
• The size of any clauses in σ is bounded by max(3, w).

Proof:
The first statement is obvious: if b1, b2 are truth values of `1, `2 then q can

be assigned the value b1 ∨ b2 to satisfy all extension axioms. The second part is
analogous to Corollary 2.4.7 about EF .

q.e.d.

We may interpret the definition of ER in terms of circuits. Consider circuits
C(p) with the inputs p = (p1, . . . , pn) and the inner nodes q = (q1, . . . , qs), and
the set of clauses DefC introduced in Section 1.4.

Lemma 5.8.2 Let C be a set of clauses in the variables p = (p1, . . . , pn). As-
sume π is an ER-refutation of C. Then there is a circuit D(p) of size s ≤ |π|
and a size O(|π|) R-refutation of C ∪DefD.

On the other hand, for any circuit D and an R-refutation σ of C ∪ DefD
there is an ER-refutation of C of size O(|σ|).
Proof:

The extension axioms define the extension variable q as a disjunction of
literals (corresponding to initial atoms as well as to other extension variables
introduced earlier), i.e. by a constant size circuit from the variables of the
literals. On the other hand, rewrite D using only the gates ¬ and ∧; the
instructions of D have the form of extension axioms.

q.e.d.

We will gauge the power of ER.

Lemma 5.8.3 ER ≡p EF .

Proof:
ER ≤p EF is obvious. The opposite simulation follows from the construc-

tion underlying Lemma 2.4.6 and Corollary 2.4.7.

q.e.d.

Finally, we state a useful technical lemma completely analogous to Lemma
2.4.6.

Lemma 5.8.4 Assume π is an ER-refutation of a set of clauses C in the vari-
ables p = (p1, . . . , pn). Let w0 = w(C), k = k(π) and w = w(π).

Then there is an ER-refutation ρ of C such that

k(ρ) = O(kw) and w(ρ) ≤ max(3, w0) .

In particular, |ρ| ≤ O(w0|π|2).
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5.9 Bibliographical and Other Remarks

The prominence of resolution in SAT solving and automated theorem proving
started with papers by Davis and Putnam [170] and Davis, Logemann and
Loveland [168]. Contrary to the popular belief, R was not defined by these
authors (or by Robinson [457] to whom it is sometimes attributed) but by Blake
[86] some thirty years earlier.

Sec.5.1 Resolution is also denoted by Res by some authors. R∗, the tree-like R,
p-simulates the analytic tableaux method (see Arai, Pitassi and Urquhart [22])
but it is stronger as shown by Urquhart [501]. Cut free LK− p-simulates regular
resolution by Arai [21]. Another subsystem considered in connections with SAT
solving is linear R: each new inference has to use the last derived clause.

Secs.5.2 and 5.3 Lemma 5.2.1 seems to be a folklore, Theorem 5.3.1 is from
[281, Thm.4.2.3]; it was noted by several authors and first stated explicitly
perhaps by Lovász et.al. [345]. Tseitin’s [496] lower bound for regular resolution
was one of first non-trivial lengths-of-proofs lower bounds.

Sec.5.4 The width of R refutations was first considered by Krishnamurthy
and Moll [333] who proved a width lower bound for refutations of a tautology
related to Ramsey theorem (cf. Section 13.2). Kullmann introduced the notion
of assymetric width (cf. [80] for an exposition) that allows to talk about narrow
refutations of wide initial clauses and can be characterized in terms of families of
partial assignments. Ben-Sasson and Wigderson [73] built on Clegg, Edmonds
and Impagliazzo [144] who showed a relation between the PC degree (see Section
6.2) and the resolution size, and on Beame and Pitassi [57]. The trivial estimate(
2n+2

w

)
to the number of steps in a width w proof is essentially tight by Atserias,

Lauria and Nordström [36]. The system Rw from Section 5.4 is denoted by RWS
in [147, 5.4] and the weakening rule is also called the subsumption rule there
(and in SAT solving).

Sec.5.5 A clause space measure of the complexity of R-proofs was defined by
Esteban and Toran [178]. Alekhnovich et.al. [12] considered the space complex-
ity for algebraic proof systems and also for Frege systems, and defined the total
space and also the variable space which we did not discussed: you count only the
number of distinct variables occurring in configurations. Clearly the minimum
necessary variable space (needed to refute a set of clauses) is bounded by the
minimum total space and it cannot be bounded by the minimum clause space:
by Nordström [373] CspR may be constant while the minimum variable space
may be Ω(n/ log n). It is open at present whether one can meaningfully estimate
CspR by the minimum variable space. Urquhart [502] proved that the variable
space can be bounded by the minimum height of a proof. Bonacina [88] bounds
wR by O(Tsp1/2

R )+2w(C). The fourth item in Lemma 5.5.1 was pointed out by
Esteban and Toran [178]. Lemma 5.5.4 was noted by Razborov [445] and put by
him in the wider context of relations among various proof complexity measures
for resolution. The term a configuration is due - in a wider context of first-order
logic - to Smullyan [481]. Theorem 5.5.5 was proved by Atserias and Dalmau [31]
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by a method close to the model-theoretic Ehrenfeucht-Fraissé games. Filmus
et.al. [186] gave a syntactic proof of the Atserias-Dalmau theorem, analogous
to the one given here.

In a connection with it Nordström [373] proved that CspR is not O(wR)
(the later can be constant while at the same time the former can be ω(n/ log n).

Esteban and Toran [179] give a characterization of the space for tree-like
refutations of a formula using the Prover - Delayer game of Impagliazzo and
Pudlák [247] (cf. Section 13.7) played with the formula; the characterization
does not use the notion of refutations and it is a purely combinatorial property
of the formula. They also demonstrated an Ω(n) gap in the space complexity
between dag-like and tree-like refutations.

Galesi and Thapen [195] define a number of variants of the Prover-Delayer
game and used it to characterize various subsystems of R and to formulate
some lower bound proofs. They also defined an elegant proof system called
the narrow resolution that uses initial clauses C := {`1, . . . , `e} indirectly;
you may derive a clause D once you prove all clauses D ∪ {¬`i}, i ≤ e. The
advantage is that proofs in this system may be narrow even if the initial clauses
are not.

The height of R-proofs is often called among researchers concentrating on
resolution the depth; we want to maintain a terminological unity for all proof
systems and the term depth is already prominently used in a different meaning
in Frege systems and other stronger systems.

Sec.5.6 follows [282], the proof of the Feasible interpolation theorem 5.6.1 is
streamlined a bit and gives a better bound.

Sec.5.7 The proof system DNF-R and the notion of the R(f)-size were defined
in [291]. In a subsequent literature many authors interpret R(log), and general
R(f), by simply restricting the size of terms to log n, where n is a “natural”
parameter associated with the initial clauses (this is often not the number of
variables). This is strictly speaking not correct for three reasons at least:

1. There is no canonical definition, in terms of the set of initial clauses, what
n should be and as some authors prove results about system like R(ε log n)
even a polynomial change to n makes a difference.

2. The meaning of lower bounds changes. For example, a size 2nδ

lower
bound for R(log n) means in the formal definition such a lower bound for
refutations in which terms of the size up to nδ may occur while in the
informal definition only terms of the size log n are allowed.

3. The link to bounded arithmetic is lost.

I shall stick to the formal definition in this book but the reader should be aware
that different authors may mean something a bit different.

Lauria [340] has unpublished notes presenting a proof of Lemma 5.7.3. Bey-
ersdorff and Kullmann [80] offer a unified treatment of various proof complexity
measures of resolution refutations using a game-theoretic formulation.

Sec.5.8 follows Cook and Reckhow [158] and [281].



Chapter 6

Algebraic and Geometric
Proof Systems

Algebraic and geometric proof systems that we shall introduce in this chapter
are very natural. They were studied first in other fields than in proof complex-
ity: operation research, optimization, robotics, universal algebra, to name only
few. With the exception of the Cutting planes proof system they became the
subject of studies in proof complexity first only as a technical vehicle assisting
investigations of the mutual relations of the counting principles over AC0 Frege
systems (see Section 15.5). This is true especially about the Nullstellensatz
proof system. But once was the Pandora box open, many variants of the proof
systems poured out and are now studied for their own sake. In fact, they are
studied at least as extensively as most logical proof systems are.

The general set-up for representing propositional logic in algebra or in geom-
etry is the following. Let C := {`1, . . . , `t} be a clause. If we think of the truth
values as of the 0, 1 elements of a ring then ¬` is simply 1 − `. We can then
express that C is true by either the polynomial equation

(1− `1) · · · · · (1− `t) = 0 (6.0.1)

over a field or by the integer linear inequality

`1 + · · ·+ `t ≥ 1 , (6.0.2)

thinking in both cases just of 0/1 solutions. The former representation leads
to algebraic proof systems, the latter to geometric, although this division is
somewhat arbitrary and blurred and the semi-algebraic proof systems (Section
6.4) combine both.

It is easy to prove the completeness of all proof systems discussed in this
chapter by simulating in them resolution proofs. However, in all cases the
completeness in the propositional sense is a special case of a more general com-
pleteness in some algebro-geometric sense: Hilbert’s Nullstellensatz in the case

139
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of the algebraic proof systems, the Positivstellensatz of Krivine [334] and Sten-
gle [488] in the case of the semi-algebraic systems, theorems of Chvátal [142]
and Gomory [207] in the case of the cutting plane proof system and a theorem
of Lovász and Schrijver [346] in the case of an intermediate system discussed in
Section 6.5. These more general results are used in operation research, optimiza-
tion algorithms or SAT solving and connections to these topics form important
motivations for some researchers to study the algebro-geometric propositional
proof systems.

We shall start with the equational calculus as it is a natural link to the
logical proof systems introduced in the earlier chapters.

6.1 Equational Calculus

A prominent example of a complete propositional language different from the
DeMorgan one is the language that instead of disjunction ∨ has parity connective
⊕, also called logical addition. The reason for this terminology is that ⊕
defines the addition over the 2-element field F2 with elements 0, 1. Conjunction
and negation define multiplication and the additive inverse, respectively. It is
thus natural to use the symbols of the language of rings:

0, 1,+,−, ·

where −x is the additive inverse symbol. And the next natural step is then to
consider proof systems in this language not just over F2 but over any field (or
an integral domain, more generally). The role of formulas in logical systems
is played here by terms in the language. This view of propositional logic was
brought forward by Boole [100] and although it did not lead to foundations of
logic as he originally envisioned, it plays an important role in mathematical
logic ever since.

The equational calculus, denoted by EC, is a specific proof system in the
language of rings. We shall consider EC over any underlying field F and not just
over F2. When we want to stress which field is used, we will denote the system
by EC/F. If F2 6= F then it is strictly speaking not a Frege system because it
transcends the Boolean domain and it uses also constants for the field elements.

An F-term is a term (cf. Section 1.2) of the ring language augmented
by constants for all elements of F. In the algebraic tradition we use letters
x, y, z, . . . for variables in terms. The lines in the system EC/F are equations:

t = s

between F-terms. The axioms and the inference rules of EC/F are:

1. The equality axiom and rules:

t = t
and

t = s

s = t
and

t = s s = r

t = r
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2. The additive group axioms:

t+ 0 = t , t+ (s+ r) = (t+ s) + r , t+ s = s+ t , t+ (−t) = 0

3. The multiplicative commutative semigroup axioms:

t · 1 = t , t · (s · r) = (t · s) · r , t · s = s · t

4. The distributivity axiom:

t · (s+ r) = (t · s) + (t · r)

5. The atomic diagram of F:

a+ b = c , and d · e = f

where a, b, c, d, e, f are constants for elements of F and the respective
equality is valid in F.

6. Two rules:
t = s u = v

t+ u = s+ v
and

t = s u = v

t · u = s · v

7. The Boolean axioms:
x · (x− 1) = 0

for all variables x.

Let E be a set of equations between terms. An EC/F-proof of an equation
u = v from E is a sequence π = E1, . . . , Ek of equations

Ei : ti = si

such that each step Ei is either from E or an axiom of EC/F or it was derived
from some earlier steps by one of the rules, and Ek is the target equation u = v.
An EC/F-refutation of E is an EC/F-proof of 1 = 0 from E .

If we think of a term t as of a formula in the language of EC then the
assertion that it is true is represented by the equation t = 1. On the other hand,
an equation r = s is true for a given assignment if and only if (r− s) + 1 = 1 is
true, i.e. if and only if the formula (r − s) + 1 is true. Hence we may think of
EC as of a collection of Frege rules.

Lemma 6.1.1 EC is implicationally complete.

EC is therefore a Frege system and the following statement is then a corollary
of Reckhow’s theorem.

Lemma 6.1.2 EC/F2 is p-equivalent to any Frege system.
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6.2 Algebraic Geometry and the Nullstellensatz

An EC-proof of an equation t = 0 from equations si = 0, i = 1, . . . ,m, can
be interpreted as proving that the polynomial defined by t is in the ideal
〈s1, . . . , sm, x

2
1−x1, . . . , x

2
n−xn〉 of the polynomials generated by the polynomi-

als si and x2
j − xj (where xj range over all variables involved). If we disregard

the term structure and think of the proof steps only as of polynomials, the re-
sulting system is the polynomial calculus, denoted by PC (or PC/F when
stressing the underlying field F). The axioms of EC in the items 1.-5. become
irrelevant and what remains are:

• the Boolean axioms: x2
j − xj

and two rules:

• addition rule:
f g

f + g

• the multiplication rule:
f

f · h

where f, g, h are arbitrary polynomials from the ring F[x]. Note that the two
rules correspond to the closure properties defining ideals of polynomials.

A PC/F-proof of a polynomial g from polynomials F = {fi | i ≤ m}, is a
sequence of polynomials

π = h1, . . . , hk (6.2.1)

such that each hi is either from F or one of the Boolean axioms or it is derived
from some earlier steps by one of the two rules, and hk = g. A PC-refutation
of F is a PC-proof of 1 from F , demonstrating that the ideal generated by
{f | f ∈ F} ∪ {x2

1 − x1, . . . , x
2
n − xn} is trivial.

There are two key issues we need to address:

1. How do we represent proofs so that it is feasible to recognize valid ones?

2. Is PC complete?

The first issue is resolved by representing polynomials in a canonical way as an
F-linear combination of monomials formed from the variables xj occurring in F
or in g. When F is finite or countable the linear coefficients can be represented
by finite strings of bits and thus the whole proof can. It is then a polynomial
time solvable task to check for polynomials f, g, h if f + g = h or f · g = h (in
the case of a countable F we need that its atomic diagram is polynomial time
decidable, as is the case for the rationals Q). But we shall occasionally consider
also uncountable F, like the reals R or the complex numbers C, and in these
cases the system is not a Cook-Reckhow proof system.

The second issue is resolved by Hilbert’s Nullstellensatz (Thm. 6.2.2) al-
though the next lemma shows that it is much simpler for propositional logic.
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Lemma 6.2.1 Let F be a field. Then there is a mapping assigning to an R-
refutation π of some clauses C1, . . . , Cm an PC/F-refutation σ of polynomials
fC1 , . . . , fCm

translating the clauses as in (6.0.1). In particular, PC/F2 is a
complete propositional proof system.

In fact, the mapping of π to σ satisfies:

• k(σ) = O(k(π)),

• the maximum degree of a polynomial in σ is at most 2w(π) (that quantity
will be later defined as the degree deg(σ) of σ),

• if π is tree-like so is σ and h(σ) ≤ 2h(π).

Proof:
The resolution inference

C, p D,¬p
C ∪D

corresponds to the inference

g(1− x) hx

g · h

which is simulated in PC by deriving from the hypotheses by the multiplication
rule two polynomials

gh(1− x) and ghx

and summing them together.

q.e.d.

The reason why the mapping from the proof of Lemma 6.2.1 is not a p-
simulation is that the translation of a clause C into an equivalent polynomial
fC in (6.0.1) may blow up the size exponentially: t negated variables yield 2t

monomials. This is remedied by the system PCR (to be discussed in Section
7.1) that introduces new variables standing for the negations of the original
variables.

The completeness of PC holds in a much more general sense though.

Theorem 6.2.2 (Hilbert’s Nullstellensatz) Let F be any field and let F ⊆
F[x]. Then the polynomial system

f = 0 , for f ∈ F

has no solution in the algebraic closure Facl of F if and only if the ideal 〈f | f ∈
F〉 is trivial.

In particular, the system has no 0/1 solution if and only if the ideal generated
by F ∪ {x2

j − xj | j ≤ n} is trivial.

We use this to show that the simulation of R with respect to to the number
of steps in Lemma 6.2.1 holds for a much stronger proof system.
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Lemma 6.2.3 Let C1, . . . , Cm be clauses in n atoms and assume that π is its
refutation in a Frege system in the DeMorgan language. Then there is a PC-
refutation of fC1 , . . . , fCm

with O(k(π)n) steps.

Proof:
Extend the translation (6.0.1) to all Frege formulas by:

• f⊥ := 1 and f> := 0,

• f¬E := 1− fE ,

• fD∨E := fD · fE ,

• fD∧E := 1− f¬D · f¬E .

Then, by Theorem 6.2.2, a formula E0 follows from formulas E1, . . . , E` if and
only if the equation fE0 = 0 follows from the equations

fE1 = 0 , . . . , fE`
= 0 , x2

1 − x1 = 0, . . . , x2
n − xn = 0

if and only if the polynomial fE0 is an F[x]-linear combination of the polynomials
fEi

and x2
j − xj , i, j ≥ 1.

In particular, every Frege inference with ` hypotheses can be simulated in
PC by 2(`+ n) inferences.

q.e.d.

Now we consider another formalization of ideal membership proofs. A proof
of g ∈ 〈f | f ∈ F〉 in the Nullstellensatz proof system, denoted by NS
or NS/F when stressing the field, is an F-tuple π of polynomials hf , f ∈ F ,
written as an F-linear combinations of monomials and such that

g =
∑
f∈F

hff (6.2.2)

holds in the ring of polynomials. In propositional logic we add as before the
Boolean axioms, the polynomials x2

j − xj for all variables xj , and a proof is a
tuple of polynomials hf as before and polynomials rj such that

g =
∑
f∈F

hff +
∑

j

rj(x2
j − xj) . (6.2.3)

A polynomial can be expressed as an F[x]-linear combinations of polynomials
from F and x2

j−xj if and only if it is in the ideal generated by F∪{x2
j−xj | j ≤

n}. Hence NS/F is sound and complete.

In proof complexity the main measure of complexity of PC and NS proofs
is their size as it is the case for all other proof systems. But the most natural
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measure in the algebraic context is the degree of the proof. For a PC-proof
π as in (6.2.1) define

deg(π) := max
i≤k

deg(hi)

and for a NS-proof π as in (6.2.2) put

deg(π) := max
f∈F

deg(hff)

or
deg(π) := max(max

f∈F
deg(hff),max

j≤n
deg(rj(x2

j − xj)))

in the Boolean case (6.2.3). A polynomial of degree d in n variables has at most(
n+d

d

)
monomials and so an upper bound d to the degree of an NS-proof implies,

for d ≤ n, an upper bound O((|F| + n)dnd) to its size for finite F (for any F
as well if we count the size of the coefficients from F as 1). This upper bound
is also a lower bound when the representation of polynomials is what is called
dense: it lists coefficients of all monomials of the degree at most d even if it is
0.

The number of steps in a PC-proof is well defined (there are no steps in NS-
proofs) but it makes little sense to study its value on its own. Every refutable
system of m polynomials in n variables has a PC-refutation with 2(m+ n)− 1
steps; take the NS-proof (6.2.3) and derive first in n + m steps all hff and
rj(x2

j − xj) and them sum them up in n + m − 1 steps. However, when we a
priori restrict the degree, the number of steps in PC-proofs becomes a non-trivial
measure.

The following lemma gives a simple link between the number of steps and
the degree. We shall use the star notation PC∗ to denote the tree-like version
of PC, as we did for other proof systems earlier.

Lemma 6.2.4 Let F be a set of polynomials from F[x] and g ∈ F[x]. Then:

1. If there is a degree d NS-proof of g from F then there is also a degree d
PC∗-proof of g from F .

2. If there is a PC∗-proof π of g from F in which each instance of the multi-
plication rule is multiplying by a polynomial of degree at most d then there
is an NS-proof of g from F of degree (d · h) + dF , where h = h(π) is the
height of the proof-tree of π and dF := max(deg(f) | f ∈ F).

Proof:
The first part is a trivial consequence of the construction of a PC-proof from

an NS-proof given earlier. For the second part express all polynomials p in π
(by induction on the number of steps in the subproof π′ yielding p) as linear
combinations of the elements of F where the coefficients are some polynomials
of the degree at most (d · h′) + dF , where h′ = h(π′) is the height of π′.

q.e.d.
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6.3 Integer Linear Programing and the Cutting
Plane Method

A particular case of the integer linear programming (ILP) is the task to find
an integer solution of a system of linear inequalities over rationals Q or without
a loss of generality of inequalities over integers Z:

A · x ≥ b (6.3.1)

where A is an m × n integer matrix, x is an n-tuple of variables and b is an
m-tuples of integers considered as a vector. The ordering ≥ between vectors
means that the inequality holds for every coordinate.

The decision problem, whether the system has an integer solution, is NP-
hard. This is true even when the problem is restricted to Boolean solutions in
which case it is NP-complete, cf. Karp [268]. This is readily seen by translating
CNFs into systems like (6.3.1) as described at the beginning of this chapter.

Utilizing a result of Gomory [207], Chvátal [142] introduced the cutting
plane proof method how to solve the decision ILP problems and he proved
its completeness. The propositional proof system Cutting planes CP uses his
method but considers only the 0/1 solutions. Showing the completeness of CP
as a propositional proof systems is much easier (Lemma 6.3.1).

The lines in a CP-proof are integer inequalities of the form∑
i

aixi ≥ b

where all ai and b are integers. This is the normal form but we may write some
absolute terms also on the left-hand side, when convenient. The axioms are:

x ≥ 0 and − x ≥ −1

for all variables x, forcing 0 ≤ x ≤ 1. CP has three inference rules:

• the addition rule: ∑
i aixi ≥ b

∑
i dixi ≥ d∑

i(ai + ci)xi ≥ (b+ d)
,

• the multiplication rule: ∑
i aixi ≥ b∑

i(ai · c)xi ≥ b · c

if c ≥ 0, and

• the division rule: ∑
i aixi ≥ b∑

i(ai/c)xi ≥ db/ce
.

if c > 0 divides all ai.
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The last rule is called the Gomory-Chvátal cut.
CP is a refutation system: it refutes the solvability of the initial set of linear

inequalities in 0, 1 by deriving 0 ≥ 1.

Lemma 6.3.1 CP ≥p R.

Proof:
Let C1, . . . , Cm be initial clauses and assume π : D1, . . . , Dk(= ∅) is their R-

refutation. For E a clause let LE be the integer linear inequality that represents
E. By induction on i we prove

Claim: LDi
has a CP derivation from LC1 , . . . , LCm

with O(i) steps and such
that all coefficients occurring in the derivation have the absolute value at most
2.

Assume
(A =)U, x (B =)V,¬x

U ∪ V
is an inference in π. For U = {`1, . . . , `t} write LU as `1 + · · · + `t ≥ 1, and
similarly for A,B, V = {`′1, . . . `′s}. Hence we want to derive LU∪V from

LA : `1 + . . . ,+`t + x ≥ 1 and LB : `′1 + . . . ,+`′s + (1− x) ≥ 1 .

Sum both inequalities and subtract from both sides 1: this will yield an in-
equality where the right-hand side is 1 and the left-hand side is a sum of literals
from U ∪ V , some having coefficients 1 and some possibly 2 (if they appeared
in both U and V ). Add to this inequality all inequalities ` ≥ 0 for all ` having
coefficient 1, and then divide the result by 2 to get LU∪V . (Note that this uses
crucially the rounding up in the division rule: 1/2 gets rounded up to 1.)

q.e.d.

Let us give an example of a short proof in CP. In Section 1.5 we defined the
propositional pigeonhole principle PHPn in (1.5.1). It is translated into integer
linear inequalities with variables xij , i = 1, . . . , n+ 1 an j = 1, . . . , n as:∑

j

xij ≥ 1 and − xi1j − xi2j ≥ −1 (6.3.2)

for all i ∈ [n + 1], and i1 6= i2 ∈ [n + 1] and j ∈ [n]. The third conjunct in the
¬PHPn becomes

−xi,j1 − xi,j2 ≥ −1

for i ∈ [n+ 1] and j1 6= j2 ∈ [n] but it is not needed in the proof below.

Lemma 6.3.2
CP refutes (6.3.2) in O(n2) lines in which all coefficients are bounded in the

absolute value by n and hence the total size is at most O(n4 log n).
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Proof:
By summing up the left-hand sides of the inequalities in (6.3.2) over all i we

get: ∑
i

∑
j

xij ≥ n+ 1 . (6.3.3)

This needs n inferences and all coefficients are 0 or 1.
Now we shall deduce also ∑

i

∑
j

xij ≤ n . (6.3.4)

In the format of CP-lines this is −
∑

i

∑
j xij ≥ −n and summing this inequality

with (6.3.3) yields 0 ≥ 1, i.e. the refutation of the PHP-inequalities (6.3.2).
Let us rewrite for a better reading the right-hand side inequalities from

(6.3.2) as
xi1j + xi2j ≤ 1 .

We shall derive for each j ∑
i

xij ≤ 1 (6.3.5)

and summing these inequalities (in n − 1 steps) over all j yields the wanted
(6.3.4).

To prove (6.3.5) show by induction on s = 1, . . . , n+ 1 that∑
i≤s

xij ≤ 1 . (6.3.6)

For s = 1 this is one of the Boolean axioms.
For the induction step assume we know (6.3.6). Multiplying this by s − 1

and adding to it axioms
xij + x(s+1)j ≤ 1

for all i ≤ s yields ∑
i≤s+1

sxij ≤ 2s− 1

from which (6.3.5) follows by the rounded division by s (note that we have ≤
and hence 2− 1/s rounds down to 1).

The induction step needed s + 2 steps so in total the derivation of (6.3.5)
used O(n2) steps in which all coefficients were bounded in the absolute value
by n.

q.e.d.

In principle a CP refutation can apply the division rule with any c > 0
dividing all ai and there is also not a bound to the size of integer coefficients
that may occur. The next statement offers a useful reduction.
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Theorem 6.3.3 (Buss and Clote [122])

1. For c > 1, the subsystem CPc of CP allowing the division rule only by c,
is p-equivalent to CP.

2. Assume that A ·x ≥ b is a system of m integer linear inequalities and that
every coefficient in the system (i.e. in A as well as in b) is bounded in the
absolute value by B.

If there is a CP refutation of the system with k steps then there is another
CP refutation σ such that:

• σ has O(k3 log(mB)) steps,

• every integer occurring in σ has the absolute value bounded above by
O(k2kmB).

6.4 Semialgebraic Geometry and the Positivstel-
lensatz

The reasoning over the real closed ordered field R(0, 1,+,−, ·,≤) combines in
a sense the algebraic reasoning as formalized by PC (we are in a field) and
the (linear) geometric reasoning as formalized by CP (we have the ordering in
the language). In the structure R(0, 1,+,−, ·,≤) one cannot define the ring
of integers but the Boolean axioms still single out the values 0 and 1. In the
presence of these axioms we can represent a clause by either the equation (6.0.1)
or by the linear inequality (6.0.2).

In the semialgebraic calculus, to be denoted by SAC, the lines in proofs
are polynomials from R[x], with the line f representing the inequality f ≥ 0 (we
will use the explicit notation with the inequality sign when convenient). SAC
has the non-negativity of squares axiom:

f2 ≥ 0

and the axiom
1 ≥ 0

and the rules:

• the addition rule:
f ≥ 0 g ≥ 0
af + bg ≥ 0

,

for all a, b ∈ R+,

• the multiplication rule:

f ≥ 0 g ≥ 0
f · g ≥ 0

.
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For propositional logic we also include the Boolean axioms as earlier, written
now as two inequalities:

x2 − x ≥ 0 and x− x2 ≥ 0 (6.4.1)

for all variables x.
To justify the claim that the reasoning over the reals incorporates the alge-

braic reasoning of PC we prove the following simple lemma.

Lemma 6.4.1 SAC ≥p PC/R. In particular, SAC is a complete propositional
proof system.

Proof:
Assume π = h1, . . . , hk is a PC-proof of g from f1, . . . , fm, all polynomials

over R. Show by induction on i ≤ k that both

hi ≥ 0 and − hi ≥ 0

have SAC-proofs σ+
i , σ

−
i , respectively, from

fj ≥ 0 and − fj ≥ 0 , for all j ≤ m

with O(i) steps and the degree at most deg(π). This is non-trivial only when
hi was derived from hj , j < i, by multiplying it by p:

hi = hj · p .

Write p = p+ − p−, where both p+ and p− have only non-negative coefficients.

Claim 1: Both inequalities p+ ≥ 0 and p− ≥ 0 have SAC-proofs with O(|p|)
lines and degree ≤ deg(p).

First note that x ≥ 0 follows by summing up the Boolean axiom x− x2 ≥ 0
with the squares axiom x2 ≥ 0, for each variable x. Using the multiplication
rule then derive xj1 . . . xjt

≥ 0 for all monomials xj1 . . . xjt
in p and then use

the addition rule to get the claim.

Now, to construct the proof σ+
i , use Claim 1 and derive by the multiplication

rule from hj ≥ 0 and −hj ≥ 0 both

hj · p+ ≥ 0 and − hj · p− ≥ 0

from which hi(= hjp) follows by the addition rule.

q.e.d.

Lemma 6.2.1 implies

Corollary 6.4.2 SAC ≥p R.
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We would like to justify the earlier claim that SAC subsumes also the linear
geometric reasoning by showing that SAC p-simulates cutting planes CP. But
that is an open problem. To prove such a simulation it would clearly suffice to
simulate the rounded division rule of CP and show that SAC is closed (with
efficient proofs) under the following (sound) rule:

f ≥ 1/k
f ≥ 1

where f ∈ Z[x] is a linear polynomial and k > 1 is an integer. In fact, if we
want to simulate only CP-refutations (rather than CP derivations of general
inequalities) this may not be needed.

PC is complete in a stronger sense than just as a propositional proof system
as guaranteed by the Nullstellensatz (Thm.6.2.2). Similarly we can consider
SAC more generally as a proof system starting with an initial combined system
of polynomial equations and inequalities:

f = 0 , for f ∈ F , and g ≥ 0 , for g ∈ G (6.4.2)

where F ,G ⊆ R[x] and x = x1, . . . , xn.
The notion analogous to an ideal is in this context a cone. A cone c(g1, . . . , g`)

generated by polynomials gi ∈ R[x] is the smallest subset of R[x] containing
all gi, all squares h2 from R[x], and closed under the addition and the multi-
plication. If we denote by SOS the subset of R[x] consisting of the sums of
squares, elements of c(g1, . . . , g`) are exactly those polynomials that can be
expressed as ∑

J

hJ · (
∏
j∈J

gj)

where J range over all subsets of {1, . . . , `} (including the empty set) and all hJ

are from SOS.
The following theorem is a Nullstellensatz-type statement in this context.

From the mathematical logic point of view both the Nullstellensatz and this
statement can be seen as consequences of the model-completeness of algebraically
closed fields and of the real closed ordered field, respectively.

Theorem 6.4.3 (Positivstellensatz) The system of equations and inequali-
ties (6.4.2) has no solution in R if and only if there are polynomials

f ∈ 〈F〉 and g ∈ c(G)

such that f + g = −1.

Let us consider two special cases of this theorem, when G = ∅ and when
F = ∅. In the former case the cone c(∅) is just the set SOS and hence we get
the following corollary.
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Corollary 6.4.4 The system of equations

f = 0 , for f ∈ F (6.4.3)

has no solution in R if and only if there are polynomials

f ∈ 〈F〉 and g ∈ SOS

such that f + g = −1.

For F = {f1, . . . , fm} this means that there are polynomials hi, i ≤ m, and a
polynomial g from SOS such that

g +
∑
i≤m

hifi = −1 . (6.4.4)

The (m+ 1)-tuple (g, h1, . . . , hm) is called a sum-of-squares proof, an SOS-
proof, of the unsolvability of the system (6.4.3). It is a special case of more
general Positivstellensatz proofs (see below) where we allow G 6= ∅.

Consider now the latter case when F = ∅ and assume G = {g1, . . . , g`}.

Corollary 6.4.5 The system of inequalities

gi ≥ 0 , for i ≤ ` , (6.4.5)

has no solution in R if and only if the are polynomials hJ ∈ SOS for all
J ⊆ {1, . . . , `} such that

−1 =
∑

J

hJ ·
∏
j∈J

gj .

In this situation the SOS-proof of the unsolvability of (6.4.5) is the 2`-tuple of
polynomials hJ .

Note that we can always arrange that either F or G is empty: the equation
f = 0 can be replaced by the two inequalities f ≥ 0 and −f ≥ 0 and, on the
other hand, the inequality g ≥ 0 can be replaced by the equation g + y2 = 0,
where y is a new variable.

In general, a Positivstellensatz proof of the unsolvability of the combined
system (6.4.2) is the (m+ 2`)-tuple

(hi)i≤m, (hJ)J⊆[`] (6.4.6)

with the polynomials hJ from SOS, if |F| = m and |G| = `, certifying the
unsolvability of the combined system in the sense of Theorem 6.4.3. The Posi-
tivstellensatz proof system is thus the NS-version of the SAC calculus.

As for PC and NS, besides the size of a proof, an important complexity
measure is the degree. The degree of an SAC-proof is the maximum degree of
a polynomial occurring in it and the degree of a Positivstellensazt-refutation
(6.4.6) is

max(max
i

deg(hifi),max
j
deg(hj

∏
j∈J

gj)) .
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6.5 Between the Discrete and the Continuum

From the duality of linear programming over R it follows that if linear inequal-
ities gi ≥ 0, i ≤ `, imply a linear inequality g ≥ 0 then g is a positive linear
combination of gi and 1. In addition, a suitable linear combination can be found
by any feasible algorithm for linear programming.

Of course, this does not hold over the Boolean domain. We can force the
Boolean values by the Boolean axioms written as two inequalities (6.4.1) which
are, however, not linear but quadratic. Hence in order to use them we must
use some multiplication inferences. There are several hierarchies of such proof
systems that attempt to treat the discrete and the Boolean cases as being close
to the continuous case, all stemming from various specific algorithms for the
ILP problem. We shall discuss some of this in Section 6.6. In this section we
present the most studied of these proof systems.

The Lovász-Schrijver proof system, to be denoted by LS, is derived from
the Lovász-Schrijver method for solving the ILP. It is a subsystem of a degree 2
subsystem of SAC. Proof lines in LS are polynomials from R[x] of the degree at
most 2; a line f is understood to stand for the inequality f ≥ 0. LS incorporates
the Boolean axioms by two inequalities

• the integrality conditions: x2 − x ≥ 0 and x− x2 ≥ 0

and hence has also the axioms:

• x ≥ 0 and 1− x ≥ 0

for all variables x. The rules of LS are:

• positive linear combinations:

f g

af + bg

where a, b ∈ R+

• the lifting rules:
f

xf
and

f

(1− x)f

where x is a variable and f is linear.

The lifting rules are special cases of the multiplication rule of SAC. Allowing in
the multiplication rule just to multiply by x or 1−x rather than by any already
derived g (i.e. by the inequality g ≥ 0) is stipulated in order to link the rules
better to the LS-method to be discussed in Section 6.6.

The proof system LS+ augments LS by the non-negativity of squares axioms:

• f2 ≥ 0
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An LS-proof (respectively an LS+-proof) of g from f1, . . . , ft is a sequence of
polynomials of degree at most 2 such that each one is either one of fi, one of
the axioms of the system or it was derived from some earlier steps by one of the
rules. An LS-refutation (respectively an LS+-refutation) is a proof ending
with −1 (i.e. deriving the false inequality −1 ≥ 0).

For a clause C = {`1, . . . , `t} denote the linear inequality (6.0.2) representing
it by fC ≥ 1, i.e.

fC := `1 + · · ·+ `t

(we use also non-trivial right-hand sides of equations for a better transparency).
An LS-refutation of C1, . . . , Cm is an LS-refutation of fC1 ≥ 1, . . . , fCm

≥ 1,
similarly for LS+.

Lemma 6.5.1 Both LS and LS+ are sound and complete as propositional proof
systems. In fact, SAC ≥p LS+ ≥p LS ≥p R.

Proof:
The soundness follows from SAC ≥p LS+ which is obvious. The complete-

ness follows from LS ≥p R which we demonstrate now.
By induction on i show that if D1, . . . , Dk is an R-refutation of C1, . . . , Cm

then each integer linear inequality fDi
≥ 1 has an LS-proof from fCj

≥ 1,
j ≤ m, with O(i) lines which can be written as linear combinations of literals
or products of two literals with all coefficients of the absolute value at most 2.
As Dk = ∅, fDk

≥ 1 is 0 ≥ 1 as it is wanted. Further, the LS-refutation can be
constructed by a p-time algorithm.

Clearly it is enough to show how to simulate one resolution inference:

C, x D,¬x
C ∪D

.

Assume that fC + x ≥ 1 and fD + (1 − x) ≥ 1 were derived and we want to
infer from them fC∪D ≥ 1. Summing the two polynomials yields fC + fD ≥ 1.
This differs from fC∪D ≥ 1 because literals from C ∩D (if any) appear with the
coefficient 2 rather than 1. The following claim solves that.

Claim: Let g be a linear polynomial. Then for any literal `, g + ` ≥ 1 can be
derived in LS from g + 2` ≥ 1 in a constant number of steps and such that all
coefficients of all literals and products of two literals have the absolute value at
most 2.

Consider the case ` = x. From g + 2x ≥ 1 derive g + x ≥ 1− x and by the
lifting rule g(1 − x) + x(1 − x) ≥ (1 − x)2. Using the Boolean axioms derive
g ≥ g(1 − x), x(1 − x) = 0 and x2 = x, and use them to obtain g ≥ 1 − x, i.e.
g + x ≥ 1.

q.e.d.
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6.6 Beyond Propositional Logic

The Cutting plane CP and the Lovász-Schrijver LS+ proof systems reformulate
the original algorithms for ILP as logical calculi. The original algorithms are
given a polytope P in R or Q defined by linear inequalities

aj
> · x ≥ bj , j ≤ ` (6.6.1)

in n variables and aim at finding the convex closure of P ∩ Zn, the integer hull
PI of P :

PI := conv(P ∩ Zn) .

If we are interested in the Boolean values only we include the inequalities x ≥ 0
and −x ≥ −1 among (6.6.1).

The procedure using the Gomory-Chvátal cuts produces from P a new poly-
tope C(P ) defined by the inequalities obtained from (6.6.1) as follows:

1. First take all positive linear combinations of inequalities in (6.6.1),

2. then round any inequality a> · x ≥ b to a> · x ≥ dbe.

C(P ) is defined by the resulting inequalities. Chvátal [142] proved that this
process eventually terminates with PI .

When PI = ∅ this process can be pictured as a CP∗-refutation of the system
(6.6.1). An important measure of such a refutation is its rank defined similarly
as the height of the proof tree but counting only the rounded division inferences.

Lemma 6.6.1 Assume that (6.6.1) is unsatisfiable in Z. Then:

1. The minimum number of inferences in a CP-refutation of (6.6.1) equals
the minimum number of linear combinations and roundings needed to de-
rive the empty set via the Gomory-Chvátal cuts.

2. The minimum number t such that C(t)(P ) = ∅ equals the minimum rank
of a CP∗-refutation of (6.6.1).

The system LS+ corresponds analogously to the lift-and-project method of
Lovász and Schrijver [346]. In this method the inequalities are first lifted by
products introducing some degree 2 monomials x2

i or xixj and then linearized
and projected by essentially forgetting these. In more detail, given a polytope
P defined by (6.6.1) do:

1. First lift all inequalities by multiplying them by all xi and all 1− xi, and
add all Boolean axioms inequalities (6.4.1),

2. take positive linear combinations,

3. delete all non-linear inequalities.
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The resulting linear inequalities define a new polytope N(P ). Lovász and Schri-
jver [346] proved that this process eventually terminates and N (t)(P ) = PI for
some t ≤ n.

Define the rank of a tree-like LS or LS+-refutation π, denoted by rk(π), to
be the maximum number of lifting inferences on a path through the proof tree
(the former is called sometimes called the Lovász-Schrijver rank, the latter
semidefinite rank ). Analogously as for CP we have a simple lemma.

Lemma 6.6.2 Assume that (6.6.1) is unsatisfiable in Z. Then:

1. The minimum number of inferences in a (LS+)∗-refutation (tree-like LS+)
of (6.6.1) equals the minimum number of linear combinations and liftings
needed to derive the empty set via the Lovász-Schrijver method.

2. The minimum number t such that N (t)(P ) = ∅ equals the minimum rank
of a (LS+)∗-refutation of (6.6.1).

Other algorithms were proposed by Sherali and Adams [471] and Lasserre [338],
extending LS and LS+ respectively, by allowing liftings up to degree d poly-
nomials but stipulating that all these inferences must come before all linear
combination inferences. These are essentially the degree d variants of the tree-
like LS and LS+, respectively (cf. Section 6.7). There is a number of variants
of these basic algorithms and they correspond to a similar number of subsys-
tems of the SAC or the Positivstellensazt proof systems. Grigoriev, Hirsch and
Pasechnik [211] survey and study some of them.

6.7 Bibliographical and Other Remarks

Sec.6.1 Equational calculi with terms were considered in many parts of math-
ematics before proof complexity, including universal algebra or mathematical
logic. A reference for algebraic geometry with an eye for algorithms is Cox,
Little and Shea [164].

Sec.6.2 The Nullstellensatz proof system NS was first considered explicitly as
a propositional proof system by Beame et.al. [52] and the polynomial calculus
PC by Clegg, Edmonds and Impagliazzo [144] (under the name Gröbner basis
calculus). They restricted h the multiplication rule only to constants or vari-
ables, as that allows for an easier analysis how the degree of polynomials in a
refutation evolves.

A subsystem of PC called binomial calculus was studied in connections with
degree lower bounds (cf. Chapter 16) in Buss et.al. [123] and Ben-Sasson and
Impagliazzo [69]. Buss et.al. [126] contain an exposition of relations of PC and
NS to the AC0[m]-Frege systems and they also introduce extended NS, ENS,
which we shall discuss in Section 7.5 .

Sec.6.3 Proof system CP was defined first explicitly by Cook, Coullard, and
Turán [163]. They proved Lemma 6.3.1 and also noticed a short proof of PHPn
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in CP (Lemma 6.3.2). The specific formulation of part 2 in Theorem 6.3.3 (Buss
and Clote [122]) is from Clote and Kranakis [147].

Sec.6.4 A reference for model theory of the real closed ordered field mentioned
in the text is van den Dries [504] and for semialgebraic geometry Bochnak, Coste
and Roy [87]. Theorem 6.4.3 originated with Hilbert’s 17th problem asking
whether all semidefinite real multi-variate polynomials are sums of squares of
rational functions. This was solved by Artin [24] and given a simple model-
theoretic proof by A.Robinson [456]. The Positivstellensatz (Thm. 6.4.3) was
proved first by Krivine [334] using model theory and ten years later by Stengle
[488] using semialgebraic geometry.

The semialgebraic calculus SAC is denoted sometimes just by S or SA. A
subsystem of SAC called Positivstellensatz calculus and denoted by PC> and the
Positivstellensatz proof system (in particular, the sum-of-squares system SOS)
were first studied in proof complexity by Grigoriev and Vorobjov [212, 209].
The Positivstellensatz calculus allows to derive the polynomials f and g from
the Positivstellensatz Theorem 6.4.3 sequentially from the equations in F and
the inequalities in G, respectively. Unlike SAC is does not allow a sequential
derivation of the equality f + g = −1. For refutations of sets of equations (i.e.
G = ∅) this is like PC augmented by SOS, so the degree of an PC> refutation
may be, in principle, smaller than a degree of any Positivstellensatz (SOS)
refutation.

Sec.6.5 The last part of Lemma 6.5.1 (LS ≥p R) is stated in Pudlák [418]. In the
same paper he also constructed short LS-refutations of ¬PHPn (as formalized
by (6.3.2)).

A number of authors considered subsystems of SAC extending naturally LS
or CP but allowing higher degree of polynomials forming lines in a proof. In
particular, Grigoriev, Hirsch and Pasechnik [211] introduce many variants of LS
and LS+: LSd and LSd

+ (allowing polynomials up to the degree d), CP2 (allowing
quadratic polynomials in CP), LS∗ (allowing the multiplication rule of SAC),
LSsplit (allowing strict inequalities f > 0), and their many combinations like
LSd

+,∗ and other.

Sec.6.6 The Sherali-Adams method and the Lasserre method corresponds to
(LSd)∗ (tree-like systems LSd) and (LSd

+)∗ (tree-like LSd
+), respectively. The

minimum degree d such that there exists such a refutation of a system of linear
inequalities is called the Sherali-Adams degree and the Lasserre degree,
respectively. They coincide with the minimum degree of a Positivstellensatz
refutation which does not or does, respectively, allow initial inequalities of the
form Q2 ≥ 0. Laurent [339] offers a comparison of the methods. Barak and
Steurer [47] survey the links of the SOS proof system with various related opti-
mization algorithms.

The Sherali-Adams method was studied from a model theoretic point of
view by Atserias and Maneva[38]. Among other things they showed that the
hierarchy of the Sherali-Adams systems defined by the degree interleaves with
the levels of the indistinguishability of logic with the counting quantifiers and
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a bounded number of variables studied in finite model theory. They used this
connection to derive a number of striking algorithmic consequences, including
a lower bound on the Sherali-Adams degree.



Chapter 7

Further Proof Systems

We shall discuss in this chapter a number of proof systems that were consid-
ered by some authors but do not belong to one of the general classes of proof
systems studied in the earlier chapters. Nevertheless they are of some interest,
I think. Combined proof systems (Section 7.1) show how even a little logic rea-
soning added to algebro-geometric systems strengthens them and, in particular,
allows them to escape the direct combinatorial analysis prevalent in the current
research (Part III will present some). Circuit proof systems (Section 7.2) formal-
ize precisely reasoning with circuits rather than with formulas, a topic discussed
often informally (and incorrectly), and implicit proof systems (Section 7.3) offer
a combinatorial description of a large class of proof systems stronger than any
other proof system defined without a reference to first-order theories. Sections
7.4 and 7.5 give examples of various stand-alone proof systems of either a logic
or an algebro-geometric nature. Examples of proof systems that are outside the
realm of the Cook-Reckhow definition but are nevertheless linked with the ordi-
nary ones are presented in Section 7.6. Section 7.7 also mentions some leftover
examples not fitting into any previous section.

7.1 Combined Proof Systems

If we have two proof systems P and Q we may combine them in various ways.
A straightforward way is to define a new system P ∨Q whose class of proofs is
the union of the classes of P -proofs and of Q-proofs. This system is obviously
the least common upper bound for P , Q in the quasi-ordering of proof systems
by p-simulations. But it does not seem to be of much other interest.

A more intrinsic way how to combine two proof systems, both creating proofs
line by line via some inference rules, is to replace atoms in the lines used by one
proof system by the lines used by the other one, and to introduce suitable infer-
ence rules allowing to manipulate these composed lines. We shall not attempt
to define this in some generality but we shall instead consider several examples
illustrating this construction.

159
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Resolution over Cutting planes: R(CP).

Lines in this proof system are clauses of the form

¬E1, . . . ,¬Eu, F1, . . . , Fv

where each Ea and Fb is a CP-inequality, an integer linear inequality of the
form ∑

i

ai · xi ≥ b (7.1.1)

(i.e. ai and b are integers). We shall abbreviate
∑

i ai · xi by a · x. The
inference rules of R(CP) are the following (letters Γ and ∆ stand for clauses of
CP-inequalities):

• The resolution rule
Γ, E ∆,¬E

Γ ∪∆
where E is a CP-inequality.

• The rules of CP:

– the addition rule:

Γ, a · x ≥ b ∆, a′ · x ≥ b′

Γ ∪∆, (a+ a′) · x ≥ b+ b′

– the multiplication rule:

Γ, a · x ≥ b
Γ, (ca) · x ≥ cb

where c ≥ 0,

– the rounded division rule:

Γ, a · x ≥ b
Γ, (1/c)a) · x ≥ db/ce

where c > 0 divides all ai,

– the Boolean axioms:

xi ≥ 0
and

−xi ≥ −1

• the negation rules (new):

a · x ≥ b , −a · x ≥ −b+ 1

and

a · x 6≥ b , −a · x 6≥ −b+ 1
for all integer a and b.
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First-order logic over CP: LK(CP)

Consider a first-order language where the atomic formulas are CP-inequalities
(7.1.1): the variables are xi and these can be quantified but the parameters ai

and b are never quantified. We shall call such first-order formulas CP-formulas.
Proof system LK(CP) operates with sequents formed by arbitrary CP-formulas

(let us stress that first-order quantifiers are allowed in them) and has in addi-
tion to the rules of the propositional LK from Chapter 3 the following first-order
quantifier rules:

• ∀:introduction

left
A(t),Γ −→ ∆
∀xA(x),Γ −→ ∆

and right
Γ −→ ∆, A(x)

Γ −→ ∆,∀xA(x)

• ∃:introduction

left
A(x),Γ −→ ∆
∃xA(x),Γ −→ ∆

and right
Γ −→ ∆, A(t)

Γ −→ ∆,∃xA(x)

where t is any term such that no variable occurrence free in t becomes bounded
in A(t), and with the restriction that the variable x does not occur in the lower
sequents of ∀:right and ∃:left.

LK(CP) has in addition the following rules inherited from CP and written
in the sequential formalism:

• the addition rule:

Γ −→ ∆, a · x ≥ b Γ −→ ∆, a′ · x ≥ b′

Γ −→ ∆, (a+ a′) · x ≥ b+ b′

• the multiplication rule:

Γ −→ ∆, a · x ≥ b
Γ −→ ∆, (ca) · x ≥ cb

where c ≥ 0,

• the rounded division rule:

Γ −→ ∆, a · x ≥ b
Γ −→ ∆, (1/c)a) · x ≥ db/ce

where c > 0 divides all ai,

• the Boolean axioms:

−→ xi ≥ 0
and

−→ −xi ≥ −1
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• the negation rules:

−→ a · x ≥ b,−a · x ≥ −b+ 1

and

a · x ≥ b,−a · x ≥ −b+ 1 −→
for all integer a and b.

Resolution over linear and polynomial calculi: R(LIN) and R(PC)

Proof system R(LIN) operates with clauses of linear equations over F2. A
line C in an R(LIN)-proof thus looks like a clause

f1, . . . , fk

where fi ∈ F2[x1, . . . , xn] are linear polynomials. The clause C is true for
a ∈ {0, 1}n if and only if the Boolean formula∨

i≤k

fi

in the language with
∨
,⊕, 0, 1 is true.

The inference rules combine the rules of both resolution and of the linear
equational calculus (i.e. the linear algebra rules):

• The Boolean axiom:

h, h+ 1
.

• The weakening rule:
C

C, f
.

• The contraction rule:
C, 0
C

.

• The addition rule:
C, g D, h

C,D, g + h+ 1
.

Allowing general polynomials (or polynomial of degree at most d) and adding
to R(LIN) one more inference rule:

• The multiplication rule:
C, g

C, gh+ h+ 1
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defines resolution over PC, R(PC), or its degree d subsystems R(PCd).

Polynomial calculus with resolution: PCR

When translating a clause C into a polynomial fC as in (6.0.1) the size
may blow up: ¬x is translated as 1− x and a product of such terms may have
many monomials. An elegant way how to avoid this issues is to introduce new
variables that will translate ¬x.

The system PCR has for each variable x its complementary variable x′

and it extends PC by the axiom:

1− x+ x′ = 0

and it also has the Boolean axioms (x′)2 − x′ = 0 for all new variables. Note
that it follows that (x′)′ = x by a constant size degree 1 PC-proof.

For the sake of completeness we now state a lemma; its first part is obvious
and the second one will be demonstrated in Part II.

Lemma 7.1.1 All systems R(CP), LK(CP), R(LIN), R(PC) and PCR p-simulate
R. Further R(CP) p-simulates CP and R(PC) and PCR p-simulate PC.

On the other hand, all proof systems introduced in this section are p-simulated
by Frege systems; in fact, by their TC0-Frege subsystems.

7.2 Circuit and WPHP Frege Systems

It is a folklore to describe Extended Frege systems as Frege systems operating
with circuits or even as P/poly-Frege systems. In Section 2.6 we mentioned
classes of proof systems suggestively named AC0-Frege systems or AC0[m]-Frege
systems or alike. For constant depth circuit classes a formal definition is not
so important as one can without a loss of generality restrict to formulas in the
respective class without affecting the size more than polynomially. For P/poly
this is not known and it is conjectured to be in general impossible (at least
nobody knows how to transform circuits into formulas without an exponential
blow-up).

We shall need two technical notions about circuits, using the definition of
circuits (tacitly in the DeMorgan language) from Section 1.4 and the notation
DefC(x, y). Let D be a circuit with inputs z = (z1, . . . , zm) and instructions w
and let Ci, i ≤ m, be circuits having all inputs x and Ci having the instructions
yi with the output yi

si
.

The substitution of Ci for zi in D, denoted by D(C1, . . . , Cm), is the circuit
obtained by identifying the output nodes yi

si
with zi and taking the union of all

instructions of all circuits D,C1, . . . , Cm.
Having a circuit C we can unwind it in a unique way to a possibly much

larger formula: by induction on i ≤ s = |C| define for each instruction yi of C
the formula ϕi by:
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• If yi is defined as a constant b ∈ {0, 1} or an input variable xj , put ϕi := b
or ϕi := xj , respectively.

• If yi := ¬yj , put ϕi := ¬ϕj .

• If yi := yj ◦ yk and j < k, put ϕi := ϕj ◦ ϕk.

We say that two circuits C,D are similar if and only if ϕC = ϕD (i.e. they are
identical formulas, not just equivalent ones). If two circuits are not similar we
can guess a partial path through them, going from the output back to towards
inputs via the reverse edges, that do not agree on at least one instruction. Hence
we have

Lemma 7.2.1 The similarity of two circuits C,D is in coNLOG ⊆ P.

Let F be a Frege system in the DeMorgan language. A proof of a circuit A
from the circuits B1, . . . , Bt in the circuit Frege proof system CF is a sequence
of circuits π = C1, . . . , Ck such that:

• Each Ci is:

– either one of Bj ,

– or derived from some Cj1 , . . . Cj`
, j1, . . . , j` < i by an F -rule:

E1, . . . , E`

E0
(7.2.1)

meaning that there is a substitution σ of some circuits into the for-
mulas Eu such that σ(Eu) = Cu for u = 0, . . . `,

– or there is j < i such that Ci is similar to Cj ,

• Ck = A.

Lemma 7.2.1 implies that CF is a Cook-Reckhow proof system. The next lemma
makes precise the informal claims about EF mentioned earlier.

Lemma 7.2.2 CF and EF are p-equivalent.

Proof:
We shall show first that CF ≥p EF . Let π be an EF -proof of A and assume

for simplicity that there are no hypotheses Bj . Let q1, . . . , qt be all extension
variables in π, qs introduced by the extension axiom

qs ≡ Cs .

Given 0 ≤ r < s ≤ t define circuits Dr
s(q1, . . . , qr) by the conditions:

• Dr−1
r (q1, ..., qr−1) := Cr(q1, ..., qr−1),

• Dr−1
s (q1, ..., qr−1) := D̃r

s(q1, . . . , qr−1, qr/Cr(q1, . . . , qr−1))
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where D̃r
s is Dr

s with all occurrences of the input qr identified with one node
(and hence |D̃r

s | ≤ |Dr
s |+ |Cr|). Finally put for 1 ≤ s ≤ t:

Es := D0
s .

Note that Es may have as inputs the variables of A but none of the extension
variables.

Claim 1: Es is similar to Cs(E1, . . . , Es−1), for all 1 ≤ s ≤ t.

Now define a substitution σ : qs := Es and let σ(π) be the substitution
instance of π.

Claim 2: σ(π) is a CF-proof of A from formulas Es ≡ Es, 1 ≤ s ≤ t.

To see this note that no substitution violates Frege inference rules of F and
that the σ-substitution instance of the extension axiom qs ≡ Cs(q1, . . . , qs−1) is
the circuit

Es ≡ Cs(E1, . . . , Es−1)

which is similar to Es ≡ Es. As each such equivalence has a size O(|Es|) F -proof
we get a CF-proof of A.

For the opposite p-simulation EF ≥p CF assume that ρ = C1, . . . , Ck is a
CF-proof of A, A a formula. Assign to every subcircuit D occurring anywhere
in ρ an extension variable qD and define it from the other extension variables
(for smaller circuits) by the same instruction (i.e. by an extension axiom) as D
was defined from its subcircuits. In addition, identify the variables qD for all
similar circuits. Let E be all extension axioms introduced in this way.

Claim 3: Each qCi has a constant size F -proof from qC1 , . . . , qCi−1 .

Assume that Ci was inferred using the rule (7.2.1) by a substitution σ:
Cjt

= σ(Et) for 1 ≤ t ≤ ` and Ci = σ(E0), and we write σ(Et) simply as
Et(G1, . . . , Gn). From each qCt

, 1 ≤ t ≤ ` derive by a constant size F -proof the
formula

Et(qG1 , . . . , qGn
)

using also E as hypotheses, and by the same Frege rule also

E0(qG1 , . . . , qGn
)

from which qCi
follows (again using E) .

If Ci was derived from Cj , j < i, by the similarity condition then qCi
= qCj

and there is nothing to do.

It follows that there is a size O(|ρ|) F -proof of qA from E from which we can
derive, using E , the formula A itself by a size O(|A|2) F -proof.

q.e.d.
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Now we turn to an extension of CF, the weak PHP Frege system, de-
noted by WF. It corresponds - in the sense to be presented in Part II - to an
important bounded arithmetic theory playing a significant role in formalizations
of randomized constructions.

The qualification weak in weak PHP refers to the fact that the principle,
denoted by WPHP, talks about maps F : U → V where U is much larger than
V . In the ordinary PHP we have |U | = 1 + |V |. The definition of WF actually
uses its dual version, dWPHP:

• If G : U → V where |U | < |V | the G is not surjective.

In the original PHP we have U = [n + 1] and V = [n] and we formalize it
as PHPn (cf. (1.5.1)) using the atoms pij to represent the atomic statements
F (i) = j. In the formalization of the dWPHP below we consider U = {0, 1}n
and V = {0, 1}m for m > n ≥ 1 and thus we cannot use the atomic statements
G(i) = j as there exponentially many of them. Instead we consider G computed
by Boolean circuits

G : x ∈ {0, 1}n → (C1(x), . . . , Cm(x)) ∈ {0, 1}m

and we formalize the statement as

∃y ∈ {0, 1}m∀x ∈ {0, 1}n ,
∨

i≤m

Ci(x) 6= yi . (7.2.2)

An WF-proof of A from B1, . . . , Bt in the proof system WF (the acronym
stands for WPHP Frege) is a CF-proof that can also use the following rule:

• For any 1 ≤ n < m and any collection C of m circuits Ci(x) with n inputs
x we can introduce a new m-tuple of atoms r = (r1, . . . , rm) attached to C
and not occurring in any of A,B1, . . . Bt,DefC1

, . . . ,DefCm
, and for any

circuits D1, . . . , Dn (which may contain r) we may use the axiom:∨
i≤m

Ci(D1, . . . , Dn) 6= ri . (7.2.3)

The m-tuple r serves as a canonical witness for the existential quantifier in
(7.2.2). As (7.2.2) is valid, we have

Lemma 7.2.3 WF is a sound propositional proof system.

It is unknown whether CF p-simulates WF but we have at least some upper
bound on its strength.

Lemma 7.2.4 G2 ≥p WF.

The lemma will be proved in Section 12.6 using bounded arithmetic. It
involves a formalization of a proof of the dual WPHP for P/poly maps G in a
particular bounded arithmetic theory.
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7.3 Implicit Proof Systems

We will learn in Part II how to translate certain universal first-order statements
∀xΦ(x) about natural numbers into a sequence of tautologies expressing the
statement for numbers of the bit-length n = 1, 2, . . . : ∀x(|x| = n)Φ(x). We will
be able, for a fairly general class of first-order theories T (Peano arithmetic and
set theory ZFC among them), to translate a T -proof of the universal statement
into a sequence of short propositional proofs of the associated tautologies. The
resulting proofs will be proofs in propositional proof systems attached to the
theories. These proof systems get very strong even for relatively weak theories.
But the proofs all share a remarkable property: they are very uniform. The
qualification very will be quantified in Part II. This can be perceived as a certain
measure of the easiness of the proofs despite the fact that the proof systems
are strong. One of the motivations beyond the implicit proof systems is to
understand what happens if we allow proofs to be very large (i.e. they are hard
in the sense of proof complexity) but easy in the sense that they are uniform
and the ambient proof system is simple.

Let P,Q be two Cook-Reckhow’s proof systems. A proof π in a proof system
Q of a tautology τ is a particular string. If it is very long, say it has ` = 2k bits,
we can try to represent it implicitly by a circuit β with k inputs: β computes
from i ∈ [`] = {0, 1}k the i-th bit πi. The defining circuit β may be, in principle,
exponentially smaller than π. But the circuit on its own does not suffice to
constitute a proof in a Cook-Reckhow’s proof system. In order to get that we
supplement the circuit β with a P -proof α of the fact that β indeed describes a
valid Q-proof of the formula τ . The resulting pair (α, β) is a proof of τ in proof
system to be denoted by [P,Q].

Now we formalize this definition. Consider the function version of proofs
system in Definition 1.5.1: Q is a polynomial time map from {0, 1}∗ onto TAUT.
Assume that Q is computed by a deterministic Turing machine (also denoted
by Q) as defined in Section 1.3 and running in time nc. The computation of Q
on an input w ∈ {0, 1}n will be coded by a tableaux W of all (at most t ≤ nc)
instantaneous descriptions of the computation ending after t steps. The
ith row (i ≤ t) Wi is the ith instantaneous description: it lists the content of
the tape visited by machine’s head during the computation until that time, the
current state of the machine and the position of its head. The length of Wi is
bounded by O(t). Thus we can view W as a 0/1 t×O(t) matrix. Take suitable
k := log(t)+O(1) = O(log n) and assume without a loss of generality that both
the rows i and the columns j are indexed by elements of {0, 1}k.

The property that W encodes a valid computation of Q on some input w can
be expressed by quantifying universally over the coordinates i, j and stating that
for each such pair i, j the local conditions of a valid computation are obeyed.
Hence if β(i, j), i = (i1, . . . , ik) and i = (j1, . . . , jk), is a circuit with 2k inputs
that describes a potential computation W , we can express by a propositional
formula

CorrectQβ
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the property that:

• The tableaux Wi,j := β(i, j) is a valid computation of Q on some input
(encoded in the first row W1).

Note that although the size of W is O(t2), the size of CorrectQβ is O(|β|) and
this can be much smaller (even O(log t)).

Now we can define the implicit proof systems formally. Let P,Q be two
proof systems and assume that P contains resolution R.A proof of a tautology
τ in the proof system [P,Q] is a pair (α, β) such that:

• β is a Boolean circuit with 2k inputs (i1, . . . , ik, j1, . . . , jk), some k ≥ 1.

• β defines a valid computation W of Q on some input w whose output is
τ .

• α is a P -proof of the tautology CorrectQβ .

Note that the fact that the output encoded in W is τ needs no P -proof as that is
a true Boolean sentence. For P containing R we define the implicit P , denoted
by iP , by

iP := [P, P ] .

The technical condition that P contains R is included because R proves shortly
(by a proof with a number of clauses that is proportional to the circuit size)
that a computation of a circuit is unique (cf. Lemma 12.3.1).

The definition of iP looks rather too formal; we would like that β outputs
the steps of a P -proof and not just bits. However, if a proof is long so can
be the formulas forming its steps. For example, the steps in a Frege proof
may be almost as large as the proof itself. But some proof systems escape this
unboundedness of the width. In resolution R we a priori know that each clause
contains at most 2|τ |+2 literals and constants and in Extended resolution, ER,
we know by Lemma 5.8.1(item 2) that the width can be bounded by O(|τ |).
Consider as a case study ER. Define an f-implicit ER-refutation of τ to be a
pair (α, β) where

• β is Boolean circuit with inputs i1, . . . , ik outputting a string (i.e. it has
several output gates).

• The sequence β(0), . . . , β(i), . . . , β(1), where {0, 1}k is ordered lexicograph-
ically, describes an ER-refutation of τ with β(i) containing also the in-
formation about the previous two steps (and the resolved atom) that were
used in the derivation of the ith clause, or the form of the extension axiom
if that is what it was.

• α is an ER-proof of a tautology Correctβ(x1, . . . , xk) expressing that β
describes a valid ER-refutation.
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In general an exponentially long (in k) ER refutation may introduce exponen-
tially many extension atoms and hence could contain exponentially long clauses
that could not be described by β of size polynomial in k. However, by Lemma
5.8.4 we may restrict to ER refutations that have the width at most that of τ
and such refutations can be described by β.

With this in mind the next lemma ought to be clear.

Lemma 7.3.1 Implicit and f-implicit ER p-simulate each other.

The next lemma summarizes two simple properties of the bracket operation
[P,Q].

Lemma 7.3.2 1. For all P , P ≤p [P,R∗].

2. For all P ≥p R, iP ≡p [iP, P ].

The implicit ER is very strong; we shall derive the following in Section 12.7
using bounded arithmetic.

Lemma 7.3.3 iER ≥p G.

It is open whether also the opposite simulation holds and the links with bounded
arithmetic suggest that perhaps not. The bracket operation can be iterated.
By Lemma 7.3.2 (item 2) we know that it makes no sense to iterate at the first
argument. Hence we put:

i1ER := iER and ik+1ER := i(ikER) .

The topic of iterations is, I think, rather impossible to discuss without bounded
arithmetic and we shall leave it. But we may look at ER itself and how it can
be obtained itself from a weaker proof system by the bracket operation.

Lemma 7.3.4 ER ≡p [R,R∗].

Proof:
We shall prove ER ≤p [R,R∗] here and leave the opposite p-simulation to

Part II (Lemma 11.5.3). Let C be a set of clauses and let π be its ER-refutation.
Assume that q1, . . . , qt are the extension atoms introduced in this order via the
extension axioms E1, . . . , Et as in (5.8.1):

Ei : {¬`1, qi} , {¬`2, qi} , {`1, `2,¬qi} (7.3.1)

where the literals `1 and `2 do not contain qi, . . . , qt. Let π∗ be a tree-like R-
refutation of C ∪ {E1, . . . , Et}; it is not an ER-refutation of C as the extension
axioms are written in the proof several times. The refutation π∗ is obtained by
unwinding the proof graph (a dag) of π into a tree: each partial path through
the dag yields one node in the proof tree of π∗ and the paths can be used as the
addresses of the nodes. Clearly there is p-time algorithm A that given π and
the address of a node in π∗ (i.e. a path in π) computes the clause labelling that
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node: just travel in π along the path. The same algorithm can also output the
address of the two hypotheses of the resolution inference (and the name of the
resolved atom) used at the node or the form of the extension axiom.

We shall construct a sequence of R∗-refutations σ of C ∪ {E1, . . . , Ei} for
i = t, t− 1, . . . , 1 and to stress the specific set of initial clauses we shall denote
such σ by σ[q1, . . . , qi]. Hence we denote π∗ by π∗[q1, . . . , qt].

Having σ[q1, . . . , qi] we denote by σ[q1, . . . , qi−1, 1] the refutation of

C ∪ {E1, . . . , Ei−1} ∪ {`1, `2}

where `1, `2 are from Ei in (7.3.1), obtained by substituting qi := 1, and by
σ[q1, . . . , qi−1, 0] the refutation of

C ∪ {E1, . . . , Ei−1} ∪ {¬`1} ∪ {¬`2}

obtained by the dual substitution qi := 0. In fact, these refutations are in the
system R∗w from Section 5.4 but we shall ignore this technical detail.

Define now specific R∗-refutations σ[q1, . . . , qi] by induction on i = t, . . . , 1
by taking

σ[q1, . . . , qt] := π∗[q1, . . . , qt]

and for i ≤ t defining σ[q1, . . . , qi−1] by the following process:

1. Modify σ[q1, . . . , qi−1, 0] into an R∗-proof ξi of {`1, `2} from C∪{E1, . . . , Ei−1}
by adding the literal `1 (resp. `2) into the initial clause {¬`1} (resp. {¬`2})
and carrying the two extra literals along the proof to the empty end-clause.

2. Modify σ[q1, . . . , qi−1, 1] into σ[q1, . . . , qi−1] by attaching above each oc-
currence of the initial clause {`1, `2} the proof ξi.

Let ρ be the R∗-refutation of C obtained at the end of the induction process
in the same way from σ[q1]. The nodes in the proof tree of ρ are naturally
addressed by:

• a string from {0, 1}t which says for each i whether the node is in the
σ[q1, . . . , qi−1, 1]-part or in one of the ξi-parts of σ[q1, . . . , qi−1], in which
case the address contains the path in σ[q1, . . . , qi−1, 1] to identify the par-
ticular copy of ξi,

• followed by a path in σ[q1, . . . , qt−1, 1] or σ[q1, . . . , qt−1, 0] attached at then
end.

Using the algorithm A describing π∗ an algorithm describing ρ can be de-
fined.

Claim 1:There is a polynomial time algorithm β that takes π as an advice
and computes the label of any node in the proof tree of ρ (together with the
information about the inference).

Claim 2:There is an R-proof α of size |β|O(1) of the fact that the circuit β
describes an R∗-refutation on C.
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The statement α is supposed to prove has variables for the address of a node
and for the computation of β and asserts that the form of each inference is valid
and that the initial clauses are only from C. To construct α we use the extra
information β computes about each node, i.e. the hypotheses of the inference
or the resolved variable or the form of an initial clauses. It comes down, via an
induction argument, to the fact that π is a valid ER-refutation and hence also
π∗ and all σ[q1, . . . , qi] are R∗-proofs. We leave the details to the reader.

q.e.d.

7.4 Auxiliary Logic Proof Systems

In this and the next section we collect a few examples of proof systems that
have a natural definition (or, at least, appeared in a natural context) but - with
the exception of PPA - do not fit into the a wider class of proof systems and, in
particular, do not fit into any class discussed so far. This section presents three
such logical examples, the next one will consider algebraic examples, and more
examples are in Section 7.7.

Monotonic LK.

This proof system, denoted by MLK, is the subsystem of LK from Chapter
3 that forbids the negation. In particular, the rules of MLK are the same as
that of LK but there are no ¬:introduction rules.

There are only trivial negation-free tautologies (essentially just the constant
1 and its various disguises as p ∨ 1, etc.) but there are non-trivial tautological
sequents that use no negation. For example, the PHP principle (1.5.1) can be
written as such:∧

i

∨
j

pij −→
∨
i

∨
j 6=j′

(pij ∧ pij′) ,
∨
i 6=i′

∨
j

(pij ∧ pi′j) (7.4.1)

where i, j range over the same domains as in (1.5.1). Also some other tautolo-
gies prominent in the connections with the feasible interpolation method (cf.
Chapter 17) can be written without the negation.

The proof of Theorem 3.2.1 immediately yields the completeness of MLK
with respect to to all tautological negation-free sequents. The key fact about
MLK is that is is essentially as strong as the unrestricted LK and hence, by
Theorem 3.2.4, as Frege systems.

Theorem 7.4.1 (1. and 2.: Atserias et.al. [34], 3.: Buss et.al. [128])

1. MLK∗ (tree-like MLK) quasi-polynomially simulates LK with respect to
proofs of all negation-free sequents. In particular, if a negation-free sequent
with n atoms has an LK-proof of size s then it also has an MLK∗-proof
of size sO(1)nO(log n) ≤ sO(log s) and with sO(1) steps.
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2. LK is p-bounded if and only if MLK is p-bounded (with respect to tauto-
logical negation-free sequents).

3. MLK p-simulates LK with respect to proofs of all negation-free sequents.

A corollary of this theorem is that the PHP sequent (7.4.1) has a quasi-polynomial
MLK∗ proof (see the remark after Lemma 2.4.1) and a polynomial MLK proof.

Lemma 7.4.2 (7.4.1) has a polynomial size MLK-proof.

OBDD proof system.

An OBDD (the acronym stands for ordered binary decision diagrams) is a
special kind of a branching program (cf. Section 5.3) computing a Boolean
function: on each path through the program is each variable queried at most
once and the queries are ordered consistently with one global (but arbitrary)
linear ordering of all variables. This notion was defined by Bryant [103, 104]
and it has the interesting property that (a suitably defined) reduced form of
an OBDD is unique and, moreover, it can computed by a polynomial time
algorithm. Various properties of OBDDs can be decided in polynomial time
using this reduced form (cf. also Wegener [509]). For example, whether the
Boolean fP defined by the OBDD P majorizes the function fQ defined by Q,
or to compute from P,Q the reduced OBDD R computing fP ∧ fQ, and other.
These properties make OBDDs useful for representing Boolean functions and
they found many applications across computer science.

Atserias, Kolaitis and Vardi [35] defined a proof system for handling in-
stances of the constraint satisfaction problem that uses OBDDs. The OBDD
proof system is a refutation proof system. Let C be a set of clauses. An
OBDD-refutation of C is a sequence of OBDDs

P1, . . . , Pk

such that

• For every i ≤ k:

– either Pi computes the Boolean function defined by a clause in C
– or there are u, v < i such that fPu

∧ fPv
≤ fPi

.

• fPk
is the constantly zero function.

To supply some information about the strength of the system we state without
a proof the following lemma.

Lemma 7.4.3 The OBDD-proof system p-simulates resolution but not LKd for
large enough d ≥ 1, and no LKd p-simulates it. Frege systems do p-simulate
OBDD.
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We shall consider the OBDD proof systems in Part III (Section 18.5) again.

Peano arithmetic as a proof system.

Peano arithmetic, denoted by PA, serves here as the canonical example of a
first-order theory able to smoothly develop finite mathematics. This informal
statement can be substantiated by the fact that PA is mutually interpretable
with the theory of finite sets: set theory ZFC with the axiom of infinity replaced
by its negation. The advantage of PA over set theory is that it has terms and
hence a simple way how to represent individual finite binary strings.

The language of PA, LPA, consists of constants 0 and 1, binary function
symbols + and ·, and binary ordering relation symbol ≤; the equality = is
understood to belong to the ambient first-order logic. The standard model of
PA are the natural numbers N with the standard interpretation of the language.
The axioms of PA consists of a finite list forming Robinson’s theory Q:

1. x+ 1 6= 0,

2. x+ 1 = y + 1→ x = y,

3. x+ 0 = x,

4. x+ (y + 1) = (x+ y) + 1,

5. x · 0 = 0 and x · 1 = x,

6. x · (y + 1) = (x · y) + x,

7. the axioms of discrete linear orders for ≤ with x + 1 being the successor
of x,

8. x ≤ y ≡ (∃z, x+ z = y),

accompanied by all (infinitely many) instances of the induction scheme IND:

[ A(0) ∧ ∀x(A(x)→ A(x+ 1)) ] → ∀xA(x) (7.4.2)

for all LPA-formulas A (it may contain other free variables than x).
There are canonical closed terms, the numerals sn, whose values range over

all N:
s0 := 0 and s1 := 1 and sn+1 := sn + 1 .

This is simple but rather inefficient; it is essentially the unary notation. Better
are the dyadic numerals n:

0 := 0 and 1 := 1 and 2n := (1 + 1) · n and 2n+ 1 := 2n+ 1 .

Note that the length of term n is O(log n).
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The class of bounded formulas, denoted by ∆0, is the smallest class of
LPA-formulas containing all quantifier-free formulas, closed under the DeMor-
gan connectives and under bounded quantification: if A(x, y) is a ∆0-formula
and t(x) is an LPA-term, both formulas:

∃y ≤ t(x) A(x, y) and ∀y ≤ t(x) A(x, y)

are ∆0 too. Here ∃y ≤ t(x) A(x, y) abbreviates ∃y, y ≤ t(x) ∧ A(x, y) and
∀y ≤ t(x) A(x, y) abbreviates ∀y, y ≤ t(x) → A(x, y). A Σ0

1-formula is a
formula of the form

∃zB(x, z)

where B ∈ ∆0. We shall use two classical facts of mathematical logic:

(1) A relation R ⊆ Nk is recursively enumerable if and only if there is a
Σ0

1-formula A(x), x = x1, . . . , xk, such that for all k-tuples m ∈ Nk:

m ∈ R if and only if N |= A(m) .

(2) For all Σ0
1-formulas A(x) and m ∈ Nk:

N |= A(m) if and only if PA ` A(m1, . . . ,mk) .

Note that R is recursive if and only if both R and Nk \R are Σ0
1-definable.

For a string w ∈ {0, 1}∗ define the closed term dwe as follows:

dΛe := 0

and for w = wt−1 . . . w0 ∈ {0, 1}t, t ≥ 1, put:

dwe := n , for n = 2t +
∑
j<t

wj2j .

By fact (1) there is a Σ0
1-formula Taut(x) such that for all w ∈ {0, 1}∗:

w ∈ TAUT if and only if N |= Taut(dwe)

and by fact (2) also

w ∈ TAUT if and only if PA ` Taut(dwe) .

Note that for any formula τ : |dτe| = O(|τ |).
This allows us to define the propositional proof system PPA by:

PPA(π, τ) if and only if π is a PA-proof of Taut(dτe) .

Lemma 7.4.4 PPA is a Cook-Reckhow proof system.
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Proof:
PA holds true in the standard model and hence the existence of a proof π

means that Taut(dτe) is true in N and hence, by the definition of the formula
Taut, τ ∈ TAUT. The soundness and the completeness follows by fact (2).

It remains to verify that the provability predicate for PPA is a polynomial-
time recognizable relation. This boils down to the fact that it is a polynomial
time property whether an LPA-formula is an axiom of PA: you need to check
it against a finite list of axioms of Q or decide if it is a substitution instance of
the axiom scheme IND.

q.e.d.

This proof system is incredibly strong. It will follow from the theory exposed
in Part II that it p-simulates all proof systems introduced in Part I.

7.5 Auxiliary Algebraic Proof Systems

Extended Nullstellensatz.

Consider an algebraic proof system over a field F and for a simplicity we take
here F := F2 (a more general case of finite prime fields is treated analogously).
If f1, . . . , ft are polynomials over F2 the Boolean function defined as∨

i

fi

is equivalent to the polynomial

1−
∏

i

(1− fi) .

However, this polynomial has degree
∑

i deg(fi) and as we saw in Section 6.2
keeping the degree small is a key issue. The extended NS uses the following idea
how to represent the disjunction without a big degree increase: introduce new
variables r1, . . . , rt and represent it as

r1f1 + · · ·+ rtft .

Clearly
∑

i rifi = 1 implies that at least one of fi is 1 and to enforce also the
opposite implication we include new axioms

fi(1− (r1f1 + · · ·+ rtft)) = 0 , for all i ≤ t . (7.5.1)

Using such an axiom we derive from r1f1 + · · · + rtft = 0 that fi = 0, for all
i. The degree of (7.5.1) and of this simple derivation is at most 2d + 1 where
d := maxi deg(fi).

The Extended NS proof system, denoted by ENS, is a proof system that
proves the unsolvability of g1 = 0, . . . , gk = 0, all gi ∈ F2[x] and x = x1, . . . , xn,
as follows. For a set of variables V ar, F2[V ar] is the ring of polynomials in
those variables. We first enlarge the set of initial polynomials:
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1. Put V ar := {x1, . . . , xn} and Init := {g1, . . . , gk, x
2
1 − x1, . . . , x

2
n − xn}.

2. Select any F2[V ar]-polynomials f1, . . . , ft, choose new (i.e. not in V ar)
extension variables r1, . . . , rt, add to the initial polynomials Init all
extension polynomials (7.5.1), and add to V ar all r1, . . . , rt.

3. Repeat the process 2 arbitrarily many times, always choosing new exten-
sion variables. Let V ar′ and Init′ be the final sets of variables and initial
polynomials.

An ENS-proof of the unsolvability of {gi = 0}i≤k is a sequence of polynomials
hf ∈ F2[V ar′], for f ∈ Init′ such that∑

f∈Init′

hff = 1 .

Lemma 7.5.1 ENS is a sound and complete proof system.

Proof:
The completeness follows as ENS contains NS. The soundness follows as any

assignment x := a ∈ F2 can be extended to an assignment to all variables in
V ar′ making all extension axioms in Init′ true. In particular, for (7.5.1) define:

ri :=
{

1 if i is the minimum index such that fi = 1
0 not the above or all fj = 0.

q.e.d.

The particular proof system we have defined above will be called in Section
15.6 leveled ENS of accuracy 1 because the extension axioms (and the associ-
ated extension variables) can be partitioned into levels, axioms at level ` + 1
correspond to polynomials using only level ≤ ` variables. The accuracy refers
to the form of (7.5.1): it is a linear combination of fi.

Let us now formalize the same idea of how to deal with disjunctions differ-
ently. Given f1, . . . , ft let rj

i , j = 1, . . . , h and i = 1, . . . , t be mutually different
variables that do not occur in any of f1, . . . , ft. The unleveled extension
axioms of accuracy h are

fi

∏
j≤h

(1− (rj
1f1 + · · ·+ rj

tft)) = 0 , for all i ≤ t . (7.5.2)

A proof of the unsolvability of {gi = 0}i≤k in the unstructured ENS, denoted
by UENS, is a set A of any polynomials as in (7.5.2) such that 2h > |A| and
a sequence of polynomials (in the variables of all polynomials involved) hf for
f ∈ uInit := {g1, . . . , gk, x

2
1 − x1, . . . , x

2
n − xn} ∪ A such that∑

f∈uInit

hff = 1 .

UENS can be defined in a more elegant (and even less structured but equivalent)
way but we postpone this to Section 15.7.
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Lemma 7.5.2 UENS is sound and complete.

Proof:
The completeness is simple as before. For the soundness let x := a ∈ F2 be

any assignment to the x-variables and choose an assignment b to all remaining
variables uniformly at random. Then for any p ∈ A:

Probb[p(a, b) 6= 0] ≤ 2−h .

Using the cardinality condition imposed on A it follows by averaging that there
is some b such that p(a, b) = 0 for all p ∈ A. Hence a cannot solve all the
equations gi(x) = 0.

q.e.d.

The following lemma summarizes what is known about the strength of these
systems and we shall derive it (in fact, in a much more precise form) in Section
15.6. When comparing logical proof systems with algebraic we consider that the
same set of initial clauses C is represented by (canonical) polynomial equations,
as in (6.0.1). In fact, there is a more general correspondence which we present
in Section 15.6.

Lemma 7.5.3 Let C be a set of constant width clauses. A depth `, size s F (⊕)-
refutation of C can be simulated by ENS over F2 with the extensions axioms
levelled into `+O(1) levels and the degree bounded by (log s)O(1).

An EF -refutation of size s can be simulated by a degree (log s)O(1) UENS-
proof and UENS can be p-simulated by WF.

It is open whether EF itself p-simulates UENS.

Ideal proof system.

Let F be a field and F := {f1, . . . , fm} ⊆ F[x], x = x1, . . . , xn, and we shall
assume that all polynomials x2

i − xi are among F . Consider now the variant
(often adopted) of PC in which

• the multiplication is allowed only by constants or single variables.

By Lemma 6.2.4 then a PC∗-refutation π of F of the height h yields an NS-
refutation of F :

g1f1,+ · · ·+ gmfm = 1 (7.5.3)

of degree at most h + max(deg(F). If the proof tree of π is balanced, i.e.
h ≈ log(k), k = k(π), then this upper bound may be useful. If π is unbalanced
h can be bigger than n, for example. However, even in this case we have some
information about the complexity of the coefficient polynomials gi. Namely,
each is computed by an algebraic formula (i.e. F-term, cf. Section 6.1) Ai

whose underlying tree is the proof-tree of π: the leaves holding fi get labelled
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by 1, other leaves by 0, and all other nodes perform the same operation as in
π. In fact, even if π is not tree-like, the same construction defines an algebraic
circuit Bi computing gi and its size |Bi| is at most k(= k(π)). Hence we can
write the left-hand side of (7.5.3) as one circuit:

C(x, f1, . . . , fm)

where
C(x, y1, . . . , ym) := C1(x)y1 + · · ·+ Cm(x)ym ,

is a particular algebraic circuit of the size at most mk ≤ k2. The qualification
particular refers to the fact that having C we can reconstruct back the original
PC-refutation π.

The property that (7.5.3) witnesses the fact that F generates the trivial ideal
can be expressed by two properties of C in F[x]:

(i) C(x, 0, . . . , 0) = 0.

(ii) C(x, f1, . . . , fm) = 1

The idea behind the Ideal proof system, denoted by IPS, due to Grochow
and Pitassi [213] is to accept any algebraic circuit C(x, y1, . . . , ym) satisfying (i)
and (ii) as a proof that F is unsolvable, i.e. not to confine only to the circuits
obtained from PC-refutations.

The drawback of this definition is that we do not know how to recognize such
circuits in p-time and hence this may not be a Cook - Reckhow proof system.
However, if F is large enough, say |F| ≥ 2n (or better if F is infinite), there is
a probabilistic polynomial time algorithm (see Section 7.7 for more discussion).
We conclude by a simple statement gauging the strength of IPS.

Lemma 7.5.4 IPS p-simulates EF .

Proof:
Consider an equational calculus EC/F refutation π of F (where F represents

a CNF to make sense for EF too). The same construction of a circuit as above
for PC yields also in this situation an algebraic circuit C (i.e. terms in π are
algebraic formulas) forming an IPS proof of the unsolvability of F . Its size is
bounded by the number of different formulas (terms) in π.

By Lemma 6.1.2 (and the underlying construction) EC p-simulates Frege
systems and the number of different terms in the resulting EC refutation is
proportional to the number of different formulas in the starting Frege refutation.
By Lemma 2.5.7 the minimum number of different formulas in a Frege refutation
is bounded by the minimum number of steps plus the size of F , and that is
proportional to the minimum size of an EF -refutation of F . See Section 2.5 for
a summary of these relations among the measures.

q.e.d.
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Let us remark that the degree of the resulting IPS-proof may be exponential
but when simulating only F it can be bounded by a polynomial.

Dehn calculus.

Let G = 〈A,R〉 be a finitely presented group. That is, R is a finite set of
words (called the relators) over the alphabet A ∪ A−, A−1 := {a−1 | a ∈ A},
and G is the free group generated by A and factored by all relations r = 1,
r ∈ R. Let W (G) be the set of words w from (A ∪ A−)∗ such that w = 1
in G (the unit is represented by the empty word); this set is called the word
problem set of G. It is a fundamental task of combinatorial group theory,
going back to Dehn, to characterize these sets. As it is defined it depends on the
presentation 〈A,R〉 and not just on G but for different presentations the sets are
p-time reducible to each other. It is well-know that W (G) can be very complex:
Novikov [378] and Boone [98, 99] constructed finitely presented groups with
undecidable word problem. The fundamental theorem about the word problem
is Higman’s Embedding theorem [229] by which a group is recursively presented
if and only if it can be embedded into a finitely presented group.

A way how to prove that w ∈ W (G) is to sequentially insert or delete in w
conjugates of the relators from R until reaching the empty word. Let us call
this non-deterministic algorithm the Dehn calculus. It is analogous to logical
calculi and there are a number of other similarities between finitely presented
groups and logical theories, some on surface, some deeper. An example of the
latter is a theorem by Birget et.al. [85] which can be seen as a feasible version
of Higman’s theorem. For w ∈ W (G) denote by D0(w) the minimum number
of steps in the Dehn calculus needed to reduce it to 1 and define the Dehn
function:

DG(n) := max
w∈W (G),|w|=n

D0(w) .

Birget et.al. [85] proved that for any non-deterministic algorithm A accepting
W (G) and running in time t(n) we can embed the group G into another (perhaps
much larger) finitely presented group H such that the Dehn function DH(n) is
polynomially bounded by t(n). That is, up to an embedding, the Dehn calculus
is optimal. This is also analogous to propositional logic; for example, Frege
system p-simulates any other proof system when one can add a simple set of
new axioms. The qualification simple will indeed mean “simple” and we shall
study this in PartIV.

The appeal of the Dehn function comes from links to geometry via the so
called van Kampen diagrams. For technical reasons assume that R is closed
under cyclic permutations of words and under inverses and does not contain
any word aa−1 or a−1a. A van Kampen diagram is a planar, connected, simply-
connected, labelled, 2-dimensional complex. The (directed) edges are labelled
by A ∪ A−1 and it is required that for any cell and any point on its border,
reading the labels in one or the other direction yields a word from R. Having a
van Kampen diagram we can take a word defined as follows: pick a point on the
diagram’s boundary and read the word, say w, in one direction going around
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back to the starting point. The cells of the diagram can be taken out from the
diagram one by one by until reaching one point and this corresponds to a Dehn
calculus reduction of w to 1. The van Kampen lemma states that the minimum
area (i.e. the number of cells) in a van Kampen diagram for w is D0(w) (see
Section 7.7 for more references).

The drawback of using the Dehn calculus in propositional logic is that there
no known natural examples (i.e. not encoding any machines) of finitely presented
groups with coNP-complete word problem. Hence one needs to use reductions
into nice finitely presented groups with coNP-hard word problem and that spoils
the elegance of the original set-up.

7.6 Outside the Box

This section presents three examples that are not Cook - Reckhow proof systems
but are, I think, nevertheless relevant to them. The first example fails Definition
1.5.1 because the target language is not TAUT but another coNP-complete
language. That is admittedly a technicality but the proof system does not fit
well into earlier sections and hence it is here. The remaining two examples fail
the condition that one should recognize proofs in p-time.

Hajós calculus.

TAUT is coNP-complete and any other coNP-complete set can, in principle,
replace TAUT as the target of proof systems. However, no too many coNP-
complete sets from outside of logic or algebra are associated with a calculus
allowing to construct all its members (and nothing else) by a few rules. A notable
example is the Hajós calculus for constructions of non-3-colorable graphs.

The calculus starts with K4, the complete graph on 4 vertices, and can use
any of the following three operations:

1. Add a new edge or a new vertex.

2. Identify any two non-adjacent vertices.

3. The Hajós construction: having two graphs G and H and an edge in each,
(a, b) in G and (u, v) in H, form a new graph as follows:

(a) Identify vertices a and u,

(b) delete the edges (a, b), (u, v),

(c) add a new edge (b, v).

Theorem 7.6.1 (Hajós’s theorem [217]) A graph (tacitly undirected and sim-
ple) is not 3-colorable if and only if it can be constructed by the Hajós calculus.

The following theorem is based on the same construction but for vertex-
labelled graphs and it uses a p-reduction between TAUT and the class of non-
3-colorable graphs from the NP-completeness theory.
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Theorem 7.6.2 (Pitassi and Urquhart [408]) EF is p-bounded if and only
if Hajós calculus is p-bounded.

Random resolution.

One motivation for introducing this system are links of propositional logic
to bounded arithmetic (the topic of Part II). As an informal example consider
the dual WPHP from Section 7.2 where we defined the system WF. Assume
f : {0, 1}n → {0, 1}m is p-time and m > n ≥ 1. The rule of WF allows to
introduce new variables for a witness to the existential quantifier in

∃y y ∈ {0, 1}m \Rng(f) .

An alternative way we may contemplate is to choose b ∈ {0, 1}m at random and
use in the proof a propositional formula expressing

b 6= f(x) . (7.6.1)

Such b serves as a witness assuming that it actually has the property, i.e. (7.6.1)
is a tautology. This happens with the probability at least 1 − 2n−m ≥ 1

2 . The
system we shall define now allows to make such an informal construction precise.

The random resolution, denoted by RR, refutes a set of clauses C by
adding first to it another, randomly chosen, set of clauses and then operates
as the ordinary R.The formal definition is as follows. For δ > 0, a δ-random
resolution refutation distribution of C is a random distribution

Π = (πr,Dr)r ,

such that r are random strings, πr is a resolution refutation of C ∪ Dr and it is
required that:

• For truth assignment a ∈ {0, 1}n to all atoms it holds that:

Probr[a satisfies Dr] ≥ 1− δ .

The number of clauses in Π is defined to be the maximum number of clauses
among all πr.

Any truth assignment satisfying C would, by the condition above, satisfy also
some Dr and hence πr would be an R-refutation of a satisfiable set of clauses
which is impossible. Thus we have:

Lemma 7.6.3 RR is a sound proof system: any RR-refutable set is unsatisfi-
able.

The following theorem shows that RR is in one sense strong but in another
weak.

Theorem 7.6.4 (Pudlák and Thapen[428])
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1. With probability going to 1 a random 3CNF with n variables and 64n
clauses admits a constant size 1/2-RR refutation (i.e. δ = 1/2).

2. If P 6= NP then 1/2-RR cannot be p-simulated by any Cook-Reckhow proof
system.

3. RR does not p-simulate R(2) (cf. Section 5.7).

Proof systems with advice.

Assume we prove in EF shortly propositional formulas ϕn representing the
universal statement

ϕn := A(f(x), y) ∨A(g(x), z) (7.6.2)

where the three tuples have all length n = 1, 2, . . . , A is a p-time relation and
f and g are p-time functions. The formula has size nO(1)and it is a tautology
if, given n ≥ 1, either f(a) or g(a) witnesses the existential quantifier in

∃u(|u| = n)∀v(|v| = n) A(u, v) (7.6.3)

for any a ∈ {0, 1}n. If EF could get a little advice (1 bit), telling it which of
the two disjuncts is a tautology in each ϕn, it could prove either

A(f(x), y)

or
A(g(x), z) .

A somewhat more advice would be needed if instead of (7.6.2) we had

A(f(x), y) ∨A(g(x, y), z) .

This means that either f(a) is a valid witness in (7.6.3) and if not and b ∈ {0, 1}n
witnesses this failure:

¬A(f(a), b)

then g(a, b) is a valid witness. Here the potential advice for EF , for a given
n, would have to indicate not only which of the two cases happens but if it is
the latter then also yield some b. This and further considerations in bounded
arithmetic lead to a definition of proof systems with advice.

We have a relational and a functional version of the Cook-Reckhow definition
1.5.1 and they are equivalent. Similarly there are relational and functional
versions of the proof systems with advice but they are not necessarily equivalent.
Below we shall use the functional version.

A (functional) proof system with k(n) bits of advice is a P : {0, 1}∗ →
{0, 1}∗ whose range is exactly TAUT and such that P is computable in polyno-
mial time using k(n) bits of advice on inputs of length n.

The following statements are the two main facts about these proof systems
that can be stated now without a reference to bounded arithmetic.
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Theorem 7.6.5 (Cook and K.[155])

1. TAUT ∈ NP/k(n) if and only if there exists a p-bounded proof system
with advice k(n).

2. There exists a proof system with advice 1 (i.e. 1 bit) that simulates all
proof systems with advice k(n) = O(log n) and, in particular, it simulates
all Cook-Reckhow’s proof systems. The simulation is computed in p-time
with k(n) bits of advice.

We shall return to proof systems with advice in Chapter 21.

7.7 Bibliographical and Other Remarks

Sec.7.1. Proof systems R(CP) and LK(CP) were defined in [285] and contain
a CP with deduction considered by Bonet, Pitassi and Raz [95, 96]. The proof
system LK(CP) is related to model theory and via it to the LLL algorithm from
the lattice theory, cf.[285] for references.

R(LIN) was defined somewhat differently but equivalently by Itsykson and
Sokolov [254] (denoted by Res-lin there); our definition, and the definition of
R(PC) and R(PCd) are from [316]. It is easy to generalize the definition to
any field. Linear equational calculus (denoted by LEC in [282]) is sometimes
dubbed Gaussian calculus (and denoted by GC), cf. [147]. Raz and Tzameret
[431] consider earlier resolution over linear functions with integer coefficients and
also studied a multi-linear variant of polynomial calculus and relations between
these two systems.

Let us note that the systems R(LIN), R(CP) and other similarly constructed
are complete not only as propositional proof systems but also in the implica-
tional sense: each R(LIN) (resp. R(CP), etc.) clause that semantically follows
from a set of initial clauses can be derived from it.

System PCR was defined by Alekhnovich et.al. [11]. They also extended to
it the space measure defined for R by Esteban and Toran [178] and showed that
the relation between the width and the size in R-proofs transfers into a relation
between the degree and the size for PCR-proofs.

Pudlák [418] considered the system LS + CP by adding to LS the round-
ing rule. K. [286] defined a system F c

d (MODp) operating like PC with (some)
polynomials of the degree at most c built from the depth d DeMorgan formulas.
Garĺık and Kolodziejczyk [199] further generalized and investigated these hybrid
systems.

Sec.7.2. The definition of CF and WF and all statements about them in Section
7.2 are due to Jeřábek [257]. The proof system WF is also related to the theory
of proof complexity generators (cf. Section 19.4) and this connection suggests
that it is unlikely that CF p-simulates WF (cf. [294]). The dual WPHP principle
dWPHP is often called also surjective WPHP.

There is a number of other ways how to incorporate into a proof system a true
Σ2-statement other than how WF does it. For example, let h be a polynomial
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time map that is a permutation of each {0, 1}n. Then a rule allowing to infer
A(x) from A(h(x)) is sound and in a sense replaces the Σ2 statement that h is
surjective.

Sec.7.3. Implicit proof system were defined in [296]. We defined in Section 7.3
the systems [P,Q] as proof systems for tautologies in the ordinary sense but
we could have also considered tautologies defined themselves only implicitly by
a circuit and thus being possibly exponentially large. This was put to use in
[295, 285, 312]. Lemma 7.3.1 is [296, L.3.2] and Lemma 7.3.2 combines [296,
L.4.1 and 4.2]. There are more facts pointed out about the modified f-implicit
systems at the end of [296]. The implicit construction can be iterated also
internally, adding to a proof (α, β) a parameter 1(m) describing how long the
iteration is. In fact, there does not seem to be a canonical way how to do this:
you can describe the iteration length by the length of the truth table of a circuit
(or of a circuit described itself implicitly by a circuit), etc. This ambiguity
is reminiscent of the ambiguity in classical proof theory how to define natural
ordinal notations. Lemma 7.3.4 is due to Wang [507]; the proof there is different.
Šanda [461] constructed implicit R-proofs of PHPn.

Sec.7.4. The study of MLK was proposed by Pudlák [418] in the hope of ex-
tending the feasible interpolation method to it. the first two item in Theorem
7.4.1 are from Atserias, Galesi and Pudlák [34], the third item is from Buss, Ka-
banets, Kolokolova and Koucký [128]. The improvement from quasi-polynomial
to polynomial upper bound was possible because [128] formalized in a theory
corresponding to Frege systems a construction of expanders; this could then
be combined with an earlier formalization of a sorting-network construction by
Jeřábek [262]. It is not known if there is also a p-simulation by tree-like MLK.

Lemma 7.4.2 was originally proved - with a quasi-polynomial upper bound
- by Atserias, Galesi and Gavalda [33] by proving in MLK shortly (by quasi-
polynomial size proofs) natural counting properties of suitable monotone formu-
las defining the threshold connectives THn,k from (1.1.4). This was subsequently
improved in [34].

Another natural modification of LK from the logical point of view is the
intuitionistic propositional calculus denoted by LJ. Following Takeuti [490]
we define LJ as follows:

• Add the implication connective → and two introduction rules for it:

left
Γ −→ ∆, A B,Γ −→ ∆

A→ B,Γ −→ ∆
and right

A,Γ −→ ∆, B
Γ −→ ∆, A→ B

.

• Allow only proofs in which the succedent of each sequent contains at most
one formula.

The second condition makes the right versions of the exchange and the contrac-
tion rules redundant.

The class of the intuitionistically valid formulae is defined using one of a
number of semantics, the most popular being perhaps the Kripke semantics.
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We shall not define it here but mention that LJ is sound and complete with
respect to it. We see that all LJ-proofs are also LK-proofs and so the class of
intuitionistically valid formulas is a proper subclass of classical tautologies in the
language with the implication (a famous classical tautology not intuitionistically
valid is p∨¬p). It is, presumably, much more complex as it is PSPACE-complete.
There is, however, a simple interpretation of classical logic in intuitionistic, the
double negation translation: For each formula A in the DeMorgan language
with implication define a new formula A∗ as follows:

• p∗ := ¬¬p, for any atom p,

• ∗ commutes with ¬,∧,→,

• (A ∨B)∗ := ¬(¬A∗ ∧ ¬B∗).

It holds that LK proves a sequent A1, . . . , Au −→ B1, . . . , Bv if and only if LJ
proves A∗1, . . . , A

∗
u,¬B∗1 , . . . ,¬B∗v −→, cf. Takeuti [490]. In particular, A is a

classical tautology if and only if ¬¬A∗ is an intuitionistic tautology.

The OBDD proof system was defined and investigated by Atserias, Kolaitis
and Vardi [35] and Lemma 7.4.3 is from there. Their definition was different than
the one more general used here (this one comes from [303]): they defined the
initial OBDDs and three inference rules how to manipulate proof lines. Itsykson
et.al. [252] consider additional rules and [303] defines a combined proof system
R(OBDD) and Mikle-Barat [358] defines and studies a DPLL-like procedure for
R(OBDD).

The language and the axiomatizations of Robinson’s arithmetic differ a bit
in literature but the important thing is that it is finite. For this, theory PA and
the general facts stated about it see Shoenfield [474] or Hájek and Pudlák [216].
In Part II we shall consider proof systems attached to any reasonable theory.

One can interpret the first-order predicate calculus as a propositional proof
system: atomic formulas serve as atoms. Henzl [227] proved, in particular, that
in this sense is predicate calculus p-equivalent to Frege systems while the theory
stating that the universe has at least two elements p-simulates the quantified
propositional logic G. In fact, one can interpret individual first-order struc-
tures as proof systems; the relevant notion is the combinatorics of a structure
Comb(A) introduced in [297].

Sec.7.5. The proof systems ENS and UENS were defined in Buss et.al. [126];
the soundness and the completeness and the first two parts of Lemma 7.5.3 are
from there. The last part of Lemma 7.5.3 (UENS ≤p WF) is from Jeřábek [257].

IPS was defined by Grochow and Pitassi [213]. The testing whether two poly-
nomials over a field (e.g. large finite) are identical, the polynomial identity
problem (PIT), can be done by a probabilistic polynomial time algorithm us-
ing the so called Schwartz-Zippel lemma. A deterministic algorithm is unknown
but many experts believe that P = BPP in which case such an algorithm would
exists. Grochow and Pitassi [213] discuss PIT-axioms and state that short prov-
ability of these in EF (or in any sufficiently strong proof system) implies that
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EF p-simulates IPS. The axioms simply state that a certain algorithm soundly
solves the PIT problem and thus assert the soundness of IPS; the p-simulation is
then an instance of a general relation between the soundness statements and p-
simulations we study in Parts II and IV. The PIT axioms also do not state some
property of all algorithms but state it only for some particular but unknown one.

Dehn calculus (under the ugly name “group-based proof systems”) was stud-
ied in connections to proof complexity in [293]. A number of correspondences
between propositional proof systems and finitely presented groups are discussed
there. Basic texts about combinatorial and geometric group theory are Bridson
[102] or Lyndon and Schupp [350]. Polynomial-time reductions of languages
L ⊆ {0, 1}∗ to the word problem sets of finitely presented groups were defined
by Birget [84].

Tzameret [499] considers proof systems operating with non-commutative for-
mulas and compares them with some classical calculi. The non-commutativity
allows to encode any syntax into formulas and thus fairly direct simulations of
(some) logical calculi.

Cavagnetto [136] interprets resolution (both R and R∗) as rewriting systems,
attaches to them planar diagrams analogous to van Kampen diagrams and uses
them to interpret geometrically the size, the width and the space in R-proofs.

Sec.7.6.
Pitassi and Urquhart [408] used reductions from Garey, Johnson and Stock-

meyer [196] in their investigation of the Hajós calculus.
Random resolution was suggested by Dantchev (as reported in [130]) and

formally defined by Buss, Kolodziejczyk and Thapen [130]. Pudlák and Thapen
[428] consider several variants of the definition. Theorem 7.6.4 combines Props.3.2,
3.3 and Thm.6.5 of [428].

Proof systems with advice were defined by Cook and K. [155] in connections
with bounded arithmetic and the consistency of NP 6⊆ P/poly. Theorem 7.6.5
is from that paper (Thms.6.5 and 6.6. there). We shall study these topics in
Part IV.

Pudlák [423] defined quantum proof systems and quantum Frege systems,
in particular. He showed that quantum Frege systems do not have super-
polynomial speed-up over classical Frege systems but, unless factoring is p-time
computable, are not p-simulated by them. A number of open problems and
some conjectures are formulated in [423]; in particular, it is open whether there
is a quantum Frege system simulating other quantum Frege systems or whether
these can be simulated by classical Frege systems when the simulation is allowed
to be computed in quantum p-time.

Müller and Tzameret [364] formalized in the so called TC0-Frege system (cf.
Sections 2.6 and 10.2). an incomplete proof system invented by Feige, Kim and
Ofek [181]. This proof system proves in polynomial size a random 3CNF of the
density (the number of clauses) Ω(n1.4) meaning that such a short proof exists
with a high probability but not always.

Another incomplete (and unsound) proof systems are pseudo proof systems
from [309] (they are just an auxiliary notion there). Such a pseudo proof system
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is a polynomial-time function P whose range are formulas (but not necessarily
just tautologies) and such that arbitrary polynomial time function f finds from
a string w a falsifying assignment f(w) for formula the P (w) with a negligible
probability over any {0, 1}n, for n >> 0. Malý and Müller [353, 354] relate
certain properties of these system to the existence of hard sequences for SAT
algorithms.



188 Basic concepts



Part II

Upper Bounds

189





Upper bounds 191

We shall present in this part general methods how to construct short proofs
of some sequences of tautologies and how to prove a p-simulation of one proof
system by another. Both are based on a close relation between proof systems
and first-order theories.

Having a first-order sentence B valid in all finite structures we shall define
in Section 8.2 a sequence of tautologies 〈B〉n that express that B is valid in all
structures of the cardinality n. When we want to construct short propositional
proofs of these tautologies a natural idea is to first prove, in some first-order
theory, the universal statement that B is valid in all finite structures and then
translate such a universal proof into a sequence of propositional proofs for the
individual tautologies 〈B〉n. The simpler the first-order theory is, the weaker
propositional proof system needs to be. This is analogous to an extent to having
a Turing machine deciding a language L ⊆ {0, 1}∗ and then constructing from it
a sequence of circuits Cn computing the characteristic functions of L restricted
to {0, 1}n as in Theorem 1.4.2, the size of Cn being bounded in terms of the
time complexity of the machine. Not all sequences of circuits can be constructed
in this way and similarly not all short proofs for a sequence of tautologies need
to appear in this way either. In particular, if the sequence of the tautologies is
not a translation of one first-order sentence then this method does not apply.

The construction of p-simulations using first-order theories is more universal
and with few exceptions all known p-simulations can be obtained easily in this
way. It is based on an analogy with a classical result of mathematical logic that
the consistency of a theory implies - over a fixed weak theory - all its universal
consequences (modulo some technicalities).

The first and still the key instance of this use of first-order theories in proof
complexity was described by Cook [151]. A similar correspondence between a
bounded arithmetic theory of Parikh [383] and constant depth Frege systems was
later rediscovered in the language of model theory by Paris and Wilkie [393] and
by Ajtai [5]. A general correspondence between first-order theories and proof
systems was subsequently developed by K. and Pudlák [320] and linked there
with some fundamental questions of proof complexity and mathematical logic
(we shall see some examples in Chapter 21). The classes of theories most conve-
nient for this correspondence were introduced by Buss [106] who discovered also
another crucial link of his theories to computational complexity via witnessing
theorems.
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Chapter 8

Basic Example of the
Correspondence

Although the first example of the correspondence between theories and proof
systems was given by Cook [151] we shall start with the correspondence of Paris
and Wilkie [393] and Ajtai [5] between a theory of Parikh [383] and constant
depth Frege systems. It is formally easier and thus illustrates, in my view, the
basic ideas underlying the correspondence more clearly.

8.1 Parikh’s Theory I∆0

The first bounded arithmetic theory, and still the most intuitive one in my view,
was the theory I∆0 defined by Parikh [383]. The term bounded arithmetic is
used informally and generally refers to theories of arithmetic axiomatized by
(the universal closures of) bounded formulas, often instances of the induction
scheme IND for a class of bounded formulas in some specific language. The
language of theory I∆0 is the language of Peano arithmetic LPA we used when
discussing the example of the proof system PPA in Section 7.4:

0 , 1 , + , · , ≤ .

I∆0 is axiomatized as PA by Robinson’s arithmetic Q and by the axiom scheme
IND but restricted only to ∆0-formulas A (cf. Section 7.4 for the definitions
of these notions). Note that the instances (7.4.2) of the IND scheme are not
bounded formulas even for a ∆0-formula A(x). But for bounded A it can be
rewritten as such:

¬A(0) ∨ (∃y ≤ x, y < x ∧A(y) ∧ ¬A(y + 1)) ∨ A(x) . (8.1.1)

(We implicitly assume that all variables free in (8.1.1) are universally quanti-
fied.) The IND axioms of this new form are (taken together) equivalent over
Robinson’s Q to the original IND axioms.

193
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Parikh’s [383] aim was to formalize the informal notion of feasible numbers:
small numbers are feasible and these are closed under addition and multiplica-
tion but not necessarily under exponentiation. From this perspective checking
the truth value of an instance of a ∆0-formula for feasible numbers involves only
feasible numbers as all quantifiers in the formula are bounded by a term in the
language and terms are constructed from feasible operations.

Bounded formulas are also significant from computational complexity theory
point of view: they define sets in the linear time hierarchy and those are equiv-
alent to the rudimentary sets; cf. Section 8.7. Paris and Wilkie [395] realized
that it is useful to add an axiom they called Ω1 that states that

∀x∃y , y = x|x| .

The function x→ x|x| was denoted by them ω1(x). Here |x| is the bit length of
x, dlog(x+1)e. In fact, it requires a significant amount of work to show that the
graph of this function is definable by an LPA-formula and even more work to
show that the definition can be bounded. The reason to include Ω1 is that when
formalizing polynomial time algorithms and proving that they are well-defined it
is necessarily to talk about strings of size (i.e. the bit-length of numbers coding
them) polynomial in the size of the input string. Similarly when formalizing
parts of logical syntax one needs to talk about substitutions but substituting a
string (a formula or a term) for a symbol (a variable) in another string extends
the size non-linearly. But all functions bounded by an LPA-term are linearly
growing in their length: for each LPA-term t(x)

|t(x)| ≤ O(
∑

i

|xi|) , (8.1.2)

and that prevents the definability of ω1(x) by the following theorem.

Theorem 8.1.1 (Parikh’s theorem [383]) Let A(x, y) be a ∆0-formula and
assume that I∆0 proves

∀x∃yA(x, y) .

Then there is an LPA-term t(x) such that I∆0 proves even

∀x∃y ≤ t(x)A(x, y) .

This theorem has a simple model-theoretic proof (cf. Section 8.3) and it is also
a consequence of Herbrand’s theorem (cf. Section 12.2).

When defining his theories, Buss [106] took a more direct route and added to
the language the function symbols for |x| and for (a function similar to) ω1(x)
(and, in fact, some more), and he included in the theories natural axioms about
them. This allowed him to decompose the class of bounded formulas into a
natural hierarchy whose levels define predicates in the corresponding levels of
the polynomial-time hierarchy, and use that to define natural subtheories of his
bounded arithmetic. We shall discuss this in detail in Chapter 9.

There are two main open problems concerning the theory I∆0:
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Problem 8.1.2 (The finite axiomatizability problem)
Is I∆0 finitely axiomatizable?

Problem 8.1.3 (The ∆0-PHP problem)
Does I∆0 prove the ∆0-PHP?

The latter problem asks if the theory I∆0 proves for each bounded formula
A(x, y) that for no z does A define a graph of an injective function from [z + 1]
into [z]. That is, can I∆0 prove the formula PHP(R) stating that one of the
following three formulas must fail:

1. ∀x ≤ z + 1∃y ≤ zR(x, y)

2. ∀x ≤ z + 1∀y 6= y′ ≤ z(¬R(x, y) ∨ ¬R(x, y′))

3. ∀x 6= x′ ≤ z + 1∀y ≤ z(¬R(x, y) ∨ ¬R(x′, y))

when A(x, y) is substituted for R(x, y)?
More is known about the finite axiomatizability problem (cf. Section 8.7).

Concerning the ∆0-PHP problem Paris and Wilkie [393] formulated its weaker
version. Add to the language LPA a new binary relation symbol R(x, y). Let
∆0(R) be the class of bounded formulas in this extended language and define
a theory I∆0(R) to be Robinson’s Q with the induction scheme IND accepted
for all ∆0(R)-formulas. The modified problem is a relativization of the ∆0-PHP
problem:

• Does I∆0(R) prove PHP(R)?

The affirmative answer to this problem would clearly imply that I∆0 proves
the ∆0-PHP (just substitute everywhere in the proof the formula A for the
symbol R). But the relativised problem was solved in the negative. The solution
followed a reduction of the negative solution, due to Paris and Wilkie [393], to
a statement about Frege systems in the DeMorgan language:

• Assume that there are no d, c ≥ 2 such that for all n ≥ 1 there are depth
d, size nc Frege proofs of the PHPn tautology from (1.5.1). Then PHP(R)
is not provable in I∆0(R).

We shall prove the reduction in the next section and the statement about propo-
sitional proofs of PHPn in Chapter 15.

8.2 The Paris-Wilkie Translation 〈. . . 〉
Extend the language LPA by any countable number of relation symbols and
constants. Such an extended language will be denoted by LPA(α), the symbol α
indicating that the language contains some unspecified number of new relation
symbols and constants. For the presentation in this section we stick to the
language LPA(R) extending LPA by one binary relation symbol R(x, y) we



196 Upper bounds

used earlier. But it will be clear that this is without a loss of generality and the
construction applies to any LPA(α).

The Paris - Wilkie translation assigns to any ∆0(R)-formulaA(x1, . . . , xk)
and any n1, . . . , nk ≥ 0 a DeMorgan propositional formula

〈A(x)〉n1,...,nk

defined by induction on the logical complexity of A as follows:

1. If B is one of the atomic formulas t(x) = s(x) or t(x) ≤ s(x), t and s
terms, then

〈B〉n1,...,nk
:=

{
1 if B(n1, , . . . , nk) is true
0 otherwise.

2. If B is the atomic formula R(t(x), s(x)) and i and j are the values of the
terms t(x) and s(x) for x := n, respectively, then put:

〈B〉n1,...,nk
:= rij

where rij are propositional atoms.

3. 〈. . . 〉 commutes with ¬,∨,∧.

4. If A(x) = ∃y ≤ t(x)B(x, y) then

〈A(x)〉n1,...,nk
:=

∨
m≤t(n)

〈B(x, y)〉n1,...,nk,m .

5. If A(x) = ∀y ≤ t(x)B(x, y) then

〈A(x)〉n1,...,nk
:=

∧
m≤t(n)

〈B(x, y)〉n1,...,nk,m .

The notation 〈. . . 〉n1,...,nk
is very close to the notation 〈. . . 〉n,A from Section

1.2. This is because the translations are essentially the same. Namely, the
truth value of a ∆0(R)-formula for the instances n of its variables is determined
in the initial interval of (N, R) with the universe of the form [0, s(n)], where s(x)
is some term (essentially the composition of the terms bounding the individual
quantifiers in the formula).

Lemma 8.2.1 Let A(x) be a ∆0(R)-formula. Then there are c, d ≥ 1 such that
for all n1, . . . , nk:

• |〈A(x)〉n1,...,nk
| ≤ (n1 + · · ·+ nk + 2)c,

• dp(〈A(x)〉n1,...,nk
) ≤ d.
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Moreover, A(n1, . . . , nk) is true for all interpretations of R if and only if 〈A(x)〉n1,...,nk
∈

TAUT.

We note that if we used a language L richer than LPA, in particular if we
included ω1(x), a similar lemma still holds but we need to modify the upper
bound for the size of the translation. Namely, let f(x) be a non-decreasing
function such that for any L-term t(x1, . . . , xk) there is some c ≥ 1 such that it
holds:

t(x1, . . . , xk) ≤ f (c)(x1 + · · ·+ xk + 2) (8.2.1)

(f (c) denotes the c-fold iterate of f). Then the size estimate in the lemma would
be:

• |〈A(x)〉n1,...,nk
| ≤ f (c)(n1 + · · ·+ nk + 2), for some c ≥ 1

(the depth estimate does not change). In particular, by adding ω1(x) to LPA

the size in the estimate changes to:

ω1(x)(c) = 2|x|
(2c)

.

The key result about the translation is the following.

Theorem 8.2.2 (Paris and Wilkie [393])
Let F be a Frege system in the DeMorgan language. Let A(x) be a ∆0(R)-

formula and assume that I∆0(R) proves ∀xA(x). Then there are c, d ≥ 1 such
that for each k-tuple n1, . . . , nk there is an F -proof πn1,...,nk

of 〈A(x)〉n1,...,nk

such that:

dp(πn1,...,nk
) ≤ d and |πn1,...,nk

| ≤ (n1 + · · ·+ nk + 2)c .

There are several proofs of this theorem, each appealing to a different intuition,
and using either proof theory or model theory. A proof-theoretic argument, often
branded as the most intuitive one, exploits a simple informal idea. Assume that
we can find a proof π of A(x) in the theory such that only ∆0(R)-formulas
appear in π. Then we can apply the 〈. . . 〉 translation step by step and derive
the wanted tautology 〈A(x)〉n1,...,nk

from the 〈. . . 〉 translation of the axioms of
I∆0(R), prove these translations of the axioms separately by short Frege proofs
of a bounded depth, and then combine the proofs to get a proof of the formula.
To see how a proof of the translation of an axiom may look like consider the
IND scheme as in (8.1.1) for a ∆0(R)-formula B(x) and x := m:

¬B(0) ∨ (∃y ≤ m, y < m ∧B(y) ∧ ¬B(y + 1)) ∨ B(m) .

Denoting βn := 〈B(x)〉n, clearly

[β0 ∧
∧

n<m

(βn → βn+1)]→ βm

has a Frege proof of the depth bounded by dp(βm)+O(1) and the sizeO(m·|βm|).
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The technical problem with this approach is that in order to get a proof π
that uses only bounded formulas one needs to introduce to first-order logic new
quantifier inference rules that deal with bounded quantifiers. For example, in
the sequent calculus formalism we may modify the first-order sequent calculus
LK to a calculus called LKB having new rules for introducing the bounded
quantifiers such as:

y ≤ t,Γ −→ ∆, A(y)
Γ −→ ∆,∀y ≤ tA(y)

(with y not appearing in Γ,∆). Further, for proof-theoretic reasons, one also
needs to replace the IND axiom scheme by the IND inference rule:

B(y),Γ −→ ∆, B(y + 1)
B(0),Γ −→ ∆, B(x)

(x and y not occurring in Γ,∆), and then establish a form of cut-elimination that
implies the key subformula property: every bounded formula provable in I∆0(R)
has a proof in which all formulas in all sequents are substitution instances of
subformulas of the end-formula or of an induction formula, and hence bounded
itself. This approach is well presented in the literature (cf. Section 8.7) and we
shall not work it out here again.

An alternative proof-theoretic argument is based on Herbrand’s theorem.
We shall use Herbrand’s theorem to establish a similar result for translations
from Cook’s theory PV and from Buss’s first-order theories in Chapter 12. The
advantage of this approach is, as we shall see, that Herbrand’s theorem itself has
a simple model-theoretic proof and does not need any involved proof theoretic
construction, and the whole argument is the most elementary of all. However,
to use it for I∆0(R) one needs to apply first a Skolemization of the theory and
then reinterpret the Skolem functions in the propositional setting; both steps
are elementary but tedious and they steal some of the appeal of the technical
simplicity.

The original proof of Paris and Wilkie [393] was model-theoretic and it is, in
my view, very intuitive and easy to modify to other theories and proof systems.
However, to understand its technical details presupposes some familiarity with
basic mathematical logic on the level of understanding the Henkin construction
underlying the standard proof of the completeness theorem for first-order logic.
Nevertheless, I shall give a fairly complete outline of the argument in the next
section as the model-theoretic viewpoint motivates various other ideas we shall
discuss in later parts of the book. A full proof is given in [281].

8.3 Models of I∆0(R)

Let L be any language extending the language of arithmetic LPA such that each
symbol in L has a standard interpretation over the set of natural numbers N,
the standard model. For example, we may add to LPA the symbols for the
functions |x| or ω1(x) discussed earlier in this chapter.
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Let ThL(N) be the set of all L-sentences true in N. For e, a new constant
not in L, consider the language L(e) := L ∪ {e} and an L(e)-theory consisting
of:

1. ThL(N),

2. e > sn, for each numeral sn for n ≥ 1 (cf. Section 7.4).

Any finite number of sentences from item 2. are consistent with ThL(N) (just
interpret e in the standard model by a large enough number) and hence, by the
compactness of first-order logic, the theory has a model, say M. Axioms about
e force that e is in M interpreted by an element that is larger than sn, for all
n ∈ N. An L-structure with this property is called a non-standard model,
in this case of ThL(N).

The model M has a number of specific L-substructures called cuts. A cut
in M is any I ⊆M such that

• I contains all (M-interpretations of) constants from L (so not necessarily
e) and it is closed under all L-functions,

• I is closed downwards: a < b ∧ b ∈ I implies a ∈ I, for all a, b ∈M.

For example, the standard model N is itself the smallest cut in any non-standard
model. Somewhat more interesting is the following cut:

Ie := {a ∈M | there exists an L-term t(x) such that M |= a ≤ t(e)} .

We can use cut Ie to prove Parikh’s theorem.

Proof of Theorem 8.1.1.

Assume that I∆0 proves for no LPA-term t(x) the sentence

∀x∃y ≤ t(x)A(x, y) .

As each of the terms t1(x), . . . , tk(x) is majorized by t(x) := t1(x) + · · ·+ tk(x),
this hypothesis implies that for no LPA-terms t1(x), . . . , tk(x) does I∆0 prove
the disjunction ∨

i≤k

∀x∃y ≤ ti(x)A(x, y)

either. Consider the theory T in the language LPA with a new constant symbol
e added to it and with the axioms:

1. I∆0,

2. (as item 2. above) e > sn, for each numeral sn for n ≥ 1,

3. ¬∃y ≤ t(e)A(e, y), for each LPA-term t(x).
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The hypothesis and the compactness imply that T is consistent and hence has
a model: let M be such a model. It is non-standard (due to item 2.) and we
can consider the cut Ie. By the axioms in item 3.,

Ie |= ¬∃yA(e, y) .

The proof is concluded by the following two simple but key claims.

Claim 1:For all ∆0-formulas B(z1, . . . , zk) and any a1, . . . , ak ∈ Ie:

Ie |= B(a1, . . . , ak) if and only if M |= B(a1, . . . , ak) .

Claim 1 is established by induction on the number of logical connectives
and quantifiers in B, noting that the downward closure of cuts implies that the
bounded quantifiers are defined in the same way in M and in Ie.

Claim 2: Ie |= I∆0.

Let B(x) be a ∆0-formula (possibly with parameters from Ie) and assume
that

Ie |= B(0) ∧ ¬B(m)

for some m ∈ Ie. By Claim 1 also

M |= B(0) ∧ ¬B(m)

and as M is a model of I∆0 there must be n < m in M such that

M |= B(n) ∧ ¬B(n+ 1) .

By the downward closure of Ie also n ∈ Ie and by Claim 1:

Ie |= B(n) ∧ ¬B(n+ 1) .

This proves the theorem.
Note that the same argument applies also to a theory extending I∆0 by

accepting the IND axioms for all ∆0(L)-formulas, bounded formulas in the ex-
tended language L considered above.

We shall now outline a

Proof of Theorem 8.2.2

Let A(x) be a ∆0(R)-formula (we take for a notational simplicity without
a loss of generality a formula with one free variable x only) and assume that
I∆0(R) proves ∀xA(x). By Lemma 8.2.1 there are c0, d0 ≥ 1 such that for all
n:

|〈A(x)〉n| ≤ (n+ 2)c0 and dp(〈A(x)〉n) ≤ d0 .

Assume for the sake of a contradiction that the conclusion of the theorem fails:
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• There are no c, d ≥ 1 such that for each n ∈ N there is a proof πn of
〈A(x)〉n in a Frege system in the DeMorgan language such that:

dp(πn) ≤ d and |πn| ≤ (n+ 2)c . (8.3.1)

Consider now a theory T in the language LPA augmented by a new constant e
and with the axioms:

1. ThLP A
(N),

2. e > sn, for each numeral sn for n ≥ 1,

3. for each c, d ≥ 1 the axiom:

There is no proof π of 〈A(x)〉e in a Frege system in the DeMorgan language
such that:

dp(π) ≤ d and |π| ≤ (e+ 2)c . (8.3.2)

Formulating the axioms in item 3. in the language of arithmetic presupposes
some knowledge of how is the logical syntax formalized in PA; this is a standard
mathematical logic background that we shall not review here.

By the hypothesis (8.3.1) and using the compactness we deduce that T is
consistent and thus has a model M. Moreover we may assume that M is count-
able (another standard mathematical logic background). Our strategy is to show
that we can interpret the relation symbol R over the cut Ie by some relation
RG such that

(Ie, RG) |= I∆0(RG) + ¬A(e) (8.3.3)

and thus contradict the hypothesis of the theorem. To do so we shall construct
the bounded elementary diagram G of the wanted structure (Ie, RG): a set of
∆0(R, Ie)-sentences in the language LPA(R, Ie), which is LPA(R) augmented
by names for all elements of Ie, such that it will hold that:

1. ¬A(e) ∈ G,

2. for each ∆0(R, Ie)-sentence B exactly one of B,¬B is in G,

3. for each ∆0(R, Ie)-sentence B ∨ C: B ∨ C ∈ G if and only if B ∈ G or
C ∈ G,

4. for each ∆0(R, Ie)-sentence B ∧ C: B ∧ C ∈ G if and only if B ∈ G and
C ∈ G,

5. for each ∆0(R, Ie)-sentence ∃y ≤ t B(y):

∃y ≤ tB(y) ∈ G if and only if a ≤ t ∧B(a) ∈ G for some a ∈ Ie,

6. for each ∆0(R, Ie)-sentence ∀y ≤ t B(y):

∀y ≤ tB(y) ∈ G if and only if ¬a ≤ t ∨B(a) ∈ G for all a ∈ Ie,
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7. for each ∆0(R, Ie)-formula B(y) with one free variable y and for each
m ∈ Ie:

(a) either ¬B(0) ∈ G, or

(b) B(m) ∈ G, or

(c) B(a) ∧ ¬B(a+ 1) ∈ G for some a < m.

Having such a set G define for all a, b ∈ Ie:

RG(a, b) if and only if R(a, b) ∈ G .

The following simple claim, proved by induction on the logical complexity of B,
implies that (Ie, RG) has the wanted properties.

Claim:For each ∆0(R, Ie)-sentence B, (Ie, RG) |= B if and only if B ∈ G.

The key maneuvre is that we shall construct a suitable set G on the propo-
sitional level, working with the propositional translations of ∆(R, Ie)-sentences
instead of the sentences themselves. Let F ⊆M be the set of all elements of M
that are in the sense of M propositional formulas α in the DeMorgan language
satisfying:

(i) α is built from the atoms that occur in 〈A(x)〉e,

(ii) dp(α) ≤ d for some d ∈ N,

(iii) |α| ≤ ec, for some c ∈ N.

This set is not definable in M (otherwise one could define N as the depths of
the formulas in F ). As M is countable, so is F , and assume that α0, α1, . . .
enumerates its elements such that each α ∈ F appears infinitely often, and also
enumerate all pairs consisting of a ∆0(R, Ie)-formula with one free variable and
an element of Ie as (B0(y),m0), (B1(y),m1), . . . .

For a set S ⊆ F definable in M and t ∈M we say that S is t-consistent if
and only if in M there is no Frege proof ρ of the propositional constant 0 from
some formulas in S such that

|ρ| ≤ et and dp(ρ) ≤ t .

We want to define an increasing chain S0 ⊆ S1 ⊆ · · · ⊆ F of sets definable in
M and satisfying the following conditions:

1. ¬〈A〉e ∈ S0,

2. if k = 2i then exactly one of αi,¬αi is in Sk,

3. if k = 2i and if αi =
∨

j βj and αi ∈ Sk−1 then one of βj ∈ Sk,

4. if k = 2i and if αi =
∧

j βj and αi ∈ Sk−1 then all of βj ∈ Sk,

5. if k = 2i+ 1 and βj = 〈Bi(y)〉j for all j ≤ mi then:
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(a) either ¬β0 ∈ Sk,

(b) or βmi ∈ Sk,

(c) or βj ∧ βj+1 ∈ Sk for some j < mi.

6. there is t ∈M \N such that Sk is t-consistent.

By the hypothesis (8.3.2) the set consisting of ¬〈A〉e is t-consistent for some
non-standard t and hence either S0 := {¬〈A〉e, α0} or S0 := {¬〈A〉e,¬α0} is
(t− 1)-consistent.

Let us give two examples how Sk is defined, the other cases being analogous
to these two. Assume k = 2i, αi =

∨
j≤m βj ∈ Sk−1 (and m ∈ Ie) and Sk−1

is t-consistent. We want to find βj that we can add to Sk−1 and stay (t/2)-
consistent. Assume further for the sake of a contradiction that for all j there
are Frege proofs ρj of 0 from Sk−1 ∪ {βj} that are of the depth ≤ t/2 and the
size ≤ et/2. Then we can combine these m ≤ et/3 proofs into a proof of 0 from
Sk−1 ∪ {αi} = Sk−1 of size ≤ et and depth ≤ t/2 + O(1) < t. This contradicts
the t-consistency of Sk−1.

For the second example consider the item related to induction: k = 2i + 1
and βj = 〈Bi(j)〉 for all j ≤ mi and Sk−1 is t-consistent. If adding any of the
mi + 1 formulas:

¬β0 , βmi , βj ∧ βj+1 for some j < mi

results in all cases in a t/2-inconsistent theory then we can combine the individ-
ual inconsistency proofs into a proof of 0 from Sk−1 with the parameters (the
depth and the size) contradicting its t-consistency.

Having the chain S0 ⊆ S1 ⊆ . . . put an ∆(R, Ie)-sentence B into G if and
only if 〈B〉 ∈

⋃
k≥0 Sk. Then G satisfies all seven requirements imposed on it

above. This proves the theorem.

8.4 Soundness of AC0-Frege Systems

The soundness of a proof system P is the item in Definition 1.5.1 asserting
that any formula with a P -proof is a tautology. We shall now consider how
to formalize this statement in the language LPA augmented by several relation
symbols that will encode a formula, a proof and an evaluation. We shall treat
first the simplest case: resolution refutations of sets of clauses.

A clause C in n atoms p1, . . . , pn can be identified with a subset C ′ ⊆ [2n]:

pi ∈ C if and only if i ∈ C ′ and ¬pi ∈ C if and only if n+ i ∈ C ′ .

A set of m clauses C = {C1, . . . , Cm} in n atoms can be then represented by a
binary relation F ⊆ [m]× [2n]:

(j, i) ∈ F if and only if i ∈ C ′j .
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The same set is represented by a number of relations F depending on the order-
ing of the clauses. A resolution refutation D1, . . . , Dk of C can be analogously
represented by a binary relation P ⊆ [k] × [2n] and the condition that it is a
refutation of C can be represented by a ∆0(P, F ) formula PrfR(x, y, z) with x
standing for the number of variables (above it is n), y for m and z for k:

(∀1 ≤ j ≤ z [Init(j) ∨ (∃1 ≤ j1, j2 < j∃1 ≤ i ≤ x Infer(j, j1, j2, i))])

∧ (∀1 ≤ i ≤ x ¬P (z, i) ∧ ¬P (z, i+ x))

where Init(j) formalizes that Dj ∈ C:

∃1 ≤ t ≤ y∀1 ≤ i ≤ 2x P (j, i) ≡ F (t, i)

and Infer(j, j1, j2, i) formalizes that Dj was inferred from Dj1 , Dj2 by resolving
the variable pi: Infer(j, j1, j2, i) is the conjunction of the following formulas

• ¬P (j, i) ∧ ¬P (j, x+ i)

• [∀1 ≤ t ≤ 2x (t 6= i ∧ t 6= x+ i)→ (P (j, t) ≡ (P (j1, t) ∨ P (j2, t))]

• [(P (j1, i) ∧ P (j2, i+ x)) ∨ (P (j1, i+ x) ∧ P (j2, i))]

It is easy to modify the definition of PrfR to capture the provability predicate
for Rw or for some other variants of R.

A truth evaluation a ∈ {0, 1}n of n atoms can be identified with a subset
E ⊆ [n]:

i ∈ E if and only if ai = 1

and let Sat2(x, y) be the following ∆0(E,F )-formula (with x standing again for
n and y for m) formalizing that E satisfies the formula F :

∀1 ≤ j ≤ y ∃1 ≤ i ≤ x [(E(i) ∧ F (j, i)) ∨ (¬E(i) ∧ F (j, i+ x))] . (8.4.1)

The soundness of resolution can be then formalized by the following ∆0(E,F, P )-
formula, often denoted by RefR(x, y, z) and called in accordance with the ter-
minology in mathematical logic a reflection principle for resolution:

PrfR(x, y, z, P, F )→ ¬Sat2(x, y, E, F )

(we list for a better understanding explicitly the relations on which the sub-
formulas depend). The negation sign in front of the Sat2 subformula is there
because we talk about refutations and not about proofs, and the reason for the
index 2 will become clear in a moment.

Lemma 8.4.1 I∆0(E,F, P ) proves the formula RefR(x, y, z).
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Proof:
Assuming PrfR(x, y, z, P, F ) ∧ Sat2(x, y, E, F ) prove by induction on u =

1, . . . , z:

∀t ≤ u∃1 ≤ i ≤ x [(E(i) ∧ P (t, i)) ∨ (¬E(i) ∧ P (t, i+ x))] .

The formula formalizes that E satisfies the first u clauses in the refutation P .
For t = z this contradicts the conjunct in PrfR stating that the last clause is
empty.

q.e.d.

We can use the encoding of the depth d DeMorgan formulas described in the
proof of Lemma 1.4.4 and write analogously for each fixed d ≥ 1:

• a ∆0(F )-formula Flad(x, y) formalizing that F encodes a depth ≤ d De-
Morgan formula with ≤ x atoms and of size ≤ y,

• a ∆0(F, P )-formula Prfd(x, y, z) formalizing that P encodes a depth ≤ d
Frege proof of a formula F satisfying Flad(x, y)

• a ∆0(E,F )-formula Satd(x, y) formalizing that E is a truth assignment to
the ≤ x atoms that satisfies the formula F , which itself obeys Flad(x, y)

and the reflection principle Refd(x, y, z) expressing the soundness of the depth
d subsystem of a Frege system with respect to proofs of depth ≤ d formulas:

Prfd(x, y, z, P, F )→ Satd(x, y, E, F ) (8.4.2)

The proof of the following lemma is analogous to the proof of Lemma 8.4.1,
proving by induction on u ≤ z that the first u steps in the Fd-proof P are all
satisfied by the assignment E.

Lemma 8.4.2 I∆0(E,F, P ) proves the formula Refd(x, y, z).

It is natural to ask for how strong proof systems we may carry out this
argument in I∆0(E,F, P ). The provability predicate for any proof system Q is
- by the definition - polynomial time decidable and hence, in particular, in the
class NP. By Fagin’s theorem 1.2.2 every NP-relation is sΣ1

1-definable. This
means that there are some relation symbols G1, . . . , Gt (of some arities) on [z]
and a ∆0(P, F,G1, . . . , Gt)-formula

Prf0
Q(x, y, z, P, F,G1, . . . , Gt)

such that for

PrfQ(x, y, z, P, F ) := ∃G1, . . . , GtPrf
0
Q(x, y, z, P, F,G1, . . . , Gt)

and for all x := n, y := m, z := s, every DeMorgan formula F with ≤ n atoms
and of size ≤ m and every relation P it holds:

P is a Q-proof of F of size ≤ s if and only if PrfQ(n,m, s, P, F ) .
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A general proof system Q proves all DeMorgan tautologies and not just DNFs or
bounded depth formulas. To formulate the reflection principle in full generality
requires a formalization of the satisfiability relation for general formulas. That
is not definable by a ∆0-formula but it is in coNP and hence definable by a
strict Π1

1-formula. Let Sat(x, y) be a strict Π1
1-formula of the form

Sat(x, y, E, F ) := ∀H1, . . . ,HrSat
0(x, y, E, F,H1, . . . ,Hr) (8.4.3)

where Sat0 is a ∆0(E,F,H1, . . . ,Hr)-formula and for x := n, y := m, every
DeMorgan formula F with ≤ n atoms and of size ≤ m and set E it holds:

E is a satisfying assignment for F if and only if Sat(n,m,E, F ) .

A more general reflection principle for Q, denoted by RefQ, is a bounded formula
of the form as before:

Prf0
Q(x, y, z, P, F,G1, . . . , Gt) → Sat0(x, y, E, F,H1, . . . ,Hr) . (8.4.4)

We could encode each of the tuples of relations Gi and Hi into just one but
it is often more transparent to have separate relations with various roles in
the formalization. As we do not know in advance how many relations Gi and
Hi we may want to use, it is useful to talk here generically about a ∆0(α)-
formula, similarly as we used before the generic language L(α). Saying that we
have a ∆0(α)-formula A(E,F, P ) is meant to stress that E,F, P are prominent
relations possibly occurring in A but that there may be other relation symbols
as well.

To express the soundness of a proof system just with respect to proofs of
formulas of the depth at most d, we do not need to use a coNP definition of the
satisfiability and may write it using the bounded formula Satd used earlier:

Prf0
Q(x, y, z, P, F,G1, . . . , Gt) → Satd(x, y, E, F ) .

Denote this formula by RefQ,d.
Note that the freedom in choosing any sΣ1

1-definition of PrfQ works for
us: we can incorporate into the relations G1, . . . , Gt any information useful for
the proof of the soundness (for an example see Section 11.7). The next theorem
shows that even this does not help to prove the soundness of more proof systems
in I∆0(α) and that Lemma 8.4.2 cannot be generalized.

Theorem 8.4.3 Let Q be an arbitrary proof system and let PrfQ be an arbi-
trary NP-definition of its provability predicate of the form as above.

For every d0 ≥ 1, if I∆0(α) proves RefQ,d0 :

Prf0
Q(x, y, z, P, F,G1, . . . , Gt) → Satd0(x, y, E, F ) (8.4.5)

then there exists d ≥ d0 such that Fd p-simulates Q with respect to proofs of the
depth ≤ d0 formulas.
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Proof:
From the hypothesis of the theorem it follows by Theorem 8.2.2 that for some

c, d ≥ 1 the propositional translations 〈. . . 〉n,m,s of (8.4.5) have size (n+m+s)c

Frege proofs πn,m,s of the depth ≤ d.
Assume Π is a Q-proof of a formula ϕ in n variables, |Π| ≤ s and |ϕ| ≤ m.

Let P and F be the relations encoding Π and ϕ, respectively, and let G1, . . . , Gt

be some relations witnessing the existential quantifiers in PrfQ(n,m, s, P, F ).
Let ρ be a size (n + m + s)c ≤ O(sc) (assuming without a loss of generality
n ≤ m ≤ s) Fd-proof of

〈Prf0
Q(x, y, z) → Satd0(x, y)〉n,m,s (8.4.6)

which is just
〈Prf0

Q(x, y, z)〉n,m,s → 〈Satd0(x, y)〉n,m . (8.4.7)

Substituting for the atoms in 〈Prf0
Q(x, y, z)〉n,m,s the bits defined by the rela-

tions P, F,G1, . . . , Gt the formula becomes a sentence which is true and has an
Fd-proof of size polynomial in its size, i.e. in s. Hence we get from ρ a size
O(sc) Fd-proof ρ′ of

〈Satd0(x, y)〉n,m(p, q/F )

where p = p1, . . . , pn are the atoms corresponding to an unknown evaluation E
and where we substitute for the m atoms q = q1, . . . , qm corresponding to F the
bits defining it (i.e. defining the formula ϕ).

The formula ϕ has n atoms and we write them using p: ϕ(p).

Claim: There are size mO(1) Fd-proofs of

〈Satd0(x, y, E, F )〉n,m(p, q/F ) → ϕ(p) . (8.4.8)

In fact, there is a p-time algorithm that upon receiving as inputs 1(n), 1(m), ϕ
constructs such a proof.

To prove (8.4.8) one constructs by induction on the depth of ϕ a proof of a
stronger statement:

〈Satd0(x, y, E, F )〉n,m(p, q/F ) ≡ ϕ(p) . (8.4.9)

For this we need a faithful formalization of Satd such that it is easy to prove that
an assignment satisfies a conjunction (a disjunction) if and only if it satisfies
both (at least one) conjunct (disjunct), and it satisfies the negation of a formula
if and only if it does not satisfy the formula itself.

The argument so far shows that Fd simulates Q. To get a p-simulation one
needs that the proofs of (8.4.6) provided by Theorem 8.2.2 can be constructed
by a p-time algorithm from inputs 1(n), 1(m), 1(s). The model-theoretic proof
for Theorem 8.2.2 we gave does not establish this but the proof-theoretic proofs
mentioned do. We shall verify this in Section 12.3 when we shall describe
a propositional simulation of Cook’s theory PV by EF based on Herbrand’s
theorem.
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q.e.d.

One may try to strengthen the theorem and to formulate it for the full
reflection RefQ from (8.4.4):

Prf0
Q(x, y, z, P, F,G1, . . . , Gt) → Sat0(x, y, E, F,H1, . . . ,Hr)

using the sΠ1
1 definition of the satisfiability for all formulas, not just of bounded

depth. The same argument as before will give us a short proof of

〈Sat0(x, y, E, F,H1, . . . ,Hr)〉n,m(p, q/F,H1, . . . ,Hr) .

But to derive from this the formula ϕ(p) we must be able to define in terms of
E (i.e. of p) some assignments to H1(p), . . . ,Hr(p) such that we can even prove

〈Sat0(x, y, E, F,H1, . . . ,Hr)〉n,m(p, q/F,H1/H1(p), . . . ,Hr/Hr(p)) .

Typically the witnesses Hi represent some canonical computation of the value
of F on p and hence we need to define the computation of general formulas.
This is not possible by a ∆0(α)-formula or a by depth d formula, cf. Section
8.7.

8.5 Ajtai’s Argument

Ajtai [5] found an argument that at the same time solved the problem about the
provability of PHP(R) in I∆0(R) and it also gave a lower bound for constant
depth Frege proofs of PHPn, cf. Section 8.1. We now describe the structure of
his argument.

Let M be a countable non-standard model of ThL(N) as in Section 8.3 and
let n ∈M \N be its non-standard element. Define a particular cut:

In := {m ∈M | m ≤ nc for some c ∈ N} .

Theorem 8.5.1 (Ajtai [5])
Let M, n and In be as above. Assume that k ∈ N and that P ⊆ [n]k is a

k-relation on [n] and P ∈M.
Then there exists R ⊆ [n+ 1]× [n] such that

(In, P,R) |= I∆0(P,R) ∧ ¬PHP (n,R) .

That is, R is a bijection between [n+ 1] and [n] in the structure (In, P,R).

We shall outline a proof of this theorem in Section 20.3 (cf. Lemma 20.3.2);
a full proof is given in [281]. Now we shall derive from it the solutions to the two
problems mentioned at the beginning of the section. The first one is obvious.

Corollary 8.5.2 I∆0(R) does not prove PHP(R).
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The second one will require a short argument.

Corollary 8.5.3 For each d, c ≥ 2 there are depth d, size `c Frege proofs of
PHP` (the tautology from (1.5.1)) for finitely many ` ≥ 1 only.

Proof:
Assume for the sake of a contradiction that for some d, c ≥ 2 there are depth

d Frege proofs of PHP` of the size ≤ `c, for unboundedly many `. The same
statement must be true in M (it is a model of ThL(N)) and hence for some
non-standard n there is a depth d, size nc Frege proof Π of PHPn in M. Such
a proof can be coded by some k-ary relation P on [n], with k = c+O(d): each
of at most nc lines in Π will correspond to an O(d)-ary relation Pi defined as
(i1, . . . , ic, y) ∈ P for specific i = (i1, . . . , ic) ∈ [n]c, where Pi defines a depth d
formula as in Section 8.4.

Let R ⊆ [n+ 1]× [n] be the relation provided by Ajtai’s theorem 8.5.1 (and
we identify it with a unary subset of [n2 +n] to conform with the earlier set-up).
By Lemma 8.4.2 depth d Frege proofs are sound in (In, P,R) as formalized by
the formulas Prfd from (8.4.2). The antecedent Prfd(n2 + n,m, nc, P, F ) of
the specific instance of Refd holds true there, where n2 + n is the number of
atoms in PHPn, m = O(n3) is the size of PHPn and F is ∆0-definable relation
encoding the formula PHPn.

Hence in (In, P,R) the instance Satd(n2 + n,m,R, F ) of the succedent of
(8.4.2) must hold as well. But R violates PHPn and as in the claim establishing
(8.4.8) this contradicts Satd(n2 + n,m,R, F ).

q.e.d.

8.6 The Correspondence - a Summary

Let us review the main points of the correspondence between I∆0(α) and AC0-
Frege systems established in this chapter. We shall formulate them in general
terms because variants of the correspondence will be later shown to hold for a
number of specific natural pairs

a theory T - a proof system P

(and, in fact, it can be defined for general theories and proof systems). Our
formulation here will be precise but necessarily somewhat informal: we shall
talk about a pair T, P although at this point we have just one example. We
will formulate general prerequisites and then derive their consequences by the
arguments presented so far. Thus for any pair T and P for which we will be
able to establish the prerequisites we will automatically get the consequences.

We allow that the first-order part of the language of T extends by a fi-
nite number of symbols LPA (the first-order part of the language of I∆0(α))
assuming that true atomic sentences in the extended language are p-time recog-
nizable. This is needed for the first condition in (A) below. We also assume
that LPA-consequences of T are true in N.
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The prerequisites for the correspondence are:

(A) The translation 〈. . . 〉 of ∆0(α)-formulas (in the language of T ) A(x) into
sequences of propositional formulas 〈A〉n, n ≥ 1 satisfies:

1. There is a p-time algorithm that from 1(n) computes the formula 〈A〉n,

2. |〈A〉n| = nO(1) and dp(〈A〉n) = O(1),

3. the sentence ∀xA(x) is true for all interpretations of the relation symbols
if and only if all 〈A〉n are tautologies.

(B) If the theory T proves ∀xA(x) then there are P -proofs of 〈A〉n of size nO(1).
Moreover, there is a p-time algorithm that constructs a P -proof of 〈A〉n from
1(n).

Note: Following upon the discussion after Lemma 8.2.1, if the language of
T contains other than linearly growing (in the length) functions and f(x) is a
non-decreasing function from (8.2.1) then (B) may hold with the size bound to
the P -proofs (and the time bound to the algorithm) of the form f (c)(n), some
c ≥ 1.

(C) The theory T proves the reflection principle RefP,d for P -proofs of the depth
d formulas, d ≥ 2, for some sΣ1

1-formalization of the provability predicate PrfP

of P .
Note: The formula RefP , d is defined analogously as Refd in Section 8.4.

Using the limited extension from Chapter 5 we could restrict to proofs of DNF
formulas (and RefP,2) only but this will alter the definition of the bounded
depth systems (as the extension atoms themselves stand for formulas of non-
zero depth).

Let us point out that if we wanted to use the full reflection principle with
some sΠ1

1-definition of the satisfiability Sat as in (8.4.3) we would also require:

(D) The theory T proves that every formula can be evaluated on every truth
assignment; that is, there exists H1, . . . ,Hr witnessing Sat0.

It is convenient to introduce some suitable terminology:

• P p-simulates T if and only if the conditions (A) and (B) are satisfied,
and

• P corresponds to T if and only if P p-simulates T and the condition
(C) holds as well.

The consequences of the correspondence.

Using only these conditions on T and P we proved:

(1) - Upper bounds: To establish a polynomial upper bound for P -proofs of
〈A〉n, n ≥ 1, it suffices to prove ∀xA(x) in T . This uses (A) and (B).
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(2) - P-simulations for proof systems: To establish the existence of a p-
simulation of a proof system Q by P with respect to depth ≤ d formulas it
suffices to prove in T the reflection principle RefQ,d for some sΣ1

1-definition of
the provability predicate of Q. This uses (A), (B) and (C).

This is based on the argument underlying Theorem 8.4.3.

(3) - Lower bounds: To establish a super polynomial lower bound for P -proofs
of 〈A〉n, n ≥ 1, for a ∆0(α)-formula A(x), it suffices to construct for any non-
standard model M of ThLP A

(N) and any non-standard e ∈M an interpretation
αG of all relations in α on the cut Ie such that

(Ie, αG) |= T + ¬A(e) .

This is via the Ajtai argument and it uses (A), (B) and (C).

We shall prove one more consequence that was not mentioned yet. Let
TAUT2 be the set of the tautological DNF formulas; it is coNP-complete. We
take TAUT2 in place of TAUT in order to be able to use the simple ∆0(E,F )-
formula Sat2 and to avoid the requirement (D) needed when an sΠ1

1-definition
of the satisfiability relation for general formulas is used. We say that

• T proves NP = coNP if and only if there is a sΣ1
1-formula Φ(F, y) such

that T proves:
Φ(F, y) ≡ ∀E, x Sat2(x, y, E, F ) . (8.6.1)

The consequence we want to state is:

(4) - The consistency of NP 6= coNP: A superpolynomial lower bound for
P -proofs of any sequence of tautologies τn, n ≥ 1, implies that T does not prove
NP = coNP.
Proof:

Assume Φ(y, F ) is of the form ∃G ⊆ [0, yc]W (y, F,G), with W a ∆0(F,G)-
formula, and that T proves (8.6.1). This means that we can interpret W as
defining the provability predicate of some proof system Q. In addition, such
Q is p-bounded, and T proves RefQ,2. Hence by (2) P p-simulates Q and
is therefore also p-bounded. That contradicts the hypothesis that we have a
superpolynomial lower bound for P .

q.e.d.

8.7 Bibliographical and Other Remarks

Sec.8.1. Parikh [383] considered also the feasibility predicate F (x), a new
symbol added to LPA and allowed in bounded formulas for which instances of
the IND scheme are adopted (the ∆0(F )-IND). Using this predicate it is possible
to formalize the intuitive properties of the feasibility as

F (0) ∧ F (1) ∧ [(F (x) ∧ y ≤ x)→ F (y)]
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and
(F (x) ∧ F (y)) → (F (x+ y) ∧ F (x · y)) .

One can then add a new axiom stating that some very large number is not
feasible. Buss [119] discusses this issue and gives further references.

The ∆0-definable sets were defined (under the name constructive arithmetic
sets) by Smullyan [480]. They are exactly those sets that belong to the linear
time hierarchy LinH of Wrathall [512] and they are also exactly the rudimen-
tary predicates of Smullyan [480] (Wrathall [512] proved that rudimentary sets
coincide with LinH and Bennett [65] proved that they also coincide with the
∆0-definable sets). Ritchie [453] showed that the ∆0-sets are included in linear
space and Nepomnjascij [369] complemented this by showing that the sets decid-
able with a simultaneous time-space restrictions TimeSpace(nO(1), n1−Ω(1)) are
also in ∆0. In particular, sets decidable in logarithmic space are ∆0-definable.

Theory I∆0 was studied and much developed by Paris and Wilkie and their
students in a series of work [384, 385, 386, 173, 387, 389, 391, 390, 392, 393,
394, 395, 396]. The work of Paris and Wilkie[395] circulated in early 1980s (the
main results were reported in [391]) although it was published only in 1987,
two years after Buss’s PhD Thesis [106]. Bennett [65] proved that the graph
of the exponentiation, xy = z, is definable in the language of rudimentary sets
using only bounded quantifiers (in the sense of that language, cf.[281]). Other
∆0-definitions of the graph of exponentiation were given by Dimitracopoulos
and Paris [172] and by Pudlák [411].

The finite axiomatizability problem is due to Paris and Wilkie and the ∆0-
PHP problem to Macintyre. The original formulation of the ∆0-PHP problem
in [393] left out the second clause that R ought to be a graph of a function and
allowed also multi-functions. But having a ∆0-formula A satisfying the other
two conditions, the formula

A′(x, y) := A(x, y) ∧ ∀t < y¬A(x, t)

will satisfy also the missing function condition and it is also ∆0.
Paris and Wilkie [391] showed that if I∆0 + Ω1 proves that the polynomial-

time hierarchy collapses then it is finitely axiomatizable and this was comple-
mented by K., Pudlák and Takeuti who proved that I∆0 + Ω1 is not finitely
axiomatizable unless the polynomial-time hierarchy collapses. This was sub-
sequently strengthened to provable collapse by Buss [110] and Zambella [516].
Paris, Wilkie and Woods [396] proved an interesting relation between the two
problems. Let ∆0-WPHP denotes the ∆0-PHP but with the term z+ 1 bound-
ing x replaced by z2; i.e. it speaks about maps from [z2] into [z]. Paris, Wilkie
and Woods [396] proved that if I∆0 does not prove ∆0-WPHP then it is not
finitely axiomatizable. More details can be found in [281].

Secs.8.2 and 8.3. Paris and Wilkie [393] called the statement about the tau-
tologies PHPn to which they reduced the relativised PHP-problem the Cook -
Reckhow conjecture although such a conjecture is in Cook and Reckhow [158]
only implicitly. They did not mention explicitly the bound d to the depth but
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it was clear in their construction that d can be bounded. The bound to the
depth is actually crucial; without it the tautologies PHPn do have polynomial
size Frege proofs as shown by Buss [108] (cf. also Section 11.3).

Buss [106] introduced the bounded quantifier version LKB of the first-order
sequent calculus LK, Cook and Nguyen [157] worked out the proof of Theorem
8.2.2 in detail using this approach, including the needed cut-elimination result.
Details of the original Paris and Wilkie [393] proof of Theorem 8.2.2 - only
sketched here - can be found in [281]. Buss [114] is a nice survey and Buss
[120] uses the Paris-Wilkie propositional translation to prove some witnessing
theorems.

Sec.8.4. The undefinability of computations of general formulas in I∆0(α) and
AC0-Frege systems follows from the fact that general formulas are not equivalent
to AC0-formulas by Ajtai [4] and Furst, Saxe and Sipser [194].

Secs.8.5 and 8.6. Ajtai’s paper [5] appeared to me at the time as a miracle. I
think that there are about two dozen papers in proof complexity to which one
can trace the origins of all main ideas and this can be perhaps compressed into
a dozen if forced by the circumstances of going alone on an island. But if I
would have to select one it would be this Ajtai’s paper. Not only it proved one
of key results in proof complexity and introduced a new method that is used
ever since, but it opened completely new vistas, showing that proof complexity
is a part of a much larger picture and that it does not need to be just a finitary
proof theory.

Linking I∆0(R) with the AC0-Frege systems is strictly speaking not an
example of a relation of a theory T to a proof system P as AC0-Frege systems
refer to a collection of proof systems and not to one. I think this informal
formulation does not lead to any confusion as the theorems clearly link proofs
in T to specific Fd. However, the reader who is worried may consult Ghasemloo
[201] who defined proof complexity classes and discussed these issues.
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Chapter 9

Two Worlds of Bounded
Arithmetic

The framework in which we formulated the basic example of the relation between
a proof system and a theory in Chapter 8 is not the only one. One can choose
between the second-order set-up (to which Chapter 8 belongs) or the first-order
set-up we yet have to discuss. The basic dichotomy is which objects of the theory
do represent binary strings of lengths polynomial in n: either relations on [n],
and then we speak of a two-sorted (or, somewhat loosely, of a second-order)
formalization, or numbers of the bit-length nO(1) (i.e. having the absolute value
2nO(1)

), and then it is the one-sorted (or a first-order) formalization.
In addition there is quite a leeway in what language for either formalization

one may choose; this depends on whether one studies only links to proof systems
as is our case (in which case the choice of the language is far more flexible) or
also to other topics of bounded arithmetic as are e.g. witnessing theorems (and
then particulars of the language are often crucial). Stemming from that is a
certain fuzziness in the definitions of basic bounded arithmetic theories: authors
often tweak the original definitions a bit to fit better their particular choice of
a language and the specific goal of their investigation. This causes that some
authors, not hesitant to write expository texts or lecture notes while avoiding
the labor to learn the details, present it in an off-hand and mathematically
incorrect way.

An alternative is that authors choose one particular set-up and the language
to go with it, and one particular way how to formulate theories and the proposi-
tional translations, and work it out with a precision. This is of course preferable
to the former but it shies away from the key issue that the fundamental ideas
underlying the particular set-ups, formalizations and links of theories to proof
systems are really the same. When the reader understands them he or she will
have no problem to move smoothly among the various specific formalizations,
to use a suitable one for the problem at hand, and to compare results formu-
lated via different formalizations. In this chapter we aim at conveying this

215



216 Upper bounds

understanding; we outline some constructions and proofs and we hope that the
reader resurfaces at the end of the chapter with the understanding how it all
works and that the formal aspects of the relation between bounded arithmetic
and proof systems are less crucial than expected.

9.1 The Languages of Bounded Arithmetic

For many bounded arithmetic theories it is useful to expand the language of
arithmetic LPA we used in Chapter 8 by several new function symbols. As
mentioned above, because we are concerned here just with the correspondence
of bounded arithmetic to propositional proof systems, we are more free to choose
which symbols we include. The atomic sentences involving only numbers trans-
late into the propositional constants and the only issue is how fast growing
functions the terms in the language define. All functions we add to form the
language LBA will have the linear growth in the length, as defined in (8.1.2). In
addition, all will be p-time computable (this will be important when defining
the || . . . || translation in Chapter 12.

Let LBA, the language of bounded arithmetic, be LPA to which we add:

• the unary function symbols bx
2 c, |x| and len(x), and

• the binary function symbol (x)i, and

• the binary relation symbol bit(i, x).

The canonical interpretation of bx
2 c in N is obvious, |x| is the bit-length of x:

|x| := dlog(x+ 1)e, discussed already in Section 8.1. The relation bit(i, x) holds
if and only if the term 2i occurs in the unique expression of x as a sum of
different powers of 2.

All theories will contain a finite set of axioms about the symbols in LBA.
This set, denoted by BASIC, will contain groups of axioms 1. - 5. to be listed
now, and further groups 6. - 8. listed below:

1. Robinson’s arithmetic Q,

2. the axioms in the language LPA for the non-negative parts of discretely
ordered commutative rings,

3. |0| = 0 ∧ |1| = 1 and

• x 6= 0→ (|2x| = |x|+ 1 ∧ |2x+ 1| = |x|+ 1),

• x ≤ y → |x| ≤ |y|,

4. x 6= 0→ |bx
2 c|+ 1 = |x| and x = by

2 c ≡ [y = 2x ∨ y = 2x+ 1].

5. bit(z, x)→ z ≤ |x| and

• bit(0, x) ≡ (∃y ≤ xx = 2y + 1),
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• bit(z, x) ≡ bit(z + 1, 2x),

• (∀z ≤ |x| + |y|¬bit(z, x) ∨ ¬bit(z, y)) → (bit(u, x + y) ≡ (bit(u, x) ∨
bit(u, y))),

• ∀z ≤ |x|+ |y| bit(z, x) ≡ bit(z, y)→ x = y.

The remaining two functions len(x) and (x)i are linked to a way how numbers
encode finite sequences of numbers. Of course, we can define a simple pairing
function:

〈x, y〉 :=
(x+ y)(x+ y + 1)

2
+ x , (9.1.1)

a bijection between N ×N and N, with the projections also simply definable
with a bounded graph:

p1(z) = x if and only if ∃y ≤ z 〈x, y〉 = z if and only if ∀u, v ≤ z〈u, v〉 = z → u = x

and similarly for p2(z) = y. Iterating this we can encode k-tuples of numbers
for any fixed k ≥ 2. But we want to encode sequences of numbers of a variable
length as well.

There is no unique way how to do that. We shall outline one that is simple
and that will motivate the axioms about len(x) and (x)i we put below into
BASIC. Let a0, . . . , at−1 be a sequence of numbers. Encode it by a number w
such that for all i, j:

bit(〈i, j〉, w) if and only if bit(j, ai) . (9.1.2)

For such w we define len(w) := t and (w)i := ai. We cannot use the formula
(9.1.2) as an axiom as we cannot quantify over the sequence of ai’s. But we can
formulate a few axioms that will allow to prove that sequences can be coded (cf.
Lemma 9.3.2). We include the following axioms, all satisfied by the construction
just described, to BASIC:

6. ∃w len(w) = 0,

7. len(w) ≤ |w| and (w)i ≤ w,

8. ∀w, a∃w′ ≤ (wa)10 len(w′) = len(w) + 1 ∧ (∀i < len(w) (w)i = (w′)i) ∧
(w′)len(w) = a

If L is LPA or LBA and f is a new relation symbol, L(f) will denote L∪{f} and
BASIC(f) will denote BASIC to which we add possibly some axioms about f .
The notation L(α) will denote L to which we add variable symbols for bounded
sets, as we did already in Section 8.4 for LPA(α), and also a binary relation
symbol:

• the element-hood relation x ∈ X between a number x and a set X.
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We are adding only sets and not relations of a higher arity as a k-ary relation
can be represented by a set of k-tuples. This somewhat simplifies the syntax as
we do not need to attach a specific arity to each relation symbol.

There will be also a set of axioms BASIC(α) used in that case: it expands
BASIC by two more axioms:

• The extensionality axiom: X = Y ≡ [∀z z ∈ X ≡ z ∈ Y ],

• the set boundedness axiom: ∃y∀x x ∈ X → x ≤ y,

where X,Y are set variables.
Finally, L(α, f) denotes the language expanded in both ways simultaneously,

and similarly for BASIC(α, f).

9.2 One or Two Sorts

In Chapter 8 we worked with natural numbers N or, more generally, with
LPA-structures M. Objects of prime interest like formulas, evaluations, proofs,
graphs of functions, etc. were represented by relations. A k-ary relation on [n]
represented a binary string of length nk. Using the pairing function from the
last section, we can define a bijection between Nk and N and use it to represent
k-relations on [n] by unary relations (i.e. sets) on [nk]. It is thus natural to
expand the number structure N by all finite sets representing in this way all
possible finite strings. We will add to N the class Pb(N) of finite subsets of N.

The resulting structure N2 has a two-sorted universe

(N,Pb(N))

N being the number sort and Pb(N) being the set sort. Unless stated other-
wise, we consider N2 as an LBA(α)-structure: the first-order part is interpreted
in the canonical way, the set variables range over Pb(N). We shall reserve the
lower case letters x, y, . . . for the number-sort variables and the capital letters
X,Y, . . . for set-sort variables, and similarly a, b, . . . and A,B, . . . for elements
of the structure of the respective sort.

N2 is the standard model in this two-sorted set-up. Analogously as before
we can consider non-standard models. A general LBA(α)-structure M2 has a
universe consisting of two sorts: the number sort M1 and the set sort M2

(M1,M2) ,

and interprets LBA on M1 and x ∈ X as a relation on M1 ×M2. As before
we consider the equality = to be a part of the underlying logic and it is always
interpreted as the true equality. To maintain some coherent mental picture of
LBA(α)-structures we shall generally consider only those satisfying BASIC(α).

Every A ∈ M2 can be identified with a subset of M1 consisting of those
a ∈ M1 for which M2 |= a ∈ A, and then we can interpret the ∈ symbol by
the true membership relation. We used the index b in the notation Pb(N) as
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referring to bounded sets rather than finite because for a non-standard LBA(α)-
structure we can thus identify M2 with a subclass of the class of bounded subsets
of M1:

Pb(M1) := {A ⊆M1 | ∃b ∈M1∀a ∈ A a ≤ b} .
Note that bounded subsets of M1 need not to be finite (e.g. N is bounded by
any non-standard element but it is not finite).

It is customary to call this set-up informally second-order, referring to the
fact that we have not only elements (objects of the first-order) but also sets
(objects of the second order). However, this is a misnomer; we shall always use
only first-order logic. This means that we interpret the set-sort elements as first-
order elements of a particular sort and quantification over the set-sort does not
have a priori anything to do with the quantification over subsets of the number
sort. The chief reason for this is that first-order logic has the fundamental
properties of being complete and compact while when using second-order logic
one can quickly run into properties of structures independent of ZFC. As a
famous example consider the set of reals R with a predicate for N. If we could
quantify over functions and sets we can formulate the continuum hypothesis as

∀X ⊆ R (∃f : N→onto X) ∨ (∃g : X →onto R) .

The two-sorted set-up is useful when the theories we want to consider do
not involve symbols for functions mapping sets to sets. Sets are used to repre-
sent binary strings and such functions represent functions from strings to strings.
However, such functions may be sometimes definable by formulas using bounded
number-sort quantifiers but no set-sort quantifiers. In a complexity theoretic
description these are the AC0-functions, and adding new types of bounded num-
ber quantifiers (see Section 10.1) also the AC0[m]- and the TC0-functions (see
Section 10.2). Using LBA(α) in such a case is little bit like using a magnifying
glass: we can see small details of the translations as are, for example, the ex-
act depths of formulas appearing in proofs. But for stronger theories which do
operate with functions on strings this looses its appeal and becomes more of a
syntactic nuisance. In the magnifying glass analogy: using it to see stars only
blurs the picture. For the stronger theories it is, I think, more natural to use
the one-sorted set-up with all objects being numbers. We shall discuss it now.

The language in the one-sorted set-up we shall use will be LBA(#) and it
expands LBA by:

• a binary function symbol x#y

whose canonical interpretation on N is x#y := 2|x|·|y|. Note that we left out the
function symbol ω1(x) from Section 8.1; the function is now represented by the
term x#x. We shall always consider only LBA(#)-structures obeying axioms
in BASIC(#), which expands BASIC by the following axioms:

• |x#y| = (|x| · |y|) + 1,

• 0#x = 1 and
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• x#y = y#x,

• |y| = |z| → x#y = x#z,

• |x| = |y|+ |z| → x#u = (y#u) · (z#u),

• x 6= 0→ [1#(2x) = 2(1#x) ∧ 1#(2x+ 1) = 2(1#x)],

We will now show that a one-sorted structure determines a natural two-sorted
one and in Section 9.4 we give a complementary construction of a one-sorted
structure from a two-sorted one.

Let K be an LBA(#)-structure. Define an LBA(α)-structure

M(K) = (M1(K),M2(K))

by:

• M1(K) := {a ∈ K | ∃b ∈ K K |= a = |b|},

• M2(K) := K,

• the interpretation of LBA on M1(K) is inherited from K,

• for a ∈M1(K) and A ∈M2(K):

M(K) |= a ∈ A if and only if K |= bit(a,A) .

Lemma 9.2.1 Assume that K satisfies BASIC(#). Then M(K) is well-defined
and it satisfies BASIC(α).

Proof:
We need to verify that M1(K) is closed under the LBA-functions: as they are

all of the linear growth and M1(K) is closed downwards it suffices to verify that
it is closed under the multiplication. But by BASIC(#): |x#y| ≤ |x| · |y|+ 1.

For the extensionality we need to verify that in K:

(∀z(bit(z, x) ≡ bit(z, y))→ x = y .

But that is a consequence of two axioms of BASIC(#) (by one we can bound z
by |x|+ |y| and use another to derive the extensionality).

Finally, the set boundedness axiom follows form the axiom bit(z, x) → z ≤
|x|.

q.e.d.

Now we turn the table around and start with an LBA(α)-structure M and
define from it an LBA(#)-structure K(M). Its universe is the set-sort M2 of
M. We think of A ∈ M2 as representing the number nb(A) :=

∑
a∈A 2a. The

interpretation of the language requires that M satisfies more than BASIC(α).
We first define the interpretation and then discuss what we need from M.

Interpret the following symbols of LBA(#) on K(M) as follows:
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• 0 is the empty set ∅ and 1 is {0},

• nb(A) ≤ nb(B) if and only if A =B or the largest a such that a ∈ A4 B
(the symmetric difference) satisfies a ∈ B,

• bnb(A)
2 c = nb(B), where A 6= ∅ and B := A \ {max(A)}, and bnb(∅)

2 c = ∅

• |nb(A)| := max(A) + 1 and |nb(∅)| := 0,

• nb(A)#nb(B) = nb(C) where C := {max(A) ·max(B)},

• bit(nb(A), nb(B)) if and only if ∃a nb(A) = a ∧ a ∈ B, where the formula
nb(A) = a abbreviates ∀i ≤ |a| bit(i, a) ≡ i ∈ A.

A sequence of numbers nb(A0), . . . , nb(At) (assume without a loss of generality
that the sets Ai are non-empty for a technical reason) is coded by nb(F ) where
for all i = nb(I) and j = nb(J):

〈i, j〉 ∈ F if and only if j ∈ Ai .

Then:

• len(nb(F )) = min{i | ∀j〈i, j〉 /∈ F}

• (nb(F ))i = nb(Ai).

It remains to define the interpretations of + and ·. In these definitions we
will need to show that the maxima used above do actually exist and also some
form of induction will be needed to establish the axioms of BASIC(#) for the
interpretation. The hardest to define are addition and multiplication which need
even more induction. We shall do this in detail in Section 9.4.

9.3 Buss’s Theories

We now present several examples of theories in the languages LBA(α), LBA(#)
and LBA(#, α). They are collectively called bounded arithmetic theories
because in each of them the IND axiom scheme is accepted only for some class
of bounded formulas. We need to start with describing some classes of these
formulas (we add some more in Chapter 10) and we will treat the two-sorted
case first.

The class of LBA(α)-formulas with all number quantifiers bounded and with
no set-sort quantifiers is denoted by Σ1,b

0 . The theory IΣ1,b
0 is axiomatized by

BASIC(α) and the IND scheme (8.1.1)

¬A(0) ∨ (∃y ≤ x, y < x ∧A(y) ∧ ¬A(y + 1)) ∨ A(x)

for all Σ1,b
0 -formulas A(x). The theory V 0

1 expands IΣ1,b
0 by having also
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• the bounded comprehension axiom Σ1,b
0 -CA, for all Σ1,b

0 -formulas
B(x):

∀x∃X∀y ≤ x y ∈ X ≡ B(y) .

Theory V 0
1 is a conservative extension of IΣ1,b

0 with respect to to the Σ1,b
0 -

consequences: If C is a Σ1,b
0 -formula and V 0

1 proves its universal closure, so
does IΣ1,b

0 . To see this note that any model M of IΣ1,b
0 can be expanded to a

model of V 0
1 : just add to the set-sort M2 all bounded subsets of the number-sort

M1 that are definable by a Σ1,b
0 -formula using parameters from M (of both the

number- and the set-sort).
Introducing a handy notation X ≤ x for the formula ∀y y ∈ X → y ≤ x,

the set boundedness axiom can be stated simply as ∀X∃xX ≤ x. This notation
allows to introduce also two bounded set quantifiers of the form:

∃x ≤ t and ∀X ≤ t

where t is a term, and also two new classes of bounded formulas. The classes
Σ1,b

1 and Π1,b
1 are the smallest classes of LBA(α)-formulas such that:

1. Σ1,b
1 ⊇ Σ1,b

0 and Π1,b
1 ⊇ Σ1,b

0 ,

2. both Σ1,b
1 and Π1,b

1 are closed under ∨ and ∧,

3. the negation of a formula from Σ1,b
1 is in Π1,b

1 and vice versa,

4. if A ∈ Σ1,b
1 then also ∃X ≤ tA ∈ Σ1,b

1 ,

5. if A ∈ Π1,b
1 then also ∀X ≤ tA ∈ Π1,b

1 .

Strict Σ1,b
1 - and Π1,b

1 -formulas are those having all set-sort quantifiers at the
beginning. In particular, a strict Σ1,b

1 -formula looks like

∃X ≤ t1 . . .∃X ≤ tkA

where A ∈ Σ1,b
0 . These two classes of the strict formulas are denoted by sΣ1,b

1

and by sΠ1,b
1 , respectively. The theory V 1

1 extends V 0
1 by accepting the IND

scheme for all Σ1,b
1 -formulas.

We now turn to theories in the language LBA(#). The class of bounded
formulas in LBA(#) is denoted by Σb

∞. As we do not have the set-sort (there
are not even free set-sort variables) this class is different from the class Σ1,b

0 .
Note that Σb

∞ ⊇ ∆0 as LBA(#) ⊇ LPA.
The theory analogous to I∆0 in this language is T2: it is axiomatized by

BASIC(#) together with the IND scheme for all Σb
∞-formulas. It was a signifi-

cant insight of Buss [106] that the IND scheme itself can be fruitfully modified.
He considered two such modifications:

LIND: ¬A(0) ∨ (∃y < |x|, A(y) ∧ ¬A(y + 1)) ∨ A(|x|)
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and
PIND: ¬A(0) ∨ (∃y < x, A(by

2
c) ∧ ¬A(y)) ∨ A(x) .

The acronyms LIND stands for length-induction and PIND for polynomial-
induction. The theory S2 is defined as T2 but accepting the LIND scheme
instead of the IND scheme for all Σb

∞-formulas.
The class Σb

∞ can be naturally stratified into levels and these levels determine
in turn natural subtheories T i

2 and Si
2 of T2 and S2, respectively. Call bounded

quantifiers ∃y ≤ t and ∀y ≤ t sharply bounded if and only if the bounding
term t has the form |s| where s is another term. Using this notion define the
subclasses Σb

i and Πb
i of Σb

∞ analogously to the classes Σ1,b
1 and Π1,b

1 :

• The class Σb
0 = Πb

0 is the class of bounded LBA(#)-formulas with all
quantifiers sharply bounded.

• The classes Σb
i and Πb

i are the smallest classes of LBA(#)-formulas such
that for i ≥ 1:

1. Σb
i ∩Πb

i ⊇ Σb
i−1 ∪Πb

i−1,

2. both Σb
i and Πb

i are closed under ∨ and ∧,

3. the negation of a formula from Σb
i is in Πb

i and vice versa,

4. both Σb
i and Πb

i are closed under sharply bounded quantifiers,

5. if A ∈ Σb
i then also ∃y ≤ tA ∈ Σb

i ,

6. if A ∈ Πb
i then also ∀y ≤ tA ∈ Πb

i .

As above, the strict Σb
i - and Πb

i -formulas are those having all quantifiers that
are not sharply bounded at the beginning. For example, a strict Σb

1-formula has
the form

∃y1 ≤ t1 . . .∃yk ≤ tkA

where A is sharply bounded. The strict classes will be denoted by sΣb
i and by

sΠb
i , respectively.
Using these classes of formulas we define natural subtheories of T2 and S2;

for i ≥ 0:

• The theory T i
2 is the subtheory of T2 accepting instances of the IND scheme

only for the Σb
i -formulas.

• The theory Si
2 is the subtheory of S2 accepting instances of the LIND

scheme only for the Σb
i -formulas.

The basic relations among these theories are summarized in the following state-
ment.

Theorem 9.3.1 (Buss [106, 109]) For i ≥ 1 it holds:
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1. The four theories axiomatized over BASIC(#) by one of the axioms schemes

Σb
i − LIND , Σb

i − PIND , Πb
i − PIND , Πb

i − LIND

are all equivalent.

2. Theory Si+1
2 (α) proves all axioms of T i

2(α) and is ∀Σb
i+2(α)-conservative

over T i
2(α).

The Γ-conservativity of one theory over another means that the latter theory
proves all sentences in the class Γ that the former one does.

We will use a variant of S1
2 to prove a lemma about coding of sequences. Let

S1
1(α) be a theory in LBA(α), containing BASIC(α) and accepting the LIND

scheme for Σb
1(α)-formulas in the language, i.e. without the # function symbol.

Note that terms in this restricted language have linear growth.

Lemma 9.3.2 Theory S1
1(F ) proves:

• If |c| = 10 · |a| · |b| and F ⊆ [|a|]× [b] is a graph of a function f : [|a|]→ [b]
then there exists w ≤ c such that:

len(w) = |a| ∧ ∀i < |a| (w)i = f(i) .

Proof:
The parameter c serves only as a bound to w; if we had # we could use

the term (a#b)10 instead. But this formulation implies better estimates of the
growth rate of terms latter on.

By induction on t = 1, . . . , |a| (i.e. by LIND) prove that such a code wt

exists for f � [t]. The axioms about (w)i imply that one can put a bound on
the length of wt of the form |wt| = 10t|b|.

q.e.d.

We conclude this section by defining three more theories: V 1
2 , U1

1 and
U1

2 . Theory V 1
2 is defined as V 1

1 but in the language LBA(α,#) and using
BASIC(α,#) as the basic axioms. In particular, we allow in formulas also the
function symbol x#y and hence the terms can no longer be bounded above by
a polynomial as in the case of V 1

1 . Theory U1
2 is defined as V 1

2 but using the
LIND scheme for all Σ1,b

1 -formulas instead of the IND scheme, and theory U1
1 is

its subtheory using only the language LBA(α) (i.e. no function symbol #).

9.4 From Two Sorts to One and Back

We are going to complete the construction of the model K(M) from the end of
Section 9.2 and show that the pair of the constructions from that section:

M 7−→ K(M) and K 7−→M(K)
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establishes a correspondence between certain pairs of two-sorted and one-sorted
theories. We will demonstrate this on the most interesting example (in which
the technical details are also easy) and give further references in Section 9.5.

In the rest of the section M is a two-sorted LBA(α)-structure satisfying
BASIC(α) and K is a one-sorted LBA(#)-structure satisfying BASIC(#).

Theorem 9.4.1
If M |= V 1

1 then K(M) |= S1
2 and vice versa, if K |= S1

2 then M(K) |= V 1
1 .

Proof:
We start with the construction K 7−→ M(K) as that was fully defined in

Section 9.2 and we have already verified that BASIC(α) holds in M(K) (Lemma
9.2.1). It remains to check the Σ1,b

0 -CA scheme of V 0
1 and the Σ1,b

1 -IND scheme
V 1

1 adds on top of it.
Let B(x) be a Σ1,b

0 -formula with parameters from M(K) and let a ∈M1(K),
i.e. K |= a = |a∗| for some a∗ ∈ K. To verify the instance of CA:

∃X∀y ≤ a y ∈ X ≡ B(y)

note that a witness X may be required to satisfy without a loss of generality
X ≤ a and so we can rewrite the statement into the LBA(#)-sentence

∃x ≤ a∗∀y ≤ |a∗| bit(y, x) ≡ B̃(y) (9.4.1)

where B̃ is the translation of B defined by the interpretation of LBA(α) in K.
As B has no set-sort quantifiers the formula B̃ is sharply bounded. Hence (9.4.1)
as a Σb

1-formula and can be proved by Σb
1-LIND with the induction parameter

t in:
∃x ≤ a∗∀y ≤ t bit(y, x) ≡ B̃(y)

and hence M(K) satisfies the Σ1,b
0 -CA.

The remaining Σ1,b
0 -IND scheme is verified analogously, noting that:

• a Σ1,b
1 -formula over M(K) is translated into a Σb

1-formula over K,

• IND in M(K) up to a translates into LIND in K up to |a∗|.

For the dual construction M 7−→ K(M) we first need to complete the defin-
ition of the interpretation of LBA(#) in LBA(α) by proving that max(X) exists
in M (we used that in Section 9.2) and also define the interpretation of addition
and multiplication.

Claim 1:M |= ∀X∃x ∈ X∀y ∈ X y ≤ x.

To see this, given A ∈ M2 take a ∈ M1 such that A ≤ a (by the set
boundedness axiom) and then apply the least number principle LNP:

Ψ(a)→ ∃x ≤ a (Ψ(x) ∧ ∀y < x ¬Ψ(y))
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to the Σ1,b
0 -formula

Ψ(x) := ∀z ≤ a z ∈ X → z ≤ x .

In general, the LNP for any Ψ(x) follows by the IND: assume the LNP fails and
apply the IND for the induction parameter t to the formula:

∃x ≤ a (Ψ(x) ∧ x+ t ≤ a)

to get a contradiction. As our Ψ is Σ1,b
0 , Σ1,b

0 -IND suffices.

To define addition on K(M) we define in terms of X,Y, Z the graph of
addition nb(X) + nb(Y ) = nb(Z) and prove that for all X,Y such a Z always
exists in M. Let Φ(X,Y, Z,W,w) be a Σ1,b

0 -formula that is the conjunction of
the following conditions:

• max(X) ≤ w ∧max(Y ) ≤ w ∧max(Z) ≤ w + 1 ∧max(W ) ≤ w + 1,

• (Z0 ≡ X0 ⊕ Y0) ∧ (W0 ≡ X0 ∧ Y0),

• ∀u ≤ w Zu+1 ≡ Xu+1 ⊕ Yu+1 ⊕Wu ∧Wu+1 ≡ TH3,2(Xu+1, Yu+1,Wu)

where Xu abbreviates the formula u ∈ X (and similarly for Y, Z,W ) and the
propositional connectives ⊕ and TH3,2 are defined as in Section 1.1. The set W
represents the string of carries in the summation of nb(X) and nb(Y ).

Claim 2:V 1
1 proves:

(a) ∀X,Y ≤ w∃Z,W ≤ w + 1 Φ(X,Y, Z,W,w),

(b) ∀X,Y ≤ w∀Z,Z ′,W,W ′ ≤ w+1 (Φ(X,Y, Z,W,w)∧Φ(X,Y, Z ′,W ′, w))→
(Z = Z ′ ∧W = W ′).

Item (a) is proved by Σ1,b
1 -IND on w, for item (b) Σ1,b

0 -IND suffices.
In this situation we say that the formula ∃W ≤ w + 1 Φ defining the graph

of addition is ∆1,b
1 provably in V 1

1 : it is itself Σ1,b
1 but it is provably (in the

theory) equivalent also to a Π1,b
1 -formula:

∀Z ′,W ′ ≤ w + 1 Φ(X,Y, Z ′,W ′, w)→ Z = Z ′ .

This has the advantage that we can use Φ in a formula in both positive and
negative occurrences without leaving the class Σ1,b

1 . The axioms in BASIC(#)
concerning addition are proved by induction on w.

Multiplication is interpreted analogously, defining its graph by a formula that
is provably ∆1,b

1 in V 1
1 , formalizing the long table multiplication. To write this

down in detail is rather tedious but it brings no unwanted surprise complications,
and to check all axioms in BASIC(#) is straightforward using IND. It suffices
to have IND for Σ1,b

1 -formulas thanks to having the provably ∆1,b
1 -definitions of

the graphs of the functions in M. The details can be found in [276].

q.e.d.
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9.5 Bibliographical and Other Remarks

Secs.9.1, 9.2 and 9.3. Buss’s theories were introduced in his PhD. Thesis
[106] where he proved a number of fundamental results, often in the form of
witnessing theorems. We shall touch upon this in Section 19.3. He also wrote
several beautiful expositions of various relations between bounded arithmetic
theories, propositional proof systems and computational complexity classes; see
[117, 114, 120]. These topics are also treated in detail in [281].

Cook and Nguyen [157] developed in detail several two-sorted theories, their
propositional translations and also proved relevant witnessing theorems. In the
two-sorted set-up they use a function symbol |X| for a function assigning to
a set the least upper bound on its elements (or 0 if it is empty) (Buss [106]
uses instead set variables of the form Xt, where t is a term bounding a priori
all elements of any set the variable stands for). This is useful in the primarily
proof-theoretic investigations of [106, 157] but for our arguments it is redundant.

The example formulation of the continuum hypothesis is taken from Scott
[467]. An alternative to the language of arithmetic is the language of rudimen-
tary sets of Smullyan [480] and Bennett [65] and it is, in fact, more suited for
formalizations of logical syntax and of basic notions of computability.

The language LBA(#) expands the language of Buss’s first-order theories
by the symbols for bit(i, x), len(x) and (x)i; this is for the convenience and it
is harmless as we discuss only propositional translations. These functions are
∆b

1-definable provably in S1
2 (cf. [106, 281]). The index 2 in the names of the

theories Si
2 and T i

2 refers to the presence of the symbol # in LBA(#); if that
was left out we would indicate that by having the index 1 and name the theories
T i

1 and Si
1. On the other hand, one can add a certain function (called ω2(x))

not majorized by any LBA(#)-term and that would be indicated by the index
3, and we can go on and introduce still more faster functions (but all below the
exponentiation), cf. [281].

Sec.9.4. The mutual interpretations of a two-sorted structure in an LBA(#)-
structure and vice versa, and Theorem 9.4.1 in particular, are from [276]. The
mutual interpretations of the theories this yields are often called the RSUV
isomorphism referring to the title of Takeuti’s paper [491] where he treated
the interpretations proof-theoretically. This was done independently also by
Razborov [439]. Other examples of pairs of corresponding two-sorted and one-
sorted theories can be found in these papers or in [281].
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Chapter 10

Up to EF via the 〈. . . 〉
Translation

We shall consider in this chapter several proof systems of a logical nature and
we shall define theories that correspond to them in the sense of Section 8.6.
There we showed that AC0-Frege systems and I∆0(α) (i.e. IΣ1,b

0 ) satisfy the
conditions (A) - (C) listed there and correspond to each other. Whenever such
a correspondence exists between a proof system P and a theory T it has several
important consequences for them, listed as (1) - (4) in Section 8.6, which we get
then for free (meaning by arguments identical to those in Section 8.6).

10.1 AC0[m]-Frege Systems

Letm ≥ 2 be fixed. A Frege proof system F (MODm) results from a Frege system
F in the DeMorgan language by extending the language by the connectives
MODm,i from (1.1.3), 0 ≤ i < m, of an unbounded arity, and adding to F the
following axiom schemes involving them:

• MODm,0(∅),

• ¬MODm,i(∅) for 1 ≤ i < m,

• MODm,i(A,B) ≡ [(MODm,i(A) ∧ ¬B) ∨ (MODm,i−1(A,B) ∧B)],

where we put 0−1 := m−1 and A stands for a list A1, . . . , Ak of formulas
(possibly empty).

Let Fd(MODm) be the subsystems allowing only formulas of the depth at most
d, where using a MODm-connectives increases the depth of a formula by 1
(similarly as using

∨
or

∧
).

When m = 2 it is customary to use instead of MODm,1 the (unbounded)
parity connective

⊕
, define MODm,0 as ¬

⊕
, and denote the proof system by

F (⊕).

229
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To define a suitable theory we take IΣ1,b
0 and add to it a new type of quan-

tifier, a modular counting quantifier denoted by Qm. It is bounded and
Qmy ≤ tA(y) holds if and only if the number of b ≤ t for which A(b) holds
is not divisible by m. For m ≥ 3 it is more convenient to introduce also the
companion quantifiers Qm,i, 0 ≤ i < m, that express that the number of the
witnesses b ≤ t is congruent to i modulo m. In the rest of the section we stick
to the notationally simplest case m = 2 and we shall write just Q2 for Q2,1.

The logical axioms for handling these quantifiers shadow the rules for the
parity connective

⊕
(and for MODm,i in general) above. In particular, the

following are additional logical axioms:

• ∀y ≤ t ¬A(y)→ ¬Q2y ≤ t A(y),

• A(0)→ Q2y ≤ 0A(y),

• A(t+ 1) ≡ Q2y ≤ tA(y)→ ¬Q2y ≤ t+ 1 A(y),

• A(t+ 1) 6≡ Q2y ≤ tA(y))→ Q2y ≤ t+ 1 A(y).

Let us denote by Q2Σ
1,b
0 the class of bounded LBA(α)-formulas allowing also

the new Q2 quantifier.

Lemma 10.1.1
For all d ≥ 2 there is a Q2Σ

1,b
0 -formula Satd(⊕)(x, y, E, F ) defining the

satisfiability relation for F (⊕)-formulas of depth at most d.

We need also to extend the 〈. . . 〉-translation to handle the Q2 quantifier.
Put:

• 〈Q2y ≤ (x) B(x, y)〉n :=
⊕

(〈B(x, y)〉n,0, . . . , 〈B(x, y)〉n,m),

where m = t(n).

The following lemma is analogous to Lemma 8.2.1.

Lemma 10.1.2 Let A(x) be a Q2Σ
1,b
0 -formula. Then there are c, d ≥ 1 such

that for all n = (n1, . . . , nk):

• |〈A〉n| ≤ (n1 + · · ·+ nk + 2)c,

• dp(〈A〉n) ≤ d.

Moreover, A(n1, . . . , nk) is true for all interpretations of the set-sort variables
in A if and only if 〈A〉n ∈ TAUT.

Finally, let IQ2Σ
1,b
0 be the theory defined as IΣ1,b

0 but using the IND scheme
for all Q2Σ

1,b
0 -formulas. Now we are ready to state the correspondence.

Theorem 10.1.3
AC0(⊕)-Frege systems and theory IQ2Σ

1,b
0 satisfy the conditions (A), (B)

and (C) from Section 8.6 and correspond to each other.
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Proof:
The translation 〈. . . 〉 extended above to handle the Q2 quantifier satisfies

(A) by Lemma 10.1.2. To verify (B) we need to explain how to handle the parity
connective

⊕
in the construction of the chain of sets Sk and of the set G in

Section 8.3 in the proof of Theorem 8.2.2.
In the construction of the chain we simply incorporate steps that will guaran-

tee that the eventual structure will satisfy the axioms for handling the Q2 quan-
tifier. Thus we allow in the set F used in the construction also all propositional
formulas involving the ⊕ connective and we add the following requirements:

• The formula ¬
⊕

(∅) ∈ Sk, some k.

• If α ∈ Sk and α =
⊕

(β, γ) then some later S`, ` > k, contains at least
one of the formulas:

(
⊕

(β) ∧ ¬γ) or (¬
⊕

(β) ∧ γ) .

Finally, the reflection principle for Fd(⊕) is proved by induction on the number
of steps in a proof, using the Q2Σ

1,b
0 -formula Satd(⊕) from Lemma 10.1.1.

q.e.d.

A polynomial f over F2 is equal to 0 if and only if ¬
⊕

(C1, . . . , Cm) is true
where Ci is the conjunction of variables in the i-th monomial of f . Similarly
polynomials over Fp are expressible using MODp,i connectives. Polynomials
over finite prime fields can thus be view as depth 2 formulas in the language
of AC0[p] Frege systems. Let us conclude by stating for the record an obvious
polynomial simulation.

Lemma 10.1.4 For p a prime, AC0[p] Frege systems p-simulate polynomial
calculus PC/Fp with respect to to refutations of sets of polynomials.

10.2 TC0-Frege Systems

In this section we consider a particular extension of any Frege system in the
DeMorgan language by new counting connectives Cn,k for 0 ≤ k ≤ n whose
meaning is:

Cn,k(p1, . . . , pn) = 1 if and only if the number of pi = 1 is exactly k

and the following axiom schemes:

• C1,1(p) ≡ p,

• Cn,0(p1, . . . , pn) ≡
∧

i≤n ¬pi,

• Cn+1,k+1(p, q) ≡ [(Cn,k(p) ∧ q) ∨ (Cn,k+1(p) ∧ ¬q)], for all k < n,
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• Cn+1,n+1(p, q) ≡ Cn,n(p) ∧ q.

The system will be denoted by FC for Frege with counting, and FCd will
denote the subsystem allowing in proofs only formulas of depth at most d, where
using a Cn,k-connective increases the depth of a subformula by 1. Note that
the Cn,k connectives are easily definable using the threshold connectives from
Section 1.1 and vice versa:

Cn,k(p) ≡ (THn,k(p) ∧ ¬THn,k+1(p)) and THn,k(p) ≡
∨

k≤`≤n

Cn,`(p)

and the FCd systems thus serve as examples of TC0-Frege systems.

There are various ways how to define a theory corresponding to FCd (see
Section 10.6 for other variants) and we shall follow one not treated in the litera-
ture yet. As in the case of IQmΣ1,b

0 we define the theory by adding to the logic
language a new type of quantifier, a counting quantifier, denoted by ∃=. We
shall use it only as bounded:

• Q=sy ≤ tA(y) holds if and only if the cardinality of {b ≤ t | A(b)} is
exactly s.

Here s, t are terms not involving y. We also need to put forward some logical
axioms for handling this new quantifier; they are quite analogous to the axioms
about the Cn,k connectives formulated above:

• ∀y ≤ t ¬A(y)→ ∃=0y ≤ t A(y),

• (A(t+ 1) ∧ ∃=sy ≤ t A(y))→ ∃=s+1y ≤ t+ 1 A(y),

• (¬A(t+ 1) ∧ ∃=sy ≤ t A(y))→ ∃=sy ≤ t+ 1 A(y).

The class of bounded LBA(α)-formulas allowing also the new ∃= quantifier will
be denoted by ∃=Σ1,b

0 .
The next two lemmas are analogous to the corresponding lemmas in Section

10.1.

Lemma 10.2.1 For all d ≥ 2 there is a ∃=Σ1,b
0 -formula Satd(C)(x, y, E, F )

defining the satisfiability relation for FC-formulas of depth at most d.

The 〈. . . 〉-translation can be extended to the new class of formulas straight-
forwardly, using the connectives Cn,k:

• 〈∃=sy ≤ t B(x, y)〉n := Cm+1,k(〈B(x, y)〉n,0, . . . , 〈B(x, y)〉n,m),

where s = s(x) and t = t(x) are two terms and k = s(n) and m = t(n).

Lemma 10.2.2 Let A(x) be a ∃=Σ1,b
0 -formula. Then there are c, d ≥ 1 such

that for all n = (n1, . . . , nk):
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• |〈A〉n| ≤ (n1 + · · ·+ nk + 2)c,

• dp(〈A〉n) ≤ d.

Moreover, A(n1, . . . , nk) is true for all interpretations of the set-sort variables
in A if and only if 〈A〉n is a tautology.

The theory we shall use in the correspondence will be denoted by I∃=Σ1,b
0

and it is defined as IΣ1,b
0 but allowing the IND scheme for all ∃=Σ1,b

0 -formulas.

Theorem 10.2.3
FCd-Frege systems, d ≥ 1, and theory I∃=Σ1,b

0 satisfy the conditions (A),
(B) and (C) from Section 8.6 and correspond to each other.

Proof:
The translation 〈. . . 〉 extended above to handle the bounded ∃= quantifier

satisfies (A) by Lemma 10.2.2. The condition (B) is verified similarly as in the
proof of Theorem 10.1.3: We add to the requirements on the chain of sets Sk

in the proof of Theorem 8.2.2 the following clauses aimed at guaranteeing that
the eventual structure will satisfy the axioms about the bounded ∃= quantifier.
We allow in the set F formulas in the language of FC and add the following
requirements:

• The formula C0,0(∅) ∈ Sk, some k.

• Each formula Cn,0(p1, . . . , pn) ≡
∧

i≤n ¬pi is in Sk, some k.

• If α ∈ Sk and α = Cn+1,k+1(β, γ) then some later S`, ` > k, contains at
least one of the formulas:

(Cn,k(β) ∧ γ) or (Cn,k+1(β) ∧ ¬γ) .

The reflection principle for FCd is proved by induction on the number of steps
in a proof, using the ∃=Σ1,b

0 -formula Satd(C) from Lemma 10.2.1.

q.e.d.

Considering the theory using IND for ∃=Σ1,b
0 -formulas makes it simpler to

p-simulate it by TC0 Frege systems. But at the same time it also makes it
harder to formalize in such a theory some proofs. Similarly as in theory V 0

1 , it
is sometimes useful (cf. examples in Section 11.7) to talk directly about sets
encoding natural numbers. Having a model of theory I∃=Σ1,b

0 we can expand
it by all subsets of all intervals [0, n] definable by an ∃=Σ1,b

0 -formula. Such
an expansion will always satisfy theory V TC0 in the two-sorted language that
extends both I∃=Σ1,b

0 and V 0
1 and also contains the axioms:

• bounded CA for all ∃=Σ1,b
0 -formulas,
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• the axiom that every subset of every interval can be enumerated in an
increasing order (see the next section for a formalization).

The theory V TC0 is ∃=Σ1,b
0 -conservative over I∃=Σ1,b

0 .
The circuit class TC0 is strong enough to contain the definitions of the

ordering of two n-bit numbers, of the sum of a list of m natural numbers of
the bit size ≤ n and also of the product of two such numbers. In addition,
theory V TC0 is strong enough to prove the basic properties of these arithmetic
operations.

Lemma 10.2.4 Theory V TC0 proves that:

1. If Y = (X1, . . . , Xm) is a list of m numbers Xi ≤ n then there exists
Z ≤ n · |m| encoding their sum.

2. If X,Y ≤ n are two numbers then there is Z ≤ 2n encoding their product.

In addition, the theory proves that

3. the definitions of the ordering, the iterated sum and the product satisfy the
axioms of the non-negative parts of discretely ordered commutative rings.

10.3 Extended Frege Systems

The proof system EF and the theory V 1
1 we shall discuss in this section were

introduced already (Sections 2.4 and 9.3). We will use the satisfiability predicate
for all formulas and not only for formulas of a bounded depth and we need to
be more specific about how is the Sat formula defined (than just appealing to
the general form (8.4.3)).

Define the formula Sat(x, y, E, F ) as:

∃G ≤ y Sat0(x, y, E, F,G)

where Sat0 formalizes:

• F is a DeMorgan formula of size ≤ y with ≤ x atoms, E is a truth
assignment to the atoms and G is an assignment of truth values to all
subformulas of F that equals to E on the atoms, is locally correct (i.e. it
respects the connectives) and gives the whole formula the truth value 1.

Recall the subtheory U1
1 of V 1

1 from Section 9.3. Let Enum(X,x, Y ) be a
Σ1,b

0 -formula formalizing that Y ⊆ [x] × [x] is the graph of a partial function
that enumerates the elements of X ∩ [x] in an increasing order. That is, if we
denote the function by f , it holds:

• X = ∅ if and only if f = ∅,

• X 6= ∅ → f(0) = minX,

• ∀y < x X ∩ (f(y), x] 6= ∅ → f(y + 1) = min(X ∩ (f(y), x])
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(where writing f(y) means implicitly that f(y) is defined).

Lemma 10.3.1 Theory U1
1 proves that every set can be enumerated:

∀x,X ≤ x∃Y ≤ x2 Enum(X,x, Y ) .

In addition, theory IΣ1,b
0 proves that such an enumerating function is unique.

Proof:
The formula ∃Y ≤ x2 Enum(X,x, Y ) is Σ1,b

1 and the statement can be
obviously proved by induction on x. But in U1

1 we have only LIND and we need
to organize the induction more economically. Writing Enum(X,u, v, f) for

• f enumerates in the increasing order the set X ∩ [u, v)

prove first that if we can enumerate a set on all intervals of size t then we can
also enumerate it on all intervals of size 2t:

(∀u ≤ x∃fu ≤ x2 Enum(X,u, u+t, fu)) → ∀v ≤ x∃gv ≤ x2 Enum(X, v, v+2t, gv)

by putting

z ≤ t→ gu(z) := fu(z) and t < z ≤ 2t→ gu(z) := fu+t(z) .

Using this we get the statement by induction up to |x|, i.e. by LIND.
The uniqueness of the enumerating function is proved by induction on r up

to x but only for a Σ1,b
0 -formula:

∀z ≤ r f1(z) = f2(z)

where f1, f2 are two enumerating functions. Hence it is derivable already in
IΣ1,b

0 .

q.e.d.

Lemma 10.3.2 Theory U1
1 proves

∀x, y, E, F ∃G ≤ ySat0(x, y, E, F,G)

and the theory V 0
1 proves that such a G is unique:

(G ≤ y ∧G′ ≤ y ∧ Sat0(x, y, E, F,G) ∧ Sat0(x, y, E, F,G′))→ G = G′ .

Proof:
Work in U1

1 and assume that we have a formula F ≤ m and an evaluation
E ≤ n of its atoms. By induction on t = 0, 1, . . . , log3/2(m) prove that

∀z ≤ m Size(Fz) ≤ (3/2)t → ∃H ≤ ySat0(x, y, E, Fz,H)

where Fz denotes the subformula of F with the top node z and Size(Fz) is its
size. The former is Σ1,b

0 -definable, the latter is ∆1,b
1 -definable by Lemma 10.3.1.

The induction step is easy using the trick from Spira’s lemma 1.1.4, itself
easy to prove in U1

1 as we can count in the theory by Lemma 10.3.1.
The uniqueness is proved in V 0

1 already by induction up m, using that the
evaluations have to obey same local conditions.
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q.e.d.

Theorem 10.3.3
Extended Frege system EF and theory V 1

1 satisfy the conditions (A), (B)
and (C), and with the formula Sat also the condition (D), from Section 8.6. In
particular, they correspond to each other.

Proof:
(A) is obvious and (D) is provided by Lemma 10.3.2. The reflection principles

RefEF,d are proved using the Sat formula: by induction on the number of steps
in an EF -proof P of a formula F and an assignment E to its atoms prove:

• There exists an assignment Eext to all extension axioms occurring in the
first t steps of P such that all first t steps in P are satisfied by E ∪ Eext

(in the sense of the Sat formula).

This is a Σ1,b
1 -formula (as Sat is) and the Σ1,b

1 -IND implies that also the last
formula F has to be satisfied by E.

The remaining condition (B), the p-simulation of V 1
1 by EF , can be obtained

by an extension of the model-theoretic argument we used in earlier sections. But
it perhaps stretches the demands on the logical background of the reader too
much. The details of this can be found in [281, Sec.9.4]. Instead we shall
derive this simulation from the relation of V 1

1 to S1
2 (Theorem 9.4.1) and a self-

contained argument for S1
2 using the Herbrand theorem that we shall present in

Section 12.3.

q.e.d.

10.4 Frege Systems

To define a theory corresponding to Frege systems (in the sense that the condi-
tions (A) - (D) from Section 8.6 hold) is rather delicate and there are no natural
examples. The qualification natural is subjective and some (maybe even most)
experts would disagree with me that the known theories for F are unnatural.
So let me clarify why I think so.

For the correspondence between a theory T and a proof system P we want
T that formalizes smoothly reasoning and arguments in combinatorics, algebra
and logic. Only then we may hope that any argument (using concepts of some
restricted logical or computational complexity accessible to T ) we may use to
prove a combinatorial principle or the soundness of a proof system can be for-
malized in T , and we can thus obtain the consequences (1) and (2) from Section
8.6. Mathematical logic identified the prevailing modes of reasoning and formal-
ized them using the axioms schemes like induction, the least number principle,
collection scheme (i.e. replacement) or various choice principles, to name a few.
It is then natural in my view to strive to have T axiomatized using principles
of this kind rather than by some new ad hoc axioms.
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Furthermore, the requirements (A) - (C) from Section 8.6 posed on T only
concern its ∀Σ1,b

0 consequences, and its ∀Σ1,b
1 -consequences in the case of (D).

Thus we can have two theories T and T ′, both corresponding to P , while T
is much stronger than T ′ and proves more statements of a higher quantifier
complexity. That is desirable as it means that we have more room to formalize
intuitive arguments.

This is the reason why we linked the AC0[m]- and the TC0-Frege systems
with theories involving new quantifiers, natural from a logical point of view. If
we want to have just some theory corresponding to F , we could take

V 0
1 ∪ {RefF,d | d ≥ 1}

or a less direct

V 0
1 ∪ {∀x, y, E, F ∃G ≤ ySat0(x, y, E, F,G)}

where the extra axiom is the formula from Lemma 10.3.2.
Instead of these choices we link to F theory U1

1 , although it gives only a
quasi-polynomial simulation. I think that is a small price to pay for the natural
character of U1

1 .

Theorem 10.4.1
Frege systems F and theory U1

1 satisfy the conditions (A) - (D) of Section
8.6, with the formula Sat from Lemma 10.3.2 used in the condition (D), and
with (B) weakened to:

(B’) If U1
1 proves ∀xA(x), A ∈ Σ1,b

0 , then there are F -proofs of 〈A〉n of the size
n(log n)O(1)

.

Moreover, these proofs can be constructed by an algorithm running in a
quasi-polynomial time.

[We may formulate (B’) by saying that F quasi-polynomially simulates U1
1 .]

Proof:
As in Theorem 10.3.3, (A) is obvious and (D) is provided by Lemma 10.3.2.

The reflection principles RefF,d are proved also as before using the Sat formula
but now we do not need to existentially quantify the extension variables. Let
FP be the conjunction of all formulas in a proof P of F . By Lemma 10.3.2 a
(unique) evaluation G of FP on E exists. Then by induction on the number of
steps in P show that G evaluates each step in P (a subformula of FP ) to 1: this
uses Sat0 and hence only Σ1,b

0 -IND suffices.
For a model-theoretic proof of the condition (B’) we refer the reader to [281,

Sec.9.4].

q.e.d.

Let us point out here informally where the bound in (B’) changes form
polynomial to quasi-polynomial. In the argument the key step is to guarantee
the induction for Σ1,b

1 -formulas (say induction for ∃Y ≤ mB(x, Y ) on [0,m])
and it comes down to two cases:
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• either there is some b < m such that we can enforce that ∃Y ≤ mB(b, Y )
is true while ∃Y ≤ mB(b+ 1, Y ) fails,

• or there are circuits Db
0, . . . , D

b
m that compute a witness for

∃Y ≤ mB(b+ 1, Y ) from a witness to ∃Y ≤ mB(b, Y ), for all b < m.

Composing the circuits in the second item for b = 0, . . . ,m − 1 yields a circuit
that from a witness for ∃Y ≤ mB(0, Y ) computes a witness for ∃Y ≤ mB(m,Y ).
The composite circuit will have the size polynomial in max |Db

i | and m and its
depth will be larger that the depth of the individual Db

i by a multiplicative
factor m. In the case of LIND this is on the order of log n and it looks like that
we get O(log n) depth circuits, i.e. polynomial size formulas. However, when
LIND axioms used in a proof are nested, already the depth of circuits Db

i may
be log n or more and we get, in general, circuits of depth (log n)O(1) only.

This discussion leads to the following lemma describing a formal system p-
simulated by Frege systems. It is not natural in the sense we discussed above
but it nevertheless offers, I think, the best formal system corresponding to F.
When talking about a first-order proof in a theory we can assume without a
loss of generality that it is tree-like. For a tree-like proof in U1

1 we define that
it has no nested applications of the LIND rule if and only if no conclusion
of a LIND inference is an (not necessarily immediate) ancestor (cf. Section 3.1)
of a hypothesis of another LIND inference. In other words, LIND inferences are
arranged in the proof tree in a way that no one is above another.

Lemma 10.4.2 The formal system allowing as proofs only U1
1 proofs with no

nested applications of the LIND rule corresponds to Frege systems.
In particular, if U1

1 proves ∀xA(x), A ∈ Σ1,b
0 , by a proof in which there are no

nested LIND inferences then there are F -proofs of 〈A〉n of size nO(1). Moreover,
these proofs can be constructed by an algorithm running in a polynomial time.

On the other hand, U1
1 proves the soundness of Frege proofs (item (C)) and

the existence of an evaluation of a formula (it (D)) by proofs with no nested
LIND inferences.

10.5 R-like Proof Systems

Earlier we linked AC0-Frege systems with theory IΣ1,b
0 , and AC0[m]- and TC0-

Frege systems with its extensions by new quantifiers. We could have used a
stronger theory V 0

1 , expanding IΣ1,b
0 by instances of the comprehension axiom

(cf. Section 9.3), which is quite convenient for formalizing some arguments. The
reason why we have not done so is that by restricting further the complexity
of formulas in the IND scheme, from the full class Σ1,b

0 to one of its subclasses,
we may define theories corresponding to fragments of the proof systems defined
by bounding the depth by a specific value. In the presence of CA this is not
possible: by composing instances of CA for (#-free) Σb

1(α)-formulas we may
deduce instances of CA for all Σ1,b

0 -formulas.
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In this section we concentrate on the proof systems R, R(log) and R∗(log)
and theories T 1

1 (α) and T 2
1 (α) (in Section 10.6 we give references for some more

theories and proof systems).
Because these R-like proof systems are designed primarily to prove DNF

formulas, i.e. to refute CNF formulas, we need to be careful about the syntactic
form of bounded arithmetic formulas we want to translate. A basic formula
is an atomic formula or the negation of an atomic formula. A DNF1-formula
is a formula in the language LBA(α) that is built from basic formulas by

• first apply any number of conjunctions and bounded universal quantifiers,

• then apply any number of disjunctions and bounded existential quantifiers.

An example is the formula PHP(R) from Section 8.1 when written in the prenex
form:

∃x ≤ z + 1∃u 6= v ≤ z + 1∃w ≤ z [(∀y ≤ z¬R(x, y)) ∨ (R(u,w) ∧R(v, w)) ] .

Lemma 10.5.1 Let T and P be any of the following pairs of a theory and a
proof system:

• T = T 1
1 (α) and P = R∗(log) or P = R,

• T = T 2
1 (α) and P = R(log).

Then the pair T and P satisfy the conditions (A) and (B) from Section 8.6,
with (B) restricted to DNF1-formulas only.

Further, if T is T 1
2 (α) or T 2

2 (α), respectively (i.e. they allow the # function),
the bound in (B) is quasi-polynomial: n(log n)O(1)

.

Proof:
Let us just sketch the proof (cf. Section 10.6 for references with detailed

proofs).
A T 2

1 (α)-proof in the sequent calculus formalism can be assumed to use only
Σb

2(α)-formulas. Each such formula translates into a Σ-depth 2 formula and
the whole arithmetic proof translates into a sequence of polynomial size tree-
like LK∗

2+1/2-proofs. In addition, because we are translating a fixed arithmetic
proof, there is a constant c ≥ 1 such that each of these propositional proofs will
have at most c formulas in a sequent.

Hence by Lemma 3.4.7 we can transform (by a p-time algorithm) such a
proof into a still tree-like LK∗

1+1/2-proofs and further into an LK1/2-proof. But
LK1/2 = R(log).

For the case of T 1
1 (α) we start with one Σ-depth level lower and using Lemma

3.4.7 we get an LK∗
1/2-proof, i.e. an R∗(log)-proof. The R-proof is then obtained

via Lemma 5.7.2.

q.e.d.
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In Section 8.4 we defined the satisfiability relation for CNF formulas by the
formula Sat2 in (8.4.1), and we used it to formalize the reflection principle RefR

for R.We shall use these formulas below. In Lemma 10.5.1 we used for R theory
T 1

1 (α) as we had its definition ready. For the purpose to establish the condition
(C) from Section 8.6 we need to strengthen the theory a bit.

The class of formulas ∀≤1
∧

(∨) will look a bit ad hoc at first. The formulas
in this class are built

• from basic formulas or from disjunctions of two basic formulas

• by arbitrary conjunctions and bounded universal quantifications.

Let ∀≤1
∧

(∨)-LNP by the least number principle from Section 9.4 for all these
formulas.

Lemma 10.5.2 Let T and P be any of the following pairs of a theory and a
proof system:

• T = T 1
1 (α) + ∀≤1

∧
(∨)− LNP and P = R,

• T = T 2
1 (α) and P = R(log).

Then the pair T and P satisfies the condition (C) from Section 8.6 for the Sat2
formula only (i.e. d = 2).

Proof:
Consider the first pair (the argument for the second one is analogous). As-

sume ¬Sat2(n,m,E, F ), i.e. the truth assignment E for n atoms satisfies all
clauses of F . The last clause of an R-refutation P is empty and hence not sat-
isfied by E, and by the LNP we can find the first clause D in P not satisfied by
E: note that this is expressed by a ∀≤1

∧
(∨)-formula:

∀1 ≤ i ≤ n (i /∈ E ∨ i /∈ D) ∧ (n+ i /∈ E ∨ n+ i /∈ D) . (10.5.1)

But having D leads to an immediate contradiction with the correctness of the
resolution rule.

q.e.d.

Disjunctions of two basic formulas we allowed above and used in (10.5.1)
spoil the translation of T 1

1 (α) + ∀≤1
∧

(∨)−LNP into R: one gets proofs in R(2)
of Section 5.7. Similarly the formula ¬Sat2 from (8.4.1) is not a DNF1-formula
but only because of the conjunctions of two basic formulas in Sat2.

However, there is a way how to circumvent this technical issue and establish
a correspondence. The idea is that in using the reflection principles for getting
the consequences of (A)-(C) in Section 8.6 we apply it to a specific proof, i.e.
one for which we can introduce a name into the first-order language. Then the
atomic formulas about it get translated by propositional constants and hence a
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disjunction of two formulas where one talks about the proof translates into one
literal only.

We shall formulate this as a separate lemma using the model theoretic lan-
guage. The class ∀≤1

∧
is defined as ∀≤1

∧
(∨) but the formulas are built only

from basic formulas, i.e. no disjunctions of two basic formulas are allowed.
Analogously to the earlier theory, ∀≤1

∧
-LNP is the least number principle for

all these formulas.
Let M be an arbitrary countable model of true arithmetic in the language

expanding LBA(α) by names for any finite or countable set of relations on the
standard model N (one of them will encode a proof later on). Let n ∈M any
non-standard element and let Mn the cut

{u ∈M | u < nk , some k ∈ N}

with the structure inherited form M. Denote the language of Mn by Ln and
note that I∆0(Ln) holds in the cut.

Lemma 10.5.3 Let T and P be one of the following pairs of a theory and a
proof system:

• T = T 1
1 (Ln, α) + ∀≤b

1

∧
−LNP and P = R,

• T = T 2
1 (Ln, α) and P = R(log).

Let A(x) be a DNF1-formula. Then for an arbitrary structure Mn defined as
above the following two statements are equivalent:

1. The tautologies 〈A〉`, ` ≥ 1, have no polynomial size P -proofs.

2. There is an expansion of Mn to a model (Mn, α) of T in which 〈A〉n fails.

Proof:
The proof shadows Ajtai’s argument from Section 8.5. We shall consider the

first pair T = T 1
1 (Ln, α)) + ∀≤1

∧
-LNP and P = R; the case of the second pair

is analogous.

Assume first that 〈A〉` do have polynomial size R-proofs. Our language has a
name for a relation P (x, y) such that for each ` ≥ 1, P (x, `) defines a relation on
[`]t, some fixed t ≥ 1, that encodes an R-proof of 〈A〉`. Hence P (x, n) encodes
in Mn an R-proof of 〈A〉n. As T proves the soundness of P , no expansion in
item 2. can exists.

We explain the opposite implication using a model theoretic argument sim-
ilar to that in Chapter 8, in the proof of Theorem 8.2.2 in particular. Let F be
the set of all clauses (to be denoted by C) formed from the literals occurring
in 〈A〉n, together with all negations of such clauses (to be denoted by ¬C). We
shall construct a set G ⊆ F such that:

1. The clauses of 〈A〉n are in G.
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2. C or ¬C is in G, for any C ∈ F .

3. If C ∈ G then {`} ∈ G for some ` ∈ C.

4. If ¬C ∈ G, {¬`} ∈ G for all ` ∈ C.

5. If the sequence of clauses 〈C0, . . . , Ct〉 from F is defined in M by an Ln-
relation symbol, t ∈Mn, then

• either there is minimum i ≤ t such that ¬Ci ∈ G, or

• {C0, . . . , Ct} ⊆ G.

6. There is no R-refutation Π definable in M by an Ln-relation such that all
initial clauses in Π are from G.

The set G is built in countably many steps as before, arranging the closure
conditions. At the beginning we know (by the hypothesis) that 〈A〉n has no
R-refutation in Mn.

Finally note that 〈A〉n fails because of the first condition and the expansion
is a model of T by condition in item 5.: it implies that the expansion will satisfy
∀≤1

∧
-LNP.

q.e.d.

10.6 Bibliographical and Other Remarks

Sec.10.1. The proof system and the theory in the section follow [281]. Bounded
formulas with modular counting quantifiers were studied by Paris and Wilkie
[393].

Sec.10.2. The proof system FC is from [280]. It is linked in [280, 281] with the
theory (IΣ1,b

0 )count, an extension of IΣ1,b
0 by the axiom stating that for every

Σ1,b
0 -formula A(x, y) and every z there is a function f(x, u) such that for n and

m and some t
f(n, 0), f(n, 1), . . . , f(n, t)

enumerates in the increasing order the set {b ≤ m | A(a, b)}. The theory V TC0

as defined here contains more axioms than it is needed for Lemma 10.2.4 (in
particular, one does not need the new ∃= quantifier); see Cook and Nguyen
[157, Chpt.IX] for several ways how to define it.

An alternative proof system PTK in the sequent calculus formalism that is
p-equivalent to FC was defined by Buss and Clote [122]. See Clote and Kranakis
[147, 5.6.6] or Cook and Nguyen [157] for details and its properties.

Secs.10.3 and 10.4. The (quasi-polynomial) correspondence between U1
1 and

F is from [280, 281]. Cook and Nguyen [157] define several theories (V NC1

being a prominent example) giving the polynomial correspondence but using an
ad hoc axiom stating that the function evaluating balanced monotone formulas
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(an NC1-complete function under AC0-reductions by Buss [107]) is well defined.
A related theory was defined first by Arai [23]. It is easy to see that U1

1 restricted
to proofs with un-nested applications of the LIND rule proves all these theories.

Sec.10.5. Results about R, R(log) and R∗(log) are from [291], the simulation
of R∗(log) by R follows by the same argument as in [278]. Lauria [340] wrote
a stand alone proof for Lemma 5.7.3. The translation of R∗(log)-refutations of
narrow clauses into a narrow R-refutation was done by Buss, Kolodziejczyk and
Thapen [130] (in the proof of Prop.19 there). They also proved that random
resolution RR (cf Section 7.6) quasi-polynomially simulates the theory T 1

2 (α) +
dWPHP(PV, α), where the additional axiom formalizes the principle that no
p-time function f (represented by a function symbol from LPV) with an oracle
access to α can define a map from [x] onto [2x]. This theory is between the
theories APC1 and APC2 of Section 12.6.

Beckmann, Pudlák and Thapen [62, Appen.A] treat proof-theoretically the
more general situation we discussed in Section 10.5, when any first-order sen-
tences are also allowed in the place of basic formulas in the definition of the
DNF1-formulas.

We shall consider in Section 13.1 a class of formulas (to be called the DNF2-
formulas) extending the class of DNF1-formulas which can still be meaningfully
translated into propositional CNF formulas.

Further remarks. The definition of F (MODm) is taken from [281]. The
modular counting quantifiers Qm were considered by Paris and Wilkie [393].

To further illustrate the discussion about possible natural choices of the
theories T in Section 10.4, let us explain another way how to define a theory for
the AC0[2]-Frege systems, used by Cook and Nguyen [157]. If we can compute
the parity (using the quantifierQ2) we can define for each set a function counting
the parity of the set on initial intervals. In fact, this may be done uniformly in
parameters and it leads to the following notion. Let R(x, y) be a relation. A
relation S(x, z) is a 2-cover of R (this terminology is from [309, Sec.13.2]) if
and only if for all a ≤ n and all parameters b from [n]:

S(b, a) if and only if Q2y ≤ a R(b, y) .

This equivalence allows to define S in terms of R using Q2 but also the other
way around: Q2y ≤ z R(b, z) is equivalent to S(b, z). Hence instead of using
the parity quantifier we could add an axiom, as Cook and Nguyen [157] do, that
each relation has a 2-cover on each interval, where the 2-cover is defined by a
few natural conditions how it changes its truth value locally.

More generally, given a circuit class C, Cook and Nguyen [157] select a
function F : {0, 1}∗ → {0, 1}∗ that is computed by circuits from the class C and
that is AC0-complete for C: all other functions computed in C can be retrieved
from F via AC0-circuits (cf. [157] for technical details). Then they establish
the correspondence between C-Frege systems and a theory extending V 0

1 by an
axiom

∀X ≤ x∃Y ≤ t(x) F (X) = Y .
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The reader will find a number of examples of this construction in [157].

There are other pairs of T and P for which the correspondence was estab-
lished and fruitfully used. Perhaps the most important of those left out in
this chapter are the correspondences between subtheories T i

1(α) of T1(α) and
AC0-Frege systems of a specific depth. The proof systems occurring in this cor-
respondence are better defined using the sequent calculus LK and the notion of
Σ-depth from Section 3.4: T i+2

1 (α) corresponds to the system LKi+1/2. This is
from [278, 281]. Recall from Section 3.4 that R(log) is LK1/2.



Chapter 11

Examples of Upper Bounds
and p-simulations

In this chapter we use the correspondences between theories and proof sys-
tems established earlier to prove several lengths-of-proofs upper bounds and
p-simulations.

11.1 Modular Counting Principles in AC0[m]-Frege

Fix m ≥ 2. We shall consider m-partitions R of sets [n]: these are partitions
that satisfy the condition:

• all blocks of R have the same size m with possibly one exceptional block -
the remainder block - whose size may be strictly between 0 and m.

The size of the remainder block will be denoted by rem(R), and we set rem(R) :=
0 if R has no exceptional block (i.e. if all blocks have the size m).

A modular counting principle formalizes that no set [n] with m|n admits
an m-partition R with 0 < rem(R). We shall denote the bounded formula
formalizing it by Countm(x,R), with x being the variable for n. Its exact form
is not so important as long as it it a faithful formalization, and we leave its
choice to the reader.

Lemma 11.1.1 Let m ≥ 2. Then IQm∆0(R) proves Countm(x,R).

Proof:
Work in IQm∆0(R) and assume m|n. Assume also without a loss of general-

ity that 1 is in the remainder R-block and 0 < rem(R) = i < m. For 1 ≤ t ≤ n
define At ⊆ [n] by

i ∈ At if and only if i ∈ [n] ∧ ∃j ∈ [t] R(i, j) .

245
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Prove by induction on t that

Qm,ix ∈ [n] x ∈ At .

As An = [n], m cannot divide n which is a contradiction.

q.e.d.

We shall be more specific about the propositional formulation of the principle
than we were for the first-order one. For a fixed m ≥ 2 and any n ≥ m, let
Countmn be the propositional formula built from atoms re, one for each m-
element subset e ⊆ [n] (and hence we have at least one as n ≥ m) that is the
disjunction of the following formulas:

• ¬re ∨ ¬rf , for each pair e, f of incompatible blocks e, f (denoted by
e ⊥ f): e 6= f ∧ e ∩ f 6= ∅,

•
∨

e:i∈e re, for each i ∈ [n].

Lemma 11.1.1 and Theorem 10.1.3 yields the following statement.

Corollary 11.1.2 Formulas Countmn have polynomial size Fd(m)-proofs, for
some fixed d ≥ 2.

11.2 PHP in TC0-Frege

Let PHP(z,R) be the formula from Sections 8.1 and 10.5 to which we add a
condition that R is a function; it is the disjunction of the formulas:

• ∃x ≤ z + 1∀y ≤ z¬R(x, y),

• ∃u 6= v ≤ z + 1∃w ≤ z R(u,w) ∧R(v, w),

• ∃w ≤ z + 1∃u 6= v ≤ z R(w, u) ∧R(w, u).

We may prove by induction on t = 0, . . . , z + 1 that

|Rng(R ∩ ({0, . . . , t} × {0, . . . , z}))| = t+ 1

but also
|{0, . . . , z}| = z + 1 .

These statements are easily formalized using the ∃= quantifier:

∃=t+1y ≤ z∃x ≤ t R(x, y) and ∃=z+1u ≤ z u = u

and proved by induction in I∃=∆0(R).
The propositional translation PHPn of PHP(z− 1, R) is the formula (1.5.1):

¬ [
∧
i

∨
j

pij ∧
∧
i

∧
j 6=j′

(¬pij ∨ ¬pij′) ∧
∧
i 6=i′

∧
j

(¬pij ∨ ¬pi′j) ] . (11.2.1)

(The use of z − 1 is due to the discrepancy between the sets {0, . . . , n} and [n]
used in the arithmetic and the propositional formulas, respectively.)

Hence by Theorem 10.2.3 we get:

Lemma 11.2.1 The PHPn formulas have polynomial size TC0-Frege proofs.
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11.3 Simulation of TC0-Frege by Frege

In this section we want to show that Frege systems p-simulate theory I∃=Σ1,b
0 ,

getting the simulation of TC0-Frege systems by Frege systems as a corollary:
the consequence (2) in Section 8.6. By Lemma 10.3.1 we know that in U1

1 we can
define functions enumerating sets in the increasing order, and hence we can also
count the cardinalities of sets. By Theorem 10.4.1 U1

1 proves the soundness of
FC and Frege systems simulate U1

1 (and thus also FC and TC0-Frege systems),
but unfortunately by quasi-polynomial size proofs only. We shall show in this
section that Frege systems can define counting functions and prove its main
properties in polynomial size, and thus a p-simulation of FC actually exists.

We need to define by some DeMorgan propositional formulas the connec-
tives Cn,k(p1, . . . , pn) from Section 10.2. The definition of the counting used in
Lemma 10.3.1 yields only quasi-polynomial size formulas. To improve upon this
Buss [108] used the carry-save addition. Using it one may compute the sum
of n n-bit numbers by a propositional formula (using the bits of the numbers as
atoms) of size polynomial in n. A special case will yield the definition of Cn,k:
interpret p1, . . . , pn as n 1-bit numbers and use the log n bits r0, . . . , r|n|−1 of
the output of the carry save addition formula to define the value of

∑
i pi by:

Cn,k(p1, . . . , pn) ≡
∧

j∈K0

¬rj ∧
∧

j∈K1

rj ,

where K0 and K1 are the positions j where the bit of the value k is 0 or 1,
respectively. The construction will make it clear that the inductive properties of
these connectives forming the axioms of FC in Section 10.2 will have polynomial
size Frege proofs.

We are going to define a number of propositional formulas in atoms p1, . . . , pn

that will represent various numbers (carries and partial sums) of the bit-length
up to |n| or will define operations on them. For

u = 0, . . . , |n| − 1 and v = 0, . . . ,
n

2u
− 1

let auv and buv be abbreviations for the |n|-tuples of formulas aw
uv and bwuv,

respectively, for w = 0, . . . |n| − 1.
These formulas will be defined inductively, using the |n|-tuples of formulas

A(q, r, s, t) and B(q, r, s, t)

where each q, r, s, t is itself an |n|-tuple of atoms, that define the carries and
partial sums in the carry-save algorithm for addition. Skipping for a better
readability the over-line over A and B, these formulas are defined as:

A := A0(A0(q, r, s), B0(q, r, s), t)

and
B := B0(A0(q, r, s), B0(q, r, s), t)
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where the (tuples of the) formulas A0 and B0 represent the sums modulo 2 and
the carries, respectively, of the following three numbers:

Aw
0 (q, r, s) := qw ⊕ rw ⊕ sw

B0
0(q, r, s) := 0

and for 0 < w < |n|:

Bw
0 (q, r, s) := (qw−1 ∧ rw−1) ∨ (qw−1 ∧ sw−1) ∨ (rw−1 ∧ sw−1) .

Note that the sum of the numbers q, r, s modulo 2|n| is equal to the sum of A0

and B0. We define:

aw
uv =

{
pv if w = 0
0 if w > 0

put b0v := 0, and using the |n|-tuples of the formulas A and B (still written
without the over-line) define:

au+1,v := A(au,2v, bu,2v, au,2v+1, bu,2v+1)

and
bu+1,v := B(au,2v, bu,2v, au,2v+1, bu,2v+1) .

Take a DNF formula C(e, f), e, f being |n|-tuples of atoms, that defines the
sum of the two numbers determined by them. Such a DNF formula has the size
2O(|N |) = nO(1) and it exists by Lemma 1.1.2. Frege systems can prove then the
usual properties of the addition by verifying them for all assignments.

Using C we define:
cuv := C(auv, buv) .

These are the bits of
∑

v·2u≤i<(v+1)·2u pi and, in particular, c|n|−1 0 are the bits
of the sum

∑
i pi. Hence:

rk := c|n|−1 0(p1, . . . , pk−1, 0, . . . , 0) .

Using the properties of C we verify in Frege systems that

pk → C(rk, 0 . . . 0, 1) = rk+1 and ¬pk → rk = rk+1

which follows by induction on u in:

pk ≡ ( C(cuv(pk/0), 0 . . . 0, 1) = cuv )

where v is chosen to be the unique number such that k ∈ [v · 2u, (v + 1) · 2u).

The construction readily yields the following statement.

Lemma 11.3.1 The size of formulas Cn,k is polynomial in n and the axioms
of FC from Section 10.2 have polynomial size Frege proofs.

Corollary 11.3.2 F polynomially simulates FC and hence also TC0-Frege sys-
tems.

Lemma 11.2.1 then implies.

Corollary 11.3.3 (Buss [108]) The PHPn formulas (11.2.1) have polynomial
size Frege proofs.
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11.4 WPHP in AC0-Frege

The WPHP(s, t, R) formula is a variant of the PHP(z,R) formula from Sec-
tion 11.2 where we change the bounds to the quantifiers; the formula is the
disjunction of the following three formulas:

• ∃x ≤ s∀y ≤ t¬R(x, y),

• ∃u 6= v ≤ s∃w ≤ t (R(u,w) ∧R(v, w)),

• ∃w ≤ s∃u 6= v ≤ t (R(w, u) ∧R(w, u)).

We shall consider primarily its two versions:

WPHP(2z, z, R) and WPHP(z2, z, R) .

WPHP formalizes the weak PHP; the qualification weak refers to the fact that
s is now possibly much larger than t rather being just t+1. Hence the principle
is weaker and it ought to be easier to prove it.

We shall denote the propositional 〈. . . 〉 translations of the two versions by

WPHP2n
n and WPHPn2

n

respectively.

Lemma 11.4.1 There is a relation S definable from a relation R by an LBA-
formula (i.e. no #) that is ∆b

1(R) in S1
1(R) and such that S1

1(R) proves:

(|m| = |n|2 ∧ ¬WPHP(2n, n,R)) → ¬WPHP(n2, n, S) .

Proof:
Work in S1

1(R) and assume that for some m,n it holds that |m| = |n|2, and
assume for the sake of a contradiction that WPHP(2n, n,R) fails.

Let F : [2n] → [n] be the function whose graph is R. When we use it in a
term, say t(F (x)), an atomic formula like t(F (x)) = s can be expressed by an
LBA-formula in a ∆b

1(R) way:

t(F (x)) = s if and only if ∃y ≤ n R(x, y)∧t(y) = s if and only if ∀y ≤ n R(x, y)→ t(y) = s .

Hence we can use F in formulas without altering the Σb
i (R)-complexity of for-

mulas (i ≥ 1).
Using F define the function F2 : [4n]→ [n] by:

F2(x) :=
{
F (F (x)) if x ∈ [2n]
F (n+ F (x)) if x ∈ [4n] \ [2n]

Repeating this construction for t = 3, . . . , |n| gives us the functions Ft : [2tn]→
[n] and eventually

F|n| : [n2]→ [n] .
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The formal definitions of the functions Ft involve coding length t sequences of
numbers from [n]. By the coding Lemma 9.3.2 this can be done in S1

1(α) if a
number of the bit-size t · |n| ≤ |n|2 exists; this is the role of m provided by the
hypothesis of our lemma.

It is easy to prove that all Ft are injective if F is.

q.e.d.

Let us recall before the next lemma the Cantor diagonal argument show-
ing that the power set P(I) of a non-empty set I has a bigger cardinality than
the set itself. Assume for the sake of a contradiction that

g : P(I) → I

is an injective function. Taking the diagonal set D:

D := {i ∈ I | i ∈ Rng(g) ∧ i /∈ g(−1)(i)}

we get a contradiction; for d := g(D):

d ∈ D if and only if d /∈ D .

The condition i ∈ Rng(g) in the definition of D is there in order to have g(−1)(i)
well-defined and in the argument below it would cause an increase of the quanti-
fier complexity of the formulas used (in induction, in particular). To avoid that
we shall assume first that g is also surjective (i.e. it is a bijection) and discuss
the general case later.

Let ontoWPHP(s, t, R) be the formula that is the disjunction of WPHP(s, t, R)
with the negation of the surjectivity condition:

• ∃y ≤ t∀x ≤ s¬R(x, y).

That is, an R violating the principle is the graph of a bijection between [s] and
[t]. The propositional translation of the formula for s = n2 and t = n will be
denoted by

ontoWPHPn2

n .

Our aim now is to prove the ontoWPHP(z2, z, R) principle in bounded arith-
metic. Let us first explain the construction and the argument and then worry
where it formalizes.

Assume that ontoWPHP(n2, n,R) fails and denote by G the function whose
graph is R; it is a bijection

G : [n2]→ [n] .

Thinking of a natural bijection between [n2] and [n]×[n] (similar to the bijection
(9.1.1) between N ×N and N) we shall write G as a binary function G(x, y)
defined on [n]× [n], and define the inverse function G(−1)(z) for z ∈ [n] as

(P0(z), P1(z))
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where
P0(z) = x if and only if ∃y ∈ [n]G(x, y) = z

if and only if ∀u, v ∈ [n]G(u, v) = z → u = x

and analogously for P1. Note that this is a ∆b
1(R)-definition in LBA (no #).

We shall now iterate G similarly as F in the proof of Lemma 11.4.1 but this
time faster. Put G1 := G and for 2 ≤ t ≤ |n| define map Gt := [n]2

t → [n] by:

Gt := (a1, . . . , a2t) ∈ [n]2
t

→ G(b0, b1) ∈ [n]

where

b0 := Gt−1(a1, . . . , a2(t−1)) and b1 := Gt−1(a2t−1+1, . . . , a2t) .

For t = |n| this gives a bijection G|n| between [n]n and [n] to which we can
apply the Cantor diagonal argument and get a contradiction.

The first issue to tackle in the formalization is how to represent the elements
of [n]n. Coding them by numbers would require numbers of size nn and that
would destroy the hope to get from the arithmetic proof short propositional
proofs. This issue is solved by thinking of elements of [n]n as being represented
by oracles for functions µ : [n] → [n]; µ(i) being the i-th coordinate of the
element in [n]× · · · × [n] (n-times) it represents.

The second issue is that when we represent elements of [n]n as oracles we
cannot talk about the function G|n| as we have only functions whose arguments
are numbers, not sets or functions. The solution to this is that instead of talking
about the map G|n| we shall talk about the values of the inverse function. That
is, we shall define functions gt on [n]× {0, 1}t: for a ∈ [n] and w ∈ {0, 1}t put

gt(a,w) := the w-th coordinate of the sequence G(−1)
t (a) ∈ [n]2

t

where we think of {0, 1}t as being ordered lexicographically and representing
[2t] ordered in the usual way. Using such maps we can represent the statement
that Gt maps µ to a by saying

∀w ∈ {0, 1}t µ(w) = gt(a,w) .

Using g := g|n| we can then simulate the diagonal argument. Namely, define
δ : [n]→ {0, 1} by:

δ(b) = 1 if and only if g(b, b) = 0 .

If we had d ∈ [n] to which G|n| maps δ we would have:

δ(d) = 1 if and only if δ(d) = 0 ,

getting a contradiction as before. The following lemma summarizes what we
need to prove in order to be able to formalize this construction and the argument.
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Lemma 11.4.2 Assume |m| = |n|2 and that ontoWPHP(n2, n,R) fails. Let Gt

and gt be the functions defined earlier. Then:

1. S1
1(R) can ∆b

1(R)-define by LBA-formulas (i.e. no #) the functions gt.

2. S3
1(R,µ) proves:

∃a ∈ [n]∀w ∈ {0, 1}|n| µ(w) = g|n|(a,w) .

Proof:
For the first item define gt : [n]× {0, 1}t → [n] as follows: gt(a,w) = c iff

∃u, v ≤ n10(t+1) len(u) = len(v) = t+ 1 ∧ (u)0 = a ∧ (u)t = c ∧

[∀i < t (wi+1 = 0→ G(ui+1, vi+1) = ui)) ∧ (wi+1 = 1→ G(vi+1, ui+1) = ui))] .

The sequences u and v are unique so the definition can be written also in a
∆b

1(R,µ) way.

For the second item prove by induction on s = 1, . . . , |n| (i.e. by LIND) that

∀w ∈ {0, 1}|n|−s∃b ∈ [n]∀v ∈ {0, 1}s gs(b, v) = µ(w _ v)

(w _ v is the concatenation of the words). The induction step from s to s+ 1
amounts to combining the two codes by one application of G.

The formula to which we apply the induction is Πb
3(α) and by Theorem 9.3.1

Πb
3(α)-LIND is the same as S3

1(α).

q.e.d.

Hence the diagonal argument can be applied in S3
1(R) and, together with

Lemma 11.4.1 (the construction there preserves the surjectivity) it yields:

Corollary 11.4.3 (Paris, Wilkie and Woods [396]) S3
1(R) proves:

|u| = |z|2 → ontoWPHP(2z, z, R) ∧ ontoWPHP(z2, z, R) .

We would like to get from the arithmetical proofs short proofs in R(log).
We know how to translate proofs in T 2

1 (R) into R(log) (Lemma 10.5.1) but here
we have proofs in S3

1(R). If we could use the # function this would be simple:
it is known that S3

2(R) is ∀Σb
2(R)-conservative over T 2

2 (R) (the conservativity
argument needs the # function) and hence a proof of WPHP in S3

1(R) ⊆ S3
2(R)

implies that the statement is also provable in T 2
2 (R). But that ruins the upper

bound as one gets only n(log n)O(1)
bounds on the R(log) proofs while we aim at

a better nO(log n) bound. What we need is simply a proof of WPHP (assuming
nlog n exists, i.e. assuming that for some m: |m| = |n|2) in T 2

1 (R). The proof of
the following lemma has a lot in common with how the conservativity of S3

2(R)
over T 2

2 (R) is actually proved.
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Lemma 11.4.4 T 2
1 (R) proves:

|u| = |z|2 → ontoWPHP(2z, z, R) ∧ ontoWPHP(z2, z, R) .

Proof:
By Lemma 11.4.1 (a statement completely analogous to it for surjective

maps) it suffices to prove WPHP(n2, n,R), assuming |m| = |n|2. Assume f :
[n] → [n2] is the bijection given by R (it is convenient to have it from [n] onto
[n2] rather than the other way around). Denote by k := |n| and, in fact, assume
without a loss of generality that n = 2k and identify [n] with {0, 1}k, and also
identify [n2] with [n]× [n].

We shall write f(x) = (f0(x), f1(x)), with fi(x) ∈ {0, 1}k. When b =
(b1, b2, . . . ) ∈ {0, 1}∗, fb stands for the composition · · · ◦ fb2 ◦ fb1 and it is a
bijection on [n].

As before consider a complete binary tree of the height k. Its leaves are
addressed by paths (strings from {0, 1}k) through the tree and inner nodes are
addressed by strings from {0, 1}<k. Let µ be an oracle giving to each leaf a
label from [n].

For w ∈ {0, 1}j and u ∈ [n], let Correct(u,w) be the Πb
1(µ) formula:

∀v ∈ {0, 1}k−j fv(u) = µ(w _ v) .

The universal quantifier is bounded by nlog n, i.e. by m, and the formulas
formalize that u is the label that got assigned to the node in T addressed by w
when the labelling of the leaves is compressed by f , as in the proof of Lemma
11.4.2.

Now define the formula Neil(w), formalizing a property of strings w ∈
{0, 1}k, as follows:

∃u1, ..., uk∀i < k [wi = 1→ Correct(ui, w1 . . . wi0)] .

In words, at every node w1 . . . ...wi where w continues to the right-hand child,
ui+1 is a correct label for the left-hand child. The existential quantifier is
bounded again by nlog n.

Then you can use induction on b to show that Neil(w) holds for the string
1 . . . 1, and get a label for the root of T . The induction step splits into two
cases:

• w ends in 0, i.e. has the form w′0: then for Neil(w′1) we add the label
µ(w′0).

• w ends in 1, i.e. has the form w′01 . . . 1, then we combine µ(w) with the
labels for w′00, w′010, etc. guaranteed by Neil(w) to get the label for
w′0, which is what we need for w + 1 = w′10 . . . 0.

Note that Neil(w) is a Σb
2(R)-formula and hence the argument is indeed

inside T 2
1 (R).
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q.e.d.

Lemma 10.5.1 and 11.4.4 then entail the wanted upper bound.

Corollary 11.4.5 The propositional formulas:

ontoWPHP2n
n and ontoWPHPn2

n

have size nO(log n) proofs in R(log).

The upper bound to R(log)-proofs of the WPHP with n2 can be significantly
improved. Let |x|(k) denotes the k-times iterated length function: | . . . |x| . . . |,
and similarly log(k) n will denote the k-times iterated logarithm.

Theorem 11.4.6 (ess. Paris, Wilkie and Woods [396])
For any k ≥ 1, S3

1(R) proves:

|u| = |z| · |z|(k) → ontoWPHP(z2, z, R) .

The propositional formulas ontoWPHPn2

n have size nO(log(k) n) proofs in R(log).

Proof:
Assume z = n and we have m such that |m| = |n| · |n|(2). By the construc-

tion above we can define functions Gt for t ≤ log log n only. But such G||n||
codes sequences (of numbers from [n]) of length log n and hence we can use this
function to encode the sequences of length up to log n needed in the definition
of G|n|.

If only |n| · |n|(3) exists we use it to define G|||n|||, using that we define G||n||,
and eventually G|n|. Similarly for other fixed k. All maps are ∆b

1(R)-definable
and so we stay with the induction in the same theory.

q.e.d.

We need another argument to get rid of the surjectivity assumption.

Theorem 11.4.7 (ess. Maciel, Pitassi and Woods [352]) S3
1(R) proves:

|u| = |z|2 → WPHP(z2, z, R) ∧WPHP(2z, z, R) .

Both propositional formulas WPHP2n
n and WPHPn2

n have size n(log n)O(1)
proofs

in R(log).

Proof:
By Lemma 11.4.1 it suffices to prove in S3

1(R) the weaker principle WPHP(z2, z, R).
Work in S3

1(R) and put z := n.
For a sequence w from [n]≤|n| (finite sequences of elements from [n] having

the length at most |n|) define the relations

R(w, x, y) ⊆ [n2]× [
n

2`
]

by induction on the length ` of the sequence w as follows:
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• R(∅, x, y) := R(x, y)

• For i < n: R(w _ i, x, y) := ∃z < nR(x, z) ∧R(w, in+ z, y) ∧ y < n
2`+1 ,

• R(w _ n, x, y) :=

∃z < nR(x, z) ∧ (∃u ∈ [zn, (z + 1)n) , R(w, u,
n

2`+1
+ y)) ∧ y < n

2`+1
.

By induction on ` prove:

¬WPHP(n2, n,R) → ∃w ∈ [n]` ¬WPHP(n2,
n

2`
, R(w, x, y)) .

This is straightforward as any S ⊆ [n2] × [ n
2` ] either maps an interval of the

form [in, (i+1)n) into [0, n
2`+1 ) or each such interval contains an element z that

is mapped (i.e. has at least one S-value in) to [ n
2`+1 ,

n
2` ).

All relations R(w _ i, x, y) and R(w _ n, x, y, ) are Σb
1(R)-definable by

an LBA formula and hence the witnesses to the Σb
1-quantifiers can be pulled

together for ` = O(log n)) (via Lemma 9.3.2) to get a Σb
1(R)-definition of the

ternary relation R(w, x, y) for |w| ≤ |n|.
For a Σb

1(R)-definable relation S is the formula WPHP(z2, z, S) in Πb
2(R)

and the Σb
3(R)-LIND is enough to carry through the induction. For ` = |n| we

get an obvious contradiction.
Applying now the argument via the conservativity explained before Lemma

11.4.4 (the Σb
3(R)-conservativity of Σb

3(R)-LIND over Σb
2(R)-LIND) the proof

can be carried in T 2
2 (R). The second part of the lemma then follows from

Lemma 10.5.1.

q.e.d.

The following theorem was proved via an argument analogous to Nepomn-
jascij’s theorem. We shall need it in Section 14.5 but we shall not prove it here.
The second part follows from Theorem 8.2.2.

Theorem 11.4.8 (Paris and Wilkie [393])
For all k ≥ 1, I∆0(R) proves WPHP(|n|k + 1, |n|k, R). Hence for all k ≥ 1

there are e, c ≥ 1 such that ¬PHP(log n)k has an LKe+1/2-refutation of size at
most nc.

11.5 Simulations by EF

We first use bounded arithmetic to prove Lemma 2.4.4 whose proof we post-
poned until now. Let us state it again.

Lemma 11.5.1 EF ≥p SF .
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Proof:
By Theorem 10.3.3 and the consequence (2) from Section 8.6 it suffices to

prove in V 1
1 the soundness of SF . But that is easy; if P is a size m SF -proof

of formula F :
PrfSF (n,m,F, P )

prove by induction on t ≤ m that

• the first t steps in P are all tautologies.

As the property that a formula H is a tautology is Π1,b
1 -definable:

∀E ≤ n G ≤ m Sat0(n,m,E,G, F )

(the universal set-sort quantifier ranges over all possible truth assignments and
evaluations of the formula) the Π1,b

1 -IND suffices. But V 1
1 proves all instances

of the Π1,b
1 -IND scheme: the induction on [0, s] for A(x) ∈ Π1,b

1 follows from the
induction for ¬A(s− y) ∈ Σ1,b

1 on the same interval.

q.e.d.

An analogous argument applies also to the system S2F , the relativised Frege
system with the second-order substitution from Section 4.2. By Lemma 4.2.2 a
relativised formula C is satisfiable if and only if the set S(C) of ordinary propo-
sitional formulas, constructed there by a p-time algorithm from C, is satisfiable.
Hence the logical validity of relativised formulas is also Π1,b

1 -definable.

Lemma 11.5.2 EF ≥p S2F and hence EF , SF and S2F are all p-equivalent.

We turn to the implicit proof systems from Section 7.3. In Lemma 7.3.4 we
stated the p-equivalence of ER and [R,R∗] but proved there only ER ≤p [R,R∗].
Now we prove the opposite simulation.

Lemma 11.5.3 ER ≥p [R,R∗] and hence ER ≡p [R,R∗].

Proof:
Work in V 1

1 and assume that (P,C) is a size s [R,R∗]-refutation of a CNF
formula F , of the size m built form n atoms. By Lemma 7.3.1 we may assume
that C is a circuit which on every assignment computes a clause over the 2n
literals (together with information how it was inferred) and that P is an R-proof
of the statement that these clauses, when ordered by the lexicographic ordering
of the input strings, form an R∗-refutation of F .

We identify the strings from {0, 1}≤t with the nodes in the complete binary
tree of depth t. without a loss of generality we may assume that the inputs to C
come from {0, 1}≤t, t ≤ s, and that C(w) for w ∈ {0, 1}≤t is the clause sitting
at the node w in the tree. Hence C computes from the empty word the empty
clause and from a word of the length t some initial clause, i.e. some clause of
F .
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Let E be any truth assignment.

Claim:There exists a path Q in the proof tree from the root to a leaf such that
E falsifies all clauses on Q.

By induction on r prove that there exists such a partial path of the length
r; this is a Σ1,b

1 -statement and hence V 1
1 proves induction for it. The induction

step follows from the correctness of P .
Having such Q we get a clause in F (the clause labelling the leaf in Q) that

is falsified by E; hence no E satisfies F and P is sound.

q.e.d.

Note that if we wanted to prove analogously the soundness of [R,R] we
would need to find the lexicographically first Q ∈ {0, 1}t leading to a clause
falsified by E. Such a principle is not apparently available in V 1

1 and seems to
need Σ1,b

2 -IND.

11.6 Subexponential Simulations by AC0 Frege
Systems

This section is devoted to proofs of the two statements in Theorem 2.5.6 about
sub-exponential simulations of TC0 Frege systems and of Frege systems by AC0-
Frege systems. Let us recall the statement of the theorem:

• Let P be a TC0 Frege system or a Frege system in the DeMorgan language
and d0 ≥ 0. Then for every ε > 0 there is d ≥ d0 such that for any formula
A of depth dp(A) ≤ d0 it holds:

sFd
(A) ≤ 2sP (A)ε

.

The case of TC0 Frege systems (the first statement in the theorem) is much
easier and uses the fact underlying Theorem 11.4.8 that for any fixed t ≥ 1
there are ∆0(α) definitions Φt(α, a) of the counting functions for α ⊆ [0, (log a)t]
such that I∆0(α) proves its properties. Hence there are also size nO(1) AC0

definitions of the connectives TH(log n)t,k whose properties can an AC0 Frege
system prove in size nO(1).

Given a TC0 Frege proof of size s, we can for any k ≥ 1 write s = (logm)k

and simulate the proof by an AC0 Frege proof of size mO(1) = 2O(s1/k). As
k ≥ 1 can be arbitrarily large the statement follows.

Our strategy for proving the second statement about unrestricted Frege sys-
tems (tacitly in the DeMorgan language) is to prove in theory T1(α) (i.e. no
# function) for all constants c ≥ 1 the reflection principle for Frege proofs P
satisfying the following conditions on the size |P | = s and the logical depth
`dp(P ) = `:

s ≤ |b|c and ` ≤ c||b||. (11.6.1)
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The parameter b serves only as a bound and it will play a role in the formalization
of the argument in bounded arithmetic.

By the balancing Lemma 2.3.3 every Frege proof of size s0 of a formula of
the logical depth `0 can be transformed by a p-time function into a proof of
the same formula, of size s ≤ s

O(1)
0 and the logical depth ` ≤ O(log s0) + `0.

Further, a depth d0 formula of size at most s0 has the logical depth at most
d0(log s0). Putting this together: if a depth d0 formula A has a Frege proof of
size s0 ≤ |b|c0 , then it also has a proof of size s = |b|O(c0) and logical depth
` ≤ O(log s0) + `dp(A) ≤ O((c0 + d0)||b||), and such a proof will satisfy (11.6.1)
for some c ≥ 1.

The structure of the proof of the theorem is then the following. Assuming
that A has a Frege proof of size s0, it has also a proof of size s = s

O(1)
0 using only

balanced formulas (in the above sense) of logical depth `. For an arbitrary c ≥ 1
we can write s = |b|c and ` ≤ c||b|| for some parameter b. The provability of the
reflection principle for such proofs in T1(α) yields via Theorem 8.2.2 Fd-proofs
of size bO(1) of its 〈. . . 〉 translation for some d ≥ d0, which further yields an
Fd-Frege proof of A of size bO(1) = 2O(s

1/c
0 ) via the consequence (2) in Section

8.2.2. As c ≥ 1 was arbitrary, the theorem follows. We note here that the
construction will yield a bound for d as well: d = O(c).

It remains to prove the reflection principle for proofs satisfying (11.6.1).
Our strategy is the same as in earlier proofs of other reflection principles: find
a definition of the satisfaction relation for formulas that may occur in a proof
and then use it to prove (by induction on the number of steps in the proof) that
it proves a tautology.

Formulas, proofs and evaluations are represented by sets: F, P,E as in Sec-
tion 8.4, and we shall use the formulas PrfF (x, y, z, P, F ) (expressing the prov-
ability relations for formulas F of size ≤ y, i.e. F ≤ y, with x atoms and proofs
of size ≤ z (i.e. P ≤ z), and Satd(x, y, E, F ) or Sat(x, y, E, F ) (expressing the
satisfiability for formulas F and evaluations E of x atoms (i.e. E ≤ x). In
T1(α) we cannot quantify sets and hence we could not express claims like an
evaluation of a formula exists, and similar. The idea is that whenever we would
like to quantify a set, we first encode it by a number (via the coding Lemma
9.3.2) and then quantify this number. The parameter b plays a crucial role in
this.

Let us now proceed formally. Let P ≤ s be a Frege proof of a depth d0

formula F (so F ≤ s too) and the logical depth of P is ` := `dp(P ) and we
assume that s and ` satisfy (11.6.1) for some parameter b and constant c. We
are going to define for t = 1, 2, . . . functions Evalt(b, E, F ) that will compute
for formulas F satisfying

`dp(F ) ≤ t||b|| and hence E ≤ |b|t , F ≤ |b|t+1

the truth value of F under the assignment E. We shall show that it can be
defined be a bounded formula and that T1(α) can prove that Evalt respects the
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logical connectives:

Evalt(b, E, F ) = 1− Evalt(b, E,¬F )

and
Evalt(b, E, F ) = Evalt(b, E, F1) ◦ Evalt(b, E, F2)

where F = F1 ◦ F2, ◦ = ∨,∧. We denote the formula by Eval rather then by
Sat because of the additional parameter b.

To define Eval1(b, E, F ) work in T1(α). Using the coding Lemma 9.3.2 we
get a number w0 coding the assignment E to the atoms of F . There are at
most 2`dp(F ) ≤ |b| of such atoms, so len(w0) ≤ |b| and w0 ≤ bO(1). Further,
by induction on the size of F , i.e. up to 2|b| = |b2| prove that there exists
w, len(w) ≤ 2|b|, the evaluation of subformulas of F extending the evaluation
w0 of the atoms. Hence we take for the definition of Eval1(b, E, F ) = v the
formalization of:

• There exists w0, w ≤ bO(1) such that

– w0 codes the evaluation E of the atoms of F ,

– w is the evaluation of F extending w0,

– the output value of w is v.

This is a Σb
1(α)-formula (but not strict).

For t > 1, assume we have a definition of the graph of Evalt−1, and define
Evalt as follows. Find formulas A(p1, . . . , p|b|) and Bi for i ≤ |b| such that

F = A(B1, . . . , B|b|) , `dp(A) ≤ ||b|| , ∀i ≤ |b| `dp(Bi) ≤ (t− 1)||b|| . (11.6.2)

Then use Evalt−1 to prove (using the coding Lemma 9.3.2 again) that there
exits w0, len(w0) ≤ |b|, coding the values of Evalt−1(b, E,Bi) for i ≤ |b|, and
then use Eval1 to compute the value Evalt(b, E, F ) := Eval1(b, w0, A). The
formula defining Evalt(b, E, F ) = v thus has the form:

• There exists a sequence u, len(u) ≤ |b|, of vertices in the tree of F such
that if we define Bi to be the subformula of F whose top node is the i-th
vertex in u, and the formula A to be the top part of F ending with vertices
in u, the inequalities (11.6.2) hold, and

• there exists w0 ≤ bO(1) such that

– for all i ≤ |b|, the i-th bit of w0 codes the value of Evalt−1(b, Bi, F ),

– w is the evaluation of A extending w0,

– the output value of w is v.

Proving that Evalt respects the logical connectives is easy as that involves only
the formula Eval1 applied to the top part. Subsequently we can prove the
soundness of the proof satisfying (11.6.1). Let us summarize this formally.



260 Upper bounds

Lemma 11.6.1
For any c ≥ 1, T1(α) proves the soundness of Frege proofs satisfying (11.6.1).

This concludes the proof of Theorem 2.5.6.

Let us remark that the definitions of the graphs of all Evalt are Σb
1(α) and,

in fact, provably ∆b
1(α) as the evaluations are unique. However, they are not

strict Σb
1(α) because without the # function we cannot move a sharply bounded

universal quantifier behind a bounded existential quantifier. If we had a strict
definition, the d in the theorem could be taken to be d0: but that is impossible
(as it follows e.g. from Corollary 11.3.3 and Theorem 15.3.1).

11.7 Simulations of Algebro-Geometric Systems
by Logical Systems

Our first example is a partial p-simulation of the Nullstellensatz proof sys-
tem NS/Fp over a finite prime field Fp in an AC0-Frege system augmented by
instances of the counting modulo p principle Countp (see Section 11.1) as new
axioms. The qualification partial refers to the fact that the simulation does not
apply to all sequences of systems Fn of polynomial equations in n variables over
Fp but only to those obeying the:

Size restriction: There is a constant c ≥ 1 such that for all n ≥ 1, each
polynomial in Fn has at most c monomials.

The simulation will apply, in fact, to a larger class of polynomial systems; we
shall discuss this after the construction. We shall present the construction for
p = 2 as that is syntactically the easiest (coefficients are represented by truth
values) and explain at the end the difference for a general p.

Let d ≥ 0 and n ≥ 1. A monomial of degree d in n variables, say xi1 · · · · ·xid

can be represented by a number w coding the sequence i1, . . . , id, i.e. satisfying
by the coding Lemma 9.3.2

len(w) = d and ∀j < d (w)j = ij+1 and w ≤ n10d (11.7.1)

An alternative way (in the second-order world) would be to represent xi1 ·· · ··xid

by a set W such that:

W ⊆ [n] and ∀j ∈ [n] j ∈W ≡ j ∈ {i1, . . . , id} .

This looks more economic as we do not use a number with the value ≥ nd but
such numbers can be avoided only when talking about one monomial. For the
purpose of the proof system NS (and PC) we use the dense representation of
polynomials, i.e. we list the coefficients of all monomials up to some fixed degree
d (i.e.

(
n+d

d

)
= nO(d) of them). A polynomial would be thus represented by a

binary relation on [nO(d)]× [n] and the number nd is needed anyway.
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The Boolean axioms x2
i−xi = 0 obey the size restriction and we shall assume

that the polynomials x2
i − xi are included in all systems Fn. Assume we have

an NS/F2-refutation P of F = {f1, . . . , fm}:

P :
∑

i∈[m]

hi · fi = 1 (11.7.2)

where the degree of each hifi is at most d. We assume F is represented by a
binary relation F ⊆ [m]× [n10d] such that:

• the monomial represented by w appears in fi with the coefficient 1 if and
only if (i, w) ∈ F

We take the advantage of the fact that in formulating the reflection principle
we are allowed to use any NP-definition of the provability predicate and, in
particular, we can incorporate into the NP-witness any additional information
about the proof that may help us in proving the reflection principle. In our case
we shall represent the refutation P by two relations, H and R. The first one,
H, represents (11.7.2) in a straightforward way, and it is defined as:

• H ⊆ [m] × [n10d] and a monomial w appears in hi with a coefficient 1 if
and only if (i, w) ∈ H,

The second one, R, will contain the auxiliary information that we shall use later
in the soundness proof. To define R we first need to define a ternary relation
MonP ⊆ [m]× [n10d]× [n10d] by:

(i, w1, w2) ∈MonP if and only if (i, w1) ∈ H ∧ (i, w2) ∈ F

and then we put:

• R is a 2-partition of MonP with the remainder rem(R) = 1 (cf. Section
11.1 for the definition) and such that:

– each block consists of pairs defining the same monomial; that is, two
triples (i, u1, u2) and (j, v1, v2) such that u1u2 = v1v2,

– the unique exceptional block of size 1 contains a pair (i, w1, w2) giving
the constant monomial 1: w1 = w2 = 1.

A partition R satisfying the condition exists if and only if (11.7.2) is valid in
F2[x]: all monomials on the left-hand side have to cancel out except one constant
term 1.

Now assume E ≤ n is an F2-assignment to the n variables such that fi(E) =
0 for all i ∈ [m]. Put

MonP (E) := {(i, u, v) ∈MonP | uv evaluates to 1 under E }.

On MonP (E) we can define two 2-partitions:

• RE : this is R restricted to MonP (E),
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• SE :

– For each i ∈ [m] define a total pairing on the monomials of fi that
get the value 1 under E. (Here we use the size restriction: because
of that we can define one such pairing Si by the definition by cases -
no need to define the parity of any set.)

– SE pairs together two elements (i, u, v), (i, u, w) ∈ MonP (E) for
which Si pairs v and w.

Lemma 11.7.1 If E satisfies all equations fi = 0, i ∈ [m], then Count2t (T )
is violated for some even number t and some relation T definable by a bounded
formula from E,F,H,R.

Proof:
Let MonP ⊆ [s], some s ≤ mn20d. Hence also MonP (E) ⊆ [s]. Take t := 2s

and define a 2-pairing T on [t] as follows:

• If w ∈ [s] \MonP (E), pair w with w + s,

• on [s] ∩MonP (E) define T as RE ,

• for w1, w2 ∈ [s]∩MonP (E) pair together s+w1 and s+w2 if and only if
w1, w2 are paired by SE .

The relation T is definable from RE and SE and hence from E,F,H,R, and
it is easy to see that it is a 2-pairing with the remainder rem(T ) = 1. This
contradicts the Count2 principle.

q.e.d.

Corollary 11.7.2 I∆(α)+Count2 proves the soundness of NS/F2 with respect
to refutation of all polynomial systems obeying the size restriction.

Consequence (2) from Section 8.2.2 then yields:

Corollary 11.7.3 There is d0 ≥ 2 such that the following holds. Assume F
is a polynomial system with m n-variable polynomials containing all Boolean
axioms and obeying the size restriction. Assume F has an NS/F2 refutation of
degree d.

Then there is an Fd0- refutation of F from instances of the Count2 principles
of the total size at most mnO(d).

For NS over Fp we just need to consider p-partitions and the principle
Countp, otherwise the argument is the same. Let us also note that the size
restriction condition is only used to have some ∆0(α) definitions of the parti-
tions Si. Such a definition may exists even if the polynomial has an unbounded
number of monomials. For example, we can formulate the PHP principle using
polynomial equations as the following unsatisfiable system that we shall denote
by ¬PHPn:
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1.
∑

j xij − 1 = 0, for each i ∈ [n+ 1],

2. xijxij′ = 0, for all i ∈ [n+ 1] and j 6= j′ ∈ [n],

3. xijxi′j = 0, for all i 6= i′ ∈ [n+ 1] and j ∈ [n].

While the polynomials in item 1. do not obey the size restriction, it is simple
to prove in I∆0(α) that if E satisfies all equations in item 2. then exactly one
xij in the polynomial

∑
j xij − 1 gets the value 1. In other words, MonP (E)

will contain exactly two non-zero monomials in each such an equation and that
suffices to define the relations Si.

Cutting planes.
Now we turn to another example, simulations of the cutting planes proof

system CP and its extension LK(CP) by Frege systems.
Let C : C1, . . . , Cm be clauses in n variables and let L1, . . . , Lm be the integer

linear inequalities that represent these clauses in the sense of (6.0.2). Think of
each inequality as n + 2 integers: the coefficients of the variables plus two
absolute terms, one on the left-hand side and one on the right-hand side.

A CP-refutation of a set of initial inequalities C with k steps and of the total
size s can be represented by a ternary relation P ⊆ [k]× [n+ 2]× [s]:

(i, j, t) ∈ P if and only if the j-the coefficient in the i-th step in P has the t-th bit 1 .

Here s is also the bound on the bit-size of the coefficients and we assume without
a loss of generality that one of the bits signals if the coefficient is positive or
negative.

To evaluate an inequality in the refutation thus means adding together ≤
s + 1 integers of the bit-size at most s and comparing the result with another
bit-size s integer. By the construction in Section 11.3 this can be done in F by
counting formulas of size sO(1) and the arithmetic properties needed to prove
the soundness of CP inference rules using such counting formulas can also be
proved in polynomial size. In fact, by Lemma 10.2.4 already TC0 Frege systems
suffice. So TC0 Frege system can prove the soundness of the refutation step-by-
step and in the size sO(1). The consequence (2) from Section 8.2.2 then yields
again a simulation.

Lemma 11.7.4 Assume C : C1, . . . , Cm are clauses in n variables and Li, i ∈
[m], are the integer linear inequalities representing clauses Ci in the sense of
(6.0.2). Assume further that the inequalities L1, . . . , Lm have a CP-refutation
with k steps and of size s.

Then C has a TC0 Frege refutation of size sO(1).

One can formulate a bit better estimate using an a priori estimate to the
size of coefficients.

Lemma 11.7.5 Assume L1, . . . , Lm are inequalities in n variables such that
the bit-size of every coefficient in any of Li is at most `. Assume further that
the system has a CP-refutation with k steps.
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Then there is another CP-refutation of the same system that has O(k3(` +
logm)) steps and the bit-size of all coefficients in the refutation is bounded above
by O(k + `+ logm).

This lemma allows to express the size of the constructed TC0 Frege proof
as:

O(k3(`+ logm)[(n+ 2)(k + `+ logm)]O(1)) = (n(k + `+ logm))O(1) .

In Frege systems or even in TC0-Frege systems we have no problem in sim-
ulating a logical reasoning on top of CP.

Corollary 11.7.6 TC0 Frege systems p-simulate the system R(CP) and Frege
systems p-simulate the system LK(CP) from Section 7.1.

Semi-algebraic calculus
The next example concerns the proof system SAC from Section 6.4. Lemma

10.2.4 gave us a theory V TC0 corresponding to TC0 Frege systems that can
handle the arithmetic operations on natural numbers, hence also on integers
Z and on the rationals Q. In particular, for every d ≥ 1 there is a bounded
formula Evald(F, x,X, y, Y ) in the language of V TC0 such that V TC0 proves
that if F is (the dense notation for) a degree ≤ d polynomial in x variables and
X is a list of x rational numbers Xi ≤ y (i.e. the bit-size is ≤ y) then there
exists a number Y that is the value of F on the assignment Xi. In addition,
by the third item in Lemma 10.2.4 V TC0 proves the usual properties of the
evaluation of polynomials. Note that we have to restrict to a fixed d because
V TC0 is not known to be able to define the iterated product.

Lemma 11.7.7 Theory V TC0 proves:

1. For every d ≥ 1, the soundness of SACd-proofs in which only rational
coefficients occur with respect to assignments from Q.

2. The soundness of SAC-proofs in which only rational coefficients occur (no
degree restriction) for Boolean assignments.

Proof:
For the first statement use the formula Evald to prove by induction on the

number of steps in a degree ≤ d SAC proof that all lines are true.
The second statement follows by noting that a product of any number of

Boolean inputs is expressible by the conjunction and hence evaluation polyno-
mials on Boolean assignments reduces to the iterated sum only.

q.e.d.
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Note that the restriction in the lemma to proofs in which only rational
numbers occur is not severe as only those can be represented by a finite string
and we are primarily interested in Cook-Reckhow proof systems.

We conclude by stating without proofs two statements about the polynomial
calculus, proved by arguments analogous to those discussed above. We need to
be able to add a set of numbers and multiply two numbers; in the first case
modulo a prime and in the second case in the rationals (which can be reduced
to integers).

Lemma 11.7.8 1. Let p be a prime. The systems PC/Fp (Section 6.2 and
R(PC/Fp) (Section 7.1) can be p-simulated by an AC0[p]-Frege system.

2. The systems PC/Q and R(PC/Q) can be p-simulated by TC0 Frege sys-
tems.

11.8 Bibliographical and Other Remarks

Sec.11.1. The modular counting principles were considered first in our context
by Ajtai [6, 7], and subsequently by Beame et.al. [52], Riis [451] and Buss et.al.
[126], and others (cf. Section 15.7).

Sec.11.2. I am not aware of a reference for Lemma 11.2.1.

Sec.11.3. The polynomial size simulation of counting in Frege systems is due
to Buss [108], the quasi-polynomial construction via U1

1 is from [281]. The
particular definition of the connectives Cn,k via the DeMorgan formulas follows
closely the construction in [281, Chpt.13], including the notation. A bit different
presentation is in Clote and Kranakis [157]. The idea of the carry save addition
goes back to von Neumann [505].

Short Frege proofs for a number of formulas can be obtained by first con-
structing a short TC0 Frege proof using one of the theories the system p-
simulates and then applying the p-simulation from Corollary 11.3.2. For exam-
ple, quasi-polynomial size Frege proofs of the Kneser-Lovász theorem by Buss
et.al. [3] can be obtained in this manner (it uses just basic counting).

Unfortunately, one cannot just dismiss various theories for Frege systems
that we branded as unnatural in Sections 10.4 and 10.6 and say that you can
always find actually short TC0 Frege proof (using one of the natural theories).
For example, the original Cook and Reckhow [158] proof of PHPn formalizes
in U1

1 and one gets quasi-poly size Frege proofs but the same argument does
not seem to yield short TC0 Frege proofs as well. The formalization of a proof
of Frankl’s theorem by Buss et.al. [2] is another such example: while it works
in U1

1 and gives quasi-polynomial size Frege proofs, the existence of short TC0

Frege proofs is open.

Sec.11.4. The first proof of WPHP in T2(R) was due to Paris, Wilkie and
Woods [396]. Statements 11.4.1, 11.4.2, 11.4.3 and 11.4.6 are based on their
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construction (we follow [281] to an extent). The proof of Lemma 11.4.4 is due
to Thapen. If the additional condition of the surjectivity is left out, the theory
S3

1(R) has to be replaced by S4
1(R) and the proof system R(log) by the Σ-depth

1 system LK3/2 (cf Section 3.4).
The idea of the proof of Theorem 11.4.7 giving a sharper result is due to Ma-

ciel, Pitassi and Woods [352]. They presented the proof combinatorially using
only propositional logic; the proof via the formalization in bounded arithmetic
is from my unpublished notes for the Prague - San Diego email seminar we run
in the 1990s. It is open whether there are also R(log)-proofs of the WPHPn2

n of
sizes nlog(k) n, an k ≥ 1 as they are for the surjective version by Theorem 11.4.6.
By not applying the conservativity at the end of the proof of Theorem 11.4.7
we get size nO(log n) proofs but in LK3/2.

Theorem 11.4.8 is a consequence of [393, Thm.7] which was about the WPHP
for all ∆0-relations. The uniformity of the argument giving the oracle version
was verified in Impagliazzo - K. [244, Fact 0.4]. Let us note that Paris and
Wilkie showed also that T1(R) proves the ordinary (i.e. not the weak) PHP but
for small numbers: no R can be the graph of an injective function of [|z|k] into
[|z|k − 1], any fixed k ≥ 1.

Sec.11.5. Lemma 11.5.1 was first noted by Dowd [174].

Sec.11.6. The section is based on Muller’s [363] proof of the second part of
Theorem 2.5.6.

Sec.11.7. The simulation of NS by the AC0 Frege systems augmented by the
counting principles was pointed out (by a different argument) by Impagliazzo
and Segerlind [249].

The p-simulation of CP by F goes back to Goerdt [205]; I have not found
a reference for the p-simulation of CP by TC0 Frege systems. Lemma 11.7.5
is due to Buss and Clote [122]; it is also well presented in Clote and Kranakis
[147], Theorem 5.6.6. and Corollary 5.6.2 there.

The p-simulation of SAC (resp. SACd) by TC0 Frege systems in Lemma
11.7.7 appears to be new. In connection to the restriction to proofs in which
only rational numbers occur it may be interesting to note an example, found
by Scheiderer [464], of a degree 4 polynomial with integer coefficients which is
a sum of squares of polynomials over R but not of polynomials over Q.

Further remarks. Cook and Soltys [483, 160] defined three theories of increas-
ing strengths (LA, LAP and ∀LAP ) in order to study the proof complexity of
various linear algebra facts (e.g. the Caley-Hamilton theorem). This is partially
motivated by Cook’s question whether there are p-size Frege proofs of the for-
mulas translating the commutativity of matrix inverses: AB = In → BA = In.
Subsequently Cook and Fontes [153] introduced theories corresponding (in the
sense of the witnessing theorems) to the complexity classes ⊕L and DET ,
whose complete problems include determinants over F2 and Z, respectively.
These theories interpret LAP. Some of these theories were separated in a higher
quantifier complexity by Soltys and Thapen [484].
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Fernandes and Ferreira [182] formalized systematically a part of analysis
in weak theories related to polynomial time and Ferreira and Ferreira [183]
extended this by using theories formalizing counting (cf. also a survey in Fer-
nandes, Ferreira and Ferreira [184]). The propositional applications of these
formalizations were not studied yet.
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Chapter 12

Beyond EF via the || . . . ||
Translation

12.1 Cook’s Theory PV and Buss’s Theory S1
2

There were suggestions in past to study feasible computations via a theory hav-
ing function symbols for all p-time functions and being axiomatized by all true
universal statements (some suggested even all true statements as axioms - hard
to see why to bother with a theory then). This is a rather unnatural idea be-
cause while the motivation is the computational feasibility even the language of
the theory is not feasible in the sense that there is no natural way to associate
its symbols with specific functions. Further, the set of true universal statements
(even in a finite sub-language containing few suitable functions) is not even al-
gorithmically decidable. This is analogous to Trakhtenbrot’s theorem [494] that
the set of sentences (in a rich enough finite language) valid in all finite structures
is Π0

1-complete. A subtler approach is to take a language whose symbols corre-
spond to polynomial time algorithms in some programming scheme. However,
the problem with the undecidability of the set of true universal statements will
still persists.

The theory we shall introduce in this section, Cook’s theory PV, adds the
additional feature that we accept as axioms only identities that are used to
define new symbols from old ones (i.e. we give up on the set of all true universal
statements). There will be one more important feature of the theory which we
shall discuss a bit later.

Cook [151] based his theory on Cobham’s theorem [148] that characterizes
the class of p-time functions in a particular way not involving a machine model
but using instead the scheme of limited recursion on notation (LRN).

Let s0(y) and s1(y) be two functions defined as:

s0(y) := 2y and s1(y) := 2y + 1 .

That is, they add one bit, 0 or 1 respectively, at the end of the string (represented

269
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by the number) y. If g, h0, h1, ` are functions, a function f is said to be obtained
from the 4-tuple by the LRN if it holds:

1. f(x, 0) = g(x),

2. f(x, si(y)) = hi(x, y, f(x, y)), for i = 0, 1,

3. f(x, y) ≤ `(x, y),

Theorem 12.1.1 (Cobham’s theorem [148])
The class of polynomial time functions is the smallest class of functions

containing the constant 0, the functions s0(y), s1(y) and x#y, and closed under:

• permutation and renaming of variables,

• composition of functions,

• the limited recursion on notation.

The definition of the theory PV (for Polynomially Verifiable) is rather complex
as we introduce its language, axioms and derivations simultaneously and in
infinitely many steps (according to a notion of a rank). The theory is equational,
i.e. its statements only assert that two terms are equal. Its definition is:

1. The following are the function symbols of rank 0 (the initial func-
tions): the constant 0, the unary function symbols s0(y), s1(y) and the
binary function symbol # used in Theorem 12.1.1, and a new unary func-
tion symbol Tr(x) and two new binary function symbols: x _ y and
Less(x, y).

(The symbol _ denotes concatenation, Less(x, y) for a function that sub-
tracts |y| right-most bits form x and Tr(x) truncates x by one bit.)

2. Defining equations of rank 0 are:

• Tr(0) = 0 and Tr(si(x)) = x, for i = 0, 1,

• x _ 0 = x and x _ (si(y)) = si(x _ y), for i = 0, 1,

• x#0 = 0 and x#si(y) = x _ (x#y), for i = 0, 1,

• Less(x, 0) = x and Less(x, si(y)) = Tr(Less(x, y)), for i = 0, 1.

3. Inference rules are:

(a)

t = u

u = t
and

t = u u = v

t = v
and

t1 = u1, . . . , tk = uk

f(t1, . . . , tk) = f(u1, . . . , uk)

(b)
t = u

t(x/v) = u(x/v)
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(c) Let E1, . . . , E6 be two sets of copies of the equations (1−3) from the
definition of the limited recursion on notation: three for f1 and three
for f2 in the place of f . Then:

E1, . . . , E6

f1(x, y) = f2(x, y)
.

4. A PV-derivation is a sequences of equalities E1, . . . , Et in which each
Ei is either a defining equation or derived from some earlier equations by
one of the PV-rules. A derivation has rank ≤ k if all function symbols in
it and all defining equations in it are of rank at most k.

5. For a term t built from function symbols of rank ≤ k is ft is a function
symbol of rank k + 1 and ft = t is a defining equation of the rank
k + 1.

6. For all g, h0, h1, `0, `1 function symbols of the maximum rank k and Pi,
i = 0, 1, PV-derivations of rank k of the equations:

Less(hi(x, y, z), z _ `i(x, y)) = 0 (12.1.1)

we introduce a new function symbol:

f = f<g,h0,h1,`0,`1,π0,π1>

It has rank k+1, and the two equations (1) and (2) defining f from g, hi

by the limited recursion on notation are the defining equations of rank
k + 1.

We shall denote the language of PV by LPV.

The following lemma asserts that every p-time function can be represented
by a PV function symbol and that PV can efficiently evaluate such functions.
This is is not obvious because of the requirement that before we may introduce
into LPV a symbol for a function defined by the LRN we must have a proof of
the bounds (12.1.1). The proof of the lemma relies on an analysis of the proof
of Theorem 12.1.1. Recall the dyadic numerals n from Section 7.4.

Lemma 12.1.2 Let F (x1, . . . , xk) be any polynomial time function. Then there
is a PV-function symbol f(x1, . . . , xk) such that for every m1, . . . ,mk and n =
F (m1, . . . ,mk) PV proves:

f(m1, . . . ,mk) = n .

Cook [151] considered also an extension of the theory that allows proposi-
tional reasoning (the formal system was called PV1) and it was further extended
to an ordinary first-order theory PV1 in [327]. All axioms of PV1 are universal
sentences and contain all equations t = u provable in PV. In addition, PV1 has
axioms replacing the induction axioms for open formulas. In particular, for any
open formula A(x) introduce a new function symbol h(b, u) by the conditions:
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1. h(b, 0) = (0, b)

2. For h(b, bu
2 c) = (x, y) and u > 0 then put:

h(b, u) :=

 (dx+y
2 e, y) if dx+y

2 e < y ∧A(dx+y
2 e)

(x, dx+y
2 e) if x < dx+y

2 e ∧ ¬A(dx+y
2 e)

(x, y) otherwise

The function h simulates the binary search looking for a witness for the induction
axiom for A. We include in PV1 as an axiom the following (universal) formula:

(A(0) ∧ ¬A(b) ∧ h(b, b) = (x, y))→ (x+ 1 = y ∧A(x) ∧ ¬A(y)) .

To link PV with Buss’s theories, denote by S1
2(PV) the theory defined like S1

2

but in LPV: it extends

BASIC(LPV) := BASIC(#) ∪ { all defining equations of PV }

by the Σb
1(LPV)-LIND.

Theorem 12.1.3 (Buss [106]) S1
2(PV) is ∀Σb

1(LPV)-conservative over PV1.

The proof of the theorem relies on Buss’s witnessing theorem and we shall
not present it here (cf. also [281]).

12.2 Herbrand’s Theorem

Herbrand’s theorem is a statement about witnessing existential quantifiers in
logically valid first-order formulas of a certain syntactic form. Let L be an arbi-
trary first-order language (possibly empty) and let A(x, y) be a quantifier-free
L-formula. The simplest form of Herbrand’s theorem says that if ∀x∃yA(x, y)
is logically valid then there are terms t1(x), . . . , tk(x) such that already

A(x, t1(x)) ∨ · · · ∨A(x, tk(x)) (12.2.1)

is logically valid. Note that even if L = ∅ we have terms: variables. This
can be interpreted as saying that we can compute a witness for y from a given
argument x by one of the k terms but not necessarily the same term for all x.

Many results in proof theory have a simple rudimentary version and then
a number of more or less (often more rather than less) technically complicated
stronger variants. Herbrand’s theorem is no exception. The technically more
difficult versions are, for example, those describing how to find the terms ti from
having any first-order proof of ∀x∃yA(x, y), or formulations for formulas A that
are not quantifier-free or even (that is the most cumbersome variant) are not in
a prenex form. Fortunately we will not need these difficult results but only a
slight extension of the above informal formulation.

The key difference of the variant we need from the one above is that we
shall replace the logical validity of (12.2.1) by propositional validity. We define
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a quantifier-free L-formula B to be propositionally valid if and only if any
assignment of propositional truth values 0, 1 to atomic formulas in B evaluates
the whole formula to 1. The only requirement in this assignment is that same
atomic formulas get the same value but the assignment has a priori no connection
to the Tarski truth definition in some L-structure.

Not all logically valid formulas are also propositionally valid. For example,
none of the equality axioms

x = x , x = y → y = x , (x = y ∧ y = z)→ x = z (12.2.2)

is propositionally valid, and neither are the equality axioms for a relation symbol
R(x) or for a function symbol f(x) from L:

EqR(x, y) :
∧
i

xi = yi → R(x) ≡ R(y) (12.2.3)

and
Eqf (x, y) :

∧
i

xi = yi → f(x) = f(y) . (12.2.4)

For example, you can give to x = y the value 1 and to y = x the value 0, or to
all xi = yi the values 1 and to f(x) = f(y) the value 0.

One advantage of Herbrand’s theorem over the cut-elimination procedure is
that one can give its complete proof using only the compactness of propositional
logic.

Theorem 12.2.1 (Herbrand’s theorem)
Let L be an arbitrary first-order language and let A(x, y) be a quantifier-free

formula. Assume that ∀x∃yA(x, y) is logically valid.
Then there are e ≥ 0 and k ≥ 1, and

• equality axioms Eqj(u, v), j ≤ e, of the forms (12.2.2), (12.2.3) or (12.2.4)
for some symbols of L,

• tuples of terms ri
j(x), s

i
j(x) and ti(x), for j ≤ e, v ≤ a and i ≤ k

such that
(
∨
i,j

¬Eqj(ri
j(x), s

i
j(x))) ∨

∨
i

A(x, ti(x)) (12.2.5)

is propositionally valid.

Proof:
Assume for the sake of a contradiction that the conclusion of the theorem is

not true. Consider theory T consisting of:

• All instances of all equality axioms Eq(u, v) of all three forms (12.2.2),
(12.2.3) or (12.2.4) for all symbols of L, and for all tuples of terms r(x), s(x):

Eq(r(x), s(x)) ,
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• all instances of ¬A for all tuples of terms t(x):

¬A(x, t(x)) .

Claim 1: T is propositionally satisfiable. That is, it is possible to assign to all

atomic formulas occurring in T propositional truth values such that all formulas
in T become satisfied.

This is the place where we use the compactness of propositional logic. If T is
not propositionally satisfiable, already some finite T0 ⊆ T is not. But that would
mean that a disjunction of the negations of formula in T0 is propositionally valid.
But such a disjunction is of the form (12.2.5), contradicting our assumption.

Now we shall define a first-order L-structure in which the sentence ∀x∃yA(x, y)
fails. Let h be a truth assignment to atomic formulas occurring in T that makes
all formulas in T true. Let A be the set of all L-terms w(x). On A define a
relation:

u ∼ v if and only if h(u = v) = 1 .

Due to the (instances of the) equality axioms (12.2.2) in T it is an equivalence
relation. In fact, due to the (instances of the) equality axioms (12.2.3) and
(12.2.4) it is a congruence relation for all symbols of L: the axioms EqR and
Eqf holds with ∼ in place of =.

This determines an L-structure B with the universe B consisting of all ∼-
blocks [u] of u ∈ A, B := A/ ∼, and with L interpreted on B via T :

B |= R([u1], . . . , [un]) if and only if h(R(u1, . . . , un)) = 1

and analogously for all function symbols f .

Claim 2:For all quantifier-free L-formulas C(z1, . . . , zn) and all [u1], . . . , [un] ∈
B:

B |= C([u1], . . . , [un]) if and only if h(C(u1, . . . , un)) = 1 .

The claim is readily established by the logical complexity of C and it implies
that

B |= ¬∃yA([x1], . . . , y1, . . . )

contradicting the hypothesis of the theorem.

q.e.d.

From this theorem we get without any additional effort a similar statement
for consequences of universal theories: theories whose all axioms are universal
sentences of the form

∀zB(z)

where B is quantifier-free.
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Corollary 12.2.2
Let L be an arbitrary first-order language and let T be a universal L-theory.

Let A(x, y) be a quantifier-free formula and assume that ∀x∃yA(x, y) is provable
in T , i.e. it is valid in all models of T .

Then there are e, a ≥ 0 and k ≥ 1, and

• equality axioms Eqj(u, v), j ≤ e, of the forms (12.2.2), (12.2.3) or (12.2.4)
for some symbols of L,

• axioms ∀zBu(z) ∈ T , u ≤ a,

• tuples of terms ri
j(x), s

i
j(x) and wi

v(x) and ti(x), for j ≤ e and i ≤ k

such that

(
∨
i,v

¬Bv(wi
v(x))) ∨ (

∨
i,j

¬Eqj(ri
j(x), s

i
j(x))) ∨

∨
i

A(x, ti(x)) (12.2.6)

is propositionally valid.

Proof:
If T proves the formula, already a finite number of axioms ∀zBv(z), v ≤ a,

from T suffice. Apply Theorem 12.2.1 to the formula

∀x∃y, z1, . . . , za A(x, y) ∨
∨
v

¬Bv(zv) .

q.e.d.

We formulated the version of Herbrand’s theorem with propositional validity
because that is what we shall use in proving simulations of theories by proof
systems. But now we shall formulate two corollaries of the theorem just in terms
of first-order provability in universal theories. These are useful for witnessing
theorems and they will be used in some arguments later on.

For the simplicity of the notation we shall consider just single quantifiers
rather than blocks of alike quantifiers (this is without a loss of generality).

Corollary 12.2.3
Let T be a universal theory in a language L and let ∀x∃yA(x, y) be provable

in T where A is quantifier-free.
Then there are k ≥ 1 and L-terms ti(x), i ≤ k, such that T proves:∨

i≤k

A(x, ti(x)) . (12.2.7)

Proof:
First-order logic includes the equality axioms and hence T proves that all

instances of all such axioms, as well as of its own axioms, are true. What remains
from the disjunction (12.2.6 ) in Corollary 12.2.2 is (12.2.7).
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q.e.d.

Let us now assume that our formula is more complex than just ∀∃, say it is
a ∀∃∀-formula, i.e. a formula of the form:

∀x∃y∀zD(x, y, z) (12.2.8)

with D quantifier-free. Let h(x, y) be a new binary function symbols not in L.
It is often called a Herbrand function. Then (12.2.8) is logically valid if and
only if

∀x∃yD(x, y, h(x, y)) (12.2.9)

is logically valid and, in fact, a theory T in the language L proves (12.2.8) if
and only if it proves (12.2.9). It is clear that the validity of the former in an
L-structure implies the validity of the latter. But the opposite is also true in
the following sense: if (12.2.8) were not true, then there is a in the structure
such that for each b we can find c there such that ¬D(a, b, c); hence taking for
h(a, b) one such c interprets the Herbrand function in a way that (12.2.9) fails.

Combining this reasoning with Corollary 12.2.3 yields the next statement.

Corollary 12.2.4 (The KPT theorem[327])
Let T be a universal theory in a language L and let ∀x∃y∀zD(x, y, z) be

provable in T where D is quantifier-free.
Then there are k ≥ 1 and L-terms

t1(x), t2(x, z1), . . . , tk(x, z1, . . . , zk−1)

such that T proves:

D(x, t1(x), z1)∨D(x, t2(x, z1), z2)∨· · ·∨D(x, tk(x, z1, . . . , zk−1), zk) . (12.2.10)

Proof:
Think of T as of a theory in the language L ∪ {h}, h a symbol for the

Herbrand function for the formula. Then the hypothesis of the theorem implies
by Herbrand’s theorem that T proves (12.2.9) and hence a disjunction of the
form ∨

i≤k

D(x, t′i(x), h(x, t
′
i(x))) . (12.2.11)

Modify this disjunction as follows. Find a subterm s occurring in (12.2.11)
that starts with the symbol h and that has the maximum size among all such
terms. It must be one of terms h(x, t′i(x)) sitting at the position of z in one
the disjuncts of (12.2.11), say it is h(x, t′k(x)). Replace all its occurrences in the
disjunction by a new variable zk. This maneuvre clearly preserves the validity
on all structures for L ∪ {h} that are models of T because we can interpret h
arbitrarily. Note that by choosing the maximum size subterm we know that it
does not occur in any t′i with i < k.

Now choose the next maximum size subterm s of the required form and
replace it everywhere by zk−1. The subterm s is either in t′k and then we
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have just simplified t′k but did not change anything else. Or it may be one
of h(x, t′i(x)), say h(x, t′k−1(x)). The subterm s then does not occur in any t′i
for i < k − 1 but it may still occur in t′k. This will transform t′k into a term
t′′k(x, zk−1) that may depend also on zk−1. Hence the last two disjuncts on the
disjunction will look like:

· · · ∨D(x, t′k−1(x), zk−1) ∨D(x, t′′k(x, zk−1), zk)

for some term t′′k with the variables shown.
Repeat this process as long as there is any occurrence of the symbol h.

q.e.d.

There is a nice interpretation of the disjunction (12.2.3) in terms of a two-
payer game, the so called Student - Teacher game. Assume that

∀x∃y∀zD(x, y, z)

is valid in an L-structure (this is usually applied to the standard model, so we
may think that the formula is true). Consider a game between Student and
Teacher proceeding in rounds. They both receive some a ∈ {0, 1}∗ and the task
of Student is to find b ∈ {0, 1}∗ such that ∀zD(a, b, z) is true. They play as
follows:

• In the first round Student produces a candidate solution b1.

If ∀zD(a, b1, z) is true Teacher says so. Otherwise she gives to Student a
counter-example: some c1 ∈ {0, 1}∗ such that ¬D(a, b1, c1) holds.

• Generally before the i-th round, i ≥ 2, Student suggested solutions b1, . . . , bi−1

and got counter-examples c1, . . . , ci−1. He sends a new candidate solution
bi and Teacher either accepts it or sends her counter-example.

The play may continue for a fixed number of rounds or for an unlimited number,
as pre-arranged in advance. Student wins if and only if he found a valid solution.

Assume that the disjunction (12.2.11) is valid. Student may use the terms
ti as his strategy: in the first round he sends

b1 := t1(a1) .

If that is incorrect and he gets c1 as a counter-example, he sends

b2 := t2(a, c1)

in the second round, and similarly in the later rounds. But because (12.2.11)
is valid in the structure, in at most the k-th round his answer must be correct.
Hence we get:
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Corollary 12.2.5
Let T be a universal theory in a language L and let ∀x∃y∀zD(x, y, z) be

provable in T where D is quantifier-free. Let M be any model of T .
Then there are k ≥ 1 and L-terms ti(x, z1, . . . , zi−1), i ≤ k, such that Student

has a winning strategy for the Student-Teacher game associated with the formula
over M such that he wins in at most k rounds on every a. Moreover, his strategy
is computed by the terms t1, . . . , tk as described above.

12.3 The || . . . || Translation

We have defined in Section 1.4 the set of clauses DefC(x, y) that define a circuit
C: the set is satisfied if and only if y is the computation of C on an input x.
We considered there only circuits with one output, the last y-bit. We need now
to extend this notation to circuits which output multiple bits (i.e. strings). It
will be also convenient to consider circuits with multiple string inputs (rather
than one string input combining them together). By DefC(x1, . . . , xr; y, z) we
denote the set of clauses whose conjunction means that y is the computation of
C on the inputs xi with the output string being z.

The following statement formalizes in resolution the fact that computations
of circuits are uniquely determined by the inputs; it is easily proved by induction
on the size of the circuit.

Lemma 12.3.1 Let C be a size s circuit. Then there are size O(s) resolution
derivations of

yj ≡ uj and zi ≡ vi , for all i, j

from the initial clauses

DefC(x1, . . . , xr; y, z) ∪DefC(x1, . . . , xr; , u, v) .

Recall that LBA(PV) is the language of bounded arithmetic LBA augmented
by all function symbols of LPV; in particular, # is among them. Our aim is
to define for all sharply bounded (i.e. Σb

0) LBA(PV)-formulas A(x1, . . . , xk) a
sequence of propositional formulas

||A(x1, . . . , xk)||n1,...,nk

with the property that the formula is a tautology if and only if

∀x1(|x1| = n1) . . .∀xk(|xk| = nk) A(x1, . . . , xk)

is true in N.
There is one relation symbol in LBA(PV) (besides = which is always present):

the ordering x ≤ y. To avoid dealing with this extra case below we shall assume
without a loss of generality that ≤ is represented by a binary function ≤ (x, y)
that is equal to 1 if x ≤ y and to 0 otherwise. So without a loss of generality
we assume that we have only function symbols in LBA(PV).
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Every function symbol f(x1, . . . , xr) from LBA(PV) is interpreted in N by
a polynomial time function and, in fact, the introduction of the symbols into
the language associates with every f a specific p-time algorithm computing it.
In particular, to f is also associated a canonical sequence of circuits

Cf
n1,...,nr

(x1, . . . , xr)

which computes f on inputs x1, . . . , xr of the lengths n1, . . . , nr, respectively.
The length |f(x1, . . . , xr)| of the function value may differ even if the lengths of
the inputs are fixed but Cf

n1,...,nr
has a (large enough) fixed number of output

bits depending polynomially just on n1, . . . , nr and allowing to express any
possible value (under the input-length restriction).

Let t(x1, . . . , xk) be an LBA(PV)-term. We associate to it a circuit Ct
n1,...,nk

by induction on the size of t as follows:

• If t is just one function symbol f , Ct
n1,...,nk

:= Cf
n1,...,nk

.

• If t = f(s1(x1, . . . , xk), . . . , sr(x1, . . . , xk)) and mj are the lengths of the
outputs of the circuits Csj

n1,...,nk computing the terms sj , then

Ct
n1,...,nk

(x1, . . . , xk) := Cf
m1,...,mr

(Cs1
n1,...,nk

(x1, . . . , xk), . . . , Csr
n1,...,nk

(x1, . . . , xk)) .

That is, the defining clauses are⋃
j≤r

DefCsj (x1, . . . , xk; yj , zj) ∪ DefCf (z1, . . . , zr;u, v)

(we skip the indices referring to the input sizes here in order to simplify
the notation).

With this notation we define the || . . . || translation by induction on the logical
complexity of an open LBA(PV)-formula as follows:

1. If A(x1, . . . , xk) is an atomic formula of the form

t(x1, . . . , xk) = s(x1, . . . , xk)

then put:
||A(x1, . . . , xk)||n1,...,nk :=∧

DefCt
n1,...,nk

(x1, . . . , xk; y, z) ∧
∧

DefCs
n1,...,nk

(x1, . . . , xk;u, v)

→
∧
i

zi ≡ vi .

2. If A(x1, . . . , xk) is the negation of an atomic formula

t(x1, . . . , xk) 6= s(x1, . . . , xk)

then put:
||A(x1, . . . , xk)||n1,...,nk :=
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∧
DefCt

n1,...,nk
(x1, . . . , xk; y, z) ∧

∧
DefCs

n1,...,nk
(x1, . . . , xk;u, v)

→
∨
i

zi 6≡ vi .

3. || . . . || commutes with ∨ and ∧.

4. If A is not in the negation normal form (i.e. there are negations that are
not in front of atomic formulas) then apply first the DeMorgan rules to
put A into an equivalent negation normal form formula A′ and then put
||A|| := ||A′||.

Lemma 12.3.2 For all open LBA(PV) formulas A(x1, . . . , xk) and all n1, . . . , nk

the size of ||A(x1, . . . , xk)||n1,...,nk is ≤ (n1 + · · ·+nk +2)c, where c depends only
on A.

In fact, ||A(x1, . . . , xk)||n1,...,nk can be constructed by a p-time algorithm from
the inputs 1(n1), . . . , 1(nk).

The following statement is a consequence of Lemma 12.3.1.

Lemma 12.3.3 Let Eqf be the equality axiom (12.2.4) for a symbol f(x1, . . . , xk)
from LBA(PV). Then all formulas

||Eqf ||n1,...,nk,n1,...,nk

have polynomial size resolution derivations, meaning that all zi ≡ wi are derived
from the clauses of

DefCf (x1, . . . , xk; y, z) ∪DefCf (u1, . . . , uk; v, w) ∪ {xij ≡ uij | i, j} .

(We left out the length bounds for a better readability.)

Lemma 12.3.4 Let A(x1, . . . , xk) be any axiom (i.e. a defining equation) of
PV1, as introduced in Section 12.1. Then all formulas

||A||n1,...,nk

have size (n1 + · · ·+nk +2)c ER-proofs. In fact, such proofs can be constructed
by a p-time algorithm from the inputs 1(n1), . . . , 1(nk).

Proof:
The key ingredient of the argument are the specific polynomial time algo-

rithms associated with the function symbols from LBA(PV) as they are in-
troduced via composition and limited recursion on notation. In the case of a
composition the circuit for the composed function is built from the circuits for
the starting functions as in the definition of the circuits Ct for the terms t above.
In the case of LRN they are obtained by composing the circuits for the starting
functions in the exactly same way as is the recursion on notation organized.
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Proving the axioms is simple for all initial functions (i.e. the defining equa-
tion of rank 0) as well as for the defining equations corresponding to a composi-
tion of functions or to LRN. The remaining axioms corresponding to item 3(c)
in the definition of PV are proved by invoking Lemma 12.3.1.

All the derivations of the axioms described above are, in fact, within R: from
the clauses of one or more sets DefC of clauses defining various circuits we derive
some statement. There reason why the whole derivation of ||A||n1,...,nk is not in
R as well is that the proof may contain axioms about functions not occurring
in A and hence some sets DefC for those are not among such sets occurring
in ||A||n1,...,nk . That is, these sets act as extension axioms in the eventual ER
derivation.

q.e.d.

12.4 PV, S1
2 and ER

We want to establish in this section a correspondence between T = PV1 or
T = S1

2 and P = ER using the || . . . || translation similar to the correspondence
in Section 8.6. The soundness of a proof system P can be formulated as a ∀Πb

1

LBA(PV)-formula that we shall denote by RFNP :

P (y, x)→ Sat(x, z)

where P (y, x) is the function symbol for the characteristic function of the prov-
ability relation of P (cf. Definition 1.5.1) and Sat(x, z) stands for the function
symbols for the characteristic function of the satisfiability relation.

Lemma 12.4.1 Both PV1 and S1
2 prove the soundness of ER.

Proof:
By Theorem 12.1.3 S1

2 is ∀Σb
1-conservative over PV1 and all formulas RFNP

are even Πb
1, hence it suffices to prove RFNER in S1

2 .
Work in S1

2 and assume π is an ER-proof of a formula τ . By the induction
on the number of steps in π (i.e. by LIND) prove that for any given truth
assignment a ∈ {0, 1}n to the atoms of τ there exists an assignment b ∈ {0, 1}∗
to the extension atoms that satisfies all extension axioms in π. Then prove that
all steps in π are true under a, b (LIND again), i.e. also τ(a) is true.

q.e.d.

We are ready for the key simulation theorem.

Theorem 12.4.2 (Cook [151])
PV1 (and S1

2) and ER correspond to each other in the following sense:

1. PV1 (and S1
2) proves the soundness of ER: RFNER.
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2. If A(x) is an open LBA(PV)-formula and PV1 or S1
2 prove ∀xA(x) then

there are polynomial size ER-proofs of the formulas ||A||n.

In fact, such proofs can be constructed by a p-time algorithm from 1(n).

Proof:
The first part is provided by Lemma 12.4.1. For the second part we may

assume, by the conservativity Theorem 12.1.3, that PV1 proves A(x). As A is
open, we may apply Herbrand’s Theorem 12.2.1 and its Corollary 12.2.2.

The disjunction (12.2.6) in the corollary is a propositional tautology and thus
has a fixed size resolution proof. When we translate the disjunction by || . . . ||n we
use this fixed proof as a template to get a derivation σ of the translation of the
size proportional to the size of the translation. Because there is no existential
quantifier in A(x) the disjunction (12.2.6) contains term instances only in the
negations of either the equality axioms or of the axioms of PV1. But both are
refutable in ER by polynomial size (in fact, p-time constructible) derivations
by Lemmas 12.3.3 and 12.3.4. Composing these refutations with σ we obtain
the ER proof of ||A||n we want.

q.e.d.

In accordance with the earlier terminology for the 〈. . . 〉 translation we shall
describe the situation in the second item of the theorem by saying that PV1

and S1
2 p-simulate ER, More generally, for a theory in the language LBA(PV),

P p-simulates T if whenever T proves an open formula A then P admits p-size
proofs of the formulas ||A||n and these proofs can be constructed by a p-time
algorithm from 1(n).

The correspondence has the same consequences as were the consequences
(1)-(4) in Section 8.6 in the case of the 〈〈. . .〉〉 translation. Let us state it for the
record now to be able to refer to it later. The arguments are identical to those
in Section 8.6.

Corollary 12.4.3 Assume T is an LBA(PV)-theory and P is a proof system
such that

• T proves RFNP ,

• P p-simulates T .

Then it holds:

(1) The provability in T implies polynomial upper bounds in P .

(2) P-simulations: if T proves RFNQ for some proof system Q then P p-
simulates Q.

(4) Super-polynomial lower bounds for P -proofs for any sequence of tautologies
implies that NP 6= coNP is consistent with T .
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We left out the consequence (3) from Section 8.6 linking lower bounds and model
theory of T ; this will be discussed in Part IV.

Let us mention a variant of the || . . . || translation aimed at proof systems
below ER. If the language of T contains only function symbols corresponding
to some natural circuit subclass C of P/poly (and closed under composition) then
all circuits whose defining sets DefC occur in the propositional derivations will
be from C. Hence the derivations of the translations we constructed will be not
only in ER (i.e. in Circuit Frege CF of Section 7.2) but, in fact, by unwinding
the extension axioms we get proofs in AC0-Frege systems or NC1-Frege systems
(i.e. in Frege systems), and similar subsystems of CF, as determined by C.

12.5 G, Gi and G∗i

We shall extend now the translation from open formulas to bounded LBA(PV))-
formulas using the quantified propositional formulas Σq

∞ from Section 4.1. The
restriction to open formulas in the negation normal form when in the last section
(and the somewhat ad hoc treatment of basic formulas) was imposed in order to
keep the propositional reasoning within resolution. We shall use now (fragments
of) the quantified propositional system G and we can thus drop this requirement.

For a formula A ∈ Σb
∞ define:

1. If A(x1, . . . , xk) is an atomic formula of the form

t(x1, . . . , xk) = s(x1, . . . , xk)

then put:
||A(x1, . . . , xk)||n1,...,nk :=

∃y, z, u, v
∧

DefCt
n1,...,nk

(x1, . . . , xk; y, z)

∧
∧

DefCs
n1,...,nk

(x1, . . . , xk;u, v) ∧
∧
i

zi ≡ vi .

2. || . . . || commutes with ¬, ∨ and ∧.

3. If A(x1, . . . , xk) = ∃xk+1 ≤ |t(x1, . . . , xk)|B(x1, . . . , xk, xk+1) and the
circuit C |t| computing |t| on inputs of the lengths n1, . . . , nk outputs
m = O(log(n1 + · · ·+ nk + 2)) bits then put:

||A(x1, . . . , xk)||n1,...,nk :=∨
b∈{0,1}m

||xk+1 ≤ |t(x1, . . . , xk)| ∧B(x1, . . . , xk, xk+1)||n1,...,nk,m(xk+1/b) .

4. If A(x1, . . . , xk) = ∀xk+1 ≤ |t(x1, . . . , xk)|B(x1, . . . , xk, xk+1) and m is as
above then put:

||A(x1, . . . , xk)||n1,...,nk :=∧
b∈{0,1}m

||xk+1 ≤ |t(x1, . . . , xk)| → B(x1, . . . , xk, xk+1)||n1,...,nk,m(xk+1/b) .
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5. If A(x1, . . . , xk) = ∃xk+1 ≤ t(x1, . . . , xk)B(x1, . . . , xk, xk+1) and the cir-
cuit Ct computing t on inputs of the lengths n1, . . . , nk outputs m bits
then put:

||A(x1, . . . , xk)||n1,...,nk :=

∃y1, . . . , ym ||xk+1 ≤ t(x1, . . . , xk)∧B(x1, . . . , xk, xk+1)||n1,...,nk,m(xk+1/y) .

6. If A(x1, . . . , xk) = ∀xk+1 ≤ t(x1, . . . , xk)B(x1, . . . , xk, xk+1) and m is as
above then put:

||A(x1, . . . , xk)||n1,...,nk :=

∀y1, . . . , ym ||xk+1 ≤ t(x1, . . . , xk)→ B(x1, . . . , xk, xk+1)||n1,...,nk,m(xk+1/y) .

This definition differs from the earlier one in Section 12.3 for basic formulas
and hence we need to establish that it yields equivalent formulas whose equiva-
lence is shortly provable.

Lemma 12.5.1 Let A be an atomic LBA(PV)-formula. Denote by ||A||n1 its
translation from Section 12.3 and by ||A||n2 the translation into a Σq

1-formula
defined above. Then it holds:

• There are polynomial size G∗
1-proofs of the implications:

||A||n1 → ||A||n2 and ||A||n2 → ||A||n1 .

• ||A||n1 is ∆q
1 provably in G∗

1. That is, there is a Πq
1-formula B such that G∗

1

proves in polynomial size the equivalence

||A||n1 ≡ B .

Proof:
The first item follows as for any circuit C, G∗

1 can prove in polynomial size

∃y, z
∧

DefC(x; y, z) .

The second item follows from the uniqueness of the witnesses y, z (Lemma
12.3.1).

q.e.d.

Hence as long as we work in a proof system containing G∗
1 the original and the

new definitions of the translation are equivalent. The second item of the previous
lemma implies the quantifier complexity estimate in the next statement.

Lemma 12.5.2 Let A ∈ Σb
i . Then there is a p-time algorithm that from 1(n)

constructs the formula ||A||n. In particular, the size of the formula is nO(1).
Further, if i ≥ 1 then ||A||n ∈ Σq

i and if i = 0 then ||A||n is ∆q
1 provably in

G∗
1 by size nO(1) proofs.
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Let i ≥ 0 and let P be G or one of its subsystems Gj and G∗
j for j ≥ i. The

formula i−RFNP is the formalization of the soundness of P with respect to to
proofs of Σq

i -formulas:
P (y, x) → Sati(x, z)

where Sati is a Σb
i LBA(PV)-formula defining the satisfiability relation for Σq

i

formulas.

Lemma 12.5.3 For i ≥ 1, T i
2 proves i − RFNGi

and Si
2 proves i − RFNG∗

i
.

Also, U1
2 proves i−RFNG for all i ≥ 1.

Proof:
All three propositions are proved by utilizing a suitable definition of the

satisfiability relation for sequents consisting of Σq
i -formulas in the first two cases,

and of arbitrary Σq
∞-flas in the last case. We outline the proof of the first case

and give references for the other cases in Section 12.9.
The satisfiability relation for Σq

i -formula, i ≥ 1, is definable by a Σb
i -formula

and hence the satisfiability relation for sequents consisting of such formulas is
Σb

i+1-definable. Given a Gi-proof π and a truth assignment to the atoms in the
end-sequent, prove by induction on the number of steps in π that all sequents
in π are satisfied by the assignment (i.e. also the end sequent). This needs
Σb

i+1-LIND, i.e. Si+1
2 , and hence by Theorem 9.3.1 T i

2 suffices.

q.e.d.

Theorem 12.5.4 (K.-Pudlák [322], K.-Takeuti [330])
For i ≥ 1 and a Σb

i -formula C(x).

1. If T i
2 proves ∀xC(x) then there are size nO(1) Gi-proofs of ||C||n, and if Si

2

proves ∀xC(x) then there size nO(1) G∗
i -proofs of ||C||n.

2. If U1
2 proves ∀xC(x) then there are size nO(1) G-proofs of ||C||n.

Moreover, the proofs an be constructed by a p-time algorithm from the input
1(n).

Proof:
The original proofs (cf. Section 12.9) used the sequent calculus formula-

tions of the bounded arithmetic theories involved and a suitable form of cut-
elimination. Here we shall give an idea how these statements could be proved
using Herbrand’s theorem, similarly as Theorem 12.4.2. We shall outline a proof
of a weaker statement:

• G simulates T2

as that is free of various technical complications.
The idea of the argument is to Skolemize T2 by introducing new Skolem

functions and adding new Skolem axioms. The result will be a universal theory
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Sk[T2] in a richer language LBA(PV)Sk proving all axioms of T2, and to this
theory we then apply the earlier argument.

For an LBA(PV)-formula A(x) of the form ∃y ≤ t(x)B(x, y), with B open,
introduce a new Skolem function symbol fA and a new Skolem axiom

AxSk[A] : (y ≤ t(x) ∧B(x, y))→ (fA(x) ≤ t(x) ∧B(x, fA(x)) .

Note that it is an open formula, and that modulo this axiom is A(x) equivalent
to

SkA : fA(x) ≤ t(x) ∧B(x, fA(x)) .

Repeat this process ad infinitum, transforming all bounded formulas into an
equivalent open formula in the language LBA(PV)Sk, LBA(PV) augmented by
the new function symbols.

Let Sk[T2] be the theory

PV1 ∪ {AxSk[A] | all A} ∪ {SkB | B an T2 axiom} .

It is a universal theory that proves all axioms of T2 and hence we may apply the
argument of Theorem 12.4.2. But we need to explain how we shall translate into
propositional logic the terms involving the new Skolem function symbols. This
cannot be done via circuits as the functions are not in general p-time computable
(but are computable only somewhere in the polynomial time hierarchy).

For n := |x| and m bounding the length |t(x)| for |x| ≤ n, define the
transaltion ||fA(x) = y||n,m as:

||y ≤ t(x) ∧B(x, y) ∧ (∀z < y¬(z ≤ t(x) ∧B(x, z)))||n,m

∨ ||y = 0 ∧ ∀y ≤ t(x)¬B(x, y)||n,m .

In other words, we interpret fA as the least witness for the existential quantifier
if it exists, and by 0 otherwise.

It is then tedious but not difficult to verify that G can prove in polynomial
size all axioms of Sk[T2].

q.e.d.

Analogously with the earlier terminology we shall say in the situation de-
scribed by the theorem that P p-simulates the Σb

i -consequences of T .

Corollary 12.5.5 For i ≥ 1, let T and P be any of the pairs

• T = T i
2 and P = Gi,

• T = Si
2 and P = G∗i ,

• T = U1
2 and P = G.

The T and P correspond to each other: T proves i−RFNP and P p-simulates
the Σb

i -consequences of T .
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We use the now standard consequences of the correspondence to establish a
simulation result among the systems Gi and G∗

i .

Lemma 12.5.6 For i ≥ 1, Gi and G∗
i+1 p-simulate each other with respect to

to proofs of Σq
i -sequents.

Also, ER p-simulates G∗
1 with respect to proofs of quantifier-free formulas.

Proof:
The construction of a p-simulation of Gi by G∗

i+1 is completely analogous to
the construction transforming Frege proofs into a tree-like form in the proof of
Theorem 2.2.1. But we can also see it via the correspondence of Corollary 12.5.5:
Si+1

2 contains T i
2 by Theorem 9.3.1 and hence it also proves i−RFNGi and thus

G∗
i+1 p-simulates Gi with respect to to all proofs (tacitly of Σq

i -sequents).
The same argument works also for the opposite simulation: by Theorem 9.3.1

T i
2 proves all Σq

i+1-consequences of Si+1
2 . Hence it also proves i−RFNG∗

i+1
, and

the p-simulation by Gi follows.

q.e.d.

The correspondence can be used to prove also the following statement (we
shall omit the proof, cf. Section 12.9).

Lemma 12.5.7 Let i ≥ 1 and assume Gi proves all Σq
1-tautologies by polyno-

mial size proofs. Then it proves also all Σq
i -tautologies by polynomial size proofs.

The same holds for G∗
i and for G.

12.6 Jeřábek’s Theories APC1 and APC2

We have seen in Chapter 11 that having the possibility to count in a theory
allows to formalize various intuitive combinatorial arguments. A number of
constructions in combinatorics and in complexity theory use, in fact, only the
ability to count approximately, with a not too big error. The cardinality |X| of
a set X ⊆ [a] may be determined approximately with an error aε estimated in
terms of the size of the ambient interval or even more precisely within possibly
much smaller |X|ε.

Jeřábek [259, 260] showed that such approximate counting can be defined
in bounded arithmetic, using only a form of the weak PHP, which we shall call
dual WPHP. Let g be a function symbol. The dual WPHP for g, denoted by
dWPHP(g), is a formula formalizing the statement that g cannot be a surjective
function from {0, 1}n onto {0, 1}n+1:

∀z ∃y(|y| = |z|+ 1)∀x(|x| = |z|) g(x) 6= y .

Here the role of n is taken by |z| and of {0, 1}n by {x | |x| = |z|}.
Theory APC1 is PV1 augmented by all axioms

dWPHP(g) , for all PV function symbols g .
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Theory APC2 is a relativitization of APC1 by an NP-oracle: it is defined as
APC1 but one level in the Σb

i -hierarchy higher. It is the theory T 1
2 (PV) together

with all instances dWPHP(g) for all functions g that are Σb
2-definable in T 1

2 (PV).
The first theory allows counting approximately with an error aε, the second with
a smaller error |X|ε. We shall not discuss here how this is done.

Before the next statement recall the WPHP Frege proof system WF from
Section 7.2.

Lemma 12.6.1 Theory APC1 proves the soundness of WF: RFNWF .

Proof:
By Lemma 12.4.1 PV1 proves the soundness of EF . We only need to see

how we can prove that using instances of the extra WF axiom (7.2.3) is sound.
But that was in Lemma 7.2.3 noted to follow from a suitable instance of the
dWPHP (7.2.2).

q.e.d.

The next statement is the harder part of the correspondence we aim at.

Lemma 12.6.2 For an open LBA(PV)-formula A(x), if APC1 proves ∀xA(x)
then there are size nO(1) WF-proofs of ||A||n, and the proofs can be constructed
by a p-time algorithm from the input 1(n).

That is: WF p-simulates APC1.

Proof:
In order to be able to use Herbrand’s theorem we need to replace APC1 by

a universal theory. This is done by a Skolemization of the dWPHP axioms. For
each such axiom

dWPHP(g) : ∀z ∃y(|y| = |z|+ 1)∀x(|x| = |z|) g(x) 6= y

introduce a new function symbol G and an axiom

dWPHP(g,G) : ∀z∀x(|x| = |z|) (|G(z)| = |z|+ 1 ∧ g(x) 6= G(z)) .

Claim:Each axiom dWPHP(g) follows from dWPHP(g,G).

Hence if APC1 proves A, so does the theory

T := PV1 ∪ {dWPHP(g,G) | g a PV function symbol} .

This is a universal theory and hence we can apply to it the same construction
as in the proof of Theorem 12.4.2. However, we have to explain how we trans-
late terms involving the new function symbols G. These are not necessarily
computable by polynomial size circuits.

What we do is that whenever we get to the stage to translate a term of the
form G(t(x)) and we have a circuit Ct with m output bits corresponding to t(x)
for inputs of the bit size n, we simply invoke the extra rule of WF corresponding
to Ct, (7.2.3), and use the m-tuple r introduced there as the translation of the
term. We use the same tuple r for all instances of G with the same input length.
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q.e.d.

Corollary 12.6.3 APC1 and WF correspond to each other.

Lemma 12.6.4 T 2
2 proves RFNWF and hence G2 p-simulates WF.

Proof:
The dual WPHP, dWPHP(g), for the parameter z is an instance of the

ordinary WPHP(a2, a, R) with a := 2|z| and R(u, v) holding for u ∈ [2a] and
v ∈ [a] if and only if g(v) = u.

By Theorem 11.4.7 T 2
2 (R) proves the WPHP(2a, a,R) and hence T 2

2 (PV)
proves all APC1 axioms dWPHP(g). The rest follows from Theorem 12.5.4 and
Corollary 12.5.5.

q.e.d.

12.7 Higher Up: V 1
2 and iER

We give an example how the correspondence can be fruitfully used for proof
systems still stronger than ER by proving Lemma 7.3.3 that implicit ER from
Section 7.3 p-simulates quantified propositional calculus G.

By Lemma 7.3.1 we may work with f-implicit version of iER. Let τ be a
set of clauses in variables p1, . . . , pn. By Lemma 5.8.4 we may assume that all
clauses in an ER refutation contain at most 2n literals (the bound to the width
of the clauses in τ). Recall that a refutation π of τ in iER is a pair (α, β), where
β is a circuit with inputs i1, . . . , ik that outputs clauses such that the sequence

β(0), . . . , β(i), . . . , β(1)

with {0, 1}k is ordered lexicographically is an ER-refutation of τ , and with β(i)
containing also the information about the particular inference that was used
in the derivation of the i-th clause (or which extension axiom was introduced).
The string α is an ER-proof of the tautology Correctβ(x1, . . . , xk) (cf. Section
7.3) formalizing that β describes a valid ER-refutation.

We are in the regime of the || . . . || translation and hence strings like formulas,
circuits, proofs, assignments etc. are coded by numbers. Having also sets in V 1

2

will give us an extra edge for proving various statements. The following lemma
quantifies how much edge. The formal argument is similar (but different) to
the argument underlying Theorem 9.4.1. There we established a link between
models of V 1

1 and of S1
2 (the RSUV isomorphism). Here we shall show another

link, this time between V 1
2 and a formal system defined using S1

2 . The RSUV
isomorphism translates Σb

i -formulas over a model of S1
2 into Σ1,b

i -formulas over
a particular model of V 1

1 and vice versa. The link in the next lemma does not
change the formulas but relates instead the validity of a Σb

i -formula in a model
of V 1

2 to the validity of the same formula in a particular model of S1
2 .
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Lemma 12.7.1 Let A(x) be a Σb
∞ formula. Then V 1

2 proves A(x) if and only
if there is an LBA(PV)-term t(x) such that S1

2 proves

|y| ≥ t(x)→ A(x) . (12.7.1)

Proof:
We shall prove only the only-if part as that is what we shall use (cf.Section

12.9). The idea is that subsets of [t(a)] can act as strings (i.e. numbers) of the
bit-size t(a).

Assume (12.7.1) fails for all terms t(x). By the compactness of first-order
logic there is a model M of S1

2 with a, b ∈ M such that A(a) fails in M but
|b| ≥ t(a) holds for all terms t(x). Take the cut

J := {c ∈M | c ≤ t(a) for some term t(x)}

and equip it with the set-sort consisting of those subsets of J that are coded by
some number in M. It is easy to see that the resulting structure satisfies V 1

2 .

q.e.d.

Lemma 12.7.2 V 1
2 proves the soundness of iER, the formula RFNiER.

Proof:
Let π = (α, β) be an iER refutation of τ with the parameters as above, and

let s = |π|. In particular, the output string of β has the length at most |β| ≤ s.
Let K,N, S be numbers such that |K| = k, |N | = n and |S| = s (they are

bounded by the number coding π). We identify K and N with {0, 1}k and
{0, 1}n, respectively.

Claim 1:V 1
2 proves that there is a relation F ⊆ {0, 1}k × S such that for each

i ∈ {0, 1}k, there is a unique w ≤ S such that F (i, w). Such w is the clause
coded by β(i).

This is proved by induction on the length of the derivation described by
β, i.e. by induction up to K. The induction statement is Σ1,b

1 and hence V 1
2

suffices.
A similar induction argument establishes the next claim. We also use that

because we have the proof α we know in V 1
2 (as already S1

2 proves the soundness
of ER) that F is indeed an ER refutation.

Claim 2:V 1
2 proves the following: Let ω ≤ N be an assignment to the variables

of τ and assume ω satisfies all clauses of τ . Then there exists a set coding an
assignment to the extension atoms introduced in the refutation F such that all
clauses in F are satisfied.

This is a contradiction and hence τ cannot be satisfied.

q.e.d.
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Lemma 12.7.3 iER p-simulates V 1
2 : if V 1

2 proves an open LBA(PV)-formula
A(x) then there are size nO(1) iER proofs of ||A||n. Moreover, these proofs can
be constructed by a polynomial time algorithm from 1(n).

Proof:
By Lemma 12.7.1 the hypothesis of the lemma implies that for some term

t(x) (12.7.1) holds. By the conservativity (Theorem 9.3.1) of S1
2(PV) over PV1

then also PV1 proves (12.7.1).
Now apply the argument using Herbrand’s theorem as in Theorem 12.4.2.

We only need to verify that the resulting proof is very uniform so that it can be
described by a small circuit. This stems from the following claim.

Claim:Let t(x) be an LBA(PV)-term. The circuit Ct described in the definition
of the || . . . ||-translation computing t for inputs of the length M = 2m can be
bit-wise described by a circuit Dt with O(m) inputs and of size mO(1).

The translation || . . . ||n of the disjunction (12.2.6) in the construction of the
propositional proof results in circuits of size 2m for m = nO(1). However, by
the claim these circuits (as well as the proofs of the axiom instance) can be
described by circuits of size nO(1).

q.e.d.

Lemmas 12.7.2 and 12.7.3 imply

Corollary 12.7.4 V 1
2 and iER correspond to each other.

The following was stated without a proof in Lemma 7.3.3.

Corollary 12.7.5 iER p-simulates G.

Proof:
By Lemma 12.7.3 iER p-simulates V 1

2 which contains U1
2 and hence, by

Lemma 12.5.3 , proves 0−RFNG.

q.e.d.

12.8 Limits of the Correspondence

Are there any limits for the correspondence between theories and proof systems?
If we mean by that question how high we can get, for how strong theories and
proof systems we can find a counter-part, the answer is arbitrarily high. But if
we mean how deeply the correspondence runs and how wide it is, what aspects
of a theory and a proof system are related, then there are limits.

Let us address the former, easier, question first. Let S be an arbitrary
theory and we shall assume for simplicity that its language contains LBA(PV)
and S ⊇ PV1. Further we shall assume that:
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• the set of axioms of S is decidable in polynomial time, and

• all universal LBA(PV)-sentences provable in S are true in N.

For example, we can extend the language of the set theory ZFC by LBA(PV)
and add to ZFC axioms also all PV1 axioms and an axiom defining the realm
of these axioms to be the natural numbers as defined in ZFC.

The first item implies that there is an open LBA(PV)-formula PrfS(y, x)
formalizing that y is an S-proof of the formula x, and we also have the LBA(PV)
open formula Sat(z, x) used earlier, defining the propositional satisfiability: z
satisfies the propositional formula x. Recall Taut(x) := ∀z ≤ xSat(z, x). By
the second item then S proves Taut(dτe) if and only if τ ∈ TAUT. Here dτe is
the closed term representing τ as defined in Section 7.4.

Define theory T := PV1 + ConS , where ConS is the universal LBA(PV)-
formula

∀y ¬PrfS(y, d0 6= 0e)

and analogously to PPA in Section 7.4 define the proof system PS by:

P (π, τ) if and only if π is an S-proof of Taut(dτe) .

The next lemma is a standard fact of mathematical logic that ConS implies,
over a fixed weak theory (PV1 suffices), all universal consequences of S (subject
to some technical conditions, satisfied by our S).

Lemma 12.8.1 T proves all universal LBA(PV)-formulas provable in S.

Thus T is - for the purpose of links to propositional logic - as strong as S.

Lemma 12.8.2 T and P correspond to each other:

• T proves RFNP , and

• P p-simulates T .

Proof:
For the first item note that if an assignment that falsifies a formula τ then

S can prove it and thus also prove that τ is not a tautology. Moreover T proves
this fact about S as well:

¬Sat(z, x)→ ∃vPrfS(v, d¬Taut(dτe)e) .

Hence RFNP follows in T from ConS .
The second item rests on the existence (and their p-time constructibility) of

S-proofs of
Taut(d||ConS ||ne)

of size nO(1). These do indeed exists and their construction stems from the
construction underlying the upper bound in Theorem 21.3.1. We shall not
present it here.
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q.e.d.

Note that, in particular, there is a proof system that p-simulates ZFC(+
PV1).

Let us now turn to the second question, how deep and how wide the corre-
spondence is. We have presented the examples of the corresponding pairs in a
fairly pedestrian manner, stating simple technical requirements and their con-
sequences (Section 8.6). The way how people think about the correspondence
and how some refer about it is, however, more general and unfortunately also
more informal. In particular, it often encompasses more topics in computational
complexity.

A theory T (think primarily of theories akin to those discussed earlier) may
correspond to a proof system PT which may be a Frege style system restricted
to using only formulas from a certain circuit class. On the other hand, T itself
can define sets from some complexity class and, in particular, may assume the
induction axioms only for formulas defining sets from a particular complexity
class. There are variants of induction schemes though (we used IND and LIND)
and variants of languages, and it turned out to be more natural to associate
to T the class FT of all multi-functions with NP graphs and of a polynomial
growth that are definable in T . Such multi-functions are called total NP
search problems and they are simply binary relations R on {0, 1}∗ which can
be defined as follows: for an NP binary relation R0(x, y) and a constant c ≥ 1:

R(x, y) if and only if |y| ≤ |x|c ∧R0(x, y)

and it holds
∀x∃yR(x, y) .

The witness y is not required to be unique so it is a multi-function.
A formula corresponding to NP is Σ1,b

1 in the two-sorted set-up or Σb
1 in the

one-sorted set-up. We say that R is definable in T if for some NP formula θ
defining R0 T proves:

∃y(|y| ≤ |x|c) θ(x, y) .

Thus we associate to T two objects:

FT ← T → PT

and we may think of this picture as linking also FT with PT . This is often fruit-
ful, especially when considering theories and proof systems of some restricted
form; for example, subsystems of V 1

1 and subsystems of EF . Examples of similar
triples discussed earlier include:

p-time functions ← PV1 → EF

AC0 − functions ← V 0
1 → AC0 − F

PLS ← T 1
2 → G1
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PSPACE ← U1
2 → G

EXPTIME ← V 1
2 → iER .

However, if we aim at understanding general proof systems, possibly very strong,
these well-behaved examples may be misleading. The discrepancy stems from
the fact that the right-hand side relation

T → PT

depends on the universal or, more generally, ∀Πb
1-consequences of T , while the

left-hand side
FT ← T

on the ∀Σb
1-consequences of T .

It may happen that FT = FT ′ while PT 6≡p PT ′ . In the two sorted set-up
a good example is T = IΣ1,b

0 and T ′ = IΣ1,b
0 + Count2 (cf. Section 11.1). In

both cases the class of multi-functions is the class of AC0-functions, while the
corresponding proof systems are AC0−F and AC0−F augmented by instances
of 〈〈Count2〉〉 as new axioms, respectively. The latter proof system is provably
stronger than the former (cf. Chapter 15).

More generally, FT is not influenced by adding to T some new true universal
(or ∀Πb

1, in general) axioms while this is of course key from the propositional
logic point of view as these are the formulas that give rise to sequences of
tautologies.

It may also happen that FT 6= FT ′ while PT = PT ′ , although in the next
example PT ′ only simulates T ′ but maybe does not p-simulate it. Let R(y) be
a Σb

1 LBA(PV)-formula defining the set of primes. Take T := PV1 and

T ′ := PV1 + ∀x ≥ 2∃y(|y| = |x|) R(y) .

It is unknown (and unlikely) that T = T ′ (cf. Section 12.9) but EF simulates
T ′: the witnesses y depend only on the length of x and hence EF can use a
sequence of advice witnesses an, such that R(an)∧|an| = n, as values of a Skolem
function witnessing the extra axiom. But it is also unknown whether any such
sequence {an}n is p-time constructible and so it may be that FT 6= FT ′ .

Another issue refers to one subtle point of how are the propositional trans-
lations defined. Assume we have a Πb

1-formula A(x):

∃i ≤ |x|∀z ≤ x B(x, i, z) (12.8.1)

with B an open LBA(PV)-formula. Then ||A||n is∨
i≤n

||z ≤ x→ B(x, i, z)||n . (12.8.2)

Now assume we prove (12.8.2) in a proof system P and we know in T that P is
sound. Then we can deduce that (12.8.2) is a tautology; that means that it is
true for all assignments to its atoms. Formally:

∀x(|x| = n)∀w(|w| ≤ n10)∃i ≤ n C(w)→ ((w)i ≤ x→ B(x, i, (w)i)) (12.8.3)
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is true, where C(w) formalizes

• w is a sequence of ≤ n bit strings (w)0, . . . , (w)n.

But to get from the validity of (12.8.3) the validity of the original (12.8.1)
requires to switch a sharply bounded quantifier with a bounded one. This can be
done with the help of the so called bounded collection axioms (equivalently,
replacement axioms):

∀j ≤ |x|∃y ≤ xD(x, j, y) → ∃w(|w| ≤ |x|10)∀j ≤ |x|(w)j ≤ x ∧D(x, j, (w)j) .

But this axiom scheme is likely not provable from any set of true universal
LBA(PV)-formulas and, in particular, not in PV1 (cf. Section 12.9).

These remarks are not meant to question the splendid usefulness of the
correspondence between theories and proof systems, as it was established in a
number of cases. Rather I want to point out that there are limits to what one
can derive from it and that to get an insight what happens beyond the limits
may be a key to understanding strong proof systems.

12.9 Bibliographical and Other Remarks

Sec.12.1. Cobham’s theorem [148] built on an earlier work by Bennett [65].
The class of polynomial time functions has also a finite basis: it can be gen-
erated from a finite subset by composition only, cf. Muchnik [361], Jones and
Matiyasevich [264]. Some more details about PV are given in [281]

Theory PV1 was defined by K.,Pudlák and Takeuti [327]. Theorem 12.1.3
likely cannot be improved; the theory S1

2(PV) is axiomatized by ∀Σb
2(LPV)-

sentences and hence the ∀Σb
2(LPV)-conservativity would imply that S1

2(PV) =
PV1 which would, however, imply that NP ⊆ P/poly by [327].

Sec.12.2 Herbrand’s theorem [228] appears abundantly in logic literature, cf.
e.g. [474, 281]. Corollary 12.2.4 is often called in the context of bounded
arithmetic the KPT theorem, after K., Pudlák and Takeuti [327] who formulated
it and applied it first in that context. The Student-Teacher game was defined
by K., Pudlák and Sgall [326] who also proved some hierarchy theorems with
respect to to the number of rounds in the game.

Sec.12.3 The translation || . . . || for atomic (and hence open) LBA(PV)-formulas
is essentially that of Cook [151].

Sec.12.4 The proof of the simulation Theorem 12.4.2 via Herbrand’s theorem
is new; the original proof was for the equational version of PV only.

Sec.12.5 The extension of the || . . . || translation to all bounded formulas is
from K.-Pudlák [322], as well as the results about the correspondence (i.e. the
soundness and the simulations) involving Gi or G∗

i . The results about the
correspondence of U1

2 and G are from K.-Takeuti [330]. Dowd [174] established
earlier a relation between G and bounded arithmetic for PSPACE but his trans-
lation was different (the quantifier complexity of the propositional translation
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grew with the space bounds). In both cases the original arguments used the
sequent calculus formalization of bounded arithmetic theories and a suitable
cut-elimination theorem. Lemmas 12.5.6 and 12.5.7 are from K.-Pudlák [322],
see also [281] (the proof of L.12.5.7 can be found there). All this material is also
treated via the sequent calculus formalism in [281].

Sec.12.6 A form of approximate counting in bounded arithmetic I∆0 was de-
scribed by Paris and Wilkie [393]. Jeřábek’s approximate counting in APC1

and APC2 is in [259, 260]. The link between dWPHP and the proof system WF
is from his PhD Thesis [257]. He also studied mutual provability relations of
various variants of the (W)PHP principles in [261]. Sometimes the dual WPHP
is called surjective (and other variants are called injective and bijective). Analo-
gously to Lemma 12.6.4 it can be shown that G3 simulates proofs in APC2. We
note here (but argue for in Chapter 19.4) that it is unlikely that EF simulates
WF (cf. also [294]).

Sec.12.7 The content of Section 12.7 is from [296]. Because iER corresponds
to V 1

2 and G to U1
2 and the former theory is conjectured to prove more Πb

1-
statements than the latter one, it appears unlikely that Lemma 7.3.3 (Corollary
12.7.5) can be strengthen to the p-equivalence. We note that it is known (un-
conditionally) that V 1

2 proves more Πb
1 statements than S1

2 and, in particular,
that S1

2 does not prove RFNiER, cf. [296]. Unfortunately this does not seem to
imply that ER does not simulate iER (but it gives a certain evidence for it).
The formal system used in Lemma 12.7.1 is called S1

2 + 1− Exp in [276, 281].

Sec.12.8 The requirements on S in Section 12.8 can be weakened substantially,
cf. Paris and Wilkie [394], Pudlák [412, 413, 414] and K.-Pudlák [320]. Lemma
12.8.1 can be found, for example, in Smorynski [479]. The existence of short
S-proofs of the formulas in the proof of Lemma 12.8.2 follows from [413, 414],
cf. Chapter 21.

NP search problems will be discussed in more detail in Section 19.3. Cook
and Nguyen [157] give numerous examples of pairs T and FT .

The infinitude of primes was derived over T2 from WPHP by Paris, Wilkie
and Woods [396], extending earlier work of Woods [511]. The conditional un-
provability of the bounded collection scheme in PV1 was proved by Cook and
Thapen [161].
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This part is devoted to a presentation of some of the main length-of-proofs
lower bounds that were proved until recently. Lower bounds are considered to
be the heart of the subject. One reason is that the fundamental problems from
Section 1.5 are formulated using lengths of proofs and hence proving a lower
bound of that type gives an impression that it contributes towards the problems.
An additional reason is, I think, that it is (mostly) very specific what a lower
bound is and whether or not it is stronger than some other lower bound. This
gives to the whole field a clear sense of purpose and a ruler helping to sort out
new ideas.

What do we know when we have a super-polynomial lower bound for a
proof system Q? Obviously Q cannot be a proof system witnessing that NP =
coNP and if the lower bound is for a sequence of formulas that do have short
proofs in some other proof system (this happens whenever the sequence is p-
time constructible, cf. Chapter 21), then Q cannot be optimal either. As the
length of a proof is an absolute lower bound on the time it requires to be
found, finding proofs in such a proof system takes a long time as well. In other
words, we know then that Q does not contradict the expected answers to the
fundamental problems. Using the correspondence between theories and proof
systems from Part II we can show that lower bounds for Q imply, in fact, more
specific statements about the problems than it meets the eyes at first.

Assume for a moment that actually P = NP and that f is a p-time algorithm
(represented by its PV symbol) solving SAT: if there is any satisfying assignment
y for the atoms in a formula x then f(x) is also a satisfying assignment. Using
the formalism of Part II (e.g. in Section 8.4) we can write this as a universal
statement in the language of PV:

Sat(x, y) → Sat(x, f(x)) . (12.9.1)

The mere validity of (12.9.1) is not enough, we also need to have its proof in
some established theory formalizing mathematical reasoning, e.g. in set theory
ZFC. If the proof system Q above corresponds (in the sense of Part II) to theory
T then we know that T does not prove (12.9.1) for any f (cf. consequence (4)
in Section 8.6). In other words, any super-polynomial lower bound for Q rules
out as p-time SAT algorithms all f whose soundness is provable in T . For some
proof systems for which lower bounds are known (and that will be discussed in
the coming chapters) the class of SAT algorithms whose soundness is provable
in a theory corresponding to the proof system contains all currently studied
algorithms and much more.

We used ZFC as the standard example of a theory formalizing mathematics
but for complexity theory a much weaker theory suffices. All material in any
text-book on the subject is provable in bounded arithmetic augmented by the
exponentiation (the theory is called I∆0 + Exp ) which is itself a very weak
subtheory of Peano arithmetic. In fact, most of the standard text-book material
can be formalized in its fragment (IΣ1,b

0 )count (cf. Section 10.6) and many of
the well-known results are provable even in theories like PV, APC1 or APC2 we
have discussed in Chapter 12 (we shall return to these issues in Chapter 22).



300 Proof complexity

Proving the consistency of the conjecture that NP 6= coNP with one of these
theories would go a long way in my view as an evidence that the conjecture is
true. Such a consistency follows from any super-polynomial lower bound (i.e.
the hard formulas need not to encode anything about P vs. NP problem or
circuit lower bounds, etc.) for proof systems corresponding to these theories
(e.g. EF or WF, cf. Sections 12.4 or 12.6).

A philosophically minded reader may contemplate the following theoretical
situation. Assume that (12.9.1) is true for some p-time algorithm f and even
provable in, say, PA but not provable in PV. That is, we have a p-time way to
handle NP-queries but p-time concepts themselves are not enough to prove the
soundness of the algorithm; we need induction for stronger concepts. In which
sense is f then truly feasible? To make the issue more transparent, assume that
while you cannot prove (12.9.1) in PV (i.e. using induction for P-predicates),
it is possible to prove it using induction for NP-predicates (the theory T 1

2 of
Sections 10.5 and 12.6). Then it does not seem that we can honestly claim that
NP is feasible.

There are essentially two methods for proving lower bounds on size in the
sense that they offer a somewhat general methodology how to approach a lower
bound problem and that they are successful in a number of varied situations.
This are the restriction method and the method of feasible interpolation.
The former is primarily presented in Chapters 14 and 15 dealing with lower
bound for constant depth subsystems of Frege systems and of the sequent cal-
culus. The latter method, feasible interpolation, will be treated in detail in
Chapters 17 and 18.

Both methods will also appear in Chapter 13 that presents some lower bound
criteria for resolution. Resolution has a singular place among all proof systems.
It is the most studied proof system, due partially to links with SAT solving and
partially to its formal simplicity and elegance. There is a number of methods
how to prove resolution lower bounds that do apply, however, to resolution or
to its variants (and sometimes for some algebro-geometric systems) only. We
shall treat resolution and related systems in Chapter 13.

Algebro-geometric systems will be treated in the feasible interpolation chap-
ters and also earlier in Chapter 16; there we present some lower bounds proved
by ad hoc combinatorial arguments.



Chapter 13

R and R-like Proof Systems

There are perhaps more papers published about proof complexity of resolution
than about all remaining proof complexity topics combined. In this situation one
needs to make some choice of a type of results to present. We shall concentrate in
this chapter on presenting results that can be branded as lower bound criteria;
statements that do imply resolution lower bounds (or lower bounds in some
related systems) under some reasonably general conditions. The reader who
wishes to learn the whole spectrum of results about resolution and who does
not care for links with the rest of proof complexity will be better off with some
recent survey (cf. Section 13.7). Also, we generally give preference to simplicity
and generality over numerically strongest results (e.g. results that achieve the
best lower or upper bound on some parameter).

13.1 Adversary Arguments

We shall consider in this section a first-order sentence Φ in a relational language
L (possibly with constants) in the DNF1-form introduced in Section 10.5. If
such a sentence fails in all finite L-structures then 〈Φ〉n are for all n ≥ 1 unsat-
isfiable sets of clauses. We shall link the complexity of their R∗(log)-refutations
with the existence of an infinite model of Φ. Recall that DNF1-formulas are
built from basic formulas by first applying any number of conjunctions and
universal quantifiers and then any number of disjunctions and existential quan-
tifiers. The prime example is the pigeonhole principle PHP considered a few
times earlier (cf. Sections 8.1 or 10.5). We want to formalize it here without
a reference to the ordering of numbers so instead of the language of arithmetic
we take the language with one binary relation R(x, y) and one constant c and
write PHP as the disjunction of the sentences:

1. ∃x∀y 6= c ¬R(x, y),

2. ∃x∃y 6= c∃y′ 6= c (y 6= y′ ∧R(x, y) ∧R(x, y′)),

3. ∃x∃x′ 6= x∃y 6= c (R(x, y) ∧R(x′, y)).

301
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The restriction toDNF1-formulas and to the relational languages with constants
can be removed and the criterion we shall formulate can be proved in a more
general setting. This will be demonstrated in Section 13.2 but for now we shall
confine ourselves to the simple set-up in order not to burden our first encounter
with the link to infinite structures with extra syntactic complexities.

We shall formulate the criterion first for a computational model based on
particular search trees and then derive from it the criterion for R∗(log). The
computational model is for solving the search problem Search(C) from Section
5.2: given an unsatisfiable set of clauses C and a truth assignment a, find a clause
in C that is not satisfied by a. The specific problem Search(〈¬Φ〉n) determined
by a DNF1 sentence Φ in a language L and valid in all finite structures can be
restated as follows: given an L-structure on [n], find a clause of 〈¬Φ〉n that fails
under the assignment determined by the structure.

In Sections 5.2 and 5.3 we considered how to solve Search(C) using decision
trees or read-once branching programs. The model we shall introduce now
generalizes the decision tree model. A DNF-tree for solving Search(C) is a
rooted finite tree T such that:

• each leaf of T is labelled by a clause of C,

• each inner node u is labelled by a DNF formula D1 ∨ · · · ∨ De and the
tree branches at u into 2 subtrees which are labelled as the affirmative one
and the negative one.

The tree is a k-DNF tree if all DNFs labelling the inner nodes are k-DNF, i.e.
|Di| ≤ k.

A truth assignment a to the atoms of C determines a path P (a) in T and
hence the label T (a) of the unique leaf in P (a) as follows:

• if a satisfies some term Di in the label u on P (a) the path continues via
the affirmative subtree,

• otherwise P (a) continues into the negative subtree.

Let us first tie these trees with R∗(log)-refutations or, more generally, with
(DNF −R)∗-refutations.

Lemma 13.1.1 Assume C has a tree-like DNF-R refutation π (i.e. it is an
(DNF − R)∗-refutation) in which all terms have size at most t, and assume π
has k := k(π) steps.

Then there is a t-DNF tree T solving Search(C) whose height is O(log k).

Proof:
Using Spira’s lemma 1.1.4 find a DNF-clause E in π such that the subproof

π1 of π ending with E has the number of steps k1 satisfying k/3 ≤ k1 ≤ (2k)/3.
The DNF tree T will ask at its root about the validity of E. If the answer is
negative, we restrict to π1: it is a proof of a falsified clause from the initial
clauses C. If it is affirmative we restrict to π2: the rest of π not above E. It
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is a proof of a falsified clause (the empty one) from the clauses C ∪ {E} and E
is satisfied; hence any falsified clause among the initial clauses of π2 has to be
from C.

The tree T is built in the same way until the remaining proofs shrink to one
node. That node must be labelled by a falsified clause from C. The height of
the tree is bounded above by log3/2(k) = O(log k).

q.e.d.

Theorem 13.1.2 Let q be the maximum arity of a relation symbol occurring
in a DNF1-sentence Φ. Assume that ¬Φ has an infinite model.

Then any t-DNF tree T of height h solving Search(〈¬Φ〉n) must satisfy:

(h+ 1) · t ≥ n

q
.

Proof:
For the simplicity of the presentation we shall prove the theorem for Φ whose

language consists of one q-ary relation symbol R. The general case is completely
analogous.

Let M = (M,S) be an infinite model of ¬Φ, where S ⊆ Mq interprets the
symbol R. We shall think of a size n structure for the language as having the
universe [n]. Consider triples (U,R, h) where:

• ∅ 6= U ⊆ [n] and R ⊆ Uq,

• h is an isomorphism of the structure (U,R) with a substructure of M.

Let (U,R, h) be such a triple and ri1,...,iq an atom of 〈Φ〉n. Define:

1. (U,R, h) forces ri1,...,iq
true if and only if {i1, . . . , iq} ⊆ U and

R(h(i1), . . . , h(iq)) holds in M,

2. (U,R, h) forces ¬ri1,...,iq
true if and only if {i1, . . . , iq} ⊆ U and

¬R(h(i1), . . . , h(iq)) holds in M,

and we extend this forcing relation also to logical terms and t-DNF clauses by:

3. (U,R, h) forces a logical term D true if and only if it forces true all literals
in D,

4. (U,R, h) forces a t-DNF clause
∨

iDi true if and only if it forces some Di

true.

Note that we do not define what it means to force a term or a t-DNF false.

Let (R,�) be the partial ordering of all these triples defined by:

(U,R, h) � (U ′, R′, h′) if and only if U ⊆ U ′ ∧R′ ∩ Uq = R ∧ h ⊆ h′ .

Let T be a t-DNF tree of height h solving Search(〈¬Φ〉n). We will define a path
P = (u1, u2, . . . ) through T , u1 being the root, and triples (U`, R`, h`) from R
for ` = 1, 2, . . . , such that:
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• (U`, R`, h`) � (U`+1, R`+1, h`+1),

• |U`| ≤ `tq,

• the path continues from u` to the affirmative tree if and only if and only
if (U`, R`, h`) forces the t-DNF labelling u` true, and this happens if and
only if there is any (U ′, R′, h′) � (U`−1, R`−1, h`−1) forcing it true (or any
(U ′, R′, h′) if ` = 1).

Assume that a partial path led us to node u`, we have (U`−1, R`−1, h`−1) satis-
fying the conditions above and we need to define (U`, R`, h`) (or ` = 1 and the
node is the root and we need to define (U1, R1, h1)). Assume that u` is labelled
by a t-DNF E =

∨
iDi, each Di an ≤ t-term. Consider two cases:

(a) E can be forced true by some (U ′, R′, h′) � (U`−1, R`−1, h`−1).

(b) Not (a).

In Case (a) it suffices if the triple (U ′, R′, h′) forces true at least one term Di in
E, i.e. at most t literals not forced true already by (U`−1, R`−1, h`−1). The r-
atoms in these literals involve at most tq elements of [n] in total. Hence we may
assume that |U ′| ≤ |U`−1|+ qt ≤ `qt. Select any such (U ′, R′, h′) as (U`, R`, h`)
and continue the path to the affirmative subtree.

In Case (b) put (U`, R`, h`) := (U`−1, R`−1, h`−1) and continue the path to
the negative subtree.

Assume P reached a leaf u`, i.e. ` ≤ h+1 and let C ∈ C be the initial clause
labelling the leaf. The structure (U`, R`) is isomorphic to a finite substructure
(M0, S0) of (M,S) and Φ fails in (M,S). That means that the (instance of the)
existential quantifier C translates is witnessed in (M,S). Hence we can find
a finite substructure of (M,S) extending (M0, S0) and containing the witness
and use it to define (U ′, R′, h′) � (U`, R`, h`) forcing C true. But that would
contradict the hypothesis that the search tree solves Search(〈¬Φ〉n): answering
all queries in T by (U ′, R′, h′) would define the same path P and answer the
search problem incorrectly by C.

The only way out of this contradiction is that there is no room in [n] \U` to
extend h`. In particular, this implies that:

n− qt < qt` ≤ qt(h+ 1)

and the theorem follows.

q.e.d.

Corollary 13.1.3 Let q be the maximum arity of a relation symbol occurring
in a DNF1-sentence Φ. Assume that Φ is valid in all finite structures but that
¬Φ has an infinite model.

Then size s of any R∗(log)-refutation of 〈¬Φ〉n must satisfy:

s ≥ 2Ω(( n
q )1/2) .
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Proof:
An R∗(log)-refutation of size s is a (log s)-DNF refutation and has at most

s steps. Lemma 13.1.1 and Theorem 13.1.2 then imply the corollary.

q.e.d.

The class of formulas for which a similar criterion exists can be extended a
bit beyond the DNF1 class. Let us consider first two examples. The Ramsey
theorem for graphs (simple, undirected and without loops) states that any graph
on n vertices must have an induced homogeneous subgraph of the size at least
b(log n)/2c. A homogeneous subgraph is either a clique, a subgraph with all
edges among its vertices, or an independent set, with no edges at all. In
the language with a binary relation symbol R(x, y) for the edge relation and
a name H for the vertex set of a subgraph this can be formalized by formula
RAM(R,n):

Graph(R,n)→ [ ∃H ⊆ [n](|H| = b(log n)/2c) (∀x, y ∈ H x 6= y → R(x, y)) ∨

∃H ⊆ [n](|H| = b(log n)/2c) (∀x, y ∈ H ¬R(x, y)) ]

where Graph(R,n) is

(∀x¬R(x, x)) ∧ (∀x, y R(x, y)→ R(y, x)) .

This can be translated into a DNF propositional formula by taking a disjunction
over all possible H ⊆ [n]; we shall denote the resulting formula by RAMn and
it will feature later on as well. To avoid the nuisance to condition everything on
R being symmetric and anti-reflexive we built the formula RAMn from atoms
re, where e runs over all

(
n
2

)
possible edges among vertices of [n]. We think of e

as being the unordered pair of its vertices and so it makes sense to write e ⊆ H:
both endpoints of e are in H. The formula RAMn is then:∨

H

∧
e⊆H

re ∨
∨
H

∧
e⊆H

¬re

where H ranges over all subsets of [n] of size b(log n)/2c. Note that the formula
is a ( log n

2 )2-DNF with 2
(

n
log n

)
≤ nlog n terms.

The second example is similar but it leads to more complex formulas. The
tournament principle speaks about tournaments which are directed graphs
without loops such that between any two different vertices is an edge in exactly
one direction:

Tour(R,n) := ∀x¬R(x, x) ∧ ∀x, y R(x, y) ≡ ¬R(y, x) .

Think of the edge from i to j to mean that player i won over player j in some
game. The principle says that in any tournament of size n there is a dominating
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set D ⊆ [n] of size dlog ne: every player outside of D lost to some player in D;
TOUR(R,n):

Tour(R,n) → ∃D ⊆ [n](|D| = dlog ne)∀y /∈ D∃x ∈ D R(x, y) .

Using atoms rij for the (now directed) edges the propositional translation is
TOURn: ∨

D

∧
j /∈D

∨
i∈D

rij .

This is not a DNF but it is a formula of the Σ-depth 2.
While the negation of RAMn is a set of clauses, the negation of TOURn

is a set of (log n)-DNFs and it still makes a good sense to talk about their
R∗(log)-refutations.

Both formulas RAM(R,n) and TOUR(R,n) are what we shall call b(n) −
DNF2-formulas, where b(n) is any function majorized by n. Such formulas
Ψ are built from basic formulas by applying first disjunctions and existential
quantifiers over elements relativised to some subset X of the universe of size
≤ b(n), then conjunctions and universal quantifiers, and finally disjunctions and
existential quantifiers either over elements or over subsets X of the universe of
size ≤ b(n). Then 〈¬Ψ〉n is a set of at most O(nb(n)) formulas, each being an
O(b(n))-DNF.

Now we generalize Theorem 13.1.2.

Theorem 13.1.4 Let b(n) ≤ n and let Ψbe a b(n) − DNF2. Let q be the
maximum arity of a relation symbol in Ψ. Assume that there is an infinite
structure for the language of Ψ such that no existential set-quantifier in Ψ is
witnessed by a finite subset of the structure.

Then for any t ≥ b(n), any t-DNF tree T of height h solving Search(〈¬Ψ〉n)
must satisfy:

(h+ 1) · t ≥ n

q
.

Proof:
The proof is the same as that of Theorem 13.1.2. The tree cannot find

a falsified initial clause of Search(〈¬Ψ〉n) as that would mean finding a set
witnessing one of the existential set-quantifiers and the image of that set under
the partial isomorphism h` would witness the same quantifier in the infinite
structure. But that is impossible by the hypothesis.

q.e.d.

Similarly to Corollary 13.1.3 we get from Theorem 13.1.4

Corollary 13.1.5 Let q be the maximum arity of a relation symbol occurring
in a b(n) − DNF2 sentence Ψ. Assume that Ψ is valid in all finite structures
but that in some infinite structure no set-quantifier of Ψ is witnessed by a finite
set.
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Then size s of any R∗(log)-refutation of 〈¬Ψ〉n must satisfy:

s ≥ 2Ω(( n
q )1/2) .

In particular, this lower bound is true for TOURn.

The particular case of TOURn follows as it is easy to construct an infinite
tournament having no finite dominating set. On the other hand we cannot use
the argument to get a lower bound for R∗(log)-refutations of RAMn as well
because any infinite graph has finite (even infinite) homogeneous subgraphs.
We shall return to RAMn in the next section and again in Chapter 15.

We conclude the section by complementing the lower bound criterion by the
opposite statement. We state it only for DNF1 formulas.

Lemma 13.1.6 Assume that Φ is a DNF1 formula that fails in all finite as well
as in all infinite structures. Then the CNFs 〈¬Φ〉n have size nO(1) R∗(log n)-
refutations as well as size nO(1) R-refutations.

Proof:
The hypothesis of the lemma implies that ¬Φ is logically valid and hence,

by the Completeness theorem, provable in the predicate calculus alone. In
particular, it is also provable in T 1

1 (α) and the lemma follows by Lemma 10.5.1.

q.e.d.

We remark that the lemma can be improved to get R∗(O(1))-refutations:
the proof of ¬Φ in predicate logic uses no Σ1,b

0 -part of the induction formulas
(that resulted in Lemma 10.5.1 in the log n term); in fact, it uses no induction
at all.

13.2 Relativization

In the previous section we confined ourselves for the sake of simplicity to DNF1-
and DNF2-formulas that translate into propositional DNFs. However, the con-
struction and the criterion in Theorem 13.1.2 apply to any formula if it is pre-
processed with a little bit of logic. Let Φ be any first-order sentence in any
language L. Write Φ in a prenex form:

∀x1∃y1 . . .∀xk∃yk ϕ(x, y)

where ϕ is an open formula in the conjunctive normal form. Define the Skolem-
ization of Φ, formula ΦSk, to be:

∀x1 . . .∀xk ϕ(x, . . . , yi/hi(x1, . . . , xi), . . . )

where hi(x1, . . . , xi), i = 1, . . . , k, are new function symbols (the so called
Skolem function). Let LSk be the language of ΦSk.
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Now rewrite ΦSk using more universally quantified variables into a form
where all atomic formulas are either R(z1, . . . , z`), f(z1, . . . , z`) = z`+1 or u = v,
where z, u, v are variables and R and f are `-ary relational and function symbols,
respectively. For example, ¬R(g(x), h(u, v)) can be written as

∀y, z ¬g(x) = y ∨ ¬h(u, v) = z ∨ ¬R(y, z)

(it would be natural to write this formula using implications but we want t get
at the end a DNF1 formula and they do not use implications). Let us denote
the resulting sentence by Φ1.

Next we want to get rid of all function symbols: for any f(z1, . . . , z`) from
LSk introduce a new (`+ 1)-ary relation symbol F (z1, . . . , z`+1) and change all
atomic formulas f(z1, . . . , z`) = z`+1 in Φ1 to F (z1, . . . , z`+1). We shall call the
new symbols F function-graph relation symbols. The formula Φ2 is the
formula in a relational language that we shall denote by L2 (i.e. it is LSk with
all function symbols f replaced by the associated relation symbols F ) obtained
by this process from Φ1 together with the universal closures of the formulas

(F (z1, . . . , z`, u) ∧ F (z1, . . . , z`, v))→ u = v .

Note that it is still a CNF prefixed by universal quantifiers.
Let Φ3 be Φ2 in conjunction with all sentences

∀z1, . . . , z`∃z`+1 F (z) (13.2.1)

for all function-graph relation symbols in L2.
Finally we get to the formula we are aiming at: the relativization Φrel of

Φ is a formula constructed as follows. Let U(x) be a new unary relation symbol.
The formula Φrel is the conjunction of formulas:

• ∃xU(x).

• ΦU
2 , which is Φ2 with all (universal) quantifiers relativised to U , i.e. each
∀y . . . is replaced by ∀y ¬U(y) ∨ . . . ,

• ∀z1, . . . , z`∃z`+1

∨
i≤` ¬U(zi) ∨ F (z1, . . . , z`, z`+1), for all function-graph

relation symbols,

• ∀z1, . . . , z`+1

∨
i≤` ¬U(zi) ∨ ¬F (z1, . . . , z`, z`+1) ∨ U(z`+1), again for all

function-graph symbols F .

Recall from Sections 10.5 or 13.1 the notion of a DNF1-formula. The fol-
lowing lemma follows form the construction.

Lemma 13.2.1 1. ¬Φrel is a DNF1-formula and its 〈. . . 〉n translation yields
for each n ≥ 1 a CNF.

2. Any model of Φ can be expanded into a model of Φ3 and hence of Φrel,
and any model of Φrel contains a substructure (whose universe is the in-
terpretation of U) that is a model of Φ. In particular, if Φ has an infinite
model, so does Φrel.
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Theorem 13.2.2 (Dantchev and Riis [166])
Let Φ be an arbitrary first-order sentence and assume that Φ has no finite

models but it has an infinite model.
Then 〈Φrel〉n, n ≥ 1, are unsatisfiable CNFs of size nO(1) and there exists

δ > 0 depending on Φ but not on n such that every R-refutation of 〈Φrel〉n has
at least 2nδ

clauses.

The non-existence of finite models implies the unsatisfiability of the resulting
CNFs and we only need to prove the lower bound. This will use the existence
of an infinite model. The proof will utilize two lemmas that we shall prove first
and it will be summarized at the end of the section.

Think of the formula 〈Φ3〉m as having atoms ri1,...,i`
representing atomic

sentences with the original relation symbols R of L, and fi1,...,i`+1 representing
the new function-graph symbols F of L2. The support of an r-atom ri1,...,i`

is
{i1, . . . , i`} ⊆ [m] and of an f -atom fi1,...,i`+1 it is also {i1, . . . , i`} (i.e. i`+1 is
not included). The support of a clause C, supp(C), is the union of the supports
of all atoms that occur in C (positively or negatively).

Lemma 13.2.3 Let q ≥ 1 be the maximum arity of a relation or a function
symbol in LSk (i.e. it bounds the size of the support of any atom in 〈Φ3〉m).

Then any R-refutation of 〈Φ3〉m must contain a clause C with whose support
satisfies:

|supp(C)| ≥ Ω(m1/q) .

Proof:
Let M be an infinite model of Φ (with the universe M) and by Lemma

13.2.1(2.) consider its expansion that is a model of Φ3. Let π be an R-refutation
of 〈Φ3〉m. We shall attempt to construct a sequence of clauses C0, C1, . . . , Ce

starting with the empty end-clause C0 := ∅ of π, and such that Ct+1 is one of
the two clauses used in π to derive Ct, and Ce is an initial clause (i.e. from
〈Φ3〉m). The requirements on the sequence will be such that at a certain step
the construction cannot be continued and this will imply the lower bound.

The requirements ask that we should also construct a sequence of partial
injective maps αt :⊆ [m]→M having the following properties:

(i) supp(Ct) ⊆ dom(αt),

(ii) whenever fi1,...,i`,i`+1 is a function-graph atom in Ct (and hence {i1, . . . , i`} ⊆
supp(Ct)) then there is j ∈ dom(αt) (not necessarily in supp(Ct) or equal
to i`+1) such that

M |= F (αt(i1), . . . , αt(i`), αt(j)) .

(iii) αt defines a partial truth-assignment α̂t by:

• if ri1,...,i`
is a relation-atom and {i1, . . . , i`} ⊆ dom(αt), then

α̂t(ri1,...,i`
) :=

{
1 if M |= R(αt(i1), . . . , αt(i`))
0 otherwise.
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• if fi1,...,i`,i`+1 is a function-graph atom and {i1, . . . , i`} ⊆ dom(αt),
then:

α̂t(fi1,...,i`,i`+1) := 1, if i`+1 ∈ dom(αt) and M |= F (αt(i1), . . . , αt(i`+1)),

α̂t(fi1,...,i`,i`+1) := 0, if i`+1 6= j ∈ dom(αt) and M |= F (αt(i1), . . . , αt(i`), αt(j)).

(iv) α̂t(Ct) = 0.

At the beginning we take α0 := ∅. Assume that we already have C0, . . . Ct and
α0, . . . , αt obeying all conditions above and assume that Ct was derived as

D ∪ {p} E ∪ {¬p}
Ct(= D ∪ E)

where p is some atom (relation or function-graph). We attempt to define Ct+1

and αt+1 by considering three cases depending on what is p:

(a) The support of p is included in dom(αt): then α̂t decides its truth-value
and we put

Ct+1 :=
{
D ∪ {p} if α̂t(p) = 0
E ∪ {¬p} if α̂t(p) = 1

and take for αt+1 the ⊆-minimum submap of αt satisfying (i)-(iii) above
(i.e. we forget some values that are not needed for (iv) with respect to
Ct+1).

(b) The atom p is a relation atom ri1,...,i`
and {i1, . . . , i`} 6⊆ dom(αt): Extend

αt to some β such that {i1, . . . , i`} ⊆ dom(β) (there is a room for that as
M is infinite) and define

Ct+1 :=
{
D ∪ {p} if β̂(p) = 0
E ∪ {¬p} if β̂(p) = 1

an again take for αt+1 the ⊆-minimum submap of β satisfying (i)-(iii) with
respect to Ct+1.

(c) [This is the case that will imply the lower bound.] The atom p is a function-
graph atom fi1,...,i`,i`+1 and {i1, . . . , i`} 6⊆ dom(αt).

We first extend αt to some injective β such that {i1, . . . , i`} ⊆ dom(β).
Then we look into M and take the unique u ∈M such that

M |= F (β(i1), . . . , β(i`), u) .

If u ∈ rng(β), say β(j) = u, then β̂ gives a truth-value to the atom and
we can define Ct+1 and αt+1 as in (a) and (b).

The crucial case is when u /∈ rng(β). Then - as the map we are construct-
ing ought to be injective - we need to take j /∈ dom(β), extend β to β′ by
stipulating β′(j) = u, and define Ct+1 and αt+1 as before. However, there
need not to be any j /∈ dom(β), i.e. it can be that dom(β) = [m].



R and R-like proof systems 311

Indeed, this situation must occur during the construction of the sequence
of Ct and αt as otherwise we would reach an initial clause Ce and its
falsifying assignment α̂e which copies a substructure of M (i.e. rng(αe)).
But that is impossible as M |= Φ3, i.e. all substructures satisfy all clauses.

If αt is the map in (c) that cannot be extended to any suitable β and β′,
and w = |supp(Ct)|, then the number of j’s in dom(β) that are not in
supp(Ct) is bounded above by

O(wq)

(recall that q is the maximum arity): there is a constant number of func-
tions in L1 (the O-constant) and wq bounds the number of all possible
input tuples for which we need to give a value. Hence

m ≤ O(wq) + w + q ≤ O(wq)

for q ≥ 1, w ≥ 2, where the second summand w is the size of supp(Ct) and
the last summand bounds the size of the support of the resolved atom.

This proves the lemma.

q.e.d.

The next lemma will essentially show that if a short R-refutation exists then
there is another one in which all clauses have a small support. We will use in
it restrictions of clauses by a partial truth assignment as in Section 5.4. In
particular, there we defined the restriction of C by setting the value of a literal
` to ε ∈ {0, 1}, C � ` = ε. If ρ is a partial truth assignment then

Cρ := (C � p1 = ρ(p1)) � p2 = ρ(p2)) . . . , where {p1, p2, . . . } is dom(ρ) .

Lemma 13.2.4 Let σ be an R-refutation of 〈Φrel〉n of size s ≤ 2nδ

, where
δ := 1/q (q is the maximum arity as before).

Then there is m, n
3 ≤ m ≤

2n
3 , and an Rw-refutation of 〈Φ3〉m in which the

size of the support of any clause is at most m
1

q+1 .

[Rw is the extension of R by the weakening rule and allowing the constant 1
from Section 5.4.]

Proof:
Define a partial truth assignment to the atoms of 〈Φrel〉n by the following

process:

(i) Each ui is given value 0 or 1, uniformly and independently.

By the Chernoff bound we get

Claim 1:With the probability of failing at most 2−Ω(n) the set

Uρ := {i ∈ [n] | ρ(ui) = 1}

has size n
3 ≤ |U

ρ| ≤ 2n
3 .

Let m := |Uρ|.
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(ii) Assign to each relation atom ri1,...,i`
such that {i1, . . . , i`} 6⊆ Uρ either 0

or 1, uniformly and independently.

(iii) Assign to each function-graph atom fi1,...,i`,j the value 0, if {i1, . . . , i`} ⊆
Uρ and j /∈ Uρ.

If {i1, . . . , i`} 6⊆ Uρ and j is arbitrary, assign to fi1,...,i`,j either 0 or 1,
uniformly and independently.

Claim 2:Assume a clause C in σ contains literals `1, . . . , `t that correspond to
relation or to function-graph atoms (i.e. not to U -atoms) and such that

supp(`u)) 6⊆
⋃
v<u

supp(`v) ,

for u = 2, . . . , t. Then:

Probρ[Cρ 6= {1}] ≤ (
3
4
)t .

Imagine that ρ was defined on literals `1, . . . , `u−1 and Uρ was defined for
the elements in

⋃
v<u supp(`v) only but not for some

i ∈ supp(`u) \
⋃
v<u

supp(`v) .

Then we have the probability 1/2 to put ui = 0 (i.e. to stipulate i /∈ Uρ) and, in
that case, the probability 1/2 to make the literal `u true. That is, we will fail to
reduce C to {1} with the probability at most 3/4. These events are independent
for u = 1, . . . , t and the claim follows.

Claim 3:Assume w = |supp(C)| and q(t − 1) < w. Then there are literals
`1, . . . , `t satisfying the hypothesis of Claim 2.

The union of the supports of t − 1 literals has size at most q(t − 1) < w so
there must be one whose support is not covered yet.

The last two claims imply:

Claim 4:If w = |supp(C)| for C ∈ σ, then

Probρ[Cρ 6= {1} ≤ (
3
4
)w/q] .

To prove the lemma take w := (n
3 )1/(q+1). For a random ρ, m ≥ n/3 with

an exponentially small probability of failing (by Claim 1), and by Claim 4 σρ

fails to have the required properties with the probability at most

s · (3
4
)w/q = 2nδ

· (3
4
)

1
q ( n

3 )1/(q+1)

which goes to 0 by the choice of δ.
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q.e.d.

Proof of Theorem 13.2.2:
An R-refutation of 〈Φrel〉n of size ≤ 2n1/q

yields (via Lemma 13.2.4) an Rw-
refutation of 〈Φ3〉m in which every clause has the support of size less than m

1
q+1 ,

contradicting Lemma 13.2.3.

q.e.d.

Simple examples of Φ to which Theorem 13.2.2 applies include: the pigeon-
hole principle or the modular counting principles from Section 11.1, or the usual
axioms of dense linear orderings, or the usual axioms of non-commutative fields
to reach outside of combinatorics, and many other.

We shall now return to the Ramsey formulas RAM(n,R) and RAMn from
the previous section and show that the method behind Theorem 13.2.2 applies
to them as well if the relativization is suitably defined, even if the theorem itself
does not. We shall assume that n = 4k a hence RAMn says that a graph on
n vertices has a homogeneous subgraph of size at least k. We shall stress this
set-up by using the notation RAM(n, k).

The first relativization RAMU (n, k) formalizes that for any U ⊆ [n] either
the induced subgraph with the vertex set U or the induced subgraph with the
vertex set [n] \ U contains a homogeneous subgraph of size k − 1. The propo-
sitional formulation RAMU (n, k) is a DNF in the variables re used already in
RAMn and using also new variables ui that translate the atomic sentences i ∈ U .
It is the disjunction of the following 4

(
n

k−1

)
terms of size k − 1 +

(
k
2

)
:∧

i∈H

ui ∧ Cli(H) and
∧
i∈H

¬ui ∧ Cli(H)

and ∧
i∈H

ui ∧ Ind(H) and
∧
i∈H

¬ui ∧ Ind(H)

where H ranges over the subsets of [n] of size k − 1 and we the abbreviations
Cli(H) and Ind(H) stand for:

Cli(H) :=
∧

e⊆H

re and Ind(H) :=
∧

e⊆H

¬re .

The second relativization looks a bit roundabout but it is technically a bit
easier to use. The formula RAMf (n, k) says that for any injective function
f : [n/4] → [n] there is an induced homogeneous subgraph of size k − 1 whose
vertex set is included in the range Rng(f) of f . This is a true principle as due
to the injectivity of f the range Rng(f) has size 4k−1.

The propositional version RAMf (n, k) uses again the atoms re and also new
atoms fi,j , where i ∈ [n/4], and j ∈ [n]. The formula is the disjunction of the
following terms:
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1.
∧

j ¬fi,j , any i,

2. fi,j1 ∧ fi,j2 , any i and j1 6= j2,

3. fi1,j ∧ fi2,j , any i1 6= i2 and j,

4. fi1,j1 ∧ · · · ∧ fik,jk
∧ Cli({j1, . . . , jk}), any ordered k-tuples of different

elements i1, . . . , ik ∈ [n/4] and j1, . . . , jk ∈ [n],

5. fi1,j1 ∧ · · · ∧ fik,jk
∧ Ind({j1, . . . , jk}), any ordered k-tuples of different

elements i1, . . . , ik ∈ [n/4] and j1, . . . , jk ∈ [n],

where i, i1, i2 ∈ [n/4] and j, j1, j2 ∈ [n]. Note that RAMf (n, k) has nO(k) terms.
Because of item 1. they are not narrow (as all terms in RAMU (n, k) were).

Now we do not have an infinite structure to guide us when forcing a path
through a refutation along falsified clauses. But for each ` >> 0 we do have
a graph that has no homogeneous subgraph of size ` and that has at least
2`/2 vertices; this was proved by one of the first probabilistic arguments in
combinatorics by Erdös [177]. Denote such a graph by E`.

For a clause C using the variables re of RAM(m, `) denote by V er(C) all
vertices of any edge e for which the atom re occurs in C. Clearly the width of
C satisfies w(C) ≤

(|V er(C)|
2

)
.

We may use the graph E` in place of the infinite structure M used earlier,
building a path of clauses C, and for each of them a graph GC on V er(C) and a
partial isomorphism between GC and a subgraph of E`, such that the evaluation
of the atoms in C according to GC falsifies C. This process goes on as before
except that we may now run out of vertices in E` when trying to evaluate a
resolved atom (earlier this could not happen as M was infinite). However, as
long as |V er(C)| < |E`| = 2`/2 the process may continue. At the end of the
path we reach an initial clause D of RAM(M, `). Such a clause D is falsified
if and only if GD is either a clique or an independent set of size `; but that
is impossible as GD is isomorphic to a subgraph of E` which does not have so
large homogeneous subgraphs.

To avoid the contradiction the construction of the path must stop earlier
and hence we must encounter a clause with |V er(C)| ≥ 2`/2. Clearly the width
of C satisfies 2w(C) ≥ |V er(C)|. This yields the following lemma.

Lemma 13.2.5 Any R-proof of RAM(m, `) must have the width at least

1
2
2`/2 .

A lower bound for the width may, in principle, imply a lower bound for the
size by Theorem 5.4.5 but in this case it is too small compared to the number of
variables. We shall study how to use the width for size lower bound in Section
13.3.

Instead we shall use the partial restriction method from the proof of Theo-
rem 13.2.2. Choosing the evaluation of the atoms ui in RAMU randomly and
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uniformly or the atoms fij in RAMf randomly among all injective maps from
[n/4] into [n], calculations completely analogous to that in Lemma 13.2.4 yield
the following statements.

Lemma 13.2.6 Let k ≥ 2 and n = 4k. Assume that there is an R-proof of
RAMU (n, k) of size s ≤ 2n1/11

. Then RAM(n, k− 1) has an R-proof of width at
most n1/5.

The same is true for the formula RAMf (n, k).

We may combine the two lemmas (Lemma 13.2.5 plays the role of Lemma
13.2.3 and Lemma 13.2.6 of Lemma 13.2.4) and get analogously with Theorem
13.2.2 the following lower bounds.

Theorem 13.2.7
Let k ≥ 2 and n = 4k. Then every R-proof of RAMU (n, k) or of RAMf (n, k)

must have size at least Ω(2n1/11
).

13.3 Width and Expansion

The arguments in Sections 13.1 and 13.2 are explicitly or implicitly linked with
the width of refutations. In this section we shall study how to derive size lower
bounds directly from Theorem 5.4.5, i.e. from a width lower bound. There
is, however, an a priori problem. A DNF that expresses some combinatorial
principle is the translation 〈Φ〉n of a first-order sentence Φ in a DNF1 form.
For it to be non-trivial the language of Φ must contain at least one non-unary
relation symbol. Hence the number of atoms will be at least

(
n
2

)
while the

natural parameter of the tautology is n, the size of the universe, and often O(n)
will upper bound the width of an R-refutation of the tautology proceeding by
some sort of induction. However, to be able to use Theorem 5.4.5 we would
need at least n1+Ω(1) width lower bound.

Take, for example, the pigeonhole principle PHPn formulas (1.5.1). For Φ in
Section 13.2 being the PHP principle expressed using a function symbol f and
a constant c:

• f is an injective map from the universe into itself whose range does not
contain c,

the sentence Φ3 is the PHP(R) expressed using a relation symbol R and thus
PHPn is 〈Φ3〉. Hence Lemma 13.2.3 yields an Ω(n) lower bound for R refutations
of PHPn. However, PHPn has (n+1)n atoms and Theorem 5.4.5 yields nothing
(not to mention that the maximum width of an initial clause is n itself).

One possible way (we shall see another after Theorem 13.3.4) how to avoid
these two problems, too wide initial clauses and too many variables, is to fix
a parameter d ≥ 2 and choose for all n >> 1 in advance a binary relation
E ⊆ [n+ 1]× [n] such that:

• degE(i) ≤ d for all i ∈ [n+ 1],



316 Lower bounds

where degE(i) is the number of j ∈ [n] such that (i, j) ∈ E (the graph-theoretic
degree of the node), and then express the PHP only for R ⊆ E. Working directly
with the formula PHPn this means that we substitute 0 for all atoms pij such
that (i, j) /∈ E. The resulting formula, to be denoted by E−PHPn, has at most
dn atoms, size O(n3) (more precisely O(ne2) where e ≤ n+ 1 is the maximum
degree of some j ∈ [n], often O(d) too) and the maximum width of its clauses
is w(E − PHPn) = d. Hence if we find a relation E with these properties such
that the minimum width of a refutation of E − PHPn must be Ω(n) then we
get a size lower bound 2Ω(n) via Theorem 5.4.5.

We cannot expect that refutations of E − PHPn will be hard for all E.
For example, if we choose E := [n + 1] × {1} a constant size refutation exists.
The crucial idea of Ben-Sasson and Wigderson [73] was that graphs E with a
suitable expansion property will yield instances of the PHP principle requiring
refutations of a large width.

We shall present the construction and the argument in a way that we can
use with little modifications also in the next section (Lemmas 13.4.4, 13.4.5).
We will also consider the WPHPm

n principles, m > n.
To define a relation E ⊆ [m] × [n] we define its incidence matrix A: an

m×n matrix A over the two-element field F2 such that (i, j) ∈ E if and only if
A(i, j) = 1. For a parameter 1 ≤ ` ≤ n call such a matrix `-sparse if and only
if each row contains at most ` non-zero entries. Put Ji := {j ∈ [n] | Aij = 1};
hence |Ji| ≤ ` if A is `-sparse. A boundary of a set of rows I ⊆ [m], denoted
by ∂A(I), is the set of all j ∈ [n] such that for exactly one i ∈ I it holds that
Aij = 1.

Let 1 ≤ r ≤ m and ε > 0 be any parameters. Matrix A is an (r, ε)-expander
if and only if for all I ⊆ [m], |I| ≤ r, |∂A(I)| ≥ ε`|I|. Expanders simulate, in a
sense, matrices with disjoint sets Ji’s of the maximum size `. In such a case it
would hold that |∂A(I)| = `|I|. An (r, ε)-expander achieves (as long as |I| ≤ r)
at least an ε-percentage of this maximum value.

The following existence statement can be proved by a probabilistic argument.
Consider the following random process yielding an `-sparse matrix A. For every
i ∈ [m] and u ≤ ` let ji,u be chosen independently and uniformly at random
from [n]. Let Ji ⊆ [n] be the set of these values for fixed i, and define Ai,j = 1
if and only if j ∈ Ji. The following theorem is a special case of [11, Thm.5.1].

Theorem 13.3.1 (Alekhnovich et.al. [11, Thm.5.1])
For every δ > 0 there is an ` ≥ 1 such that for all sufficiently large n the

random `-sparse n2 × n-matrix constructed by the random process above is an
(n1−δ, 3/4)-expander with the probability approaching 1.

For a set of rows I ⊆ [m] let J(I) :=
⋃

i∈I Ji, and let AI be the (m− |I|)×
(n − |J(I)|)-matrix obtained from A by deleting all rows in I and all columns
in J(I).

Lemma 13.3.2 Assume that A is an `-sparse m × n-matrix that is an (r, 3
4 )-

expander. For any set of rows I ⊆ [m] of size |I| ≤ r/2 there is Î ⊇ I, |Î| ≤ 2|I|,
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such that
For any i /∈ Î , |Ji \

⋃
u∈Î

Ju| ≥ `/2 . (13.3.1)

Moreover, for any Î of size |Î| ≤ r having this property (13.3.1), AÎ is an
(r, 1

4 )-expander. Furthermore, there exists the smallest (w.r.t inclusion) such an
Î.

Proof:
Assume |I| ≤ r/2. Put I0 := I. Add in consecutive steps t = 0, . . . to It any

one row i as long as
|Ji ∩

⋃
k∈It

Jk| > `/2 . (13.3.2)

We claim that this process stops before t reaches |I|. Assume not, and let
I ′ = I|I|. Then, by (13.3.2), it holds

∂A(I ′) < `|I|+ (`/2)|I| = (3/4)`|I ′|

This contradicts the expansion property of A, as |I ′| ≤ r.
Let Î be the last It in the process, so t < r/2 and |Î| ≤ 2|I|. Î clearly has

the property (13.3.1). Thus we only need to verify the expansion property of
AÎ . Let K be a set of ≤ r rows in AÎ . Then

∂AÎ
(K) = ∂A(K) \

⋃
i∈Î

Ji(A)

As for all i ∈ K \ Î we have |Ji(A) ∩
⋃

k∈Î Jk(A)| ≤ `/2, this equality implies
that

|∂AÎ
(K)| ≥ |∂A(K)| − (`/2)|K| ≥ (3/4)`|K| − (`/2)|K| ≥ (1/4)|K| .

q.e.d.

Any I satisfying the condition (13.3.1) from Lemma 13.3.2 will be called a
safe set of rows. The following is the key lemma.

Lemma 13.3.3 Let 1 ≤ ` ≤ n < m ≤ n2 and assume that E ⊆ [m] × [n] is a
bipartite graph whose incidence matrix is A, an `-sparse m × n-matrix that is
an (r, 3

4 )-expander.
Then any R-refutation of E −WPHPm

n must have the width at least r/2.

Proof:
The argument is analogous to the similar adversary arguments in Sections

13.1 and 13.2. Assume an R-refutation π of E −WPHPm
n has width w < r/2.

We shall construct a path C0, C1, . . . of clauses in π, and partial injective maps
α0, α1, . . . , all αt ⊆ E, such that:

• C0 is the empty end-clause and α0 := ∅,
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• Ct+1 is one of the two hypotheses of the inference yielding Ct, all t,

• |αt| ≤ 2w and αt forces Ct false (as in the adversary arguments before),

• dom(αt) is a safe set of rows (i.e. of pigeons).

Having Ct, αt let puv be the atom resolved when deriving in π the clause Ct.
If u ∈ dom(αt), take αt+1 := αt and choose for Ct+1 the hypothesis of the
inference forced false by the map.

If u /∈ dom(αt) then by the definition of safe sets of rows there is at least
one j ∈ Ju \

⋃
i∈dom(αt)

Ji. In particular, (u, j) ∈ E. Add (u, j) to αt to form
the map β, take for Ct+1 the hypothesis of the inference forced false by β, and
take for αt+1 ⊆ β some its submap whose domain is a ⊆-minimal safe set of
rows that still forces Ct+1 false.

As no map of size 2w < r ≤ n can force any initial clause false, the width
cannot obey the inequality w < r/2.

q.e.d.

Theorem 13.3.4
Let 1 ≤ n < m ≤ n2. Then for any δ > 0 there is a bipartite graph

E ⊆ [m]× [n] such that any R-refutation of E −WPHPm
n must have the size at

least
2Ω( n2−2δ

m ) .

In particular, PHPn requires R-refutations of size 2Ω(n1−o(1)) and WPHPm
n for

m ≤ n2−Ω(1) requires R-refutations of size 2nΩ(1)
.

Proof:
An `-sparse incidence matrix A defines a bipartite graph E ⊆ [m]×[n] whose

degree of any i ∈ [m] is bounded by ` and hence the formula E −WPHPm
n has

`m atoms and all its clauses have the width at most `.
Taking δ > 0, r := n1−δ and ` a large enough constant, Theorems 13.3.1

and 5.4.5 and Lemma 13.3.3 yield the lower bound

2Ω(
(r`−`)2

`m ) ≥ 2Ω( n2−2δ

m ) .

The last part of the theorem follows as a lower bound for any E implies a
lower bound for the complete graph [m]× [n].

q.e.d.

Now we present another idea how to modify PHP so that a length-of-proofs
lower bound can be derived from a width lower bound. The modification, the
bit PHP, talks about the hole where pigeon i sits not using an n-tuple of atoms
pij but using only logarithmically many atoms. Assume n = 2k. The formula
bPHPn is built from atoms qij with i ∈ [n + 1] and j ∈ [k]. For a given i we
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think of the truth values of the atoms qi1, . . . , qik as defining a hole in {0, 1}k
in which i sits. We thus do not need to stipulate that every i sits somewhere.
The negation of bPHPn is the set of the following

(
n+1

2

)
n clauses, each of size

2k, expressing that the hole assignment is injective:∨
j∈[k]

q
1−bj

i1j ∨
∨

j∈[k]

q
1−bj

i2j , for each b ∈ {0, 1}k and i1 6= i2 ∈ [n+ 1].

Theorem 13.3.5 Assume n is a power of 2. Every R-refutation of bPHPn

must have the width at least n+ 1 and hence size at least 2Ω(n/ log n).

Proof:
The width lower bound is proved by an adversary argument similar to those

we saw already. Let π be an R-refutation of bPHPn. Walk in π from the
end-clause towards initial clauses, keeping at any step a partial injective map
f :⊆ [n+ 1]→ {0, 1}k modified along the way. The map f held at a given step
falsifies all literals in the current clause. In particular, the size of f needs to be
at most the size of the clause and so we not only add to f but also delete from
f any pairs not needed.

It is possible to maintain such maps f as long as w(π) ≤ n. That would
take us to an initial clause of bPHPn but none of them can be falsified in this
way (f is injective). Hence w(π) ≥ n + 1. Theorem 5.4.5 then implies a size
lower bound of the form:

2Ω(
(n+1−2 log n)2

n log n ) ≥ 2Ω(n/ log n) .

q.e.d.

We have to mention a prominent class of tautologies, the so called Tseitin
formulas introduced by Tseitin [496]. These formulas or their variants found
almost as many applications in proof complexity as the variants of the PHP.

Let G = ([n], E) be a graph (tacitly simple, undirected and without loops).
Let f : [n]→ {0, 1} be a function assigning to each vertex 0 or 1. Consider the
set of equations in F2 in the variables xe, where e = {i, j} are the edges from
E: ⊕

j:{i,j}∈E

xij = f(i) , for each i ∈ [n] .

If d is the maximum degree of a vertex in G each such condition can be written
as a conjunction of 2d−1 d-clauses, resulting in a d-CNF TSEG,f having at most
n2d−1 d-clauses in at most dn/2 atoms.

In the sum of all equations each edge appears twice and hence the sum is 0
in F2. Hence we have:

Lemma 13.3.6 Assume
∑

i∈[n] f(i) = 1 in F2. Then TSEG,f is unsatisfiable.
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One can obviously restrict to some classes of G, f only; it is enough to
consider connected G and one may assume that f is constantly 1 and that n is
odd. Any formula TSEH,g can be deduced shortly in R∗ from the TSE-formula
for one of these special G, f .

Strong lower bounds are known the TSEG,f formulas (and we shall see in
Section 15.4 that also for AC0-Frege systems). We shall state it without a proof
as we shall prove a lower bound for a closely related formula in Lemma 13.4.5
and Corollary 13.4.6.

For a connected graph G = ([n], E) define its expansion e(G) to be

e(G) := min{|E(W, [n] \W )| | n/3 ≤ |W | ≤ (2n)/3}

where E(W, [n]\W ) is the set of edges with one end-point inW and the other one
outside of W . It is well known that there exists graphs with a small constant
degree and of a high expansion. In particular, there exists the so called 3-
regular expanders: the degree of each vertex in G is 3 and e(G) ≥ Ω(n) (cf.
[73]).

Theorem 13.3.7 (Urquhart [500], Ben-Sasson and Wigderson [73])
Let G = ([n], E) be a connected graph and f : [n] → {0, 1} be such that∑

i∈[n] f(i) = 1 in F2. Then wR(TSEG,f ) ≥ e(G).
In particular, if G is a 3-regular expander then |TSEG,f | = O(n) and each

R-refutation of TSEG,f must have size at least 2Ω(n).

13.4 Random Formulas

It is a folklore opinion that randomly chosen formulas share all natural hardness
properties of the formulas one can specifically tailor to make a particular hard-
ness measure high. This is a bit vague but in proof complexity and SAT solving
this means that if you can establish a lower bound for the size (the height, the
number of steps, the degree, etc.), or for the time of a SAT algorithm, for a
specific sequence of formulas, then the same lower bound is likely to hold (with
a high probability) for formulas chosen randomly. The phrase chosen randomly
involves specifying a probability distribution on formulas and that involves set-
ting various parameters. Some such distributions give an impression of being
more natural than other, and some are even boldly described by researchers as
being canonical.

As an example consider CNF formulas in n atoms. You may pick 0 ≤ p ≤ 1
and choose a random CNF by including in it each of possible 4n clauses - allowing
complementary literals to appear at the same time - with probability p. Or
you may a priori disregard clauses containing both an atom and its negation,
keeping the remaining 2n. Or you may select k ≥ 1 and pick only clauses with
k literals (exactly or at most). Or instead of using p you may select in advance
0 ≤ m ≤ 2n and choose the CNF uniformly at random from all those having
exactly m clauses (or k-clauses). The properties of the resulting distributions
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may be very different. A well-known example is the satisfiability threshold. We
shall formulate as an illustration its special case.

For the next theorem denote by Dk
n,m a distribution on k-CNFs with n atoms

and m clauses defined as follows: pick m k-clauses, uniformly and independently
from all

(
n
k

)
2k possible k-clauses, with repetitions of clauses allowed.

Theorem 13.4.1 (Friedgut [193])
There is a function n→ r(n) such that for all ε > 0:

ProbD∈D3
n,(r(n)−ε)n

[D ∈ SAT]→ 1 and ProbD∈D3
n,(r(n)+ε)n

[D ∈ SAT]→ 0 .

It is open whether r(n) converges to some value but it is expected that it does
and that the limit is close to 4.27.

For proof complexity this means that choosing 3CNFs according to, say,
D3

n,5n is a source of random formulas that are with a high probability unsatis-
fiable, and we may study their proof complexity. An early example was:

Theorem 13.4.2 (Chvátal and Szemerédi [143])
Let k ≥ 3 and let c ≥ 2k ln 2. Then as n → ∞, with the probability going

to 1, a random k-CNF chosen according to Dk
n,cn is unsatisfiable but requires

R-refutations of exponential size 2Ω(n).

The proof of this theorem illustrates also one weak point of random formulas.
Lower bounds for them, for a specific proof system or a specific complexity
measure so far never came first. Instead a lower bound is proved first for some
specific sequence of formulas defined for the purpose and only later it is verified
that the key property of the sequence needed in the argument is also shared
by a random sequence chosen from a suitable distribution. Initial discoveries
of proof complexity lower bounds seem to always closely rely on the meaning
of the specific hard formulas used. In this respect random formulas were so far
not very useful in proof complexity. That may change with a discovery of new
methods (but not, I think, by formulating any number of new hypotheses).

The resolution lower bound for random formulas was recovered (and strength-
ened) by a width argument (involving expanding hypergraphs) as well.

Theorem 13.4.3 (Ben-Sasson and Wigderson [73])
Let 0 < ε ≤ 1/2 be arbitrary and put m = m(n) := (n

1
2−ε)n. Then with a

high probability a random formula chosen from D3
n,m is unsatisfiable but requires

R-refutations of width at least
m− 2

1−εn .

In particular, it requires refutations of size at least

2Ω(m
− 4

1−ε n) .

We will not prove these theorems as we shall recover some lower bounds for
random formulas from a different type of a statement we shall discuss now (and
more in Section 19.4).
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Consider an `-sparse m × n matrix A over the two-element field F2 as in
Section 13.3 and recall that we denoted by Ji := {j ∈ [n] | Aij = 1}. We shall
interpret A now as defining a linear map from Fn

2 into Fm
2 . In particular, the

i-th output bit is computed as:

(A · x)i =
∑

j

Aijxj =
⊕
j∈Ji

xj .

Because we assume m > n, Rng(A) is a proper subset of Fm
2 . Take any vector

b ∈ Fm
2 \Rng(A). Then the linear system:

A · x = b

has no solution (in F2) and this unsolvability can be expressed as a tautology,
to be denoted by τb(A), in a DNF as follows:

τb(A) :=
∨

i∈[m]

∨
ε∈{0,1}|Ji|,⊕j∈Ji

εj=1−bi

∧
j∈Ji

x
εj

j

Here we use the notation xε from Section 5.4. The formula says that there is
some bit i such that the ith bits of A ·x and b differ, which itself is expressed by
saying that there are evaluations εj to the bits xj of x that belong to Ji which
determine the ith bit of A · x as 1− bi, i.e. as different from bi. Note that the
size of the formula is bounded above by O(m2``), and that the clauses of ¬τb
have width ≤ `.

Using the notion of a safe set of rows of matrix A from Section 13.3 we define
the following:

1. A partial assignment ρ :⊆ {x1, . . . , xn} → {0, 1} is called safe if and only
if dom(ρ) =

⋃
i∈I Ji, for some safe I. One such I chosen in some canonical

way is the support of ρ, denoted by supp(ρ).

2. Let b ∈ {0, 1}m. A safe partial assignment ρ with support I is a safe
partial solution of A ·x = b if and only if ρ(xj) = bi for all Ji ⊆

⋃
u∈I Ju,⊕

j∈Ji
.

3. For ρ a safe partial solution with supp(ρ) = I, b
ρ

is the (m − |I|)-vector
with the ith coordinate being bi ⊕

⊕
j∈Ji∩dom(ρ) ρ(xj), for i such that

Ji 6⊆ dom(ρ). Denote by xI the tuple of variables not in J(I).

Clearly, if ρ is a safe solution whose support is I, and ξ is a solution of
AI · xI = b

ρ
, then ρ ∪ ξ is a solution of A · x = b.

Lemma 13.4.4 Assume I ⊆ I ′ ⊆ [m] are safe systems and |I ′\I| ≤ r. Assume
further that ρ is a safe assignment such that supp(ρ) = I, and that values
ci ∈ {0, 1} for i ∈ I ′ \ I are arbitrary.
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Then the assignment ρ can be extended to a safe assignment ρ′ with supp(ρ′) =
I ′ such that ⊕

j∈Ji

ρ′(xj) = ci ,

for all i ∈ I ′ \ I.

Proof:
AI is an (r, 1

4 )-expander (by Lemma 13.3.2) and the the expansion property
implies that every subset of I ′ \ I has a non-empty border in AI . In particular,
no subset of I ′ \I can be linearly dependent set of rows of AI . Hence the system⊕

j∈Ji\dom(ρ)

xj = ci ⊕
⊕

j∈Ji∩dom(ρ)

ρ(xj)

has a solution, say ξ. Put ρ′ := ρ ∪ ξ.

q.e.d.

Lemma 13.4.5 Assume that A is an `-sparse m×n matrix that is an (r, 3/4)-
expander. Let b /∈ Rng(A) be arbitrary.

Then every R-proof of τb(A) must have width at least ≥ r/4.

Proof:
Let π be a resolution refutation of A · x = b, i.e. a proof of τb(A). Let us

denote width of π by w.
We shall construct a sequence of clauses C0, . . . , Ce occurring in π and a

sequence of partial safe assignments αt :⊆ {x1, . . . , xn} → {0, 1} for t = 0, . . . , e,
such that the following conditions are satisfied:

1. C0 := ∅ is the end clause of π. Each Ct+1 is a hypothesis of an inference
in π yielding Ct, and Ce is an initial clause.

2. If xj occurs in Ct then xj ∈ dom(αt).

3. Ct is false under the assignment αt.

4. |supp(αt)| ≤ 2w.

Put α0 := ∅. Assume we have Ct and αt, and that Ct has been inferred in
π by:

D1 ∪ {xj} D2 ∪ {¬xj}
Ct(= D1 ∪D2)

Let I ′ ⊇ supp(αt) be a minimum safe set with some row containing j. It exists,
by Lemma 13.3.2, as long as |supp(αt)| + 1 ≤ r/2; as |supp(αt)| ≤ 2w this
inequality follows if w < r/4.
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By Lemma 13.4.4 there is a partial safe solution ρ′ ⊇ αt. Take for αt+1 ⊆ ρ′
a minimum safe assignment obeying conditions 2. Finally, take for Ct+1 the
clause among D1 ∪ {xj}, D2 ∪ {¬xj} made false by αt+1.

Now note that the conditions posed on Ce and αe lead to a contradiction.
Ce is an initial clause and so αe makes true its negation which is one of the
conjunctions

∧
j∈Ji

x
εj

j in τb. In particular, ⊕j∈Ji
εj = 1− bi. But that violates

the assumption that αe satisfies all equations of A · x = b evaluated by αe.
We have constructed the sequence under the assumption that w < r/4.

Hence w ≥ r/4.

q.e.d.

Corollary 13.4.6
Assume that A is an `-sparse m×n matrix that is an (r, 3/4)-expander. Let

b /∈ Rng(A) be arbitrary. Then every R-proof of τb(A) must have the size at

least ≥ 2Ω(
(r/4−`)2

n ).
In particular, for every δ > 0 there is an ` ≥ 1 such that for all sufficiently

large n there exists an `-sparse n2×n-matrix A such that τb(A) requires R-proofs
of size at least ≥ 2Ω(n1−δ).

Proof:
Apply Theorem 13.3.1 for δ/2, to get ` ≥ 1 and an `-sparse n2 × n-matrix

A which is an (n1−δ/2, 3/4)-expander. By Lemma 13.4.5 every R-proof of τb(A)
must have the width at least Ω(n1−δ/2).

The width-size relation given in Theorem 5.4.5 it follows that the size of any
such proof must be at least exp(Ω( (n1−δ/2−`)2

n )), as ` bounds the width of the
initial clauses. This is 2Ω(n1−δ).

q.e.d.

Now we return to random formulas. Let C be an `-clause with the literals
corresponding to the variables xj from j ∈ J ⊆ [n] of size `. Let a ∈ {0, 1}n be
any truth assignment. The condition C(a) = 0 forces the values of a on J and
hence also a unique value b(C) :=

⊕
j∈J aj .

Assume now that D is an `-CNF with `-clauses Ci, i ∈ [m], with Ji ⊆ [n]
being the (indices of) the variables occurring in Ci. Then D is unsatisfiable if
and only if

∀x ∈ {0, 1}n∃i ∈ [m] Ci(x) = 0 ,

which implies
∀x ∈ {0, 1}n∃i ∈ [m]

⊕
j∈Ji

xj = b(Ci) ,

which is further equivalent to

∀x ∈ {0, 1}n∃i ∈ [m]
⊕
j∈Ji

xj 6= bi ,
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where we set bi := 1− b(Ci). Put b := (b1, . . . , bm).
Let A be the m × n matrix with ones in the i-th row in columns Ji. Then

b /∈ Rng(A) and a short refutation of D yields a short refutation of τb(A) (here
we need that ` = O(log n) or better ` = O(1) in order to manipulate the DNF
expressing the parity

⊕
of ` variables efficiently). If D was random, so is A and

by Theorem 13.3.1 has with a high probability the expansion property required
in Corollary 13.4.6 and the lower bound applies.

13.5 Interpolation

In Section 5.6 we considered an unsatisfiable set of clauses

A1(p, q), . . . , Am(p, q), B1(p, r), . . . , B`(p, r) (13.5.1)

containing only literals corresponding to the displayed atoms:

p = p1, . . . , pn , q = q1, . . . , qs , and r = r1, . . . , rt .

We showed that one can extract a circuit C(p) from an R-refutation of (13.5.1)
that interpolates the implication∧

i≤m

(
∨
Ai) −→ ¬

∧
j≤`

(
∨
Bj) (13.5.2)

and one can give an upper bound on the size of C in terms of the size of the
refutation (Theorem 5.6.1).

We shall now reformulate this situation as follows. Consider two sets Un, Vn ⊆
{0, 1}n defined by:

Un := {a ∈ {0, 1}n |
∧

i≤m

Ai(a, q) ∈ SAT} (13.5.3)

and
Vn := {a ∈ {0, 1}n |

∧
j≤`

Bj(a, r) ∈ SAT} . (13.5.4)

Then (13.5.1) is unsatisfiable if and only if Un and Vn are disjoint:

Un ∩ Vn = ∅

and C interpolates (13.5.2) if and only if the set

Wn := {a ∈ {0, 1}n | C(a) = 1}

separates Un from Vn:

Un ⊆Wn and Wn ∩ Vn = ∅ .

If Un is closed upwards, i.e. a ∈ Un ∧ a ≤ b implies b ∈ Un, then there is a
separating set Wn that is also closed upwards and can be defined by a monotone
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circuit. The same is true if V is closed downwards (i.e. a ∈ Vn ∧ a ≥ b implies
b ∈ Vn).

A general way how to get a sequence of sets Un and Vn defined in this way
is to use two disjoint NP sets U and V . We shall formulate it as a lemma for a
future reference; it follows immediately from the NP completeness of SAT.

Lemma 13.5.1 Assume U and V are two disjoint NP sets. Then for each
n ≥ 1 there are m, `, t, s ≤ nO(1) and m + ` clauses Ai and Bj of the form
(13.5.1) such that

Un := U ∩ {0, 1}n and Vn := V ∩ {0, 1}n

satisfy (13.5.3) and (13.5.4), respectively.
In addition, if U is closed upwards then such clauses Ai can be found in

which atoms p occur only positively, and if V is closed downwards then such
clauses Bj can be found in which atoms p occur only negatively.

Using Theorem 5.6.1 we can now formulate a lower bound criterion.

Theorem 13.5.2
Let U, V be two disjoint NP-sets and let s(n) be the minimum size that any

circuit separating Un from Vn must have. Then any R-refutation of the clauses
Ai, Bj satisfying the conditions of Lemma 13.5.1 must have at least Ω(s(n)/n)
clauses.

If, in addition, U is closed upwards (or V is closed downwards) and s+(n) is
the minimum size of a monotone circuit separating Un from Vn and the clauses
Ai are chosen so that all atoms p occur only positively in them (or only negatively
in all clauses Bj), then any R-refutation of the clauses Ai, Bj must have at least
Ω(s+(n)/n) clauses.

Hence to get, say, a super-polynomial lower bound for R via this criterion
the only thing we need to do is to take two NP sets that cannot be separated
by a set in P/poly or the monotone version of this. This is, however, not at
all easy, because there are no known non-trivial lower bounds on general (non-
monotone) circuits. We shall consider in Chapter 17 examples of disjoint NP
sets for which the hardness of their separation are well-established conjectures
in computational complexity. Fortunately we are not confined to proving only
conditional results: there are strong lower bounds for monotone circuits sepa-
rating two (monotone) NP sets and luckily we can use then the monotone part
of the criterion Theorem 13.5.2.

We start by defining the perhaps most famous pair of disjoint NP sets where
one is closed upwards and the other one is closed downwards. As in Section 1.4
where we have defined the Boolean function Cliquen,k we shall identify graphs
(tacitly undirected, simple and without loops) with strings of the length

(
n
2

)
.

We shall use the symbol
(
n
2

)
to denote also the set of unordered pairs of elements

of [n].
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For n, ω, ξ ≥ 1 define Cliquen,ω to be the set of graphs on [n] (i.e. of strings
of the length

(
n
2

)
) that have a clique of the size at least ω, and define Colorn,ξ

to be the set of graphs on [n] that are ξ-colorable. The former set is closed
upwards and the latter downwards: adding more edges cannot remove a clique
and deleting some edges cannot violate a graph coloring. They are defined by
the following two sets of clauses.

The set of clauses to be denoted by Cliquen,ω(p, q) uses
(
n
2

)
atoms pij , {i, j} ∈(

n
2

)
, one for each potential edge in a graph on [n], and ω · n atoms qui, u ∈ [ω]

and i ∈ [n] intended to describe a mapping from [ω] to [n], and it consists of
the following clauses:

•
∨

i∈[n] qui, all u ≤ ω,

• ¬qui ∨ ¬quj , all u ∈ [ω] and i 6= j ∈ [n],

• ¬qui ∨ ¬qvi, all u 6= v ∈ [ω] and i ∈ [n],

• ¬qui ∨ ¬qvj ∨ pij , all u 6= v ∈ [ω] and {i, j} ∈
(
n
2

)
.

The set Colorn,ξ(p, r), using besides atoms p also n · ξ atoms ria, i ∈ [n] and
a ∈ [ξ] intended to describe a coloring of the graph, and it consists of the
following clauses:

•
∨

a∈[ξ] ria, all i ∈ [n],

• ¬ria ∨ ¬rib, all a 6= b ∈ [ξ] and i ∈ [n],

• ¬ria ∨ ¬rja ∨ ¬pij , all a ∈ [ξ] and {i, j} ∈
(
n
2

)
.

Truth assignments to atoms q satisfying Cliquen,ω(a, q) can be identified with
injective maps from the set [ω] onto a clique in the graph (determined by) a,
and truth assignments to r satisfying Colorn,ξ(a, r) are colorings of the graph a
by ξ colors. Clearly:

Cliquen,ω = {a | Cliquen,ω(a, q) ∈ SAT}

and similarly
Colorn,ξ = {a | Colorn,ξ(a, r) ∈ SAT}

and these two sets are disjoint as long as ξ < ω. Note also that atoms p occur
only positively and negatively in the Clique and Color clauses, respectively.

Here is the circuit lower bound we shall use.

Theorem 13.5.3 (Razborov [434], improved by Alon and Boppana [18])

Assume that 3 ≤ ξ < ω and
√
ξω ≤ n

8 log n . Then every monotone Boolean
circuit C(p) separating Cliquen,ω from Colorn,ξ must have the size at least
2Ω(

√
ξ).
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We get a resolution lower bound as an immediate corollary of Theorems
13.5.2 and 13.5.3.

Corollary 13.5.4 There is a constant c > 0 such that whenever 3 ≤ ξ < ω and√
ξω ≤ n

8 log n the following lower bound holds.
Any R-refutation of

Cliquen,ω ∪ Colorn,ξ

must have at least 2Ω(ξ1/2)/n clauses.

A useful choice of the parameters is

ω := n2/3 and ξ := n1/3

as that will relate later the Clique-Color clauses with the weak pigeonhole
principle: WPHP(m2,m) for m := n2/3.

13.6 Games

Many concepts and constructions in mathematical logic can be explained by
talking about two-player (finite or infinite) games. A classic example is the
Ehrenfeucht-Fraissé game characterizing the elementary equivalence of two struc-
tures. Model-theoretic constructions often allow a natural game-theoretic for-
mulation, cf. Hodges [234]. Games are also frequent in computer science and
complexity theory and we have used games a few times already as well.

Games are used in proof complexity more as a way to express a certain
adversary argument than in a genuine game-theoretic sense. In particular, often
one of the players has a canonical strategy. It may be useful to have a variety of
games to choose from when we want to frame an argument in that language. We
have shorthanded the treatment of space lower bounds and to at least slightly
remedy this we present here the class of the so called pebbling games and
related pebbling formulas (or pebbling contradictions as they are also
called). Other games will be mentioned in the next section.

Pebbling arguments were used in computational complexity theory success-
fully for various space bounds or time-space tradeoff results and it is a well
established technique. The rough idea is that one uses pebbles to mark data
that ought to be kept in the memory in order to progress with a computation
(or with a proof), stipulating strict elementary rules governing moves of the
pebbles. The minimum number of pebbles that suffice is the minimum memory
requirement. An example of this set-up is the pebbling definition of the space
of R∗- and R-refutations from Section 5.5.

The pebbling techniques in R were developed originally to tackle a few gen-
eral questions and developed since then into a sophisticated technical tool. The
original questions included the optimality of Theorem 5.5.5, i.e. whether it is
not the case that the clause space and the width measures essentially coincide
(as is the case for the height and the total space by Lemma 5.5.4). If not, then
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there could still be some tight relation between the size and the clause space
analogous to Theorem 5.4.5. These problems as well as general questions about
the existence of proofs minimizing at the same time two or more of the measures
considered were solved, Section 13.7 offers details and the relevant bibliography.
Here we shall confine ourselves to explaining the games and the formulas.

We have defined in Section 5.5 pebbling of a directed acyclic graph (a dag)
and used it to define the clause space of R-refutations. If we restrict to dags G
with just one sink, we can think of G as the underlying graph of a circuit that
uses only conjunctions (of an arbitrary arity). The pebbling rule that a node
may be pebbled if all its predecessors are is just the condition how the value 1
passes through the

∧
gate. This game is called the black pebble game. In

the actual applications a more general black-white pebble game was used.
As the name suggests there are two kinds of pebbles, black and white, and some
new rules coming with them:

1. any node may hold at most one pebble,

2. a white pebble can be put on any non-pebbled node,

3. a black pebble can be put on any non-pebbled source node,

4. a black pebble can be put on a node if all its (immediate) predecessors are
pebbled (this incorporates the previous rule),

5. anytime a black pebble can be removed from a node,

6. anytime a white pebble can be removed form a source,

7. a white pebble can be removed from a node if all its (immediate) prede-
cessors are pebbled.

If G is the proof graph of a refutation we may think that a black pebble on a
clause certifies that we have already verified that it was correctly derived, and
a white pebble signals our assumption that the clause was correctly derived.

The black-white pebbling price of a graph is the minimum number of
black and white pebbles counted together that are needed in some pebbling
game that puts a black pebble on the sink. The pebbling time is the minimum
number of steps in a pebbling game that puts a black pebble on the sink.

A pebbling contradiction may be constructed from any dag G. Assume
V (G) are its nodes, w ∈ V (G) is the unique sink and ∅ 6= S ⊆ V (G) is the
non-empty set of the source nodes in G. Attach to each v ∈ V (G) an atom xv

and using these atoms to define the formula PebG to be the conjunction of the
following clauses:

• {xu}, for all u ∈ S,

• {¬xu1 , . . . ,¬xut
, xv}, for all v ∈ V (G)\S whose all immediate predecessors

are u1, . . . , ut,
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• {¬xw}, for the sink w.

Note that PebG has |V (G)| + 1 clauses whose maximum width is 1 plus the
maximum in-degree of a node in G.

These formulas are not hard for R.The following lemma is analogous to
Lemma 12.3.1.

Lemma 13.6.1 For any dag G with one sink and the maximum in-degree d,
PebG has an R-refutation with O(|V (G)|) steps and of width d+ 1.

In order to use the pebbling contradictions for lower bounds Ben-Sasson and
Nordström [72] combined them with substitutions. In particular, let d ≥ 2 be
a constant and let f : {0, 1}d → {0, 1} be a suitable Boolean function (in the
applications the function should have the property that one cannot fix its value
by a small partial restriction, e.g. the parity function). Because d is a constant,
we can write constant size DNFs representing both f and its negation ¬f , and
use these DNFs to substitute f(y1, . . . , yd) in new variables y for the positive
and the negative occurrences of the atoms of the original pebbling formula,
transforming clauses to clauses. This will increase the size and the width of the
formula proportionally.

There is a large number of modifications of this basic idea and a similarly
large number of its applications. Rather than giving here a sample we refer the
reader to the next section for references.

13.7 Bibliographical and Other Remarks

Sec.13.1 is from [281] which itself expanded upon Riis [450]. The DNF trees
are a special case of the test trees considered in [281]. Ramsey theorem and the
tournament principle can be found in [299]. The dichotomy between polynomial
and exponential size proofs as in Corollaries 13.1.3 and 13.1.6 were popularized
by Riis [452] under the term complexity gaps. Adversary arguments can be
rephrased also via partial orderings of partial truth assignments (under various
names: consistency conditions, dynamic satisfiability, extension systems, etc.)
We shall expand upon the forcing approach in Section 20.3.

Beyersdorff, Galesi and Lauria [77] gave a game-theoretic characterization of
the minimum proof size in R∗, using a variant of the Prover - Delayer game (see
bellow). Ben-Sasson, Impagliazzo and Wigderson [70] gave an almost optimal
separation of R∗ from R. Buss and Johannsen [127] study variants of the linear
resolution and compare it with the regular and the general resolution.

Sec.13.2 is based on my unpublished notes for students and expands a bit on
Dantchev and Riis [166]. The idea of relativization in proof complexity and the
particular question they answered is from [297]. The examples of the relativised
Ramsey principles are from [308]. Lemma 13.2.5 is from [291], improving a bit
upon an earlier width lower bound for RAM(nr, r) with the critical Ramsey
number nr by Krishnamurthy and Moll [333]. Lemma 13.2.6 and Theorem
13.2.7 are from [308].
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A motivation for the investigation of the proof complexity of the Ramsey
principle (in [291, 308] at least) is the following open problem (cf. [308]):

Problem 13.7.1 (The R(log) problem.)
Find a sequence of DNF formulas (preferably with narrow terms) that have

short constant depth Frege proofs (in the DeMorgan language) but require long
proofs in R(log).

The primary motivation for this problem is to improve upon the known non-
conservativity results in bounded arithmetic and known non-simulation results
among bounded depth Frege systems; the problem is the base case of these
questions. We shall discuss this in some detail when talking about the Depth
d vs. depth d + 1 Problem 14.3.2 in Section 14.5. Let us only stress now
that for a solution to have these consequences the qualifications narrow should
be interpreted as poly-logarithmic (in the size of the formula), a short proof
in AC0-Frege systems should mean quasi-polynomial, and a long R(log)-proof
ought to be not quasi-polynomially bounded. An optimal solution would present
k-DNFs with constant k having polynomial size AC0-Frege proofs but requiring
exponential size R(log)-proofs.

Both relativised Ramsey principles from Section 13.2 are potential candi-
dates, as well as is the unrelativised Ramsey principle RAMn: Theorem 13.2.7
gives lower bounds for the relativised principles and Pudlák [424] established
an exponential lower bound for R-refutations of RAMn. Furthermore, all these
principles have quasi-polynomial size proofs in the Σ-depth 1 system LK3/2 by
the translation of a bounded arithemtic proof of the Ramsey principle by Pudlák
[415] as improved by Aehlig and Beckmann [1] (see [308] for upper bounds for
the relativised principles).

By results for (W)PHP explained in this chapter, the PHP principles are
not good candidates for solving the R(log)-problem 13.7.1. Atserias, Müller and
Oliva [40] defined a relativization of the weak pigeonhole principle formalizing
that if at least 2n out of n2 pigeons are mapped into n holes then it cannot be an
injective map. They showed that the principle requires slightly super-polynomial
R(id) proofs (i.e. in the DNF-R with no restrictions on the bottom fan-in) but
that there are quasi-polynomial size R(log) proofs. Hence the relativised PHP
principle will also not help.

DNF formulas that will separate R(log) from LKd or LKd+ 1
2

if anything
does are the reflection principles for the latter systems: subexponential R(log)-
proofs of these formulas would imply a subexponential simulation of the stronger
systems (by Section 8.6). However, these are probably hard to use directly. In-
stead some formulas formalizing in a combinatorially transparent way a principle
equivalent to the reflection formulas may be useful. A class of such formulas
formalizing the colored PLS principle defined by K., Skelley and Thapen [329]
gives an example how this can be done for R.

Sec.13.3 presents ideas from Ben-Sasson and Wigderson [73, 66] but instead
of their original width lower bound argument (modifying Haken’s bottleneck
counting) we use the construction analogous to the one from [294] as that is
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used also for Lemma 13.4.5. The idea to restrict R in the PHP to subsets of
a suitable relation E was used first in [278, 281] but not for E of a bounded
degree and with expansion properties (see Section 14.1 for modified WPHP and
its use there). The idea of using the combinatorial expansion in proof complexity
originated with Ben-Sasson and Wigderson [73].

The definition of the expanding matrices is from Alekhnovich et.al. [11,
Def.2.1]. The proof of Theorem 13.3.1 can be found in [294] and it is a special
case of the proof of [11, Thm.5.1]. Lemma 13.3.2 is from [294] and it slightly
generalizes [11, L.4.6]; the proof here follows that in [294]. Lemma 13.3.3 is
due to Ben-Sasson and Wigderson [73, Thm.4.15], the proof is new. Theorem
13.3.4 is also from [73]. The special cases for PHPn and WPHPm

n are due
to Haken [218] and Buss and Turan [135], respectively; they (as well as [73])
get a slightly better bound with the exponent Ω(n2

m ). We opted to use the
formulation of Theorem 13.3.1 that gives only a slightly weaker bound as the
same formulation can be used also in Section 13.4. Eventually Raz [430] proved
an exponential bound for arbitrary m (this was preceded by the same result for
regular R by Pitassi and Raz [405]). Razborov [441, 442, 443] further extended
these results.

Representing functions by their bit-graphs was used in bounded arithemtic
by Chiari and K. [140] in order to decrease the quantifier complexity of some
combinatorial principles (cf. Section 14.6). This corresponds to changing some
clauses to narrow ones. The bit PHP was defined by Filmus et.al.[187] who
studied space complexity in PC (Theorem 13.3.5 is surely implicit there).

The second part of Theorem 13.3.7 follows from the width lower bound (due
to [73]) via Theorem 5.4.5 but it was proved earlier by Urquhart [500] using a
different method.

Sec.13.4 Statements (as well as their proofs) 13.4.4, 13.4.5 and 13.4.6 are from
[294]. Random formulas may enter proof complexity also differently, as random
axioms. Building on an originally proposal by Dantchev, Buss, Kolodziejczyk
and Thapen [130, Sec.5.2] defined the notion of the δ-random resolution
(denoted by RR): a δ-random refutation distribution of a set of clauses C
is a probability distribution on pairs πr,Dr such that πr is an R-refutation of
C ∪Dr, and such that the distribution (Dr)r obeys the condition that any total
truth assignment satisfies Dr with the probability at least 1−δ. This is a sound
proof system. Buss et.al. [130] explain its relation to a bounded arithmetic
theory (this was the motivation for them to consider the proof system) and
Pudlák and Thapen [428] present variants of the definition and several upper
and lower bounds.

Beame, Culberson, Mitchell and Moore [51] investigated the proof complex-
ity of a class of random formulas expressing the k(n)-colorability for random
graphs, and Atserias et.al. [28] investigated random formulas (in regular reso-
lution) expressing the non-existence of a large clique.

Sec.13.5 is from [282].

Sec.13.6 Beyersdorff and Kullmann [80] used games to define in a uniform way



R and R-like proof systems 333

all proof complexity measures for R-refutations. The games they considered
generalized the Prover - Delayer game of Impagliazzo and Pudlák [247] designed
originally for proving lower bounds for R∗. The game is played as the Buss -
Pudlák game (Section 2.2) but the Prover may ask only for truth values of
atoms. On the other hand the Liar has more options: he can either answer (in a
way locally consistent with the initial clauses) but he may also defer the answer
to the Prover. Whenever he does that he scores a point. The existence of a
strategy for the Liar scoring at least p points against every Prover implies the
2p size lower bound for R∗. Galesi and Thapen [195] generalized the Prover -
Delayer game in another direction in order to characterize various subsystems
of R.

Pudlák [420] considered a restriction of the Buss-Pudlák game (cf. Section
2.2) for resolution (restricting the queries to literals). The minimum length of
the plays between the Prover and the Liar corresponds to the minimum height
of R-refutations (analogously to Lemma 2.2.3). However, he showed that by
considering instead the memory the Prover has to use it is possible to capture
the size of R-refutations. The idea is that the Prover can use an R-refutation π
of a CNF as his strategy (as in the proof of Lemma 2.2.3) and at any given point
she just needs to remember which clause of π she is in. Hence the memory is at
most (and, in fact, is proportional to) the logarithm of the number of clauses
in π (as an example Haken’s [218] lower bound for PHP is presented in this
framework).

The pebbling formulas and the pebbling game were used for lower bounds
by Nordström [372], by Ben-Sasson and Nordström [71] and further improved
in Nordström [373, 374]. Nordström [375] is a detailed survey of the topic.

Space remarks:
A lower bound for the width implies lower bounds for the clause space (The-

orem 5.5.5) and, with a luck, for the size (Theorem 5.4.5). One can ask if
it is possible to separate these measures by finding formulas allowing one of
them small but requiring the other one to be large, or whether it is possible to
minimize two or more of the measures simultaneously. In addition, the space
measure comes in (at least) three variants (clause, total, variable). The variety
of different results is large and ever growing and the reader interested in the
details ought to consult some specialized up-to-date survey. Below we mention
only a few selected results; the cited works offer further references.

Nordström [372, 373] investigates the space measure and its relations to the
width and to the size. In particular, he gave examples for which short or narrow
refutations must be spacious. Thapen [493] described a family of narrow CNF
formulas having polynomial size refutations but all narrow refutations must have
an exponential size.

A simple counting argument shows that any formula refutable in R within
the width w must have an R-refutation of size nO(w). Atserias, Lauria and
Nordström [36] proved that this is tight: they constructed 3-CNF formulas with
n atoms that do have R-refutations of width w but require R-refutations of size
nΩ(w).
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Bonacina, Galesi and Thapen [89] proved quadratic lower bounds for the
total space of refutations of random k-CNFs and also for two variants of the
pigeonhole principle. Bonacina [88] then proved a general theorem implying
that one can get good lower bounds on total space from lower bounds on width.
Nordström and Hastad [377] proved a tight lower bound on the space of refu-
tations of the pebbling contradictions by an argument that did not use a width
lower bound. Beame, Beck and Impagliazzo [49] prove a size-space tradeoff that
applies to a super-linear space.

Links to SAT solving.

We have not discussed results about proof complexity of resolution that are
motivated by various SAT solving algorithms. Instead we offer now at least
some links to a rather vast literature on the subject that can serve the reader
as starting points for exploring that area. Nordström [376] is a useful survey.

Atserias, Fichte and Thurley [32] showed that a width k resolution can be
thought of as nO(k) restarts of the unit resolution rule together with learning.

Lower bounds for R∗ imply via Lemma 5.2.1 also lower bounds for the
time of DPLL algorithms; these lower bounds are for unsatisfiable formulas.
Alekhnovich, Hirsch and Itsykson [13] gave lower bounds for two classes of
DPLL algorithms for satisfiable formulas as well.

Goerdt [204] demonstrated a super-polynomial separation between the reg-
ular and the unrestricted resolution. This was improved to an exponential
separation by Alekhnovich et.al. [14]. They used the so called Stone tautologies
formalizing a form of induction. Buss and Kolodziejczyk [129] proved that these
tautologies have short proofs in the so called pool resolution and in an extension
of the regular tree-like resolution, implying that they do not separate R from
DPLL with the clause learning.

Kullmann [336] defined a generalization of resolution capturing propositional
logic, constrain satisfaction problems and polynomial systems at the same time.
He also defined [335] a generalized ER, GER, a parameterized version of ER;
ER p-simulates GER but Kullmann [335] showed that one can prove strong
lower bounds for GER.

Beame et.al. [54] consider several proof systems corresponding to extensions
of DPLL by a formula caching scheme. In particular, they define a proof system
FCW

reason which can polynomially simulate the regular resolution and has an
exponential speed-up over the general resolution on some formulas.

Beame, Kautz and Sabharwal [55] characterized precisely (in a proof com-
plexity sense) extensions of R by various forms of clause learning. Buss, Hoff-
mann and Johannsen [125] consider characterizations of DPLL with clause learn-
ing via the tree-like R with lemmas.

Bonacina and Talebanfard [90] considered a proof system weaker than R
but generalizing the regular R and proved a strong exponential lower bound for
it, branded by them as being consistent with the so called Exponential Time
Hypothesis (an assumption used in analyzing some SAT algorithms).



Chapter 14

LKd+1/2 and Combinatorial
Restrictions

We prove in this chapter an exponential separation of LKd+1/2 from LK∗
d+1/2

(and by Lemmas 3.4.2 and 3.4.7 also from LKd−1/2) if d ≥ 1. In particular, by
the simulation of Theorem 3.2.4 we get exponential lower bounds for AC0 Frege
systems. The hard formulas depend on the depth (otherwise we could not get
a separation of the subsystems). Formulas that are hard for all constant depth
subsystems will be presented in Chapter 15.

We present the results for the subsystems LKd+1/2 defined by the Σ-depth
rather than for LKd defined using the depth. This is because bounded arithmetic
theories Si

1(α) and T i
1(α) from Section 9.3 translate into proof systems defined

by the Σ-depth (cf. Section 10.5). The general idea works equally well for
the systems LKd. Using constant depth subsystems of the sequent calculus LK
rather than of a Frege system in the DeMorgan language allows us to use the
optimal simulations among them proved in Section 3.4 and thus to prove sharper
separations.

An important part of the argument rest upon an analysis of what effect a
restriction (i.e. a partial truth assignment) of a certain type has on a constant
depth formula. The qualification combinatorial in the title of the chapter refers
to the fact that we shall study how restricted formulas behave with respect
to the set of all truth assignments, i.e. semantically. This makes the whole
argument, I think, conceptually simpler than the argument we shall study in
the next chapter.

14.1 The Lifting Idea

The general idea is fairly simple. Assume that we have two subsystems P and
Q of LK of small (Σ-)depths and that we also have a small depth formula A(p)
that has a short proof in Q but only long proofs in P . Replace each atom pi

by a generic depth d formula written using new sets of atoms {si
j}j , disjoint

335
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for all i. Such a generic formula is naturally obtained as the 〈. . . 〉 translation
(for some n) of a generic first-order formula of the quantifier complexity d. The
most natural one is perhaps

∀y1∃y2 . . . Qdyd S(y1, . . . , yd)

with the quantifiers alternating (i.e. Qd = ∀ if and only if d is odd) and with
S being a d-ary relation symbol. The translation with the size parameter n is
what is in complexity theory called the depth d Sipser function:

Sd,n :=
∧
j1

∨
j2

. . . sj1,...,jd
(14.1.1)

with the indices j1, . . . , jd ranging over [n].
If we substitute in the Q-proof of A(p) for each pi the formula Sd,n

i written as
(14.1.1) but using the atoms si

j1,...,jd
for different i we get a proof of A(Sd,n

1 , . . . )
in Q + d, Q lifted by the (Σ-)depth d. The hard part is to show that there is
no short proof of the formula in P + d, P lifted by the depth d. The strategy
is to find a restriction σ of the atoms of all Sd,n

i which would collapse a short
proof π in P +d of A(Sd,n

1 , . . . ) into a short P -proof of the original formula A(p)
which we know does not exists. It is easy to define σ that collapses each Sd,n

i

into one atom but we need that σ collapses all depth d subformulas that occur
in π. This is more difficult and, in particular, σ will not collapse A(Sd,n

1 , . . . )
into the original formula A(p) but into a formula that is close to it.

The formula A we shall work with is the ontoWPHPn2

n from Section 11.4. For
technical reasons we want all indices ranging over the same set [n] and that we
shall represent elements of [n2] by pairs from [n]× [n]. Thus for ¬ontoWPHPn2

n

we take the following unsatisfiable set of clauses in the atoms pi1,i2,j :

• {pi1,i2,j | j ∈ [n]}, for all i1, i2 ∈ [n],

• {pi1,i2,j | i1, i2 ∈ [n]}, for all j ∈ [n],

• {¬pi1,i2,j ,¬pi1,i2,j′}, all i1, i2 ∈ [n] and j 6= j′ ∈ [n],

• {¬pi1,i2,j ,¬pi′1,i′2,j}, all (i1, i2) 6= (i′1, i
′
2) ∈ [n]× [n] and j ∈ [n].

The bottom proof systems P and Q will be R∗(log) and R(log), respectively. By
Corollaries 11.4.5 and 13.1.3 ¬ontoWPHPn2

n has a size nO(logn) R(log)-refutation
while each R∗(log)-refutation must be exponentially large, 2Ω(n1/2). However
because of the collapsing process we shall need an R∗(log) lower bound for a
formula close to WPHPn2

n , the modified WPHP .
Let E ⊆ [n]× [n]→ [n] and define

¬(E − ontoWPHPn2

n )
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to be as ¬ontoWPHPn2

n but deleting from it all atoms pi1,i2,j such that ((i1, i2), j) /∈
E. For (i1, i2) ∈ [n]× [n] denote by E((i1, i2),−) the set of all j ∈ [n] such that
((i1, i2), j) ∈ E and analogously E(−, j) the set of all (i1, i2) ∈ [n] × [n] such
that ((i1, i2), j) ∈ E.

Lemma 14.1.1 Assume E ⊆ [n]× [n]→ [n] is such that:

1. For all (i1, i2) ∈ [n]× [n], |E((i1, i2),−)| ≥ n1/2,

2. for all j ∈ [n], |E(−, j)| ≥ n3/2.

Then every R∗(log n)-refutation of ¬(E − ontoWPHPn2

n ) must have the size at
least 2Ω(n1/4).

Proof:
Use the adversary argument from the proof of Corollary 13.1.3 but build the

partial bijections R` between [n]× [n] and [n] only within E. This decreases 1/2
in the exponent n1/2 to 1/4.

q.e.d.

One could start also with the pair R∗ and R as the base case. But by the
nature of the collapsing process σ will transform a proof in R∗ + d into an
R∗(log)-proof anyway, so there is no advantage in starting with R∗, R.

14.2 Restrictions and Switchings

To make the whole idea work we need a substitution with the properties of σ
discussed in the last section. We shall assume that our original formula is built
from the atoms pi indexed by i ∈ [n]k, some k ≥ 1 (we had k = 3 for WPHP).
For each d, n ≥ 1 we take the Sipser functions Sd,n

i
as in (14.1.1), one for each

i ∈ [n]k. The atoms of Sd,n

i
are si

j
, all j ∈ [n]d, and their set will be denoted by

V ar(Sd,n

i
).

For the next statement recall from Section 3.4 the definition of the Σ-depth
of a formula and of the formula classes ΣS,t

d and ∆t
1.

Lemma 14.2.1 Let c, d ≥ 1 and n >> 1 and assume S ≤ 2n1/3
and t = logS.

Assume further that:

• A1, . . . , As are ΣS,t
d -formulas built from atoms in

⋃
i∈[n]k V ar(S

d,n

i
) of total

size
∑

u≤s |Au| ≤ S,

• U1, . . . , Ur ⊆ [n]k are arbitrary r ≤ nc sets.

Then there is a substitution

σ :
⋃

i∈{0,1}k

V ar(Sd,n

i
) → {0, 1} ∪ {pi | i ∈ [n]k}

such that:
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1. All formulas σ(Au), u ≤ s, are ∆t
1.

2. For any i ∈ [n]k, σ(Sd,n

i
) ∈ {0, 1, pi}.

3. For all Uv, v ≤ r, it holds that for at least |Uv| · n−(1/2) k-tuples i ∈ Uv:
σ(Sd,n

i
) = pi.

We shall use this lemma in the next section to prove the lower bound but
let us outline in the rest of the section how it is proved. We do not give here
full proofs but see Section 14.6 for references.

Partition the set
⋃

i∈[n]k V ar(S
d,n

i
) into nk+d−1 blocks

B(i, j1, . . . jd−1) := {si
j1,...,jd−1,j | j ∈ [n]}

one for each choice of i ∈ [n]k and j1, . . . , jd−1 ∈ [n].
For 0 < q < 1 define a probability space R+

k,d,n(q) of restrictions defined on⋃
i∈[n]k V ar(S

d,n

i
) as follows (the statement that an atom is set to ∗ means that

it is left unchanged):

1. For any w = (i, j1, . . . , jd−1) ∈ [n]k+d−1 put

rw :=
{
∗ with the probability q
0 with the probability 1− q.

2. For any atom s ∈ B(w) put:

ρ(s) :=
{
rw with the probability q
1 with the probability 1− q.

The probability space R−
k,d,n(q) is defined analogously but exchanging the roles

of 0 and 1.
Each ρ ∈ R+

k,d,n(q) is further extended to ρ̂ in order to replace the original
atoms

⋃
i∈[n]k V ar(S

d,n

i
) by the atoms of the Sipser function one level down; the

atoms from
⋃

i∈[n]k V ar(S
d−1,n

i
):

1. For w = (i, j1, . . . , jd−1) ∈ [n]k+d−1 and j, j′ ∈ [n], let ρ̃ extends ρ ∈
R+

k,d,n(q) by assigning value 1 to any si
j1,...,jd−1,j for which ρ is undefined

as long as for some j′ > j ρ(si
j1,...,jd−1,j′) is also undefined.

2. ρ̂(si
j1,...,jd−1,j) := si

j1,...,jd−1
, for all si

j1,...,jd−1,j that were not evaluated by
ρ̃ to 0 or 1.

For ρ ∈ R−
k,d,n(q) we define ρ̂ analogously but changing the values of si

j1,...,jd−1,j

in item 1. to 0 instead of to 1.
The following lemma shows that ρ̂ do reduce the Σ-depth of formulas.
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Lemma 14.2.2 (Hastad [224])
Assume d, e ≥ 1 and n >> 1, and let 0 < q < 1. Let C be an ΣS,t

e+1-formula
built from the atoms in

⋃
i∈[n]k V ar(S

d,n

i
).

Then for ρ chosen from R+
k,d,n(q) or from R−

k,d,n(q) the probability that ρ̂(C)
is not equivalent to a ΣS,t

e -formula (with the atoms from
⋃

i∈[n]k V ar(S
d−1,n

i
))

is at most (6qt)t.

We also need that ρ̂ does not collapse the Sipser functions too much, i.e. by
at most one level. To be able to formulate the relevant statement we need to
modify their definition first a bit. For a parameter ` ≥ 1 define T d,n,`

i
in the

same way as Sd,n

i
except that the arity of the last

∧
(if d is odd) or

∨
(if d is

even) ranges only over

(
1
2
`n log n)1/2 .

Note that T d,n,`

i
is a substitution instance of Sd,n

i
for ` << n/ log n (in the

actual construction ` is a constant). We shall say that a formula C contains
formula D if C can be obtained from D be renaming or erasing some variables.

Lemma 14.2.3 (Hastad [224])
Assume d, e, ` ≥ 1 and n >> 1 and let i ∈ [n]k, and denote T d,n,`

i
simply by

T . Put:
(
2` log n
n

)1/2

and assume q ≤ 1/5.

1. If d ≥ 2 and ρ is chosen from R+
k,d,n(q) if d is odd or from R−

k,d,n(q) if
it is even, then the probability that ρ̂(T ) does not contain T d−1,n,`−1

i
is at

most
n−`+d−1

3
.

2. If d = 1 and ρ is chosen from R+
k,d,n(q) then with the probability at least

1 − n−`+k

6

all nk circuits T 1,n,`

i
for all i ∈ [n]k are transformed by ρ̂ to ∗ or 0, and

with at least the same probability at least

((`− 1) log n)1/2nk− 1
2

∗’s are assigned.

The wanted substitution σ is obtained as a composition of the substitutions
ρ̂ chosen in an alternating way from R+

k,d,n(q) or R−
k,d,n(q) for d, d − 1, . . . , 1.

The reader can find the details in the references given in Section 14.6.
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14.3 Depth Separation

We have everything ready to make the lifting idea work.

Theorem 14.3.1 (K.[278])
For every d ≥ 0 and n >> 1 there is a set Zd,n of sequents consisting of

formulas of depth at most d and of total size |Zd,n| = O(n3+d) such that:

• Zd,n can be refuted in LKd+1/2 by a refutation of size nO(log n),

• every refutation of Zd,n in LK∗
d+1/2 (and thus also in LKd−1/2 for d ≥ 1

by Lemmas 3.4.4 and 3.4.7) must have size at least 2Ω(n1/3).

Proof:
Let A be the set of clauses ¬ontoWPHPn2

n from Section 14.1 and for all
i ∈ [n]3 let Sd,n

i
be the Sipser formulas as in (14.1.1), all in disjoint sets of

atoms. The set Zd,n consists of the substitution instances of all clauses from
¬ontoWPHPn2

n with each atom pi substituted for by Sd,n

i
.

By Corollary 11.4.5 R(log) refutes ¬ontoWPHPn2

n in size nO(log n) and the
substitution of the Sipser formulas for all atoms in the refutation yields a refu-
tation in LKd+1/2 still of size nO(log n) (for any fixed d).

Assume now that Zd,n has a size S refutation π in LK∗
d+1/2. Put t := logS

and assume S ≤ 2n1/3
. Take for sets Uv in Lemma 14.2.1 all n3 sets of the form:

• {(i1, i2, j) | j ∈ [n]}, all i1, i2 ∈ [n],

• {(i1, i2, j) | i1, i2 ∈ [n], all j ∈ [n].

Let Ai from the lemma be all formulas in π and let σ be the substitution
guaranteed to exists by that lemma.

The substitution transforms π into a (tree-like) refutation of σ(¬ontoWPHPn2

n )
in which all formulas collapse to ∆t

1. But σ(¬ontoWPHPn2

n ) is the set ¬(E −
ontoWPHPn2

n ) for
E := {i ∈ [n]3 | σ(pi) = pi}

The relation E ⊆ [n]3 satisfies by item 3. of Lemma 14.2.1 the hypothesis of
Lemma 14.1.1 and hence σ(π) (and thus also π) must have size greater than
2n1/3

.

q.e.d.

The following problem goes back to [278] and [281, p.243].

Problem 14.3.2 (The depth d vs. d+ 1 problem.)
Is there a constant c ≥ 0 such that for all d ≥ 0 and n >> 1 there are sets of

clauses Wd,n of size nO(1) such that all formulas in Wd,n have depth at most c
and such that LKd+1/2 has more than quasi-polynomial speed up over LK∗

d+1/2

on refutations of sets Wd,n?
In particular, can one always choose c = 0 (i.e. can the proof systems be

always separated by refutations of sets of clauses)?
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We do not require the sequence Wd,n to be uniform in any way: the existence
of any sequence implies (cf. Section 8.6) that also a suitable reflection principle
separates the proof systems and these are uniformly constructed formulas.

We shall show in Theorem 14.5.1 that one can get a super-polynomial
speed-up with c = 0 (i.e. the separation is realized by DNF formulas). The
super-quasi-polynomial speed-up is needed in order to derive from it a non-
conservativity result in bounded arithmetic (cf. Section 14.6).

Another open question is whether one can realize the separation using sets of
narrow clauses of formulas, i.e. if each sequent in Zd,n can be required to contain
at most O(log n) formulas. This is possible for d = 0, i.e. for a separation of
R(log) from R∗(log) (cf. Section 14.6).

14.4 No Gap Theorem

It may seem that part of the difficulty in Problem 14.3.2 is the close proximity
of the proof systems involved. We shall show in this section that that is not
so. We shall formulate the statements for the dag-like systems but analogous
constructions apply to the tree-like systems as well.

Lemma 14.4.1 Let 1 ≤ d < e and c ≥ 0. Let A be a set of sequents of total
size S consisting of formulas that are ΣS,t

c for t := logS (i.e. for c = 0 these
are small conjunctions or disjunctions).

Assume that A has an LKe+1/2 refutations of size se but every LKd+1/2

refutation must have the size at least sd. Then there is a set B of sequents
consisting of ∆log se

1 formulas such that:

• A ∪ B has an LKe−1/2 refutations of size O(se),

• every LKd−1/2 refutation of A ∪ B must have the size at least Ω(sd/se).

Proof:
Let π be an LKe+1/2 refutations of A of size se. For every Σse,te

1 subformula
C =

∨
iDi, Di size ≤ log se conjunctions, occurring in π introduce a new atom

qC and include in B all defining clauses of the extension axiom

qC ≡ C .

These are:
{¬qC , D1, . . . } , and {¬Di, qC} for all i .

For subformulas
∧

iDi, Di small disjunctions, do the same for its negation. Note
that the total size of B is at most O(se).

Claim 1:If A ∪ B has a size z LKd−1/2-refutation then A has a size O(z · se)
LKd+1/2-refutation.

This is obtained by substituting C for each qC and filling in few inferences
removing the extension axioms and their uses.
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Claim 2:A ∪ B has a size O(se) LKe−1/2-refutation.

Replace each C in π by qC and use the extension axioms to simulate the
inferences in π.

q.e.d.

The idea of the following theorem is that if we can separate LKd+1/2 from
LKe+1/2, d + 2 ≤ e, then for some d ≤ w < e we can also separate LKw+1/2

from LKw+3/2 and then use Lemma 14.4.1 (w− d)-times to pull the separation
down to LKd+1/2 and LKd+3/2.

Theorem 14.4.2 (The no gap theorem, Chiari - K. [141])
Let 0 ≤ c and 0 ≤ d < e, and let f(n), g(n) ≥ n be two non-decreasing

functions on N. Assume that An are sets of sequents consisting of formulas of
depth ≤ c such that for n >> 1 it holds:

• An has an LKe+1/2-refutation of size f(n),

• every LKd+1/2-refutation of An must have size at least g(e−d)(f(n)) (the
(e− d)-th iterate of g on f(n)).

Then there is a constant 0 ≤ v < e − d and sets Cn of sequents consisting
of depth ≤ c formulas and ∆t

1 formulas, t := log(f(n)) + O(1), such that for
n >> 1:

• if m is the minimum size of an LKd+3/2-refutation of Cn then every
LKd+1/2-refutation of Cn must have size at least Ω(g(m)/(mv)).

Proof:
There is d ≤ w < e such thatAn has a size

sw+1 := g(e−w−1)(f(n))

LKw+3/2-refutation but every LKw+1/2-refutation must have size at least

sw := g(sw+1) = g(e−w)(f(n)) .

Apply Lemma 14.4.1 v := (w − d)-times to this pair in place of [se, sd] in
the lemma: so from the initial pair [sw+1, sw] we get [O(sw+1),Ω( sw

sw+1
)] and

eventually [O(sw+1),Ω( sw

(sw+1)v )] (with different constants implicit in the O- and
the Ω- notations depending on v).

q.e.d.

Let us give a specific example of the theorem aimed at a situation relevant
for bounded arithmetic and the R(log) problem 13.7.1 (cf. Sections 13.7 and
14.6).
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Corollary 14.4.3 Let 0 ≤ c, d and let An be sets of sequents consisting of
formulas of depth ≤ c such that for n >> 1 it holds:

• For some e ≥ d+ 1, An has an LKe+1/2-refutation of size n(log n)O(1)
(i.e.

quasi-polynomial),

• every LKd+1/2-refutation of An must have size at least n(log n)ω(1)
(i.e.

super-quasi-polynomial).

Then there sets Cn of sequents consisting of depth ≤ c formulas and ∆t
1

formulas, t := log n))O(1), such that for n >> 1:

• Cn has a quasi-polynomial size LKd+3/2-refutation but every LKd+1/2-
refutation of Cn must have super-quasi-polynomial size.

Proof:
Apply the theorem with f(n) the quasi-polynomial upper bound for LKe+1/2

and g(n) := nlog n.

q.e.d.

14.5 DNF Separation

We shall prove now that we can get a super-polynomial separation in the Depth
d vs. depth d + 1 Problem 14.3.2. The proof uses a lower bound that we shall
prove in the next chapter only (Theorem 15.3.1) but the topic fits better to this
chapter so we present it here.

Theorem 14.5.1 (Impagliazzo - K. [244])
For all d ≥ 0 there are sets of clauses Bn and ε > 0 such that for all n >> 1,

if m is the minimum size of an LKd+3/2-refutation of Bn then every LKd+1/2-
refutation of Bn must have size at least

m(log m)ε

.

Proof:
The proof is a fairly simple combination of more difficult results. From the

next chapter we shall need:

(1) Every LKd+1/2-refutation of ¬PHPm (the set of clauses expressing the

negation of (1.5.1)) must have size at least 2m10−(d+1)

.

This is Theorem 15.3.1; here is 10 in place of 5 in the theorem because there we
work in the language without

∧
and its replacement via

∨
and ¬ causes possibly

the doubling of the depth, and the extra +1 in the exponent of 10 is because
we use the Σ-depth here and hence the ordinary depth is possibly higher by 1.

Fix d ≥ 0. For a parameter k ≥ 1 whose value we shall fix a bit later, and
for n >> 1, put m(k) := (log n)k. By Theorem 11.4.8:
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(2) For n >> 1 there are ek, ck ≥ 1 such that ¬PHPm(k) has an LKek+1/2-
refutation of size at most f(n) := nck .

Now pick k := 2 ·10(d+1). By (1) any LKd+1/2-refutation of ¬PHPm(k) must
have size at least nlog n. Depending on (e− d) choose ε > 0 small enough such
that for

g(n) := n(log n)ε

it holds
g(e−d)(f(n)) ≤ nlog n .

The No-gap Theorem 14.4.2 then yields what we need.

q.e.d.

14.6 Bibliographical and Other Remarks

Secs. 14.1 and 14.2 The lifting idea is from [278], as well as is the construction
of the substitution σ. Lemmas 14.2.2 and 14.2.3 used in the construction were
proved by Hastad [224]; see also Yao [514]. Our formulations are close to those
used in Buss and K. [132]. A related construction was used for a separation
result in bounded arithemtic in [277]. [281] also offers an exposition of all this
material.

Sec.14.3 Theorem 14.3.1 was the first exponential lower bound for constant
depth Frege systems (the first non-polynomial lower bound was Ajtai’s Theorem
15.3.1 which we shall prove in the next chapter), available as a preprint in mid
1991.

The non-conservativity which would follow from an affirmative solution to
Problem 14.3.2 is the non-conservativity of T d+2

2 (α) over Sd+2
2 (α) with respect

to ∀Σb
c+2(α) formulas. At present we have such a non-conservativity for all c = d

and for c = 1 and d = 1, 2, cf. [277], Chiari - K. [140] and Buss - K.[132]. The
narrow separation of R(log) from R∗(log) corresponds via the 〈. . . 〉 translation
to the separation of T 2

1 (α) from S2
2(α) by ∀Σb

1(α) formulas. This was achieved in
Chiari - K. [140] by finding first a ∀Σb

1(f) separating formula, f a new function
symbol, and then encoding f via its bit-graph:

β(x, j) if and only if the j-th bit of f(x) is 1 .

However, we do no have a generalization of the lifting method of Section 14.2
to this situation. The difficulty is that the second argument of β ranges over a
substantially smaller set than the first one. Chiari and K. [141] found a coherent
generalization but not suitable formulas it could be applied to and which at the
same time separate T 2

1 (f) from S2
2(f). Note that such proof complexity separa-

tions can be usually turned into a non-reducibility result for the corresponding
relativised NP search problems, cf. Section 19.3.

Secs. 14.4 and 14.5 transform to propositional logic the constructions from
Chiari - K. [141, Sec.5] and from Impagliazzo - K. [244], respectively, that
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were formulated for bounded arithmetic theories and non-conservativity rela-
tions among them. It was Thapen who pointed out that the argument from
[244] should work in the non-uniform (i.e. propositional) case as well and that
it ought to give a super-polynomial DNF separation of constant depth systems.
Skelley and Thapen [477] improved [141] to ∀Σb

1(α) formulas and presumably
one can derive from their result also a new propositional no-gap theorem for
sets of narrow clauses, analogously to Theorem 14.4.2. Thapen [492] gives can-
didate formulas based on the so called game iteration principle that could yield
a stronger (in particular, non-quasi-polynomial) separation.
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Chapter 15

Fd and Logical Restrictions

This chapter is devoted to the proof of an exponential lower bound for AC0

Frege proofs of the PHP principle. We shall also apply the method to few
related questions and discuss some open problems.

The non-existence of polynomial AC0 Frege proofs of PHP was proved by
Ajtai [5]. This is, in my view, the single most important paper in proof com-
plexity. Not so much because of the particular result (we have stronger bounds
and cleaner methods now) or its style (rather reader unfriendly) but because it
opened a completely new world for proof complexity, freeing it from the straight-
jacket of combinatorics. Until then was proof complexity perceived as a mere
propositional proof theory but Ajtai’s paper demonstrated deep connections
with mathematical logic and circuit complexity.

The overall idea of the argument can be, in retrospect, explained rather
simply. We do have strong lower bounds for low depth systems like R∗(log), so
we may attempt to transform - by a suitable restriction - any AC0 Frege proof
into a one that looks like an R∗(log)-proof of the same, or similar, formula.
This is, viewed from a high level, similar to the strategy we employed in the
preceding chapter. But because we aim at a specific formula (the PHP) which
already has a small depth, we need to use restrictions that will not collapse it
into a constant. This causes a significant shift: the restrictions will collapse
AC0 formulas to simpler ones but these simpler formulas will not be equivalent
to the original ones in the semantic sense as Boolean functions. Instead they
will be equivalent via short proofs (in a weak system) from the axiom ¬PHPn

(augmented by axioms defining the particular restriction, cf. Section 15.3). This
is why I use the qualification logical restrictions in the chapter title.

The method can be also interpreted as defining - for every not too large set
Γ of AC0 formulas - notions of Γ-true and Γ-false formulas from Γ that satisfies
the usual truth-table conditions but makes PHPn Γ-false. Taking for Γ all
formulas occurring in a not too long proof of PHPn we can then use a number
of arguments to reach a contradiction and prove the actual lower bound: a
soundness argument (all logical axioms are Γ-true and the Γ-truth is preserved

347
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by the inferences but the last formula is Γ-false), or an adversary argument as
in Section 13.1 (find a Γ-false logical axiom) or as a winning strategy for the
Liar in the Buss-Pudlák game (cf. Section 2.2), and other.

In my view the most faithful interpretation of the argument is the one from
the original Ajtai’s paper [5]: true is interpreted as being forced true in the
sense of model-theoretic forcing. In particular, Paris and Wilkie [393] used a
simple version of model-theoretic forcing to prove the independence of PHP
from the least number principle for Σb

1(R)-formulas (these translate into ΣS,t
1

formulas) and Ajtai’s argument can be seen as using suitable restrictions to
reduce any bounded depth formula into this form and then applying the Paris-
Wilkie argument. We shall explain this in Section 20.3 but for now, not to strain
the reader’s patience too much, we avoid model theory.

The argument does not involve any proof theoretic constructions where an
exact estimate to the depth would matter (in fact, no non-trivial proof theory is
involved). For this reason we shall use Frege systems instead of the much more
proof-theoretically precise sequent calculus we used in the preceding chapter.
Also, to decrease the number of cases to consider in various definitions we take
as our propositional language 0, 1, ¬ and ∨ (∧ is defined by a depth 2 formula
in this language so constant depth systems in the DeMorgan language and in
the restricted language simulate each other with a proportional change of the
depth).

The definition of the depth of DeMorgan formulas in the context of the
sequent calculus LK in Section 3.4 used unbounded arity

∨
and

∧
and it did

not count negations. This is not suitable for Frege systems and we need to
define the depth for formulas in the ordinary DeMorgan language with binary
∨ (∧ would be treated analogously). The depth of a formula in the restricted
language is 0 if and only if it is an atom or a constant, dp(¬A) = 1 + dp(A) if
A does not start with ¬ and it is dp(A) if it does, and

dp(A ∨B) =


max(dp(A),dp(B)) if both A and B start with ∨
1 + max(dp(A),dp(B)) if both A and B start with ¬
max(1 + dp(A),dp(B)) if B starts with ∨ and A does not
max(dp(A), 1 + dp(B)) if A starts with ∨ and B does not

Despite having only binary ∨ we shall write formulas (and clauses, in particu-
lar) using an unbounded arity

∨
: this is meant only as an abbreviation for a

disjunction formed from the binary ∨ by any bracketing.

We shall fix for the rest of the chapter an arbitrary Frege system F in the
language 0, 1,¬,∨. For d ≥ 0, Fd is the subsystem whose proofs are allowed to
use only formulas of depth at most d.

15.1 PHP Trees and k-evaluations

We shall consider the pigeonhole principle in its weaker formulation talking
about bijections between [n + 1] and [n], similarly as we had more general
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ontoWPHP in Section 11.4. This will make the lower bound stronger. We shall
represent it by the set of clauses formalizing the negation of the principle. That
is, ¬ontoPHPn is the set of clauses formed from the atoms pij , i ∈ [n+ 1] and
j ∈ [n]:

1.
∨

j pij , one for each i,

2. ¬pi1j ∨ ¬pi2j , one for each triple i1 < i2 and j,

3. ¬pij1 ∨ ¬pij2 , one for each triple i and j1 < j2,

4.
∨

i pij , one for each j.

Note that already the clauses in the first two items are unsatisfiable; the third
item implies that the principle talks about functions as oppose to multi-functions,
and the last item restricts it further to bijections.

Let us also fix n ≥ 1. The truth value of a formula built from the atoms
pij can be determined by a decision tree (cf. Section 1.4) branching at a node
according to the truth values of some atoms pij . Paths in such a tree determine
partial assignments to the atoms. It may happen that a path gathers information
about the assignment that will certify that the assignment violates one of the
clauses of ¬ontoPHPn; for example, it may contain information that pi1,j = 1
and also pi2j = 1 for some i1 6= i2. On the other hand, to violate a clause in the
first or the last items the path would have to have the length at least n.

The notion of a PHP-tree stems from these two simple observations and
incorporates into its definition conditions that prevent both. We will later con-
sider how PHP-trees change after a restriction and thus we now give a bit more
general definition than the discussion so far motivates.

Let D ⊆ [n + 1] and R ⊆ [n]. The notion of a PHP-tree over D,R is
defined by induction as follows:

• A single node, a root, is a PHP-tree over any D,R.

• For every i ∈ D the following is a PHP-tree over D,R:

– at the root the tree branches according to all j ∈ R, labelling the
corresponding edge pij ,

– at the end-point of the edge labelled by pij the tree continues as a
PHP-tree over D \ {i}, R \ {j}.

• For every j ∈ R the following is a PHP-tree over D,R:

– at the root the tree branches according to all i ∈ D, labelling the
corresponding edge pij ,

– at the end-point of the edge labelled by pij the tree continues by as
a PHP-tree over D \ {i}, R \ {j}.

• A PHP-tree is a PHP-tree over [n+ 1], [n].
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The height of a tree T , to be denoted by h(T ), is the maximum number of
edges on a path through the tree (it is sometimes called also the depth of the
tree but we want to avoid a confusion with the depth of formulas). A PHP-tree
of height ≤ k will be called a k-PHP-tree. For some time now we shall not
consider other trees than PHP-trees and hence we shall call them until further
notice just trees and k-trees.

It is useful to think of a tree as branching according to the queries f(i) =
? and f (−1)(j) =?, where f is the name for an unknown (and non-existing)
bijection between [n + 1] and [n]. Every path in a tree determines a partial
injective map between [n+1] and [n]; it is often convenient to identify the path
with the partial map and the tree with the set of all such maps corresponding
to all maximal paths.

Consider the simplest example: a tree of height 1 branching according to all
answers to f(i) =?. The formula

∨
j pij , an axiom of ¬ontoPHPn, is intuitively

true at every leaf of the tree because at any leaf one pij is made true. On the
other hand, if we think of f as defined everywhere (and, in particular, as f(i)
being defined) then the tree describes all possibilities. Hence the formula

∨
j pij

is true in the sense that it holds in all possibilities described by the tree.
Now take the formula ¬pij ∨¬pik, for j 6= k, another axiom of ¬ontoPHPn.

A suitable tree to use for evaluating the formula is a tree branching first ac-
cording to f (−1)(j) =? and then, at a branch corresponding to any u ∈ [n+ 1],
according to f (−1)(k) =? with answers from [n+1]\{u}. At every path through
this height 2 tree either f(i) 6= j or f(i) 6= k and hence the formula is satisfied.
As before, thinking of f as an injective map that is onto, the branching of the
tree describes all possibilities. Hence again the formula is true in the sense of
being true in all situations described by the tree.

Our general strategy is thus the following. We assign to all formulas a tree
and a subset of (the set of paths in) the tree where the formula is true, thinking
of the subset as the truth value of the formula in the Boolean algebra of all
subsets of (the set of all paths in) the tree. Boolean algebras satisfy all Frege
axioms (all tautologies, in fact) and are sound with respect to all Frege rules
and hence we ought to be able to use this as a model where Frege systems are
sound while ontoPHPn fails.

Of course, this cannot work as simply. All tautologies get the maximum
value in every Boolean algebra and so does ontoPHPn. In our case the problem
is that there is no bijection f and so no tree can decide the truth of all atoms.
This implies that formulas will have to have different trees attached to them and
they get truth values in different Boolean algebras. We shall need a way how
to compare them. Explaining more informally would, I think, rather obfuscate
things so we launch into a formal treatment.

Let Maps be the set of all partial bijections between [n+1] and [n], including
the empty map ∅. Maps from Maps will be denoted by small Greek letters
α, β, . . . . The size of α is the size of its domain and it will be denoted by |α|.

If α ∪ β ∈ Maps we say that α and β are compatible maps; this will be
denoted by α||β. On the other hand, if α∪β /∈Maps, α and β are incompatible
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(or contradictory), α ⊥ β in symbols. Note that this means that either for
some i in the domains of both maps α(i) 6= β(i) or for some j in the range of
both maps α(−1)(j) 6= β(−1)(j).

• For H ⊆ Maps and T a tree, T refines set H, H / T in symbols, if and
only if whenever an α ∈ T is compatible with some β ∈ H then it contains
some γ ∈ H.

• For two trees T and S, T × S := {α ∪ β | α ∈ T, β ∈ S, α||β} is the
common refinement of T and S.

• For H ⊆Maps and S a tree, the projection of H on S is the set S(H) :=
{α ∈ S | ∃γ ∈ H, γ ⊆ α}.

In the next few lemmas we use the letters H,K, . . . for arbitrary subsets
of Maps while we reserve the letters S and T for trees, without stressing it
explicitly. Trees are also thought of as subsets of Maps (a tree determines the
set of all paths in it) and hence definitions for sets H apply to them as well (for
example, T (S) is well defined).

Lemma 15.1.1 If |δ|+ h(S) ≤ n then ∃γ ∈ S, γ||δ.

Proof:
Walk through tree S answering all queries according to δ whenever it applies,

and arbitrarily but consistently with δ otherwise. The assumption that |δ| +
h(S) ≤ n implies that we do not run into a contradiction before reaching a leaf
of S. Map γ is the map determined by the particular path.

q.e.d.

Lemma 15.1.2 Assume h(S) + h(T ) ≤ n and H / S / T . Then also H / T .

Proof:
Assume δ ∈ T is compatible with some α ∈ H. We want to show that δ

contains some element of H.
By Lemma 15.1.1 ∃γ′ ∈ S, γ′||δ. By this, and by S/T , we have ∃γ ∈ S, γ ⊆ δ.

Such γ is necessarily compatible with α and hence, by H / S, ∃α′ ∈ H,α′ ⊆ γ.
Hence α′ ⊆ δ too.

q.e.d.

Lemma 15.1.3 Assume h(S)+h(T ) ≤ n. Then S×T is a tree and h(S×T ) ≤
h(S) + h(T ), and such that S / S × T and also T / S × T .

Proof:
To see that S×T is indeed a tree place copies of T under each leaf of S and

delete inconsistent paths and duplicities. The bound to the height of S × T is
obvious. We prove that S / S × T , the second statement is proved identically.

Assume that β ∪ γ ∈ S × T , with β ∈ S and γ ∈ T , is compatible with some
α ∈ S. Then necessarily α = β, i.e. β ∪ γ contains an element of S.



352 Lower bounds

q.e.d.

The next two lemmas will be very useful when comparing the truth values
different formulas get in different trees and also when actually computing the
truth values.

Lemma 15.1.4 Assume h(S) + h(T ) ≤ n and H / S / T . Then

1. T (S(H)) = T (H).

2. T (S) = T .

3. S(H) = S if and only if T (H) = T .

Proof:
The inclusion T (S(H)) ⊆ T (H) follows from the definition. For the opposite

inclusion assume that β ∈ T (H) because β ⊇ γ for some γ ∈ H. Using Lemma
15.1.1 S / T implies that ∃α ∈ S, α ⊆ β. Such β is then compatible with γ and
hence, as H / S, we conclude that ∃γ′ ∈ H, γ′ ⊆ α. So we have γ′ ⊆ α ⊆ β and
so β ∈ T (S(H)). This proves item 1.

Item 2. follows from item 1. by taking H := {∅}. For item 3. assume
first S(H) = S. By items 2. and 1.: T (S) = T , and T (S(H)) = T (H). So
T = T (H).

Finally, assume that T (H) = T . Let α ∈ S. By Lemma 15.1.1 there is β ∈ T
compatible with α. By the assumption also β ∈ T (H) and so ∃γ ∈ H, γ ⊆ β.
But such γ is compatible with α and hence, by H/S, it holds that ∃γ′ ∈ H, γ′ ⊆
α. So α ∈ S(H) as we wanted to show.

q.e.d.

Lemma 15.1.5 1. S(
⋃

iHi) =
⋃

i S(Hi).

2. If H0,H1 ⊆ T and H0 ∩H1 = ∅ then T (H0) ∩ T (H1) = ∅.

3. If S / T , h(S) + h(T ) ≤ n and H ⊆ S then T (S \H) = T \ T (H).

Proof:
The first two items follow directly from the definitions. By Lemma 15.1.4

T (S) = T , hence the last item follows from the first two.

q.e.d.

After verifying these preliminary and somewhat tedious facts we are ready
to define the key notion of k-evaluations and prove its basic properties. Recall
that we have some fixed n >> 1. Let 1 ≤ k ≤ n be a parameter and let Γ
be a set of formulas built from the atoms of ontoPHPn that is closed under
subformulas. A k-evaluation of Γ is a map

(H,S) : ϕ ∈ Γ −→ Hϕ ⊆ Sϕ

assigning to a formula ϕ ∈ Γ a k-tree Sϕ and its subset Hϕ, such that the
following four conditions are satisfied:
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1. S0 := S1 := {∅} (i.e. the tree consisting of the root only) and H0 := ∅
and H1 := S1.

2. Spij
is the depth 2 tree that first branches according to f(i) =? and then

according to f (−1)(j) =?. Hpij
:= {(i, j)}, the only path in Spij

of the
length 1.

3. S¬ϕ := Sϕ and H¬ϕ := Sϕ \Hϕ, whenever ¬ϕ ∈ Γ.

4. Assume ϕ =
∨

i φi is in Γ (where the big disjunction abbreviates arbitrarily
bracketed binary disjunctions). Then⋃

i

Hφi / Sϕ and Hϕ := Sϕ(
⋃
i

Hφi)

If Hϕ = Sϕ we say that ϕ is true with respect to the k-evaluation.

Lemma 15.1.6 Assume that (H,S) is a k-evaluation of all formulas occurring
as subformulas in a clause of ¬ontoPHPn, and that k ≤ n− 2.

Then the clause is true with respect to the evaluation.

Proof:
Consider the clause

ϕ =
∨
j

pij

for some fixed i ∈ [n+ 1]. The subformulas of ϕ are also the atoms pij , j ∈ [n],
and we thus assume they are in Γ as well. By the definition Hpij

= {(i, j)} and
Sϕ must refine the set H = {(i, j) | j ∈ [n]}. Note that H itself is a 1-tree and
that H(H) = H.

Hence T (H) = T holds also in the common refinement T of H and Sϕ by
Lemma 15.1.4, and by the same lemma again also Sϕ = Sϕ(H) = Hϕ.

We leave to check the statement for the other clauses of ¬ontoPHPn to the
reader.

q.e.d.

The following statement, formalizing that k-evaluations are sound with re-
spect to Frege rules, is essential for the method to work.

Lemma 15.1.7 There exists a constant cF ≥ 1 depending just on the partic-
ular system F such that if (H,S) is a k-evaluation of all formulas occurring
as subformulas in an instance of an F -rule, k ≤ n/cF , and all hypotheses of
the instance of the rule are true with respect to the evaluation then also the
conclusion of the rule is true with respect to the evaluation.
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Proof:
Consider an s-ary F -rule as in Section 2.1 of the form

A1(q1, . . . , qt), . . . , As(q1, . . . , qt)
As+1(q1, . . . , qt)

Let r be a number bigger than the number of subformulas in the rule.
Assume that k ≤ n/r and that (H,S) is a k-evaluation of the set Γ of

formulas occurring as subformulas in some instance

A1(β1, . . . , βt), . . . , As(β1, . . . , βt)
As+1(β1, . . . , βt)

.

Assume further that all hypotheses of the inference

A1(β1, . . . , βt), . . . , As(β1, . . . , βt)

are true with respect to the evaluation:

HAi(β1,...,βt) = SAi(β1,...,βt), for 1 ≤ i ≤ s .

Let the set Γ0 ⊆ Γ consist of formulas γ of the form A′(β1, . . . , βt) where A′ is
a subformula of some Ai, i ≤ s + 1. By the choice of r, |Γ0| < r, and so there
is a common refinement T of all Sγ for γ ∈ Γ0, and h(T ) ≤ r−1

r n (by Lemma
15.1.3). In particular, h(T ) + h(Sγ) ≤ n for all γ ∈ Γ0.

Claim: The map defined by

γ ∈ Γ0 → T (Hγ)

is a map of formulas in Γ0 into the Boolean algebra of subsets of (the set of all
paths in) T such that:

(a) The negation corresponds to the complement: T (H¬γ) = T \ T (Hγ).

(b) The disjunction corresponds to the union: T (Hγ∨δ) = T (Hγ) ∪ T (Hδ).

(c) All hypotheses γ = Ai(β1, . . . , βt), i ≤ s, of the instance of the rule get the
maximum value in the Boolean algebra: T (Hγ) = T .

For item (a): If ¬γ ∈ Γ0, H¬γ = Sγ \Hγ , and hence T (H¬γ) = T \ T (Hγ)
by Lemma 15.1.5. For item (b) let γ ∨ δ ∈ Γ0. We need to consider cases
distinguished by the form of γ and δ; we shall treat only the hardest case when
both γ and δ are themselves disjunctions. Assume γ =

∨
u γu and δ =

∨
v δv.

By Lemma 15.1.5:

Hγ∨δ = Sγ∨δ(
⋃
u

Hγu
) ∪ Sγ∨δ(

⋃
v

Hδv
)

hence by Lemmas 15.1.4 and 15.1.5:

T (Hγ∨δ) = T (Sγ∨δ(
⋃
u

Hγu
)) ∪ T (Sγ∨δ(

⋃
v

Hδv
)) =
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T (
⋃
u

Hγu) ∪ T (
⋃
v

Hδv ) = T (Sγ(
⋃
u

Hγu)) ∪ T (Sδ(
⋃
v

Hδv
)) =

T (Hγ) ∪ T (Hδ) .

Item (c) follows by Lemma 15.1.4:

T (HAi(β)) = T (SAi(β)) = T

for i ≤ s.
The lemma follows noting that any Frege rule preserves the maximum truth

value in any Boolean algebra because the implication∧
i≤s

Ai(q1, . . . , qt) → As+1(q1, . . . , qt)

is a tautology.

q.e.d.

Our strategy for proving a lower bound for Fd refutations of ¬ontoPHPn

is now more clear. Having such an alleged refutation π we take a k-evaluation
(with small enough k) of the set of all formulas occurring in π as subformulas.
This leads to a contradiction by Lemmas 15.1.6 and 15.1.7. We cannot hope to
be able to do this for all π (after all, there is a trivial exponential size refutation
in R). But if we manage to construct a k-evaluation of any small set of formulas
we can conclude that no Fd-refutation of ¬ontoPHPn can be small.

15.2 The Existence of k-evaluations

The task for this section is to construct k-evaluations of small sets of formulas.
The qualification small will mean of size at most 2nΩ(1)

. At the first sight this
does not look promising as it is quite easy to find small sets which have no
k-evaluation with k < n. The strategy is to employ a simplification procedure
by a suitable restriction before trying to find a k-evaluation with small k.

We shall think of the set Maps as of the set of partial bijections between a
subset of some domain D and some range R. Initially we have D = [n+ 1] and
R = [n] as earlier but in the process both D and R will shrink.

For α, ρ ∈Maps define the restriction of α by ρ to be:

αρ =
{
α \ ρ if α||ρ
undefined if α ⊥ ρ

Further define:

1. Hρ := {αρ | α ∈ H}.

2. Dρ := D \ dom(ρ).

3. Rρ := R \ rng(ρ).
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4. nρ := |Rρ|(= n− |ρ|).

Our strategy for the construction of a k-evaluation of a set Γ will be the fol-
lowing. We shall construct the evaluation in steps. We have defined already
what values must any evaluation assign to the atoms and to the constants. At
every step we extend the k-evaluation to negations and to disjunctions (that are
themselves in Γ) of formulas for which it is already defined (hence the number
of steps is bounded by the maximum depth of a formula in Γ), i.e. by some
fixed d.

Negations are again determined by the definition of what a k-evaluation is
and only the case of disjunctions will cause us a difficulty. To extend the defini-
tion to disjunctions we will need to apply a restriction by some ρ. The following
lemma essentially says that the part of the evaluation already constructed in
prior steps (i.e. before a restriction is applied) will work after the restriction
as well. The lemma is straightforward. We continue using the convention that
S, T, . . . denote trees.

Lemma 15.2.1 Let ρ ∈Maps be arbitrary. Then:

1. If H / S then Hρ / Sρ.

2. If |ρ|+ h(S) ≤ n then Sρ is a tree over Dρ and Rρ.

3. If H / S then Sρ(Hρ) = (S(H))ρ.

The next lemma is the key technical statement needed in the construction
of k-evaluations. Sometimes it is called the PHP switching lemma. Its proof
is far from straightforward. We shall extended the notation h(S) to any H:

h(H) := max{|α| | α ∈ H} .

Lemma 15.2.2 Let 0 < δ < ε < 1/5 and Hi ⊆ Maps, for i ≤ s. Assume that
h(Hi) ≤ k for all i ≤ s and that n >> 1 and

k ≤ nδ and s ≤ 2k .

Then there exists ρ ∈ Maps such that nρ = nε and such that there exist trees
Si, i ≤ s, over Dρ and Rρ, satisfying:

1. Hρ
i / Si,

2. h(Si) ≤ k.

Proof:
Assume first that we have just one H; we shall consider the case of having

s sets Hi at the end - it will require only a minor extension of the argument.

We shall describe a game determined by the set H and played by two players.
In the proof it will be actually the game determined by Hρ but we consider H
first not to complicate the notation.
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At the beginning player I picks an h1 ∈ H. Player II replies by some
δ1 ∈Maps such that dom(h1) ⊆ dom(δ1), rng(h1) ⊆ rng(δ1), and such that no
proper submap of δ1 has this property. It may be that δ1 = h1 or that δ1 ⊇ h,
some h ∈ H: in that case the play of the game ends. Otherwise necessarily
δ1 ⊥ h1 and the play moves to the next round.

Generally, before round t ≥ 2, the players have constructed two sequences
of moves:

h1, . . . , ht−1 (the moves of I) and δ1 ⊆ · · · ⊆ δt−1 (the moves of II) .

At the t-th round player I picks some ht ∈ H compatible with δt−1; if no
such ht exists the play stops. If ht was chosen, player II extends δt−1 to some
δt ∈ Maps such that dom(ht) ⊆ dom(δt), rng(ht) ⊆ rng(δt), and such that
no proper submap of δt containing δt−1 has this property. If δt contains some
h ∈ H then the play stops, otherwise the players move to the next round.

The use of this game is described in the following claim which follows im-
mediately from the definition when a play stops.

Claim 1: For any fixed strategy of player I consider the set

S := {δt | δ1 ⊆ · · · ⊆ δt is a finished play in some strategy of II }

Then the set S is a tree and H / S.

To further simplify the situation we shall fix one strategy of I: fix an ordering
h1, h2, . . . of H and player I always picks in his move the first h in the ordering
that is compatible with the previous move of II. We shall call player I using
this strategy Ifix.

Let us call all pairs (i, j) in all h` \ δ`−1 the critical pairs of the play. These
are exactly the pairs for which II is required to specify f(i) and f (−1)(j). If
the number of critical pairs in all finished plays against Ifix is bounded by r
then clearly h(S) ≤ 2r. Hence we would like to show that the number of critical
pairs is bounded by k/2. However, it is easy to construct a set of small maps
from Maps such that any finished play must contain ≥ n/2 critical pairs. To
restrict the number of critical pairs we employ a restriction by a suitable map
ρ.

Assume we fix ρ ∈Maps and restrict first H by ρ, and play the game on Hρ

(we continue to use for Ifix the ordering of Hρ induced by the original ordering
of H). This is the same as if we would define δ0 := ρ and required h1 to be
compatible with and δ1 to contain δ0.

Claim 2: There exists ρ ∈Maps, nρ = nε, such that every play (tacitly against
Ifix) on Hρ contains at most k/2 critical pairs.

We shall prove the claim by contradiction. Assume that there is no such ρ.
Hence for every ρ there is a play, resulting in the moves δ1 ⊆ · · · ⊆ δt of II, that
contains at least k/2+1 critical pairs. In fact, we will truncate the play when it
reaches the (k/2 + 1)-st critical pair, so we shall assume that there are exactly
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k/2 critical pairs (this is only to simplify the computation). Fix one such play
for each ρ.

Now concentrate on one fixed ρ and the associated fixed play. Note that all
critical pairs are disjoint, and are also disjoint from ρ. Hence the set τ containing
ρ and all critical pairs is actually an element of Maps, and |τ | = |ρ|+ k/2.

Having τ we cannot a priori determine ρ but we can determine the first move
hρ

1 of Ifix: It is the first hρ ∈ Hρ that is compatible with τ , i.e. the first h ∈ H
that is compatible with τ .

Now note that we can actually encode the critical pairs in hρ
1 and the first

move δ1 of II by a small number: if there are k1 critical pairs in hρ
1 their set

is one of its ≤
(

k
k1

)
subsets (here we use that |h1| ≤ h(H) ≤ k), and the move

of II is determined by giving a value (resp. an inverse value) of f for every i
(resp. j) occurring in the critical pairs in hρ

1. There are k1 such i’s and j’s and
the values player II chooses must be outside of the domain (resp. of the range)
of ρ and n − |ρ| = nε. Hence there are at most ((nε + 1)nε)k1 possibilities of
II’s action on the critical pairs. All together, we can encode II’s first move δ1
by a number ≤

(
k
k1

)
((nε + 1)nε)k1 ≤ (k1/2nε)2k1 .

Once we know δ1 we replace in τ by δ1 all critical pairs in hρ
1, getting some

τ ′. But know we can reconstruct also the second move hρ
2 of Ifix: it is the first

hρ ∈ Hρ compatible with τ ′. Hence we proceed as before: Encode II’s second
move by a number ≤ (k1/2nε)2k2 (where k2 is the number of critical pairs in
hρ

2), and replace in τ ′ all critical pairs in hρ
2 by δ2, etc.

The whole (truncated) play is in this way encoded by the map τ together
with a number

≤
∏

i

(k1/2nε)2ki ≤ (k1/2nε)
P

i 2ki ≤ (k1/2nε)k

using that
∑

i ki ≤ k/2. Because τ together with the auxiliary information
determine ρ, the numbers

a := the number of different ρ of size n− nε =
(
n+ 1
nε + 1

)(
n

nε

)
(n− nε)!

and
b := the number of different τ of size n− nε + k/2 =(

n+ 1
nε − k/2 + 1

)(
n

nε − k/2

)
(n− nε + k/2)!

must satisfy the inequality:

a ≤ b · (k1/2nε)k .

All this argument was for one set H. However, if we had s of them we just
encode by a number ≤ s which of the sets is the one in which we have, for a
given ρ, a play with at least k/2 critical pairs. Hence, if no suitable ρ existed,
it would have to hold that

a ≤ s · b · (k1/2nε)k
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It is not difficult to compute that this inequality does not hold for n >> 1 if
the parameters satisfy the hypotheses of the lemma.

q.e.d.

Now we are going to use a restriction ρ in order to construct a k-evaluation.
We will need a notion of a formula restricted by ρ defined as follows. Put:

pρ
ij =

 1 i ∈ dom(ρ) ∧ ρ(i) = j
0 {(i, j)} ⊥ ρ
pij otherwise

and then take for ϕρ the formula ϕ with all atoms pij replaced by pρ
ij .

Lemma 15.2.3 Let 0 < δ < ε < 5−d. Then for sufficiently large n ≥ 1 every
set Γ of depth ≤ d formulas, |Γ| ≤ 2nδ

, and Γ closed under subformulas there
exists a map ρ, |ρ| = n− nε, and an nδ-evaluation of Γρ.

Proof:
Let s = 2nδ

and k = nδ. Assume that |Γ| ≤ s. Pick 0 < ε0 < 1/5 such
that εd0 = ε. We shall construct the restriction ρ and the k-evaluation of Γρ in
d steps.

Put ρ0 := ∅ and let ν0 be the canonical 2-evaluation of the depth 0 formulas
in Γ, i.e. of the constants and the atoms, from Section 15.1. In the t-th step,
1 ≤ t ≤ d, we assume that we already have restrictions ρ0 ⊆ · · · ⊆ ρt−1 with
nρ`

= nε`
0 and a k-evaluation νt−1 of all depth ≤ t− 1 formulas in Γρt−1 .

To extend the evaluation νt−1 to depth t formulas we apply Lemma 15.2.2
with n := nρt−1 and the parameter ε0 chosen earlier. This will give us a restric-
tion on the universe ([n + 1] \ dom(ρt−1)) × ([n] \ rng(ρt−1)), i.e. a restriction
ρt ⊇ ρt−1 on the original universe [n + 1] × [n]. By Lemma 15.2.1, νρt

t−1 will
still work for all depth ≤ t − 1 formulas and this evaluation is extended to an
evaluation νt of all depth ≤ t formulas in Γρt by the virtue of Lemma 15.2.2.

The final ρ := ρd and ν := νd satisfy the requirements of the lemma.

q.e.d.

15.3 Ajtai’s Theorem

Theorem 15.3.1 (Ajtai’s theorem [5], as improved by [328, 404])
Let d ≥ 2 and 0 < δ < 5−d be arbitrary. Then for n >> 1 it holds:

• in any Fd-refutation of ¬ontoPHPn must occur at least 2nδ

different for-
mulas as subformulas.

In particular, any such refutation must have size at least 2nδ

.
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Proof:
Assume for the sake of a contradiction that π is an Fd-refutation of ¬ontoPHPn

with less than 2nδ

different formulas.
Let Γ be the set of all formulas occurring in π as subformulas and put

k := nδ. Take a restriction ρ and an k-evaluation (H,S) of Γρ guaranteed to
exist by Lemma 15.2.3. For n >> 1 it holds that nδ < n/cF , where cF is
the constant from Lemma 15.1.7. By Lemmas 15.1.6 and 15.2.1, the axioms
of (¬ontoPHPn)ρ = ¬ontoPHPnρ

are true with respect to the evaluation. By
Lemma 15.1.7 all steps in π are true with respect to the evaluation too. But the
last formula, the constant 0, is not true with respect to any evaluation. That is
a contradiction.

q.e.d.

It is simple and instructive to use k-evaluations for an adversary-type argu-
ment when proving the theorem. By increasing the depth by 1 we may assume
without a loss of generality by Theorem 2.2.1 that π is tree-like and in a balanced
form, i.e. height h of the proof tree is proportional to log k(π).

Built a path B1, B2, . . . through π from the last formula B1 = 0 up to some
axiom, always going from Bi to one of the hypotheses Bi+1 of the inference that
yielded Bi in π and such that all Bi’s are not true with respect to the evaluation.
Note that this does not mean that HBi

= ∅ and we need to witness how false
Bi is. We build also a sequence of partial bijections α1, α2, . . . , all from Maps,
such that:

• αi ∈ SBi \HBi , all i,

•
⋃

i αi ∈Maps.

For α1 take any map from SB1 . Assume we have the sequence up to Bi and we
also have maps up to αi. If Bi was derived in π from formulas C1, . . . , Cs, take
(by Lemma 15.1.3) a common refinement T of all trees SC1 , . . . , SCs

and SBi
.

Lemma 15.1.1 guarantees that there is β ∈ T compatible with α1 ∪ · · · ∪ αi.
Because αi /∈ HBi

, β is not in ∩j≤sT (HCj
); assume β /∈ T (HCj

). Hence for
some γ ∈ SCj

\HCj
, γ ⊆ β, and we put Bi+1 := Cj and αi+1 := γ.

As we cannot reach any axiom (by Lemma 15.1.6) the length of the path
has to be too long to apply Lemma 15.1.1 in its construction. That is, it must
be that

∑
i |αi| ≤ kh ≤ O(nδ log(k(π))) is bigger than nρ ≥ nε. This yields:

k(π) ≥ 2Ω(nε) .

Once we used tree-like proofs we can phrase the argument also using the
Buss-Pudlák game from Section 2.2. Define a strategy for the Liar as follows.
Take for Γ the set of all formulas that the Prover may ask in some play against
some Liar, in a game restricted to h rounds. Let (H,S) be its k-evaluation
(after a restriction ρ).
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For each answer to questions Bi =? the Liar keeps a witness αi ∈ SBi ,
i.e. if the answer was ”true” then αi ∈ HBi and if it is was “false” then
αi /∈ HBi

. Further he maintains the consistency of his answers by making sure
that α1 ∪ · · · ∪ αi ∈Maps. The rest of the argument is same as above.

Another way how to look at the argument is to view it as a reduction of
sorts of Fd to R(log); this motivated the qualification logical in the chapter title.
Let π be an Fd-refutation of ¬ontoPHPn. Let Γ be all formulas occurring in
it and assume we have a restriction ρ and a k-evaluation (H,S) of Γρ with the
terms and the parameters having the same meaning as above.

For an α ∈ Maps denote by α̂ the conjunction
∧

i∈dom(α) piα(i). The idea
is that if the refutation π has steps D1, . . . , Dr then we replace each Di by a
k-DNF formula: ∨

α∈HDi

α̂

which we write as a clause Ci of k-terms:

{α̂ | α ∈ HDi
}

and fill in some more clauses of k-terms to get an R(log)-refutation π̂ (note that
k = nδ and |π| ≥ 2k) of ¬ontoPHPnρ ∪Axρ, where

Axρ := { {pij} | i ∈ dom(ρ) ∧ j = ρ(i)} .

For this to work we need to make first one more technical maneuvre with π:
consider ¬D to mean the formula in the negation normal form with the negations
pushed down to atoms and constants and define the hat translation of ¬pij to
be: ∨

α∈H¬pij

α̂

(and translate clauses by translating all literals in it). Then Lemma 15.1.5
implies that tertium non datur is valid and short R(log) refutations of ¬̂D, D̂
and proofs of ¬̂D ∪ D̂, as well as of ˆD ∨ E from D̂ and from Ê, and of D̂ ∪ Ê
from ˆD ∨ E, all from ¬ontoPHPnρ ∪ Axρ. Note also that π̂ will be tree-like if
π is.

Let us conclude this section by pointing out a problem that escapes, it seems,
the method by which we proved Ajtai’s theorem. We know by Corollary 11.4.5
that the propositional formulas:

ontoWPHP2n
n and ontoWPHPn2

n

have size nO(log n) proofs in R(log) and, in fact, that the upper bound can be
improved for ontoWPHPn2

n to nO(log(k) n) in Fd, any fixed k ≥ 1 and a suitable
d depending on k (Theorem 11.4.6). The following problem is natural and it is
likely to force us to come up with new ideas transcending the method described
in this chapter.
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Problem 15.3.2 (The WPHP problem.)
Are there polynomial size proofs of WPHP2n

n or of WPHPn2

n in AC0-Frege
proof systems?

15.4 Other Combinatorial Principles

Because Ajtai’s theorem 15.3.1 speaks about bijections it can be fairly easily
used to derive exponential lower bounds for various other combinatorial princi-
ples. We give several examples to illustrate the idea of the reductions.

Recall from Section 11.1 the modular counting principle Countm(n,R) sta-
ting that no set [n] with m|n admits a partition R into blocks having all but
one size m and the remaining exceptional block has a size between 1 and m− 1
(in Section 11.1 we spoke about an m-partition R with 0 < rem(R)). The
propositional translations are the formulas Countmn , any n ≥ m (see Section
11.1).

Lemma 15.4.1 For any fixed m ≥ 2, theory I∆0(R) + ∀xCountm(x,∆0(R))
proves the principle ontoPHP (R).

Proof:
Argue contrapositively. Assume we have a bijection f : [n+ 1]→ [n] whose

graph is R. For N = m · (n+ 1) identify [N ] with the disjoint union of m copies
of [n+ 1] and define an m-partitioning S of [N ] consisting of the blocks:

(i, . . . , i, f(i)) , for all i ∈ [n+ 1]

plus one size 1 block {n + 1} with the element n + 1 taken from the last copy
of [n+ 1].

Such S is ∆0(R)-definable and it violates Countm(N,S).

q.e.d.

Corollary 15.4.2 For all fixed m ≥ 2, for n >> 1 divisible by m the formulas
Countmn require AC0 Frege proofs of size 2nΩ(1)

.

Proof:
The arithmetical proof guaranteed to exists by the previous lemma translates

into a p-size AC0 Frege proof (via Theorem 8.2.2) of ontoPHPn from an AC0-
instance of the Countm principle. Hence a sub-exponential size AC0-proof of
the counting principle would yield a sub-exponential size proofs of the ontoPHP
principle, contradicting Theorem 15.3.1.

q.e.d.

Next we turn to the Ramsey principle and the formulas RAMn considered in
Section 13.1. The formulas RAMn formalize the true Ramsey relation n −→ (k)22
(saying that every undirected graph on n vertices contains either a clique or an



Fd and logical restrictions 363

independent set of size k) for k := b(log n)/2c. We shall now consider more
general formulas RAM(n, k) where we pick the parameters n, k and rather than
setting k is come canonical way as in RAMn. In particular, let rk be the
minimum n for which the statement holds.

Recall from Section 13.1 that RAM(n, k) has size O(nk) and thus the size
of RAM(rk, k) is at most O(4k2

) due to the bound rk ≤ 4k, cf. [177].
Assume n+ 1 = rk hence there is a graph G = ([n], E) which has no homo-

geneous subgraph of size k. Assume further for the sake of a contradiction that
f : [n + 1] → [n] is a bijection. We can use f to pull back E from [n] onto the
larger set [n + 1], defining (by a bounded formula) a graph H = ([n + 1], R).
Because k is small, k ≤ log n, we can count sets of cardinalities up to k both in
I∆0(E) and in AC0 Frege systems. Thus having a proof that H must contain
a small homogeneous subgraph will imply that G does as well: f , being a bi-
jection, must preserve cardinalities as long as we can count them. This simple
idea yields the following lemma (we shall prove it directly in propositional logic
to make clear the idea of counting small sets).

Lemma 15.4.3 For every d ≥ 2 there is ε > 0 such that for k ≥ 2 every depth
d Frege proof of RAM(rk, k) must have size at least 2rk

ε

.

Proof:
Let pi,j , i ∈ [n+1], j ∈ [n] be the (n+1)n atoms of ontoPHPn. Assume π is

a size s Fd-proof of RAM(rk, k); we shall denote its atoms by qe, e two-element
subsets of [rk].

Use G defined above to define a substitution for the atoms qe as follows:

σ(qe) :=
∨

{i,j}∈E

pu,i ∧ pv,j

if e = {u, v}.
In the following claim we use the notation Cli(A) and Ind(A) from Section

13.2.

Claim 1: For any t such that 1 ≤ t ≤ n and any size t subset A ⊆ [rk] there
are AC0 Frege proofs of size nO(t) of both formulas

σ(Cli(A)) ∧ ¬ontoPHPn −→
∨

B⊆[n],|B|=t

∧
{i,j}⊆B

E(i, j)

and
σ(Ind(A)) ∧ ¬ontoPHPn −→

∨
B⊆[n],|B|=t

∧
{i,j}⊆B

¬E(i, j)

(E(i, j) are Boolean constants determined by the edge relation of graph G).
The claim is readily verified by induction on t. As G has no homogeneous subset
of size k, both conjunctions∧

{i,j}⊆B

E(i, j) and
∧

{i,j}⊆B

¬E(i, j)
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are false for |B| = k. This entails the next claim.

Claim 2: For each A ⊆ [rk] of size k there are constant depth Frege proofs of
size nO(k) of ontoPHPn from both formulas σ(Cli(A)) and σ(Ind(A)).
We can now combine a substitution instance σ(π) of the original proof (i.e. a
proof of σ(RAM(rk, k))) with the proofs from the previous claim: this is an
AC0 Frege proof of ontoPHPn of the size at most

O(sn2) + 2
(
rk
k

)
nO(k) ≤ O(sn2) + nO(log(n)) .

The lower bound then follows from Theorem 15.3.1.

q.e.d.

Our last example will be of a bit different form. While it is conceivable that
the method of restrictions and k-evaluations could be modified for RAM(rk, k),
it is hard to see how it could be done for algebraic structures like fields that are
more rigid than partitions or graphs.

Consider a language with two ternary relations A(x, y, z) and M(x, y, z) and
write a first-order sentence Field that is satisfied in a structure interpreting
the relations if and only if the structure is a field and A and M the graphs of
its addition and multiplication. Let Fieldn be its 〈. . . 〉 translation for the size
parameter n. Clearly Fieldn is satisfiable if and only if n is a power of a prime.

Lemma 15.4.4 For every d ≥ 2 there is ε > 0 such that for infinitely many n
every Fd-refutation of Fieldn must have size at least 2nε

.

Proof:
The proof strategy is analogous to the proof of Lemma 15.4.3. Assume

n >> 1 is such that n+ 1 is a power of a prime. Let B be a field structure on
[n+ 1] interpreting, in particular, A and M so that Fieldn+1 is satisfied.

Assume f violates ontoPHPn and use it to define from B a field structure
on [n], satisfying Fieldn. Hence a short refutation of Fieldn would yield a short
refutation of ¬ontoPHPn which would contradict Theorem 15.3.1.

q.e.d.

15.5 Relations Among Counting Principles

Lemma 15.4.1 derives ontoPHP from instances of Countm; we can investigate
such proof-theoretic reductions either as the provability in bounded arithmetic
or as a short provability in AC0 Frege systems. For stating positive results
the former view gives stronger results, for negative results - as will be the one
presented in this section - the latter is better.

There is a number of questions we can ask about the mutual reducibility of
various versions of PHP (onto, non-onto or dual analogous to the dual WPHP
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from Section 7.2, etc.) and of the modular counting principles for different
moduli (and possibly for different remainders). We shall cover in this section
perhaps the most interesting and instructive example and show that Countp

cannot be proved feasibly from instances of Countq, for p 6= q primes. In fact,
we shall confine to p = 3 and q = 2 as that reveals the idea that works for all
pairs p, q and is notationally simplest. The mutual relations of all conceivable
cases of versions of PHP and Countm even with composite moduli are known
and Section 15.7 gives the references.

Let us consider the following situation. The parameter n >> 1 is not divisi-
ble by 3 and we have a short Fd proof π of Coun3

n (this formula uses the atoms
pe, e 3-element subsets of [n]) from some instances of Count2mi

, for some odd
parameters mi. We can use the definition by cases and assume without a loss
of generality that the proof uses just one such instance of the Count2 principle
for one odd parameter m, say

Count2m(q{i,j}/Q{i,j})

with the q{i,j} atoms of Count2m substituted for by formulas Q{i,j} in the atoms
pe. This simplification may increase the depth of π by a constant and its size
polynomially and we shall simply assume that already π obeys it.

In the previous section we proved a lower bound for Countp via a reduction to
the lower bound for ontoPHP . We could have equally well develop k-evaluations
for Count3 and argue as for Theorem 15.3.1 but the reduction to ontoPHP is
much simpler. But now we shall need the k-evaluations machinery, though.

Let us describe what we need to change in the set-up of PHP-trees and k-
evaluations from Section 15.1 in order for the method to apply to Count3. The
set Maps is replaced by the set Partitions consisting of partial 3-partitions α
of [n]. Such an α is a set of disjoint 3-element subsets (called blocks) of [n];
their number is the size of α.

The PHP-trees are replaced by 3-trees:

• At the root the tree branches according to all valid answers e to a query
i ∈?, some i ∈ [n], asking to which block of a partition i belongs. The
edges leaving the root are labelled by all possible e containing i.

• At a node to which we get from the root by a path whose edges are labelled
e1, . . . , eu the tree may ask j ∈? for any j ∈ [n] \ (e1 ∪ · · · ∪ eu), and it
branches according to all f containing j but disjoint from all e1, . . . , eu.

The height of a tree is the maximum length of a path in it. Where we needed
in the PHP case assumptions like h(T ) ≤ n or h(T ) + |α| ≤ n we now have
3 · h(T ) ≤ n or 3 · (h(T ) + |α|) ≤ n because a partition contains three-times
more elements of [n] than is its size. Hence if ρ is a partition, size nρ of [n] not
covered by ρ is nρ := n− (3|ρ|).

The notion of a k-evaluation using 3-trees is defined analogously as in the
PHP case, with the base case for the atoms modified as follows:
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• Spe for e = {i1, i2, i3} is the tree branching first according to i1 ∈?, then
according to i2 ∈?, and finally according to i3 ∈?, consistently with earlier
answers.

• Hpe is the unique path of length 1 corresponding to the answer e to the
first query.

Lemmas from Section 15.2 leading to the existence statement about k-evaluations
(Lemma 15.2.3) are proved analogously. In particular, the following existence
lemma holds. Because we are only explaining the changes form the earlier proof
but we are not actually computing the particular estimates, we shall formulate
it without an explicit bound to δ; that can be found in the references given in
Section 15.7.

Lemma 15.5.1 For every d ≥ 2 there are 0 < δ < ε such that for sufficiently
large n ≥ 1 every set Γ of depth ≤ d formulas closed under subformulas and of
size |Γ| ≤ 2nδ

there exists ρ ∈ Partitions, nρ ≥ nε, and an nδ-evaluation of Γρ.

As before we say that a formula ϕ ∈ Γ is true with respect to the evaluation
if and only if Sϕ = Hϕ.

Lemma 15.5.2 All axioms clauses of ¬Count3n are true with respect to any k-
evaluation and the qualification true with respect to the evaluation is preserved
by all Frege rules, if k ≤ o(n).

Apply the last two lemmas to π and Γ consisting of the formulas occurring in
π as subformulas, fix an nρ-evaluation of Γρ and conclude, assuming |π| ≤ 2nδ

,
that:

• ¬Count2m(Q{i,j}) is true with respect to the evaluation.

For a notational simplicity we skip the reference to the restriction ρ and think
of having a k-evaluation (H,S) of Γ itself, and put:

H{i,j} := HQ{i,j} and Ti := TW
j Q{i,j} .

Lemma 15.5.3 For all i ∈ [m] and all α, α′ ∈
⋃

j H{i,j}, if α 6= α′ then α ⊥ α′.
Further, Ti(

⋃
j H{i,j}) = Ti.

Proof:
If α 6= α′ in the first statement are from the same H{i,j} then they are

incompatible because they belong to the same 3-tree. If they belong to H{i,j}
and H{i,j′} for j 6= j′, then the statement follows because the axiom ¬Q{i,j} ∨
¬Q{i,j′} is true with respect to the evaluation.

The second statement follows form the fact that the axiom
∨

j Q{i,j} is true
with respect to the evaluation.

q.e.d.
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At the beginning of Chapter 6 we considered how to transcribe a clause for
algebro-geometric proof systems and we represented it either by a polynomial
equation (6.0.1) or by an integer linear inequality (6.0.2). We used that in Sec-
tion 6.3 to transcribe ¬PHPn to a set of integer linear inequalities suitable for
the cutting planes proof system CP. Now we shall need the algebraic transcrip-
tion of ¬Count3n; we shall use instead of the atoms pe the variables xe to stress
the algebraic context.

The algebraic formulation of ¬Count3n is the following set of polynomial
equations: ∑

e:i∈e

xe = 1 and xexf = 0 and x2
e = xe

for all i ∈ [n], all e ⊥ f and all e, respectively. Because we shall talk about
proofs in algebraic proof systems NS and PC we shall write them as equations
with the right-hand sides equal to 0:

ui = 0 and ve,f = 0 and we = 0 (15.5.1)

where

ui := (
∑
e:i∈e

xe)− 1 and ve,f := xexf and we := x2
e − xe .

We will use the following notation

NS : ¬Count3n `h g

to denote that g has a Nullstellensatz proof from polynomials (15.5.1) of degree
at most h. Recall from Lemma 6.2.4 that this is the same as having a tree-
like PC-proof such that the sum of the degrees of the polynomials used in the
multiplication rule is at most h− 2 (in particular, the height of the PC proof is
≤ h− 2 if we multiply only by variables); this is often easier to see.

For α = {e1, . . . , et} ∈ Partitions put xα := xe1 · · · · · xet
.

Lemma 15.5.4 Let A ⊆ Partitions and assume that any two different α, α′ ∈
A are incompatible: α ⊥ α′. Further assume that T (A) = T for some 3-tree T
such that and |α|+ h(T ) ≤ n/3 for all α ∈ A.

Then:
NS : ¬Count3n `h(T ) (

∑
α∈A

xα)− 1 .

Proof:
First show by induction on h(T ) that

Claim 1:
NS : ¬Count3n `h(T ) (

∑
β∈T

xβ)− 1 .
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The claim is best verified by constructing a suitable tree-like PC proofs of

(
∑
γ∈S

xγ)− 1

(cf. the remark about Lemma 6.2.4 above), for bigger and bigger subtrees S of
T ; the structure of the PC proof copies the structure of T .

Now, by the hypothesis T (A) = T , so:

(i) ∀β ∈ T∃α ∈ A α ⊆ β.

On the other hand

(ii) For no β ∈ T can exists two different α, α′ ∈ A such that α, α′ ⊆ β

as that would imply α||α′ contradicting the hypothesis of the lemma about A.
Moreover, for α ∈ A:

(iii)
NS : ¬Count3n ∪ {xα} `h(T ) (

∑
β∈T,β⊇α

xβ)− 1

because ∑
β∈T,β⊇α

xβ =
∑

γ∈T α

xγ = 1

by Claim 1.
Now we can count as follows:

1 =
∑
β∈T

xβ =
∑
α∈A

∑
β∈T,β⊇α

xβ =
∑
α∈A

xα(
∑

γ∈T α

xγ) =
∑
α∈A

xα .

q.e.d.

The following theorem holds for all p 6= q primes (in fact, more generally)
but we state it just for 2 and 3.

Theorem 15.5.5 (Ajtai [7], as improved by [52, 126])
For every d ≥ 2 there is δ > 0 such that for n >> 1 it holds:

• In any Fd-proof of Count3n from instances of the Count2 formulas must
occur at least 2nδ

different formulas as subformulas.

In particular, any such proof must have size at least 2nδ

.

Proof:
Take an m × m matrix of polynomials fij over F2 with the variables of

¬Count3n, i, j ∈ [m]:
fij :=

∑
α∈H{i,j}

xα .
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Hence
fii = 0 and fij = fji . (15.5.2)

By Lemma 15.5.4 for each i ∈ [m]:

NS : ¬Count3n `nρ (
∑

j

fij)− 1

and hence also

NS : ¬Count3n `nρ

∑
i

((
∑

j

fij)− 1) . (15.5.3)

But m is odd and thus this is the polynomial

(
∑
i,j

fij)− 1

in which - by (15.5.2) - the sum is 0 mod 2. Therefore the NS proof in (15.5.3)
is an NS-refutation of ¬Count3n. The theorem then follows from the following

Key claim: Every NS-refutation of ¬Count3n over F2 must have the degree
nΩ(1).

The proof of this key fact is postponed to Section 16.1 (Theorem 16.1.2
there).

q.e.d.

15.6 Modular Counting Gates

We defined in Section 10.1 the AC0[m] Frege systems: constant depth subsys-
tems of a Frege system in the DeMorgan language extended by the modular
counting connectives MODm,i from Section 1.1 and augmented by several ax-
iom schemes for handling these connectives. Lower bounds for constant depth
formulas in this language are known (items 2 and 3 in Theorem 1.4.3); in par-
ticular, MODp,j cannot be defined in AC0[q], if p 6= q are primes.

Proof complexity (Ajtai [5], more precisely) borrowed the idea of using ran-
dom restrictions and a form of a switching lemma (like Lemmas 14.2.1 and
15.2.2 we used earlier) from circuit complexity (item 1 in Theorem 1.4.3) where
it was so successful. Hence after lower bounds for constant depth circuits with
gates counting modulo a prime it looked like the method used there ought to
be also transferable to proof complexity to yield lower bounds for AC0[p] Frege
systems. That hope did not materialize so far and the following problem is still
open since late 1980s.

Problem 15.6.1 (The AC0[p]-Frege problem.)
Establish super-polynomial lower bounds for AC0[p]-Frege systems, for p a

prime.
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This problem is often described as the hardest and the most interesting of
those deemed solvable but it may also turn out to be the easiest and the least
interesting of those not solvable at the present stage of the development of proof
complexity. Switching lemmas and related techniques were indeed successful in
proof complexity but I cannot help to view them in part as a gift of Danae.
Their great success stimulated researchers in trying to import other combinato-
rial techniques from circuit complexity and the development of genuinely new
proof complexity techniques was neglected. We should not forget that while
combinatorics had some early successes in circuit complexity there was no sig-
nificant progress on lower bounds since late 1980s and the approach can be
hardly branded as a success. Hence even if we manage to use their method and
to solve the problem above it will not take us very far: there is little we can use
after that. As the reader can guess, in the age of a scientific brinkmanship I am
in a tiny minority of researchers who take this somewhat somber view.

Switching back to the positive mode, I will describe two results about the
AC0[p] Frege systems that I think illuminate their properties and also their
differences from the AC0 Frege systems. The first one is a proof theoretic
formulation of the method of approximation, the second one is the collapse of
the AC0[p] Frege systems to F4(MODp) systems. To simplify the notation and
some arguments below we shall confine to p = 2, i.e. to the AC0[2] Frege systems
which we shall denote by Fd(⊕) as earlier.

We start with the former result but first we replace the AC0[2] Frege sys-
tems by other, p-equivalent, proof systems. While developing the method of
k-evaluations in Section 15.1 we faced a technical nuisance (e.g. in the proof of
Lemma 15.1.7) that the AC0 Frege systems are defined using binary ∨ and ∧
while the depth is measured as if these connectives were of unbounded arities.
In addition, if we plan to compare a logic system with an algebraic system we
have to translate also the formulas we are proving and this may not be canonical
(and is further obfuscated by the fact that some authors insists that the truth
value true ought to be represented in algebraic proof systems by 0).

To avoid both these issues we shall define proof systems AC0[2]-R(PC) and
its variant AC0[2]-R(LIN), using the proof systems R(PC) and R(LIN) from
Section 7.1, and we shall confine the whole discussion to refutations of R(PC)-
clauses, i.e. clauses formed from polynomials. These are easily defined by depth
3 formulas of F (⊕) (of the form

∨
i⊕j

∧
k `i,j,k).

The system AC0[2]-R(PC) extends R(PC) by allowing to add to an initial
set C of R(PC)-clauses a new set A of clauses forming extension axioms and
having the following form. For f1, . . . , fm any polynomials and z a new variable
not occurring in them or in C the block of clauses denoted by Ax[f1, . . . , fm; z]
consists of:

• {fi + 1, z} , for all i ∈ [m]

• {z + 1, f1, . . . , fm}.

The variable z is the extension variable. If the clauses are satisfied then∨
i fi ≡ z.
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In addition, it is required that the set A is stratified into levels A1 ∪ · · · ∪A`

such that each block Ax[f1, . . . , fm; z] belongs to one level and:

• The variables in polynomials f1, . . . , fm in axioms Ax[f1, . . . , fm; z] in A1

are among the variables occurring in C and z does not occur among them
or in other extension axioms in A1.

• The variables in polynomials f1, . . . , fm in axioms Ax[f1, . . . , fm; z] in
At+1, 1 ≤ t < `, are among the variables occurring in C∪

⋃
s≤tAs (includ-

ing the extension variables from these levels) and z does not occur among
them or in other extension axioms in At+1.

Axioms in At are called the level t axioms. Level ` AC0[2]-R(PC) may use
extension axioms A that can be stratified into ` levels and AC0[2]-R(PC) is the
collection of level ` = 1, 2, . . . systems (analogously to how AC0 Frege systems
are defined). The degree of an AC0[2]-R(PC) refutation is the maximum degree
of a polynomial occurring in it. Systems AC0[2]-R(LIN) may use only linear
polynomials.

The following lemma is proved analogously to how ER is linked with EF in
Section 5.8.

Lemma 15.6.2 AC0[2] Frege systems and AC0[2]-R(PC) p-simulate each other
with respect to to refutations of sets of R(PC) clauses. In particular:

1. If there is an F`(⊕)-refutation π of C, |π| = s, and d0 is the maximum
degree of a polynomial in C then there exists set A of extension axioms
with ≤ 2` levels and an R(PC)-refutation ρ of C ∪ A of size ≤ sO(1) and
degree d0.

Moreover, if π is tree-like of height h, ρ is also tree-like of height O(h).

2. If A are extension axioms stratified into ` levels and there is an R(PC)
refutation ρ of C ∪ A of size |ρ| = s then there is an FO(`)(⊕)-refutation
of C and of size ≤ sO(1).

Moreover, if ρ is tree-like of height h, π is also tree-like of height O(h).

Both statements are witnessed by polynomial time algorithms constructing the
refutations.

The same holds with AC0[2]-R(LIN) in place of AC0[2]-R(PC) with respect
to to refutations of R(LIN)-clauses.

The idea invented by Razborov [435] and perfected by Smolensky [478] for
proving lower bounds for AC0[q] circuits is to replace a constant depth circuit
C with MODq gates by a polynomial f over Fq such that deg(f) is small and
f equals to C on most inputs, if C is small. One then argues that a low
degree polynomial over Fq cannot compute MODp,i (or some other function)
with a small error and hence C could not compute the function exactly. This
is the so called approximation method (one of two, both due to Razborov, in
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circuit complexity). We shall need only the simpler part of it, namely how to
approximate disjunctions by low degree polynomials.

Assume we want to test whether at least one of Boolean values y1, . . . , ym is
equal to 1, i.e. whether the disjunction

∨
i∈[m] yi is true. Pick a random subset

I ⊆ [m] and compute fI :=
⊕

i∈I yi. If all yi = 0 then fI = 0 but if for at least
one yi = 1 then we have the probability 1/2 that fI = 1. Hence if we choose
a ≥ 1 random subsets I1, . . . , Ia ⊆ [m], independently of each other, then if∨

i∈[m] yi = 1 also
∨

j≤h fIj
= 1 with the probability of failing bounded above

by 2−a.
This can be formalized algebraically as follows. Let

disjm,a(y, r1, . . . , ra) := 1 −
∏
u≤a

[1 −
∑

j∈[m]

ru,jyj ]

be a polynomial over F2, where y, r1, . . . , ra are m-tuples of different variables.
Think of ru as defining Iu := {j ∈ [m] | ru,j = 1}. Then for any given w ∈
{0, 1}m:

Probr[
∨
i

wi ≡ disjm,a(w, r) = 1] ≥ 1− 2−a .

By averaging this implies that we can choose a particular b ∈ {0, 1}ma such that

Proby[
∨
i

yi ≡ disjm,a(y, b) = 1] ≥ 1− 2−a .

That is, disjm,a(y, b) = 1 approximates
∨

i yi very well: they agree on all but a
fraction of 2−a evaluations w of y.

The idea how to transport this approximation into proof complexity is to
replace random bits by generic bits and to introduce axioms (in the form of
polynomial equations) that will formalize the statement that the approximation
works for all m-tuples y.

Define the extension polynomial axiom to be

Em,a,i(y, r1, . . . , ra) = 0

where the extension polynomial is

Em,a,i := yi · [1− disjm,a(y, r1, . . . , ra)] .

We know that if all yi = 0, also disjm,a(y, r1, . . . , ra) = 0 irrespective of what r
are. But if some yi = 1, then by Em,a,i = 0 it must be that disjm,a(y, r1, . . . , ra) =
1. Hence modulo the extension polynomial axioms we can replace a disjunction
of low degree polynomials by one low degree polynomial and iterate this con-
struction. The variables ru,j in the extension axioms are called the extension
variables and the parameter a is called the accuracy.

Let us state for the record that adding the extension polynomial axioms is
sound: it cannot violate the solvability of a polynomial system not involving
the extension variables themselves.
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Lemma 15.6.3 For all a ∈ {0, 1}m there are b ∈ {0, 1}ma such that all exten-
sion axioms Em,a,i(a, b) = 0, i ∈ [m], hold.

Proof:
Given an assignment y := a ∈ {0, 1}m define:

ru,j :=

 0 if u > 1
1 if u = 1, aj = 1 but for all j′ < j: aj′ = 0
0 otherwise.

q.e.d.

The proof of the lemma also shows that having a > 1 is not necessary;
having a PC or NS-refutation using some extension polynomials as initial poly-
nomials, we can always use the above substitution and reduce the accuracy to
a = 1. Allowing a > 1 offers another proof of the lemma: choose an assignment
b ∈ {0, 1}ma for the extension variables at random. If the total number of ex-
tension axioms is S and a > logS then with a positive probability all extension
polynomial axioms will be satisfied by a, b. This argument replaces the logical
definition of the values for r by the definition by cases by a logic-free randomized
choice. That gives an impression (but nothing more that we can formalize at
this point) of freeing our hands for a new argument.

To simplify matters we shall use from now on only extension polynomials of
accuracy a = 1. We shall use these extension polynomial axioms to strengthen
the Nullstellensatz proof system NS from Section 6.2 and to link it with the
AC0[2] Frege systems. The Extended Nullstellensatz proof system ENS
allows to add to the initial set F of polynomials a new set E of extensions
polynomials Em,1,i under the following conditions. The set E can be stratified
into the levels E1 ∪ · · · ∪ E` such that

• If Em,1,i(f, r) ∈ Et, some t and i, then also all companion axioms Em,1,j(f, r)
are in Et, j ∈ [m].

• The variables in the polynomials fi in Em,1,i(f, r) in E1 are among the
variables occurring in F and no variable from r occurs among them or in
other extension axioms in E1 except in the companion axioms.

• The variables in polynomials fi in axioms Em,1,i(f, r) in Et+1, 1 ≤ t < `,
are among the variables occurring in F ∪

⋃
s≤t Es (including the extension

variables from these levels) and no variable from r does occur among them
or in other extension polynomials in Et+1 except the companion axioms.

Polynomials in Et will be called the level t extension polynomials.

Lemma 15.6.4
Let F be a set of polynomials (i.e. singleton R(PC) clauses) of the degree at

most d0 and put F+1 := {1 + f | f ∈ F}.
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Assume ρ is a tree-like AC0[2]-R(PC) refutation of F , each polynomial in
ρ having the degree at most d, some d ≥ d0. Let the size of and the height of ρ
be s and O(log s) (i.e. ρ is balanced), respectively. Assume further that ρ uses
a set A of extension axioms stratified into ` ≥ 1 levels.

Then there is a set E of extension polynomials (tacitly of the accuracy 1)
and an NS-refutation σ of F+1 ∪ E such that

• E has ` levels,

• |E| ≤ sO(1),

• the degree of σ is at most O((d+ 1)2
` · log s).

Proof:
Let us see first how to treat one axiom Ax[f1, . . . , fm; z]. Substitute:

z := disjm,1(f1, . . . , fm) .

We shall say that NS proves an R(PC) clause {g1, . . . , gt} from polynomials G
if and only if NS refutes the set G ∪ {g1, . . . , gt}. This looks like we might have
forget to add the negations (i.e. +1) but here the logic set-up with true being
1 and the NS set-up with axiom polynomials meaning that they are 0 kicks in:
the clause {g1, . . . , gt} means

∨
i gi = 1, hence its negation is the list of axioms

{gi = 0}i which are for NS represented just by gi’s themselves.
The following claim is easy; note that the degree of disjm,1(f1, . . . , fm) is

bounded by (1 + maxi deg(fi)) ≤ (d+ 1).

Claim 1:There is an NS proof of each clause of the substituted axiom

Ax[f1, . . . , fm; disjm,a(f1, . . . , fm)]

from the extension polynomials Em,1,i(f, r), i ∈ [m], of degree at most (d+ 1).

Now list all extension axioms in A in a linear order in which all level 1
axioms come first, followed by all level 2 axioms, etc. For the axioms in the list
perform the substitution as in the claim, in the order in which they are listed.
Take for E the extension polynomials that correspond to all these substitutions,
and stratify it into ` levels shadowing the stratification of A.

When we make all substitutions for the level 1 axioms, the degree of polyno-
mials in higher levels could go up by the multiplicative factor (d+1) to (d+1)2

because the polynomials in them may contain the extension variables from the
first level. Hence the NS proofs for the axioms at level t provided by Claim 1
will have the degree (d+1)2

t

and the degree of all these refutations for all levels
can be bounded by (d+ 1)2

`

.
This implies that all initial clauses in ρ have an NS proof from F+1∪E with

the required parameters. Use induction on the number of steps in ρ to simulate
in NS its inferences and to construct the eventual refutation σ. This uses

Claim 2:A clause in ρ which is the end-clause of a subproof of height h has an
NS proof from F+1 ∪ E of degree bounded by O(h(d+ 1)2

`

).
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For example, assume we have NS proofs ηL and ηR for both the left and the
right hypothesis in the resolution inference

D ∪ {g} D′ ∪ {1 + g}
D ∪D′ .

First multiply the axioms 1+g the proof ηL uses by g (this causes the increase in
the degree) getting a NS proof of g and then use it as a subproof in ηR yielding
the initial polynomial g.

q.e.d.

Lemma 15.6.5 AC0[2] Frege systems simulate ENS with a constant number of
levels of extension polynomials in the following sense.

Assume that σ is a degree d NS-refutation of an initial set of polynomials
F in n variables, |F| = k, that uses a set E of extension polynomials (tacitly
of the accuracy 1), |E| = s, stratified into ` levels. Assume (without a loss of
generality for the simplicity of the estimate) that s bounds also k, n: s ≥ k, n.

Then there is an AC0[2] Frege refutation π of F+1 of depth O(`) and of size
|π| ≤ sO(d).

Proof:
From the bottom level of E up substitute for the extension variables r1,j

corresponding to f1, . . . , fm the F (⊕)-formulas defining its value as in the proof
of Lemma 15.6.3:

r1,j := fj ∧
∧

j′<j

(¬fj′)

where a polynomial f is represented as the parity of a set of conjunctions of
some variables.

It is easy to see that the substitution reduces all polynomials in E to formulas
easily refutable in an AC0[2] Frege system in some O(1) depth. Repeating this
consecutively for each level of E , the depth of the eventual AC0[2] Frege proof
will be O(`).

Now we have to estimate its size. Each polynomial in σ has the degree
≤ d and there are at most n + s variables (n variables from F and at most s
extension variables), and hence it may contain at most (n + s)O(d) monomials
(of the degree ≤ d) and thus

d(n+ s)O(d)

is an estimate to its size as an AC0[2] formula. The number of polynomials
in an extension axiom is also bounded by s (because of our rule that all com-
panion extension polynomials must be also in E . Hence the size of the formula
substituted for r1,j at the first level is at most d(n+ s)O(d).

In the whole refutation σ there are (k + s)(n+ s)O(d) monomials (k axioms
from F and s from E) of the total size at most d(k + s)(n + s)O(d) and the
substitution may increase this by the above multiplicative factor d(n+ s)O(d).
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This is performed for all ` levels of E and hence the size of the eventual proof
π is bounded above by

d(k + s)(n+ s)O(d)d`(n+ s)O(d`) = sO(d) .

q.e.d.

The last three lemmas imply the following result.

Corollary 15.6.6 ([126])
Assume that Fn are sets of at most n constant degree polynomials over F2

in ≤ n variables. Let s(n) ≥ n be any non-decreasing function.
Then the following two statement are equivalent:

• There is a constant ` such that for n >> 1 Fn has an F`(⊕) refutation of
size 2(log s(n))O(1)

.

• There is a constant `′ such that for n >> 1 F+1
n has a degree ≤ (log s(n))O(1)

ENS refutation using sets E of size 2(log s(n))O(1)
of extension polynomials

stratified into `′ levels.

We shall study degree lower bounds for NS in Section 16.1 but the method
used there does not apply to ENS. It thus remains to be seen whether this
reduction of the AC0[p]-Frege problem 15.6.1 to a lower bound for the degree
in ENS refutations will be useful.

Although we do not have a lower bound for the systems at present there
is an interesting result going in a sense in the opposite direction. The original
proof goes via a formalization of Toda’s theorem from computational complexity
(implying that all Q2Σ

1,b
0 -formulas collapse to the bottom level) in a suitable

bounded arithmetic theory (a fragment of the theory IQ2Σ
1,b
0 + Ω1 from Sec-

tion 10.1). However, the bounded arithmetic background that argument needs
exceeds what we cover in this book.

Theorem 15.6.7 (Buss, Kolodziejczyk and Zdanowski [131])
An AC0[2] Frege system of any depth can be quasi-polynomially simulated

by the depth 4 subsystem (operating with disjunctions of conjunctions of poly-
logarithmic degree polynomials).

Note that, in particular, the depth d vs. depth d + 1 Problem 14.3.2 has
the negative answer for the systems Fd(⊕), although there still can be a super-
polynomial separation analogous to Theorem 14.5.1.

The theorem together with Corollary 15.6.6 implies an analogous statement
about the ENS proof system.

Corollary 15.6.8
Assume that Gn are sets of at most n constant degree polynomials over F2

in ≤ n variables. Then there is a constant `0 ≥ 1 such that for any ` ≥ 1 the
following holds for any parameter s ≥ n:



Fd and logical restrictions 377

• If Gn has for n >> 0 a degree ≤ (log s)O(1) ENS refutation using sets E of
size 2(log s)O(1)

of extension polynomials stratified into ` levels then Gn has
also a degree ≤ (log s)O(1) ENS refutation using sets E of size 2(log s)O(1)

of extension polynomials stratified into `0 levels.

We remark that one can choose `0 ≤ 3. There ought to be an elementary
proof of this corollary but I do not know one. It would offer then, together with
Corollary 15.6.6, a new (and elementary) proof of Theorem 15.6.7.

The simplest open instance of the AC0[p] Frege systems Problem 15.6.1 is
perhaps for p = 2 and the subsystems R(LIN) or R(PCd) with small degree d
(cf. Section 7.1).

15.7 Bibliographical and Other Remarks

The particular formulation of Ajtai’s [5] original lower bound in Theorem 15.3.1
as the non-existence of a polynomial upper bound is a mere artefact of the use of
compactness of first-order logic in the proof. The argument does yield a specific
super-polynomial lower bound as shown by Bellantoni, Pitassi and Urquhart
[63]. The lower bound they extracted was not enough to derive the independence
of PHP(R) in bounded arithmetic S2(R). For that a super quasi-polynomial
lower bound was needed. The first such lower bound was the exponential lower
bound from Theorem 14.3.1 (K.[278]). That lower bound is not for the PHP
formulas. The first strong enough lower bound for PHP was the improvement of
the bound in Theorem 15.3.1 to an exponential one proved by K., Pudlák and
Woods [328] and by Pitassi, Beame and Impagliazzo [404], announced jointly
in [53]. The joint extended abstract was forced upon us by the STOC editors
and perhaps it would be natural then to write also the full paper jointly. I
objected to that: I could not swallow the lack of acknowledgements in [404] of
the ideas I shared during my visit of Toronto in Spring 1991. May my excuse
be that I offered to my coauthors to step down as an author to enable the joint
publication but they both refused.

Secs. 15.1, 15.2 and 15.3 are based on [328] as presented in [281] but I use
the elegant and natural notion of PHP-trees introduced by [404] instead of a
more general but less elegant notion of complete systems of maps used in [328].
The adversary argument presented after the proof of Theorem 15.3.1 is closer to
[404], and the Buss-Pudlák game formalism was worked out by Ben-Sasson and
Harsha [68]. The set-up of the proof of Theorem 15.3.1 was generalized to the
notion of partial Boolean valuations in [280, 281] and to local Boolean valuations
by Buss and Pudlák [134]. Both these set-ups are proved to be universal; if a
lower bound is valid then it can be - in principle - proved in this way.

Hastad [225] proved an exponential lower bound for the AC0 Frege systems
with a better dependence on the depth; the lower bound has the form 2nδ

with
the exponent δ being Ω(d−1) rather than 5−d as in Theorem 15.3.1. Note that
if one could arrange that δ is ω(d−1) then Theorem 2.5.6(2.) would yield a
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super-polynomial lower bound for general Frege systems. However, such an
exponential lower bound is not known at present even for AC0 circuits.

Sec.15.4. The idea of manipulating the size of the universe in various combina-
torial principles, assuming that ontoPHP (or even WPHP) fails, and get lower
bounds for them is from [291], further used in [299] under the name structured
PHP, and in [308] (Lemma 15.4.3 is from there: its proof follows closely [308,
Sec.2]). Ben-Sasson [67] proved a lower bound also for AC0 Frege proofs of the
Tseitin’s formulas from Section 13.3.

Sec.15.5. The original proof of Theorem 15.5.5 by Ajtai [7] gave a non-
polynomial lower bound by an argument using the representation theory of
the symmetric group; we shall discuss this more in Section 16.5 as that work
had some other implication for algebraic proof systems. Another proof of the
non-existence of a polynomial upper bound was given by Beame et.al. [52]; that
paper introduced the reduction to degree lower bounds for the Nullstellensatz
proof system and proved (via Ramsey theory) the Key claim in the proof of
the theorem as the non-existence of a constant degree upper bound. This was
subsequently improved by another argument by Buss et.al. [126], giving the
nΩ(1) degree lower bound (cf. Section 16.1). They also classified all possible
mutual reducibilites among the counting principles also for composite moduli
and for fixed remainders of partitions involved.

Beame and Pitassi [56] proved an exponential separation between the PHP
and the counting principles, improving upon Ajtai [6].

Sec.15.6. By virtue of Lemma 10.1.4 lower bounds for NS and PC over Fp are
prerequisites for Problem 15.6.1; these lower bounds will be treated in Chapter
16.

There are various other results about the problem besides the two theorems
we explained. [286] proved an exponential lower bound for a subsystem of an
AC0[p] Frege system that extends both AC0 Frege systems and PC/Fp, Maciel
and Pitassi [351] showed a quasi-polynomial simulation of AC0[p] Frege systems
by a proof system operating with depth 3 threshold formulas, Impagliazzo and
Segerlind [250] proved that AC0 Frege systems with counting axioms modulo a
prime p do not polynomially simulate PC/Fp (but it is open whether a quasi-
polynomial simulation exists). More recently Garĺık and Kolodziejczyk [199]
refined the lower bounds in [286], considering tree-like and dag-like versions
of the systems (named PKc

d(⊕) by them), linked them with AC0 Frege systems
with the modular counting principles as extra axioms (cf. Section 15.5) and with
R(LIN) (cf. Section 7.1) (and they also bridged some gaps in the arguments
in [250, 468]), and [313] reduced Problem 15.6.1 to computational complexity
lower bounds for search tasks involving search trees branching upon values of
maps on the vector space of low degree polynomials over Fp. There is also a
model-theoretic approach to the problem in [309, Chpt.22] (cf. Section 20.4).

Beame et.al. [126] considered also the unstructured ENS, denoted by
UENS: this system allows extension polynomials of the form

(g1 − r1) · · · · · (gh − rh)
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where ri do not occur in any gj (but may occur in other such unstructured
extension polynomials) subject to the condition that the number of these poly-
nomial is less than 2h. A probabilistic argument analogous to the one showing
the soundness of ENS (cf. Section 15.6) yields the soundness of UENS as well.
[126] proved that UENS is surprisingly strong: it p-simulates EF. It is not
known if also EF p-simulates UENS and the systems are actually p-equivalent.
Jeřábek[257] proved that at least the WPHP Frege system WF (cf. Section 7.2)
does p-simulate UENS.

Note that analogously to systems AC0[2]-R(PC) one can consider systems
Γ-R or Γ-R(PC) for any of the usual circuit classes; this will play some role in
Section 19.3.

Let us conclude by mentioning intriguing relations between the The WPHP
problem 15.3.2, The ∆0-PHP problem 8.1.3 and The finite axiomatizability prob-
lem 8.1.2. Paris, Wilkie and Woods [396] proved that if I∆0 does not prove
the WPHPn2

n (∆0) principle then it is not finitely axiomatizable. If the hy-
pothesis of this implication holds then, in particular, I∆0(R) does not prove
the WPHPn2

n (R). Such an unprovability would follow from a super-polynomial
lower bound for AC0 Frege proofs of WPHPn2

n but that is open (recall that
by Theorem 11.4.6 there are almost polynomial size proofs). Paris and Wilkie
[393] gave an earlier model-theoretic variant of a similar result. Another related
result is in [281]: if S2 +ConS2 does not prove PHP(Σb

∞) then it also does not
prove that NP = coNP (cf. [281, Sec.15.3] for details and further references).
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Chapter 16

Algebraic and Geometric
Proof Systems

We shall study in this chapter main lower bounds for algebraic and geometric
proof systems introduced in Chapter 6 that are proved by a combinatorial argu-
ment. We postpone those lower bounds obtained via the feasible interpolation
method to Chapter 18. In particular, we give degree and size lower bounds for
NS and PC (but not a lower bound for the number of steps in PC unfortunately
- that would yield a lower bound for the number of steps in Frege systems,
cf.Lemma 6.2.3) and for the Positivstellensatz, and rank lower bounds for LS
and LS+.

16.1 Nullstellensatz

Let F be a set of polynomials over a field F in variables x = x1, . . . xn. As we
are primarily interested in propositional logic, we shall assume that F contains
the Boolean axioms (cf. Section 6.2) x2

i − xi for all variables xi. We want to
prove, for some interesting F , that every NS-refutation of F must have a large
degree, i.e. if ∑

f∈F

hff = 1

in F[x] then maxf deg(hff) is large. This will allow us to prove also a lower
bound on the size of any refutation (for those specific F).

The degree lower bounds will use the following simple notion. A degree t
design for F is a function

D : F[x]→ F

such that

1. D(0) = 0 and D(1) = 1,

2. D is an F-linear map,

381
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3. for f ∈ F and any g ∈ F[x] such that deg(gf) ≤ t: D(gf) = 0.

Lemma 16.1.1 Assume that there exists a degree t design for F . Then every
NS-refutation of F must have degree bigger than t.

Proof:
Assume maxf deg(hff) ≤ t in an NS-refutation∑

f∈F

hff = 1

of F , and let D be a degree t design for F . Apply D to both sides of the
refutation. By the third item D(hff) = 0 for all f and hence by the linearity
(and the first item) the left-hand side evaluates to 0. But by the first item the
right-hand side is 1. Hence no refutation can have degree ≤ t.

q.e.d.

We shall now apply this idea to get a degree lower bound for the ¬Count3
polynomial system (15.5.1) over F2 and to prove a lower bound that we have
used already in the proof of Theorem 15.5.5 (the Key claim there).

Theorem 16.1.2 (Beame et.al. [52], Buss et.al.[126])
For n ≥ 3 and not divisible by 3, every NS/F2 refutation of the ¬Count3n

system (15.5.1) must have degree Ω(n1/ log 5).

The theorem follows easily from Lemma 16.1.4. Before stating and proving
that lemma let us first simplify a bit the situation for the definition of a design
for the specific case of the ¬Count3n system. Recall the definition of the set
Partitions from Section 15.5.

Lemma 16.1.3 Assume
∑

i∈[n] hiui +
∑

e⊥f he,fve,f +
∑

e hewe = 1 is an
NS-refutation of (15.5.1) of degree ≤ t. Then there is another refutation∑

i∈[n]

h′iui +
∑
e⊥f

h′e,fve,f = 1

of the system of degree ≤ t such that for each monomial

xα := xe1 · · · · · xed
(16.1.1)

occurring in h′i with a non-zero coefficient it holds that α := {e1, . . . , ed} ∈
Partitions and i /∈

⋃
α := e1 ∪ · · · ∪ ed.

Proof:
Observe that for i ∈ e, xeui = we +

∑
f :i∈f,f⊥e ve,f . Hence all monomials

(16.1.1) from h′i containing i can be removed at the expense of changing the
coefficients of some axioms ve,f and we. After this procedure is done for all
hi’s, change all occurrence of xk

j , for all j ∈ [n] and k ≥ 2, to xj : this can make
some monomials equal that were not but not the other way around; hence the
refutation remains a refutation.
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q.e.d.

By the linearity it is sufficient to define a suitable design D on monomials
only. For a notational simplicity we shall write D(α) for D(xα), with xα as in
(16.1.1).

If α contains two blocks ei, ej that are incompatible, ei ⊥ ej in the notation
of Section 15.5, the submonomial xei

xej
is from ¬Count3n, and thus xα must

get value 0. By Lemma 16.1.3 we do not need to consider monomials that are
not multi-linear, and due to the stated property of monomials in the coefficient
polynomials h′i we only need to arrange the following condition for monomials
of as high degree d as possible:

• For any i ∈ [n] and any monomial xα as in (16.1.1) such that α is a partial
partition of [n] \ {i} it holds:

D(α) =
∑

f :f∩
S

α=∅∧i∈f

D(α ∪ {f}) . (16.1.2)

For the purpose of the next lemma we shall call also any D satisfying the
condition a degree d design on [n].

Lemma 16.1.4 Let n ≥ 3 and n not divisible by 3. Assume that there exists a
degree d design D on [n]. Then there is a degree 2d+ 1 design D′ on [5n].

[The constant 5 appears because 5 = 2+3; for a general pair of different primes
p, q it would be p+ q, cf. Section 16.5.]

Proof:
Let D be a degree d design on [n] and assume without a loss of generality

that D(β) = 0 if β has more than d blocks.
Consider the set [5n] partitioned (completely) into blocks of size 5. To

distinguish from the usage of the term block in 3-partitions we shall call these
5-blocks orbits. We shall also fix a permutation Next whose cycles are exactly
the orbits. Hence for v ∈ [5n], {v0, v1, . . . , v4} is the orbit containing v, where
we set v5 := v0 := v and vt+1 := Next(vt).

For X ⊆ [5n] denote by Orbit(X) the set of all points from [5n] that share
an common orbit with some element of X. We shall denote by Partitionsn

and Partitions5n the sets of partial 3-partitions on [n] and [5n], respectively
(Partitionsn was denoted just by Partitions earlier in Section 15.5).

Now assume that V ⊆ [5n] is a set that intersects each orbit in exactly one
point; in particular, |V | = n. We shall call such sets choice sets and put
V t := {vt | v ∈ V }, i.e.. V 0 = V . Given a choice set V , define first only a
degree d design DV on [5n] by the following construction.

Define a partial mapping V ∗ : Partitions5n → Partitionsn by identifying
[n] with the set of orbits and proceeding as follows:

• If all blocks e in β ∈ Partitions5n satisfy
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– either e ⊆ V 1 or e ⊆ V 2 (such e will be called a cross-block)

– or e = {v3, v4, v5} (such e will be called an inner-block),

and the set
{Orbit(e) | e ∈ β is a cross-block }

is a partial 3-partition, we define V ∗(β) to be this partition (of orbits).

• We let V ∗(β) undefined in all other cases.

Having defined the partial map V ∗, put:

DV (β) =
{
D(V ∗(β)) if V ∗(β) is defined
0 otherwise.

The definition of DV implies readily that

Claim 1:DV is a degree d design on [5n]. In addition, for any β and i ∈
[5n] \

⋃
β, if

• either |V (β)| < d,

• or V (β) is undefined,

• or i is in an orbit intersecting a cross-block of β,

then the design condition (16.1.2) holds for i and β.

Now we are ready to define the wanted design D′. Put:

D′(β) :=
∑
V

DV (β) (mod 2)

where V ranges over all possible choice sets V ⊆ [5n].

Claim 2:Assume that there is a cross-block e ∈ β such that no other block in β
intersects any of the 3 orbits that e intersects. Then D′(β) = 0.

For each choice set V such that V ∗(β) is defined there is exactly one other
choice set W of agreeing with V on the orbits which e does not intersect, and
such that W ∗(β) is also defined. By the symmetry, DW (β) = DV (β) and hence
their sum modulo 2 is 0. This holds for all choice sets V and thus indeed
D′(β) = 0.

The following is a key claim.

Claim 3: D′ is a degree 2d+ 1 design on [5n].

The condition for D′(∅) is clearly satisfied. Now consider any partial 3-
partition β on [5n] with at most 2d blocks and any i ∈ [5n] \

⋃
β.

We may assume without a loss of generality that V (β) is defined for at least
one choice set V , and we fix one such V . Claims 1 and 2 imply that the design
condition is satisfied in the following situations:
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1. The orbit of i intersects some cross-block of β: D′ obeys the design con-
dition since it is a linear combination of designs that satisfy it (Claim
1).

2. |V (E)| < d, so the same is true for all choice sets W for which W (β) is
defined, and the design condition is satisfied by Claim 1 again.

3. The orbit of i contains some inner-block of β: then there exists a block
satisfying the condition of Claim 2 or one of the earlier two items hold.

If the second item fails, β has at least d cross-blocks with non-intersecting
orbits and orbits of every other block intersect with at most one of the d
cross-blocks (since V (β) is a partition by its definition). Because β has
at most 2d blocks, either the first item holds or we can use Claim 2 to
conclude that the design condition holds.

It remains to consider the situation when the block containing i does not inter-
sect any block of β, and V (β) has exactly d blocks for each choice set V .

LetW range over all selections of representatives from the orbits not contain-
ing i, i.e. these look like choice sets outside the orbit of i. Put Wt := W ∪ {vt}.
By the symmetry of the construction DWt(β) = DW (β) for all t and so:

D′(β) =
∑
W

5∑
t=1

DWt(β) = 5
∑
W

DW (β) .

Define for j = 0, 1, 2 the blocks

ej := {v−j , v−j+1, . . . , v−j+2}

and note that by our assumption on D, these 3 blocks are the only blocks
containing i for which DWt(β ∪ {e}) might be possibly non-zero: otherwise
|Wt(β ∪ {e})| > d.

Moreover, DWt(β ∪ {ej}) = DW (β) if i = −1 − j (i.e. ej is an inner-block
of Wt) and DWt(β ∪ {ej}) = 0 otherwise. Putting it together:

2∑
j=0

D′(β ∪ {ej}) =
∑
W

5∑
t=1

2∑
j=0

DWt(β ∪ {ej}) = 3
∑
W

DW (E)

which is equal to D′(β) modulo 2.
That completes the proof of the claim and of the lemma.

q.e.d.

It is much easier to construct designs over fields of characteristic 0; it suffices
to assign to each monomial a suitable weight.

Lemma 16.1.5 Let n ≥ 3, n not divisible by 3. Then every Nullstellensatz
refutation of the ¬Count3n over a field of characteristic 0 must have the degree
bigger than bn

3 c.
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Proof:
By Lemma 16.1.1 it suffices to define a design of degree bn/3c. PutD(∅) := 1

and for β with t+ 1 blocks put D(β) := ct+1, where we define:

ct+1 := ct ·
(
n− 3t− 1

2

)−1

.

This works as long as n − 3t − 1 ≥ 2 (i.e., n
3 ≥ t) as

(
n−3t−1

2

)
is the num-

ber of partitions extending a fixed partition β with t blocks by one new block
containing a fixed element i ∈ [n] \

⋃
β.

q.e.d.

Note that if we apply the same strategy that we used to show that instances
of Count2 do not feasibly imply Count3n to prove that also instances of the
ontoPHP do not imply Coun3

n, we would end up trying to show that there is
no (m + 1) ×m matrix of polynomials fij (as in the proof of Theorem 15.5.5)
summing up in each row and in each column to 1. But to get a contradiction
we can count in any field and, in particular, over the rationals. Lemma 16.1.5
then gives the statement analogous to the Key claim in the proof of Theorem
15.5.5.

When we use the dense representation of polynomials (cf. Section 6.2), a
lower bound d for the degree of an NS-refutation of some F in n variables yields
also a lower bound nΩ(d) for the number of different monomials and hence also
for the size: there has to be at least one polynomial of the degree ≥ d and it
has so much monomials. But if we represent polynomials simply as a sum of
monomials that occur in it with a non-zero coefficient the degree may be high
even for just one monomial.

We shall see in the next section (Theorem 16.2.4) that, in fact, there is
a statement analogous to Theorem 5.4.5 allowing to estimate the number of
monomials from below in terms of a degree lower bound. That will be stated in
the context of PC. Although there is an analog of Theorem 5.4.3 (for R∗) for
PC∗ and hence for NS, we shall give instead a simpler argument for the specific
case of refutations of ¬Count3n.

Lemma 16.1.6 Assume π is an NS-refutation of ¬Count3n over any field, n >>
1. Then for any 0 < δ < 1/(log 5), at least nnδ

different monomials must occur
in π.

Proof:
Choose a random subset D ⊆ [n], |D| divisible by 3, and n − |D| = nε, an

arbitrary 0 < ε < 1. Then choose randomly a 3-partition ρ od D.
Given a 3-element subset e ⊆ [n], ρ is incompatible with e with the proba-

bility at least 1−O(n−2). Hence a degree d monomial xe1 · · · · · xed
gets killed

by ρ with the probability of failing to do so bounded above by O(n−Ω(d)) for
d << n.
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By averaging it follows that if there are less than nΩ(d) monomials of the
degree ≥ d, there is ρ of the form above that kills them all. Further, a restriction
of the refutation π by ρ is again an NS-refutation πρ but of ¬Count3nε . By
Theorem 16.1.2 it follows that the degree of πρ must be at least Ω(nε/ log 5) for
n >> 0.

q.e.d.

16.2 Polynomial Calculus

There is a variety of lower bound results for PC and we refer to some in Section
16.5. Here we concentrate on the first strong PC degree lower bound which
has the remarkable feature of describing explicitly the space of all polynomials
derivable from the starting axiom polynomials within a bounded degree. Let
¬WPHPm

n be the polynomial system as ¬PHPn from Section 11.7 but with m
in place of n+ 1. That is, for m > n ≥ 1 the ¬WPHPm

n polynomial system has
variables xij , i ∈ [m] and j ∈ [n] and it consists of the polynomials:

1. 1− (
∑

j∈[n] xij) = 0, for each i ∈ [m],

2. xijxij′ = 0, for all i ∈ [m] and j 6= j′ ∈ [n],

3. xijxi′j = 0, for all i 6= i′ ∈ [m] and j ∈ [n].

The polynomials at the left-hand side of these equations will be denoted by

Qi , Qi;j,j′ and Qi,i′;j

respectively.

Theorem 16.2.1 (Razborov [440])
Let F be arbitrary field and let m > n ≥ 1 be arbitrary. Then there is no

degree ≤ n/2 PC/F refutation of ¬WPHPm
n .

The theorem is an immediate consequence of Lemma 16.2.2; see the sentence
after its statement. The proof will have another interesting corollary (Lemma
16.2.3): although in general PC is stronger than NS (cf. Section 16.5) this is
not so for proofs from ¬WPHPm

n :

• If a polynomial f (over any F with variables of ¬WPHPm
n ) has a degree

d ≤ n/2 PC/F proof from ¬WPHPm
n then it has also a degree d NS/F-

proof from ¬WPHPm
n .

We need to define first several vector spaces (everything is over F) and their
bases. We fix n and keep it out of the already baroque notation. The tuple of
all variables of ¬WPHPm

n will be denoted by x.

Ŝ is the ring F[x] factored by the ideal generated by all polynomials

x2
ij − xij , Qi1,i2;j and Qi;j1,j2 .
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For f ∈ F[x], f̂ ∈ Ŝ denotes the corresponding element in the quotient space.
Maps will denote analogously to Section 15.1 the set of partial injective maps

α but this time from [m] into [n]. As in Section 15.5 each α ∈ Maps defines a
monomial xα :=

∏
i∈dom(α) xiα(i). In particular, ∅ ∈Maps and x∅ = 1.

For t ≥ 0, define Mapst := {α ∈ Maps | |α| ≤ t}, and also Ŝt is the set of
elements of Ŝ of degree at most t. Let Tt := {xα | α ∈Mapst} be the canonical
vector space basis of Ŝt.

The vector space for which we shall want to find some combinatorially trans-
parent basis is the set of polynomials f̂ ∈ Ŝ such that f ∈ F2[x] has a degree
≤ t PC-proof from ¬WPHPm

n . It will be denoted by Vt. The following elegant
notion will allow us to define such a basis.

Let α ∈ Maps. A pigeon dance of α is the following non-deterministic
process: Take the first (i.e.. the smallest) pigeon i1 ∈ dom(α) and move it to
any unoccupied hole j bigger than α(i1). Then take the second smallest pigeon
i2 ∈ dom(α) and move it to any currently unoccupied hole bigger than α(i2),
etc., as long as this is possible. We say that the pigeon dance is defined on α if
this process can be completed for all pigeons in dom(α).

The set Maps∗ consists of all maps α : [m] → [n] ∪ {0} that is injective
outside of α(−1)(0). That is, if i, i′ ∈ dom(α) and α(i) = α(i′) 6= 0 then
i = i′. Put Maps∗t := {α ∈ Maps∗ | |α| ≤ t}. Also, for α ∈ Maps∗ denote by
α− ∈Maps the map α restricted to domain dom(α) \ α(−1)(0).

We need to extend the notation xα to Maps∗. For α ∈ Maps∗ the symbol
xα will be the element of Ŝ defined by:

xα− ·Qi1 · · ·Qik
, where {i1, . . . , ik} = α(−1)(0) .

In particular, it is no longer just a monomial.
Last three definitions of subsets of Ŝ we shall utilize are:

• Bt ⊆ Ŝ: the set of all xα for α ∈ Maps∗ such that a pigeon dance is
defined on α−.

In particular, 1 ∈ B0.

• Ct := Bt \ Tt and ∆t := Bt ∩ Tt.

In particular, ∆t consists of monomials xα for α ∈ Maps such that a
pigeon dance is defined on α.

Lemma 16.2.2 For 0 ≤ t ≤ n/2, as vector spaces

Ŝt = Vt ⊕ F∆t .

and
Vt = FCt .

In particular, 1 /∈ Vt and ∆t is a basis of the vector space Ŝt/Vt.
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[Note that 1 /∈ Vt implies the degree lower bound t for PC-refutations of
¬WPHPm

n and hence the lemma implies Theorem 16.2.1.]

Proof:
We describe a rewriting procedure for monomials that will show that Ct∪∆t

spans Ŝt and that ∆t spans Ŝt/Vt. We shall need an additional argument for
the linear independence.

For monomials

xγ = xi1j1 . . . xikjk
and xδ = xu1v1 . . . xu`v`

from Tt define a partial ordering xγ � xδ by the condition:

• Either k < `, or k = ` and for the largest w such that jw 6= vw it holds
that jw < vw.

We shall use induction on � to prove:

Claim 1:The monomial xγ can be expressed as∑
xα∈X

cαxα +
∑

xβ∈Y

cβxβ

for some X ⊆ Ct and Y ⊆ ∆t, and non-zero coefficients c from F.
Further, for all xα ∈ X and xβ ∈ Y , dom(α) ∪ dom(β) ⊆ dom(γ).

Assume i1 < . . . ik in xγ above and also xγ /∈ ∆t (as otherwise there is
nothing to prove) and that the claim holds for all terms �-smaller than xγ .

Use the polynomial axiom Qi1 and rewrite xγ as

xi2j2 . . . xikjk
+

∑
j′1<j1

xi1j′1
. . . xikjk

+
∑

j′1>j1

xi1j′1
. . . xikjk

computing in Ŝ, i.e. deleting the terms with j′1 ∈ {j2, . . . , jk}. The first term
and the terms in the first summation are all �-smaller than xγ and their domain
is included in dom(γ) and thus the statement for them follows by the induction
hypothesis.

The collection of all terms in the last summation can be interpreted as
describing all possible moves of i1 in the attempted pigeon dance of γ. To
simulate other steps in all possible pigeon dances rewrite each of these terms
analogously using Qi2 (i.e. simulating the dance of pigeon i2), and so on. But
we assumed that xγ /∈ ∆t, i.e. that the pigeon dance cannot be completed.
Therefore the rewriting process must eventually produce only terms �-smaller
than xγ .

We need to establish the linear independence of Bt. For this we shall even-
tually define an injective map from Bt into Tt, showing |B − t| ≤ |Tt|. Because
Bt spans Ŝt and Tt is its basis, Bt must be a basis - and, in particular, linearly
independent - as well.

Consider first the minimal pigeon dance. Given α, it is defined by the
following instructions:
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• Put α1 := α.

• For i = 1, 2, . . . ,m, if i ∈ dom(αi), move it to the smallest free hole and let
αi+1 be the resulting map. If i /∈ dom(αi), do nothing a put αi+1 := αi.

• D(α) is the result of this process applied to α.

Claim 2:For all t ≤ n/2, D is defined on the whole of Bt.

It is not difficult to see that if a pigeonhole dance is defined on α−, the
minimal one is too. Now if α ∈ Bt, D is defined on α−. If s1 = |dom(α)| and
s2 = |α(−1)(0)|, then either s2 and α = α− or 2s1 + s2 ≤ n. Hence there are
at least s2 holes not used by D on α− and thus can be used for the pigeons
mapping to 0.

Claim 3:D is an injective map from Bt into Tt, for t ≤ n/2.
It suffices to show that each of the m steps defining D is injective. Consider

the i-th step and assume α 6= α′ are mapped by it to β. The domains of these
maps are the same and they all agree on all i′ 6= i in the domain. But if
α(i) < α′(i) then α′(i) is in a free hole smaller than β(i), which contradicts the
definition of the minimal dance. The other possibility, α′(i) < α(i) leads to an
analogous contradiction. Hence it must be that α = α′.

It remains to show that Ct is a basis of Vt. Clearly Ct ⊆ Vt and F · Ct

contains all axioms Qi and is closed under the addition rule of PC. For the
closure of the space under the multiplication rule assume xα ∈ Ct, deg(xα) < t.
We want to show that xijxα ∈ F · Ct as well.

Proceed by induction on t. By the definition of Bt we can write xα = xβQi′

for some i′ ∈ [m]. As deg(xβ) < deg(xα) ≤ t−1, xijxβ is in F·Bt−1. Multiplying
the F-linear combination of elements of Bt−1 turns each term into either an
element of Ct or to 0.

q.e.d.

Note that the reduction process described in the proof of the lemma yields
also the following statement.

Lemma 16.2.3 If f has a degree ≤ n/2 PC-proof from ¬WPHPm
n then it has

also a degree ≤ n/2 NS-proof from ¬WPHPm
n .

We shall conclude by stating a theorem that gives a lower bound for the
minimum number of monomials in a PC-refutation in terms of the minimum
degree. It is proved in a way analogous to the proof of Theorem 5.4.5 and we
shall not prove it here.

First a technical definition tailored specifically for an application to the
WPHP. For a set F of polynomials in n variables x1, . . . , xn over a field F and
k ≥ 1, we say that F has a k-division if and only if there are sets C1, . . . , Ck ⊆
{x1, . . . , xn}:

xuxv ∈ F , whenever xu, xv ∈ Ci for some i ≤ k.
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Theorem 16.2.4 (Impagliazzo, Pudlák and Sgall [248])
Let F be a set of polynomials in n variables over a field F. Assume that the

degree of all polynomials in F is at most d0. Then:

1. If the minimum degree of a PC-refutation of F is d ≥ d0 then any PC-
refutation of F must contain at least 2Ω(d2/n) monomials.

2. If the minimum degree of a PC-refutation of F is d ≥ d0, k ≥ 1 and F has
a k-division then any PC-refutation of F must contain at least 2Ω(d2/k)

monomials.

The second part of the theorem yields a lower bound for refutations of
¬WPHPm

n as Cj := {xij | i ∈ [m], j ≤ n}, is an n-division for ¬WPHPm
n .

16.3 Positivstellensatz

An elegant characterization of the non-existence of degree t NS-refutations was
the existence of degree t designs (Lemma 16.1.1 and the remark about it in Sec-
tion 16.5). For Positivstellensatz refutations of systems of polynomial equations
and inequalities over R as (6.4.2):

f = 0 , for f ∈ F , and g ≥ 0 , for g ∈ G

a similar notion also exists. A function:

E : R[x]→ R

is a degree t SOS-design for F ∪ G if it satisfies the three condition from the
definition of a degree d design in Section 16.1, that is:

1. E(0) = 0 and E(1) = 1,

2. E is an R-linear map,

3. for f ∈ F and any h ∈ R[x] such that deg(hf) ≤ t: E(hf) = 0,

and, in addition, two more conditions:

4. for any h ∈ R[x], if deg(h) ≤ t/2 then E(h2) ≥ 0,

5. for g1, . . . , g` ∈ G and h ∈ R[x], if deg(g1 . . . g`h
2) ≤ t then E(g1 . . . g`h

2) ≥
0.

Note that if the system (6.4.2) was actually solvable by some a ∈ Rn then

E : h(x)→ h(a)

is a SOS-design of any degree t.
The following is proved analogously to Lemma 16.1.1.
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Lemma 16.3.1 Assume that there exists a degree t SOS-design for F∪G. Then
every SOS-refutation of F ∪ G must have degree bigger than t.

Analogously to the relation between NS-refutations and designs, SOS-designs
are dual objects to SOS-refutations, and the lemma has a form of converse, cf.
Section 16.5. We shall not use SOS-designs to prove a degree lower bound for
the Positivstellensatz, however. Instead we shall employ the following elegant
reduction to the complexity of LEC proofs (the linear equational calculus) from
Section 7.7.

The LEC-width of an LEC-derivation is defined analogously to the width
of R-derivations: it is the maximum number of variables occurring in a proof
line.

Lemma 16.3.2 (Schoenebeck [465])
Let c ≥ 3 be a constant. Assume that for n >> 1 A · x = b is an unsolvable

system of linear equations with n variables and at most c variables in each
equation.

If every LEC-refutation of the system must have the LEC-width at least
w ≥ c then every Positivstellensatz proof of the unsolvability of the system must
have degree at least w/2.

The statement is proved in [465, L.13] in the framework of relaxations rather
than proof systems and we shall not repeat it here.

Theorem 16.3.3 (Grigoriev [209])

1. There is c ≥ 3 such that for all n >> 1 there is a graph G with vertices [n]
and each vertex having degree at most c such that for all f : [n] → {0, 1}
with

∑
i∈[n] f(i) odd, every Positivstellensatz refutation of the Tseitin’s

contradiction TSEG,f (cf. Lemma 13.3.6) must have degree at least Ω(n).

2. For n >> 1 odd, every Positivstellensatz refutation of Count2n (cf. Section
11.1) must have degree at least Ω(n).

3. There is c ≥ 3 such that for all n >> 1 there is an unsolvable system of
linear equations A · x = b with n variables x and at most c variables in
each equation such every Positivstellensatz proof of the unsolvability of the
system must have degree at least Ω(n).

The constant c in items 1. and 3. can be as small as 3, G is a graph with certain
expansion properties, and A, b is the system of equations expressing TSEG,f .

Proof:
Let us treat the third statement; the first two can be reduced to it. In fact,

we shall prove a weaker lower bound n1−δ, for any δ > 0, because that will allow
us to refer to a construction and an argument used already.

Let δ > 0 be arbitrary small. By Lemma 16.3.2 it suffices to demonstrate
that for a suitable linear system A · x = b with n variables and at most c
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variables in each equation, every LEC-refutation needs the LEC-width at least
n1−δ. A suitable linear system is the one provided by Theorem 13.3.1 and the
argument yielding a suitable LEC-width lower bound is completely analogous
to the argument in the proof of the R-width lower bound in Corollary 13.4.6
using Lemmas 13.4.4 and 13.4.5.

q.e.d.

We stated the theorem for Positivstellensatz refutations although the original
result is formulated for a slightly stronger Positivstellensatz calculus PC> (see
Section 6.7). The bound does not hold for SAC though as the next statement
shows.

Theorem 16.3.4 (Atserias [27])
Let A · x = b be a system of m linear equations in n unknowns over F2

that is unsolvable. Assume that every equation in the system contains at most
` variables.

Then the unsolvability of the system has an SAC-proof of a constant degree
(independent of n) and of size polynomial in n and 2`.

The linear system is represented for SAC by m · 2`−1 inequalities that have
a solution in {0, 1} if and only if the original system has a solution in F2.

16.4 CP and LS: Rank and Tree-like Size

We shall study in this section rank and tree-like size lower bounds for CP and
LS, postponing the size lower bounds to Chapter 18. Recall the definition of
the rank of CP- and LS-proofs from Section 6.6.

It is easy to prove a rank lower bound via Grigoriev’s Theorem 16.3.3.

Lemma 16.4.1 Assume that F ∪G is a system of linear equations and inequal-
ities that has an LS-refutation π of rank r. Then it has a Positivstellensatz
refutation ρ of degree d ≤ r.

If π is an LS+-refutation then a Positivstellensatz refutation ρ of degree
d ≤ 2r exists.

Proof:
We may assume π is tree-like and simulate it in Positivstellensatz analogously

to how Nullstellensatz simulates tree-like PC in Lemma 6.2.4. The multiplicative
factor 2 accounts for the starting quadratic inequalities Q2 ≥ 0 in LS+.

q.e.d.

Corollary 16.4.2 The three principles in Theorem 16.3.3 (when the CNFs are
encoded via linear inequalities) require LS+-refutations of rank at least Ω(n).



394 Lower bounds

Note that Lemma 16.4.1 straightforwardly generalizes to LSd and LSd
+ and,

in fact, to SAC analogously to how Lemma 6.2.4 relates PC∗ (tree-like PC) and
NS. Hence so does Corollary 16.4.2; for example, the rank of any LSd

+ refutation
of the principles must be Ω(n/d).

The next theorem allows to transform rank lower bounds to size lower
bounds. It is proved by an argument analogous to Theorems 5.4.5 and 16.2.4
and we shall not repeat it.

Theorem 16.4.3 (Pitassi and Segerlind [407])
Assume a system of linear inequalities G in n variables has a tree-like LS-

(resp. tree-like LS+-) refutation of size s. Then it has another LS- (resp. LS+-)
refutation (not necessarily tree-like) of rank at most O((n log s)1/2).

16.5 Bibliographical and Other Remarks

Ajtai’s [7, 8] work on the mutual independence of the modular counting prin-
ciples (cf. Section 15.5) led him to study the solvability of symmetric systems
of linear equations over various fields (and Fp, in particular). The term sym-
metric means that the variables are indexed by tuples of elements of [n] and
any permutation of [n] keeps the polynomial system unchanged. For example,
〈. . . 〉 translations of first-order sentences result in formulas that are symmetric
in this sense, and when the formula (or a set of clauses) is translated into a set
of equations this property is preserved. Using the representation theory of the
symmetric group he proved a strong theorem that showed that the solvability
of such a system depends (in a certain precise technical sense) only on the re-
mainder of n modulo some prime power of the characteristic of underlying field.
Examples of symmetric systems of linear equations are equations for unknown
coefficients of coefficient polynomials in an NS-refutation of ¬Count3n of any
fixed degree (the polynomials forming ¬Count3n are symmetric in the sense of
[8]). Thus Ajtai’s result [8] implied immediately the non-constant degree lower
bound for NS-refutations of the modular counting principles, the PHP, etc., even
before the NS proof system was actually defined. In fact, [288] showed that it
implies, with a little extra work, also a non-constant degree lower bounds for
PC. This implied, for example, a non-constant degree lower bound for PC/Fp-
refutations of ¬Countqn, for p 6= q different primes, and also lower bounds for a
number of polynomials systems (e.g. as Fieldn in Section 15.4) not amenable to
the direct combinatorial arguments. With a rather more work [288, 289] further
showed that the method can give a general model-theoretic criterion related to
Theorem 13.1.2 (cf. also Section 20.5) that implies log n (for NS) and log log n
(for PC) degree lower bounds. Further work on this approach to NS and PC
was hampered by the technical difficulty of the underlying characteristic free
representation theory of the symmetric group of James [255, 256] (too much
work for too little gain).

Sec.(16.1) The notion of a design was defined by Pudlák in the email Prague
- San Diego seminar that run in 1990s (cf. [52]). Buss [115] showed, using the
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duality of linear programming, that Lemma 16.1.1 is actually an equivalence.
Lemma 16.1.3 is from Beame et.al. [52] and the key technical Lemma 16.1.4 is
from Buss et.al. [126, L.4.3]. Our proof of the lemma follows closely the original
proof: we simplify it for the choice m = 2 and q = 3 we made but otherwise
keep its structure. Both these results and Theorem 16.1.2 hold for all pairs of
m, q, q a prime not dividing (possibly composite) m.

Grigoriev [208] gave an example of a constant degree polynomial system
requiring a linear degree NS-refutations (in characteristics different from 2),
using what he calls Boolean multiplicative Thue systems and related to Tseitin
formulas.

Sec.(16.2) The proof of Theorem 16.2.1 follows Razborov’s [440] original proof
as simplified in places by Impagliazzo, Pudlák and Sgall [248]: the definition of
the pigeon dance and the basis ∆t is due to Razborov [440], the basis Ct was
explicitly defined by Impagliazzo et.al. [248]. The first part of Lemma 16.2.2 is
from Razborov [440] (Claims 3.4 and 3.11 there, showing that ∆t is a basis of
Ŝt/Vt), and the proof of that (and the second statement in the lemma) are from
Impagliazzo, Pudlák and Sgall [248] (Proposition 3.8 and the proof of Theorem
3.9 there). We kept the notation close to these two papers. The statement
about NS- and PC-proofs from ¬WPHPm

n in Lemma 16.2.3 is from Razborov
[440, Remark 3.12].

Buss et.al. [123] extended [208] to PC and gave Ω(n) degree lower bounds for
PC, optimal degree lower bounds for the Tsetin formulas and for the modular
counting principles, and also a linear separation of the minimum degree of PC-
proofs over fields of different prime characteristics. This was further strength-
ened by Ben-Sasson and Impagliazzo [69] (and subsequently by Alekhnovich
et.al. [11]) who proved PC lower bounds for random CNFs. These works uti-
lized Fourier basis and a representation of binomials by linear equations, and a
translation of the binomial calculus (PC restricted to using binomials) into the
linear equational calculus (cf. Section 7.1). Alekhnovich and Razborov [15] sub-
stantially extended the method to the non-binomial case and formulated some
general conditions implying degree lower bounds. Clote and Kranakis [147] give
an exposition of a part of these developments.

A result separating the minimum degree of NS and PC proofs is already in
Clegg, Edmonds and Impagliazzo [144]; the following principle (called there the
house-sitting principle, originally called the iteration principle in [140])
has degree 3 PC-proofs but requires degree Ω(n) NS proofs: if f : [n]→ [n] the
either 0 < f(0) fails or ∀i ∈ [n] i < f(i)→ f(i) < f(f(i)) fails.

Nordström and Mikša [359] considered a modification of the resolution width
arguments (and expansion graphs) to PC (cf. Section 13.3). For resolution
these can be formulated using the following game-like set-up. For a suitable
CNF formula partition the set of clauses into sets Ci and the set of variables
into sets Vj , defining a bipartite graph G (with the parts being the sets Ci and
the sets Vj , respectively), and having the edge (Ci, Vj) if and only if Ci contains
a variable from Vj . A width lower bound is then established if G has a suitable
expansion property and by showing that for any edge (Ci, Vj) in G, given any
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assignment to all variables (by an adversary), we may flip the assignment on Vj

to satisfy the clauses in Ci. This itself does not imply degree PC lower bounds
(for example, the ontoPHPn+1

n is a suitable formula for the argument but has
small degree PC proofs). Nordström and Mikša [359] proved that PC degree
lower bounds do actually follow if we can switch the order of things: we first
give a partial assignment to the variables in Vj and then the adversary extends
this in any way to a global assignment, and the clauses in Ci should be still
satisfied by it.

Sec.(16.3) Functions that we call here degree t SOS-designs are called in the
base case of F = G = ∅ in Barak, Kelner and Steurer [46] level t pseudo-
expectation operators and their definition is attributed there to Barak et.al.[45].
If F 6= ∅ they talk about a pseudo-expectation operator solving f = 0 for f ∈ F
if it satisfies our third condition. The terminology comes from the observation
that if D is any distribution on Rn then the expectation

E : h(x) ∈ R[x]→ Ea∼D[h(a)]

satisfies the SOS-design conditions 1., 2. and 4. (i.e. the SOS-design conditions
for F and G empty). Similarly as the existence of degree t designs is equivalent
to the non-existence of degree t NS-refutations, also Lemma 16.3.1 has inverses.
Barak and Steurer [47, Thm.2.7] formulate it for the case of G = ∅ and Atserias
and Ochremiak [41] for any F and G, but in both cases under an additional
technical condition (saying that the boundedness of

∑
i x

2
i as represented by

an equation
∑

i x
2
i + g = M for some sum-of-squares g and some M ∈ R+

can be derived in a particular way from the initial equations and inequalities).
Barak, Kelner and Steurer [46] give a number of results showing that pseudo-
expectations have properties analogous to ordinary expectations.

Grigoriev and Vorobjov [212] proved an exponential (resp. a linear) degree
lower bound for the so-called telescopic system of equations in the Positivstel-
lensatz (SOS) proof system and in a system called Positivstellensatz calculus
there, respectively (and they also derived size lower bounds). This hard exam-
ple is not, however, Boolean and thus does not provide a propositional hard
example. Grigoriev’s Theorem 16.3.3 was the first propositional hard example
(he stated that c ≤ 6 but it is known that 3 suffices, cf. Alon and Spencer [19]).
Grigoriev’s original proof built on [208] and Buss et.al. [123]. The lower bound
was reproved by Schoenebeck [465] and generalized by Itsykson and Kojevnikov
[253]. The complementary Theorem 16.3.4 is from Atserias [27] who generalized
an earlier result by Grigoriev, Hirsch and Pasechnik [211]; we refer the reader
for a proof to [27].

Grigoriev [210] gave a degree lower bound for Positivstellensatz calculus
proofs of the knapsack over reals. The lower bound depends on the coefficients
of the instance: sometimes it is a linear lower bound and sometimes there is a
constant upper bound, implying that the Positivstellensatz calculus is stronger
than PC/R in the sense that the PC degree for all instances of the knapsack is
linear by Impagliazzo, Pudlák and Sgall [248].
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Lauria and Nordström [341] construct 4-CNFs in n variables that have degree
d(n) Positivstellensatz refutations but each Positivstellensatz refutation must
contain at least 2Ω(d(n)) monomials, for a wide range of d(n): from a large
enough constant to nΩ(1). The method uses the idea of relativization (cf. Section
13.2) to amplify (quite generally) a degree lower bound to a lower bound for the
number of monomials.

(16.4) Grigoriev, Hirsch and Pasechnik [211] survey of all conceivable variants,
static as well as dynamic, of systems like CP and LS: LSd (a degree d version
of CP, in which LS = LS2), and their extensions LSd

+ (and other) analogous
to LS+ (cf. Section 6.5). They also showed that extending these systems with
a division rule allows to simulate CP with p-size coefficients, and they proved
lower bounds on LS rank and on the size of static and tree-like LSd-proofs.
Further they proved an exponential lower bound for the tree-like LS+ (static
LS+ in their terminology) proofs of the unsolvability of a system of 0-1 linear
inequalities but not for a translation of a propositional formula. A number of
open problems is mentioned in [211].

Razborov [446] studies width of proofs in CP and LS and the associated
algorithms (cf. Section 6.6) where the width is defined as the number of variables
involved in cuts specific for the proof system or the algorithm in question, and
he proves lower bounds for this measure for Count2n, the for Tseitin formulas
and for random k-CNFs.

Regarding only CP, Buresh-Oppenheim et.al. [105] introduced a game-
theoretic method for rank lower bounds for CP and LS, and applied it to random
k-CNFs and Tseitin’s formulas. Atserias, Bonet and Levy [30] formulate a rank
lower bound criterion for CP and the Chvátal rank. We shall treat size of general
CP-proofs in Chapter 18.

There is a number of open problems about the algebro-geometric proof sys-
tems. Some of them are linked to problems about logical calculi (e.g. the
problem to prove a lower bound for the number of steps in PC is equivalent
to the problem to prove a size lower bound for EF ), some of them are solved
only conditionally (e.g. a size lower bound for LS+, that we shall discuss via
interpolation in Chapter 18).

I think that another key step is to prove a lower bound for any proof system
combining logical reasoning with algebraic reasoning when the top system is
logical: systems like R(LIN), R(PCd) for small degrees d (even d = 1), R(CP),
LK(CP), etc. from Section 7.1. So far we have lower bounds for systems where
the top reasoning is algebraic like F c

d (MODp) (cf. Section 7.7).
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Chapter 17

Feasible Interpolation: a
Framework

We have seen already three instances of what we shall call the feasible inter-
polation property: Theorems 3.3.1 and 3.3.2 (for tree-like and dag-like cut-free
LK) and the Feasible interpolation theorem 5.6.1 (for resolution), and more ex-
amples will be given in Chapter 18. This chapter is devoted to the presentation
of key concepts and constructions underlying the feasible interpolation method.
It offers a framework in which to approach lower bounds and provides model
statements. But it will be often convenient to tweak it a bit.

I shall use the informal name feasible interpolation when describing various
instances of the method, as that became customary over the years. The original
name was effective interpolation which is a bit more flexible as the adjective
feasible traditionally refers to polynomial (maybe randomized or non-uniform)
algorithms only. For this reason I shall reserve the formal term feasible inter-
polation for the specific case when an interpolant is computed by a Boolean
circuit. We shall consider a number of generalizations which could be described,
to use a paraphrase of the famous quote, as a continuation of feasible interpola-
tion by other means: we will consider other computational models X that will
be shown to compute an interpolant and this will be distinguished by saying
that a proof system P has a feasible interpolation by X.

17.1 The Set-Up

The situation we shall work in is that of Section 13.5. We start with two disjoint
NP sets U and V . By Lemma 13.5.1 there are clauses:

A1(p, q), . . . , Am(p, q), B1(p, r), . . . , B`(p, r)

399
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containing only literals corresponding to the displayed atoms, the tuples p, q
and r are disjoint, and

p = p1, . . . , pn , q = q1, . . . , qs , and r = r1, . . . , rt

where
m, `, s, t ≤ nO(1) (17.1.1)

and such that Un and Vn are defined by CNFs as in (13.5.3) and (13.5.4):

Un = {a ∈ {0, 1}n |
∧

i≤m

Ai(a, q) ∈ SAT}

and
Vn := {a ∈ {0, 1}n |

∧
j≤`

Bj(a, r) ∈ SAT} .

This set-up is more convenient than to talk about implications, in our case:∧
i≤m

Ai → ¬
∧
j≤`

Bj , (17.1.2)

as most systems to which we shall apply feasible interpolation are naturally
refutation systems and can represent clauses in a more or less direct way.

Because we shall always consider one n at a time, we do not include n in
the notation for the clauses Ai, Bj or for the parameters m, `, s, t, although all
depend on n. From this dependence only the polynomial bound (17.1.1) on the
parameters matters. That is, we could allow non-uniformity and consider U
and V to be NP/poly sets and everything would work the same. But there do
not seem to be natural examples to take advantage of this.

In the monotone case we shall assume that either U is closed upwards
or V is closed downwards (often both) and that the atoms from p occur only
positively in all Ai or only negatively in all Bj , respectively (cf. Lemma 13.5.1).

We shall refer to the situation just described as the (monotone) feasible
interpolation set-up, abbreviated often to the (monotone) FI set-up.

The primary mental image is that of the pair U, V and not of their definitions
via the clauses Ai, Bj . That is, the constructions to certify a feasible interpo-
lation in a particular case we want to develop ought to work for all definitions
and not just for some. This will give us a room to choose particular definitions
when proving the disjointness for some specific pairs, to rule out feasible inter-
polation and automatizability (cf. Section 17.3). The opposite case, to choose
definitions for which the disjointness is hard to prove, is not that interesting.
After all, if we take C(p), an unsatisfiable CNF hard for the proof system at
hand, we can redefine any NP set W by adding C(p) as a disjunct (and putting
it into a CNF):

p ∈W ∨ C(p) .
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With these modified definitions no pair of NP sets can be shortly proved to be
disjoint in the proof system as the disjointness implies that C is unsatisfiable
which is supposed to be hard to prove therein.

The key definition is:

Definition 17.1.1
A proof system P has the feasible interpolation property (or we say

that it admits feasible interpolation) if and only if there is a function
f : {0, 1}∗ → {0, 1}∗ such that whenever π is a P -refutation of the clauses
A1, . . . , Am, B1, . . . B` obeying the FI set-up then:

1. f(π) is an interpolation circuit I(p) for the implication (17.1.2), i.e. both
formulas ∧

i

Ai → I and I → ¬
∧
j

Bj (17.1.3)

are tautologies,

2. f is polynomially bounded: |f(π)| ≤ |π|O(1).

We say that P admits monotone feasible interpolation if and only if such
an f exists satisfying items 1. and 2. for clauses the Ai, Bj satisfying the
monotone FI set-up and, in addition, for these clauses it also holds:

3. f(π) is a monotone circuit.

The function f will be sometimes referred to as a feasible interpolation con-
struction.

Most constructions we shall study provide f satisfying more than the definition
requires. The following additional properties occur most often:

• if π is tree-like then f(π) is a formula,

• f is p-time computable,

• f produces also P -proofs of both implications in (17.1.3),

• f has only a linear growth: |f(π|)| ≤ O(|π|).

The feasible interpolation construction provided by the proof of the Feasible
interpolation theorem 5.6.1 (feasible interpolation for R) has all four of these
additional properties (because Theorems 3.3.1 and 3.3.2 about LK− it is based
on provide such f).

The point of the feasible interpolation method is that it reduces, in princi-
ple, the task to prove a length-of-proofs lower bound for a proof system P to
the task to establish an upper bound on the growth of a feasible interpolation
construction function f plus a lower bound for circuits separating two NP sets.
That is, it reduces in a sense proof complexity to circuit complexity which ap-
pears to be more rudimentary. The following lemma follows immediately from
the definition.
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Lemma 17.1.2 1. Assume that U and V are two disjoint NP-sets such that
the pairs Un and Vn are inseparable by a circuit of size ≤ s(n), for all
n ≥ 1. Assume that P admits feasible interpolation.

Then any P -refutation of A1, . . . , Am, B1, . . . , B` must have size at least
s(n)Ω(1).

2. Assume that U and V are two disjoint NP-sets with U closed upwards
(or V downwards) such that the pairs Un and Vn are inseparable by a
monotone circuit of size ≤ s+(n), for all n ≥ 1. Assume that P admits
monotone feasible interpolation.

Then any P -refutation of A1, . . . , Am, B1, . . . , B` must have size at least
s+(n)Ω(1).

Let us remark that if P does not admit feasible interpolation but there exists a
function f satisfying the conditions put on feasible interpolation constructions
except that it grows faster than polynomially, say |f(π)| ≤ g(|π|) for some non-
decreasing function g(w) ≥ w on N, then weaker but perhaps still non-trivial
lower bounds g(−1)(s(n)) and g(−1)(s+(n)), respectively, follow.

As only very weak lower bounds for general circuits are known, we can get
at present only conditional lower bounds in the non-monotone case via Lemma
17.1.2. The situation is much better for monotone circuits (e.g. Theorem 13.5.3)
and thus we shall always attempt to establish the monotone feasible interpo-
lation, even at the cost of introducing a computational model stronger than
monotone Boolean circuits.

For completeness of the discussion let us mention a simple general statement
illustrating that conditional lower bounds can be obtained in the non-monotone
case.

Lemma 17.1.3 Assume NP 6⊆ P/poly. Then no proof system admitting feasi-
ble interpolation is polynomially bounded.

Proof:
Assume P admits feasible interpolation but is also p-bounded. Then NP =

coNP (Theorem 1.5.2) and hence NP = NP ∩ coNP. The hypothesis of the
lemma then implies NP ∩ coNP 6⊆ P/poly.

Take any U ∈ NP∩coNP witnessing this non-inclusion and put V := {0, 1}∗\
U . By the p-boundedness of P the disjointness of the NP pair U and V has
a p-size P -proof and hence, by the feasible interpolation, the sets Un, Vn can
be separated by p-size circuits. But that means that the circuits compute Un

exactly, contradicting the choice of U .

q.e.d.

We shall formulate now as a specific consequence of the feasible interpolation
a feasible version of Beth’s Theorem 3.3.3 generalizing Theorem 3.3.3.
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Lemma 17.1.4 Let U be an NP set and assume clauses Ai, i ≤ m, define Un

in the sense of the FI set-up, n ≥ 1. Assume a proof system P admits feasible
interpolation.

If π is a P -refutation of

A1(p, q), . . . , Am(p, q), A1(p, q′), . . . , Am(p, q′), q1,¬q′1
then there is a circuit C(p) of size |π|O(1) computing q1:∧

i

Ai(p, q) → q1 ≡ C(p) .

That is: if P shortly proves that the first bit of a witness q for the membership
p ∈ U is unique (i.e. it is implicitly defined), then it is explicitly defined by a
small circuit.

Proof:
Just note that any interpolant of

(
∧
i

Ai(p, q) ∧ q1) → (¬
∧
i

Ai(p, q′) ∨ q′1)

computes q1.

q.e.d.

Let us note two simple consequences of this lemma. If we take for the clauses
Ai the clauses of DefC defining a circuit C with p representing an input and q
and q′ representing a computation, respectively, then already resolution proves
in O(|C|) steps that the computation is unique (Lemma 12.3.1). By the Feasible
interpolation theorem 5.6.1 R admits feasible interpolation and hence each bit
of q, and the output bit in particular, can be computed by an interpolant. Hence
unless every circuit can be replaced by a formula of a polynomially related size
we cannot strengthen the requirement in the feasible interpolation property and
demand that f(π) is always a formula.

The second consequence is a variant of Lemma 17.1.3. The class UP (the
Unambiguous non-deterministic Polynomial-time) is the subclass of NP con-
sisting of the languages accepted by a non-deterministic p-time machine such
that on every accepted input there is exactly one accepting computation. Then
it follows from Lemma 17.1.4 that UP 6⊆ P/poly implies that no proof sys-
tem admitting feasible interpolation is p-bounded. This is weaker than Lemma
17.1.3 but the class UP contains some particular problems that were extensively
studied from the algorithmic point of view and no p-time algorithm, even prob-
abilistic, was found yet. A hypothesis that such a problem has no small circuits
looks well tested. The most prominent is perhaps the prime factorization
problem: given a natural number, find its prime factorization (this is turned
into a decision problem by the usual maneuvre: ask for the values of particular
bits in some canonical form of the factorization). Note that the factorization
is also in NP ∩ coNP (and also in UP ∩ coUP). Using this problem we can
formulate the implication in a bit more concrete way.
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Corollary 17.1.5 Assume that prime factorization cannot be computed by p-
size circuits. Then no proof system that admits feasible interpolation is p-
bounded.

We shall formulate a more general statement of this sort for a future refer-
ence.

Corollary 17.1.6 Let h : {0, 1}∗ → {0, 1}∗ be an injective p-time computable
function such that |h(u)| ≥ |u|Ω(1) for all u ∈ {0, 1}∗. Assume that a proof
system P admits feasible interpolation.

Then if π is a P -proof of the (propositional translation of the) fact that each
z ∈ {0, 1}n has at most one pre-image in h:

h(x) = z = h(y)→ x = y

(see below for a precise formulation) then the inverse function h(−1) can be
computed on {0, 1}n by a circuit of size |π|O(1).

Proof:
Let U := Rng(h) and let Ai be the clauses formalizing the natural definition

of Un:
z ∈ Un ≡ [∃x ∈ {0, 1}n

O(1)
h(x) = z]

(the nO(1) upper bound on the length of x follows form our assumption about
the growth of h). In the clauses the tuple of atoms p represents z and the tuple
q represents bits, say q1, . . . , qk, of x and the bits of the computation of h(x).

The injectivity is then expressed by the unsatisfiability of the set of clauses
as in Lemma 17.1.4 but now for all qi, for i ≤ k:

A1(p, q), . . . , Am(p, q), A1(p, q′), . . . , Am(p, q′), qi,¬q′i .

Lemma 17.1.4 implies that each qi, i ≤ k, is computed by a circuit of size |π|O(1)

and so is h(−1) on U .

q.e.d.

17.2 Disjoint NP Pairs Hard to Separate

Before we start developing feasible interpolation constructions we shall discuss
several examples of disjoint NP pairs that are hard to separate. Without such
pairs the whole set-up would be meaningless. In the monotone case their hard-
ness are proven theorems but in the non-monotone case they are merely well
established conjectures.

Obviously, it is better to get unconditional lower bounds and thus our pri-
mary concern will always be monotone feasible interpolation. In fact, there is a
simple lemma showing that it is also stronger than the general case.
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Lemma 17.2.1 Assume P is a proof system that p-simulates R∗ and admits
monotone feasible interpolation. Then it also admits general feasible interpola-
tion.

Proof:
Assume that clauses Ai, Bj obey the FI set-up but do not satisfy the

monotonicity condition. For each atom pi introduce a new atom p̃i and trans-
form the A-clauses as follows:

• replace each occurrence of the literal ¬pi by p̃i,

• add to the list of clauses all clauses {p̃i, pi}, i ∈ [n].

Let A′ be the set of these clauses.
Transform the B-clauses analogously but now using the negation of the new

atom:

• replace each positive occurrence of pi by ¬p̃i,

• add to the list of clauses all clauses {¬p̃i,¬pi}, i ∈ [n].

and let B′ be the set of these clauses. Note that after the transformation all
atoms pi and p̃i occur only positively in A′ and only negatively B′.

The clauses introduced in the second items of the two translations imply
together that p̃i ≡ ¬pi. Using this we can derive in R∗ all original clauses from
the new clauses in the size proportional to the total size of the clauses, and thus
turn any P -refutation of the clauses Ai, Bj into a P -refutation of A′ ∪ B′.

The assumed monotone feasible interpolation then provides us with an in-
terpolating circuit C with inputs pi and p̃i, i ∈ [n], and by substituting in it
p̃i := ¬pi we get a circuit interpolating the original set of clauses.

q.e.d.

We shall present first three examples of monotone NP pairs. The first one
is the most prominent one used already in Section 13.5. We repeat it here in
order to have all examples in one place.

Clique-Coloring. For parameters n ≥ ω > ξ ≥ 3, the pair is

U := Cliquen,ω and V := Colorn,ξ

where U is the set of graphs on [n] that have a clique of size ω and V is the
set of graphs on [n] that are ξ-colorable. As before, graphs are coded by strings
of length

(
n
2

)
. U is closed upwards and V downwards and the sets of clauses

defining them and obeying the monotone FI set-up are:

• A-clauses with the atoms pij , {i, j} ∈
(
n
2

)
and ω ·n atoms qui, u ∈ [ω] and

i ∈ [n] are:

–
∨

i∈[n] qui, for all u ≤ ω,
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– ¬qui ∨ ¬quj , for all u ∈ [ω] and i 6= j ∈ [n],

– ¬qui ∨ ¬qvi, for all u 6= v ∈ [ω] and i ∈ [n],

– ¬qui ∨ ¬qvj ∨ pij , for all u 6= v ∈ [ω] and {i, j} ∈
(
n
2

)
.

• B-clauses in the atoms p and n · ξ atoms ria, i ∈ [n] and a ∈ [ξ] are:

–
∨

a∈[ξ] ria, for all i ∈ [n],

– ¬ria ∨ ¬rib, for all a 6= b ∈ [ξ] and i ∈ [n],

– ¬ria ∨ ¬rja ∨ ¬pij , for all a ∈ [ξ] and {i, j} ∈
(
n
2

)
.

The hardness of this pair is provided by Theorem 13.5.3.

Broken mosquito screen (BMS). This is close to the Clique-Coloring exam-
ple but it is more symmetric and some researchers consider this an important
feature. Let m = n2 − 2 for n ≥ 3. The set BMS+

n consists of graphs on [m]
that can be partitioned into n blocks having size n except one block which has
size n − 2 such that each of the blocks is a clique. Dually, the set BMS−n is
the set of graphs on [m] that can be also partitioned into n blocks having size
n except one block which has size n − 2 but now we require that each of the
blocks is an independent set.

The sets BMS+
n and BMS−n are closed upwards and downwards, respec-

tively, and it is easy to write down clauses defining them and obeying the
monotone FI set-up, in a manner analogous to the clique and coloring clauses
above. The hardness of this pair is similar to the hardness of the Clique-Coloring
pair:

Theorem 17.2.2 (Haken [219])
For 3 ≤ n every monotone Boolean circuit separating BMS+

n from BMS−n
must have size at least 2nΩ(1)

.

Bipartite matching problem (a.k.a. Hall’s theorem). This pair consists
of the set BMP+

n of bipartite graphs on [n]×[n] that contain a perfect matching
i.e. the graph of a bijection between the two copies of [n], and the set BMP−n
of those who do not. Clearly BMP+

n and BMP−n are closed upwards and
downwards, respectively, and BMP+

n is an NP set. Hall’s theorem implies that
BMP−n is an NP set as well: a bipartite graph with edges E is in BMP−n if
and only if there is a subset X ⊆ [n] that has less than |X| E-neighbors (the
set of j ∈ [n] such that E(i, j) for some i ∈ X). We shall formulate this pair
using linear inequalities instead of clauses as we shall use it in a connection with
geometric proof systems.

Let us call the two copies of [n] forming the vertex sets I and J , so the
graphs under consideration are given by E ⊆ I × J . As we shall write integer
linear inequalities we shall use variables x, y, z in place of atoms p, q, r.

Let yI
ai and yJ

aj , a ∈ [n], i ∈ I, j ∈ J be 2n2 variables. Define the following
inequalities:



Feasible interpolation: a framework 407

1.
∑

i y
I
ai ≥ 1, for all a ∈ [n].

2. 1− yI
ai + 1− yI

a′i ≥ 1, for all a 6= a′ ∈ [n].

3.
∑

j y
J
aj ≥ 1, for all a ∈ [n].

4. 1− yJ
aj + 1− yJ

a′j ≥ 1, for all a 6= a′ ∈ [n].

5. 1− yI
ai + 1− yJ

aj + xij ≥ 1, for all a ∈ [n], i ∈ I and j ∈ J .

The inequalities 1. and 2. force that yI
ai determines a bijection f : [n]→ I, and

similarly 3. and 4. say that yJ
aj determine a bijection g : [n] → J . Conditions

5. imply that the edges {(f(a), g(a)) ∈ I × J | a ∈ [n]} form a perfect matching
in G. Let Ei be all these 2n+ 2

(
n
2

)
+ n3 inequalities. Clearly the set:

U := {a ∈ {0, 1}n
2
| ∃yI , yJ

∧
i

Ei(a, yI , yJ)}

is the set BPM+
n .

The set BPM−
n can be defined as follows. We shall describe the inequal-

ities (O(n4) of them) but not write them down. They use tuples of variables
x, zX , zI , zJ . The x-variables are for the unknown E. There are n − 1 zX -
variables which determine a subset X ⊆ I that contains n (and hence is non-
empty). The inequalities formalize that zI - and zJ -variables encode bijections
f : X ∩ [n] → I and g : X ∩ [n − 1] → J (or dually f : X ∩ [n] → J and
g : X ∩ [n− 1]→ I), and that all neighbors of vertices in Rng(f) are in Rng(g).
We shall denote the set of all inequalities defining the two sets by Halln. It has
no 0/1 solution.

The pair of sets BPM+
n and BPM−

n is hard for monotone formulas only
and we shall utilize it for tree-like proofs.

Theorem 17.2.3 (Raz and Wigderson [433])
Every monotone Boolean circuit separating BMP+

n from BMP−n must have
depth at least Ω(n) and every monotone formula separating the two sets must
have size at least 2Ω(n).

The link between circuit depth and formula size is provided by Spira’s lemma
(Lemmas 1.1.4 and 1.1.5).

Let us summarize, following part 2 in Lemma 17.1.2.

Lemma 17.2.4 Assume P admits monotone feasible interpolation. Then P -
proofs of the disjointness of the Clique-Coloring pair and of the Broken mosquito
pair must have size at least 2nΩ(1)

.
Assume P admits monotone feasible interpolation witnessed by feasible in-

terpolation construction which produces interpolating formulas (this will often be
the case when P allows only tree-like proofs). Then P -proofs of the disjointness
of the Bipartite matching problem must have size at least 2nΩ(1)

.
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Now we turn to the non-monotone case. Before we resort to computational
complexity conjectures let us see that logic provides an example pair as well.

Reflection (a.k.a. canonical) pair. We have already proved a result that
can be interpreted as the hardness of proving the disjointness of two NP sets.
In particular, we have shown in Chapter 8 (see Section 8.6) that if P proves the
reflection principle RefQ,2 formalizing that any Q-provable DNF is satisfiable
then P p-simulates Q (with respect to to proofs of DNFs). Recall that the
reflection principle as formalized in (8.4.4)

Prf0
Q(x, y, z, P, F,G) → Sat0(x, y, E, F,H)

says that if a size y formula F in x atoms has a size z proof P (as witnessed
by an additional string G) then any assignment E to the x atoms satisfies
F (as witnessed by an additional string H). If we denote by UQ(n,m) the
set of formulas of size at most n that have a Q-proof of size ≤ m and take
FALSIn := FALSI ∩ {0, 1}n, where FALSI is the NP set of falsifiable formulas
α, then this is equivalent to:

UQ(n,m) ∩ FALSIn = ∅

for x ≤ y := n and z := m. To get one Un in place of the collection of UQ(n,m),
m ≥ 1, we may choose m := 10n. This will work for most proof systems Q:
if α has a size m proof then α′ := α ∨ 0 ∨ · · · ∨ 0 padded to the length m
will have - under some mild conditions on Q - a Q-proof of size ≤ 10m. Thus
UQ(n,m) ∩ FALSIn 6= ∅ implies UQ(m, 10m) ∩ FALSIm 6= ∅ for such Qs. The
set

⋃
m UQ(m, 10m) is an NP set.

It is, however, more elegant to change the format of the two NP sets and
think of the succedent of RefQ as also depending on z, and define two NP sets:

PROV(Q) := {(α, 1(m)) | α has a size ≤ m Q-proof }

and
FALSI∗ := FALSI× {1(m) | m ≥ 1} .

The soundness of Q is then equivalent to the disjointness of PROV(Q) and
FALSI∗. In particular, refuting the clauses corresponding to PROV(Q)∩{0, 1}k
and FALSI∗ ∩ {0, 1}k means proving 〈RefQ〉n,m for n+m ≤ k. Thus if we take
for Q a proof system that cannot be simulated by P these refutations cannot
be of polynomial size, and if the speed-up of Q-proofs over P-proofs is even
exponential, then the refutations cannot have a subexponential size.

This is not a satisfactory argument as one derives one length-of-proofs lower
bound from another (the non-existence of a simulation). We shall return to
these pairs in connections with the Optimality problem 1.5.5 in Chapter 21.
Now we derive another statement showing that one can always establish feasible
interpolation relative to a - presumably - not too strong oracle.
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Lemma 17.2.5 Assume P simulates ER. Let U and V be disjoint NP sets.
Assume Un and Vn are defined by clauses Ai, Bj obeying the FI set-up, for
n ≥ 1, and that P admits p-size proofs of the disjointness of Un and Vn.

The there is a p-time function f such that for all n ≥ 1 and x ∈ {0, 1}n:

x ∈ Un ⇒ f(x) ∈ PROV(P ) and x ∈ Vn ⇒ f(x) ∈ FALSI∗ .

That is, composing f with any algorithm that separates PROV(P ) from FALSI∗

will separate U from V .

Proof:
Given two disjoint sets U, V , let g be some canonical p-time reduction of V

to FALSI so that S1
2 proves that it is a p-reduction of V to FALSI, and hence

ER admits p-size proofs of these facts for all input lengths (cf. Section 12.4).
It holds that g(U) ⊆ TAUT(= {0, 1}∗ \ FALSI) and we can define a p-time

function Q by:

Q(w) :=
{
g(u) if w = 〈u, v〉 ∧

∧
iAi(u, v)

1 otherwise.

The function Q is a possibly incomplete proof system and the disjointness of
U and V is equivalent to its soundness. Thus if P admits p-size proofs of the
disjointness of Un and Vn, it follows that P p-simulates Q. Hence we can define
the wanted function f as:

x → (g(x), 1(m))

where m = |x|O(1) is a parameter stemming from the size increase in the p-
simulation of Q by P .

q.e.d.

Let us note that in the lemma it suffices to assume that P contains R as
some canonical p-reduction of an NP set to FALSI can be defined even in theory
T 1

1 (α) (cf. Section 10.5).

The next pair will relate to Corollary 17.1.6 and generalize Corollary 17.1.5.
It is based on the notions of one-way functions and permutations that play a
prominent role in theoretical cryptography.

A function f : {0, 1}∗ → {0, 1}∗ is one-way (OWF) if and only if

1. f is computable in p-time,

2. for any probabilistic p-time algorithm A;

Probw∈{0,1}n [f(A(f(w), 1(n))) = w] ≤ n−ω(1)

where the distribution on {0, 1}n is uniform.

The second item means that any such algorithm A succeeds in finding at least
one pre-image of f(w) with a negligible probability: less than n−c, for all
c ≥ 1 and n >> 1. We need to reformulate item 2. to:
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2’. If S(n) is the minimum s ≥ 1 such that there is a size ≤ s circuit C such
that

Probw∈{0,1}n [f(C(w, 1(n))) = w] ≥ 1/s

then S(n) = nω(1), i.e. S(n) ≥ nc, for all c ≥ 1 and n >> 1.

This stronger requirement is also widely used in theoretical cryptography and
computational complexity and functions obeying it are called strong one-way
function or, perhaps more descriptively, one-way functions super-polynomially
hard with respect to circuits.

A (strong) one-way functions is a (strong) one-way permutation (OWP)
if and only if it satisfies also:

3. f is a bijection, and

4. it is length-preserving: |f(w)| = |w| for all w ∈ {0, 1}∗.

Such f permutes each {0, 1}n. When it is hard to invert a permutation it must
be hard to find the i-th input bit, with i an additional input for the algorithm
A above. But for some specific i this may be easy (e.g. if we factor an odd
number all prime factors will be odd). One specific hard bit is provided by the
following concept.

A function B : {0, 1}∗ → {0, 1} is a hard bit predicate (or just a hard bit)
for a permutation h if and only if any algorithm A computed by a p-size circuit
it holds

Probw∈{0,1}n [A(h(w), 1(n)) = B(w)] ≤ n−ω(1) . (17.2.1)

By the Goldreich - Levin theorem [206] if a strong OWP exists there is also a
strong OWP that has a hard bit.

Hard bit of OWP pair. Let h be a strong OWP with a hard bit predicate
B. Define the pair:

Uh,B := {w ∈ {0, 1}∗ | ∃u ∈ {0, 1}∗ B(u) = 1 ∧ h(u) = w}

and
Vh,B := {w ∈ {0, 1}∗ | ∃u ∈ {0, 1}∗ B(u) = 0 ∧ h(u) = w} .

As Vh,B = {0, 1}∗ \U , separating Uh,B from Vh,B is the same as computing the
predicate B(h(−1)(w)), which is assumed to be hard.

Lemma 17.2.6 Assume P admits feasible interpolation. Let h be a OWP with
a hard bit predicate B. Then the (propositional translation of the) disjointness
of the pair Uh,B , Vh,B does not have p-size proofs in P .

For lower bounds it seems important to have specific examples of supposedly
hard formulas. Hence we want a pair based on a specific OWP h.

RSA pair. RSA is the well-known public key cryptosystem of Rivest, Shamir
and Adleman [454]. We take N := p · q, where p, q are two sufficiently large
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primes. We use capitalN as we want to reserve the lower case n for n := dlogNe,
the bit length of N . A number u < N (think of a string u ∈ {0, 1}n) is encoded
using a public key: a pair (N, e) with 1 < e < N , by the number

v := ue (mod N) .

The decoding of u from v is done using a secret key which is a number d such
that

e · d ≡ 1 (mod ϕ(N)) ,

where ϕ(N) is the Euler function (in our case ϕ(N) = (p− 1)(q− 1)): compute

u := vd (mod N) .

We can encode via the RSA also a single bit by encoding a random even (resp.
odd) number u < N if the bit is 0 (resp. 1). The security of this probabilistic
encryption is know to be as good as that of RSA, see Section 17.9. We use this
to define the disjoint pair of NP sets:

RSAi := {(N, e, v) | ∃u, d, r < N (u ≡ i (mod 2)) ∧ (ue ≡ v (mod N))

∧(vd ≡ u (mod N)) ∧ (vr ≡ 1 (mod N)) ∧ (e, r) = 1}

for i = 0, 1. It may seem that we included a redundant information into the
definition but that will help us to prove the disjointness of the two sets efficiently
in Section 18.7.

The generally accepted hypothesis that the RSA is a secure method of en-
cryption against adversaries formalized by non-uniform p-time functions (i.e. in
the class P/poly) implies that this pair cannot be separated by a set in P/poly,
cf. Alexi et.al. [17].

17.3 Win-win Situation: Non-automatizability

If we establish feasible interpolation for a proof system we can rightly think a
progress has been made: we have at least a conditional lower bound (Lemma
17.1.3). And if it is monotone feasible interpolation, we can celebrate: we have
an unconditional lower bound as in the Feasible interpolation theorem 5.6.1 for
R.But what if we establish neither? Thanks to an elegant notion of automati-
zability introduced by Bonet, Pitassi and Raz [97] (the notion is attributed to
Impagliazzo there) it has an interesting consequence as well (Corollary 17.3.2).

Recall from Section 1.5 that for a proof system P and a formula A the symbol
sP (A) denotes the minimum size of a P -proof of A, if it exists. We shall denote
analogously by sP (C) the minimum size of a P -refutation of a CNF C. A proof
system P is automatizable if and only if there exists a deterministic algorithm
A which when given as an input an unsatisfiable CNF C it finds its P -refutation
in time polynomial in sP (C).

The connection to feasible interpolation is simple but important.
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Lemma 17.3.1 Assume that P is a proof system having the following property:
whenever a set of clauses C has a P -refutation of size s then any set of clauses
D resulting from C by substituting for some atoms in C any truth values has a
P -refutation of size O(s).

Then if P is automatizable then it also admits feasible interpolation.

Proof:
Let Ai, Bj be clauses obeying the FI set-up and let π be a P -refutation of

the set of these clauses.
Assume A is an algorithm witnessing the automatizability of P and assume

it succeeds to find a refutation of any unsatisfiable C in time ≤ sP (C)c, some
fixed c ≥ 1. We shall define a separating algorithm B for U and V , that will
use π and A, as follows:

1. Given a ∈ {0, 1}n run A on the set D of all clauses Ai(a, q), i ≤ m, for
time |π|c+1.

2. If A outputs a refutation, we know that a /∈ U and B outputs 0.

3. Otherwise B outputs 1.

If it were that a ∈ V as witnessed by an assignment r := c ∈ {0, 1}∗ then, by
the condition about substitutions we imposed on P , the set of the clauses

{Ai(a, q)}i ∪ {Bj(a, c)}j

has a size O(|π|) P -refutation but at the same time it follows from the set of
clauses Ai(a, q) (all Bj(a, c) contain 1) in size O(|π|). Hence A would find some
refutation of clauses Ai(a, q) in time (O(|π|))c ≤ |π|c+1 for |π| >> 0.

That shows that B is sound.

q.e.d.

Corollary 17.3.2 Assume that P is a proof system having the following prop-
erty: whenever a set of clauses C has a P -refutation of size s then any set of
clauses D resulting from C by substituting for some atoms in C any truth values
has a P -refutation of size O(s).

Assume further that h is a one-way permutation and that P proves its injec-
tivity on {0, 1}n, n ≥ 1, by proofs of size nO(1). Then P is not automatizable.

Proof:
Under the hypothesis P does not admit feasible interpolation by Lemma

17.2.6. Hence it is not automatizable by Lemma 17.3.1.

q.e.d.
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17.4 Communication Protocols

A multi-function defined on U × V , U, V ⊆ {0, 1}n, with values in I 6= ∅ is a
ternary relation R ⊆ U × V × I such that

∀u ∈ U, v ∈ V ∃i ∈ I R(u, v, i) .

The prefix multi refers to the fact that there does not need to be a unique valid
value i. The task to find, given u and v, at least some valid value i leads to a
two-player Karchmer-Wigderson game. The two payers will be called the
U-player and the V-player; the U-player receives u ∈ U while the V-player
receives v ∈ V . They attempt to find i ∈ I such that R(u, v, i) and to do so
they exchange bits of information. This is done according to a KW-protocol:
a finite binary tree T such that:

• each non-leaf is labelled by U or V and the two edges leaving such a node
are labelled by 0 and 1,

• each leaf is labelled by an element of I,

together with strategies SU and SV for the players, i.e. functions from U × T0

(resp. V × T0) into {0, 1}, where T0 are the non-leaves of T .
Having the protocol the players start at the root of T . The label of a non-

leaf x ∈ T0 tells them who should send a bit, and if it is the U-player he sends
SU (u, x) (similarly if it is the V-player he sends SV (v, x)) determining the edge
out of x and hence the next node y ∈ T . If y is non-leaf, this procedure is
repeated. If it is a leaf, its label i is the output of the play on the pair (u, v).
It is required that the label is always a valid value for the multi-function, i.e.
R(u, v, i) holds. The communication complexity of R, denoted by CC(R),
is the minimum height of the protocol tree taken over all protocols (T, SU , SV )
that compute R. We are not interested in the size of KW-protocol trees but
later on we shall consider more general protocols (both tree-like and dag-like)
and their size will be important.

A multi-function of a special interest for us is the Karchmer-Wigderson
multi-function. It is defined on any disjoint pair U, V ⊆ {0, 1}n with the values
in [n] and a valid value for (u, v) ∈ U × V is i ∈ [n] such that ui 6= vi. This
multi-function will be denoted by KW [U, V ]. It has also a monotone version.
For that we assume that either U is closed upwards or V downwards and a valid
value is any i ∈ [n] such that ui = 1 ∧ vi = 0. We shall denote the monotone
multi-function by KWm[U, V ].

Communication complexity of these two functions has a clear logical mean-
ing.

Theorem 17.4.1 (Karchmer and Wigderson [266]) Let U, V ⊆ {0, 1}n be
two disjoint sets. Then CC(KW [U, V ]) equals to the minimum logical depth of
a DeMorgan formula ϕ(p) in the negation normal form (cf. Section 1.1), where
we count the logical depth of a literal as 0, and that is constantly 1 on U and 0
on V , respectively (i.e. ϕ separates U from V ).
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If, in addition, U is closed upwards or V downwards then CC(KWm[U, V ])
equals to the minimum logical depth of a DeMorgan formula ϕ(p) without nega-
tions that separates U from V .

Proof:
Assume a separating formula ϕ in the negation normal form exists. The

players will use it as a KW-communication protocol as follows. They start at
the top connective and walk down to smaller subformulas until they reach a
literal, maintaining the property that the current subformula gives value 1 on
u ∈ U and 0 on v ∈ V .

This is true at the start by the hypothesis that the formula separates U from
V . In order to decide to which subformula to continue, if the current connective
is a disjunction then the U -player indicates by one bit whether the left or the
right subformula is true, if it is a conjunction, the V -player indicates which one
is false. The literal they arrive at is a valid value for KW [U, V ] and also for
KWm[U, V ] if there is no negation in ϕ.

For the opposite direction construct a suitable ϕ by induction on the com-
munication complexity of KW [U, V ] or of KWm[U, V ], respectively.

q.e.d.

We want to construct protocols from proofs and for that we need to generalize
the notion of KW-protocols. Let U, V ⊆ {0, 1}n be two disjoint sets and as
before we aim at computing KW [U, V ] or KWm[U, V ]. A protocol for the
Karchmer-Wigderson multi-function is a labelled directed graph G satisfying
the following conditions:

1. G is acyclic and has one source (the in-degree 0 node) denoted by ∅ and
one or more leaves (the out-degree 0 nodes). All other nodes are inner
nodes.

2. The leaves are labelled by a function lab by one of the following formulas:

ui = 1 ∧ vi = 0 or ui = 0 ∧ vi = 1

for some i ∈ [n].

3. There is a function S(u, v, x) (the strategy) such that S assigns to any
pair (u, v) ∈ U × V and any inner node x a node S(u, v, x) that can be
reached from x by an edge of G.

4. There is a collection F of sets F (u, v) ⊆ G, for (u, v)× ∈ U × V , called
the consistency condition, such that the following holds:

(a) ∅ ∈ F (u, v),

(b) if x is an inner node then x ∈ F (u, v)→ S(u, v, x) ∈ F (u, v),

(c) the label lab(y) of any leaf y from F (u, v) is valid for the pair (u, v).
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The protocol (G, lab, S, F ) is monotone if and only if every leaf in it is labelled
by one of the formulas ui = 1 ∧ vi = 0, i ∈ [n].

The complexity of the protocol is measured by two parameters: the size
which is the number of nodes in G, and its communication complexity which
is the minimum number t such that for every inner node x ∈ G the communica-
tion complexity of the predicate x ∈ F (u, v) and of the multi-function S(u, v, x)
is at most t.

An intuitive but incorrect mental picture of the correctness of a protocol is
that when the players start at the root and follow the strategy function, sooner
or later they get to a leaf and its label answers the task. But that is not enough;
it is easy to define a linear size would-be protocol of communication complexity
2 computing KW [U, V ]: the players first compare the first bit, if they are equal
the second bit, etc. The correctness of the proper protocols is guaranteed by
the conditions on G, lab, S and F and, in particular, the players solve the task
if they would start their walk at any node from F (u, v).

We say that the protocol is tree-like if G is a tree. If the adjective tree-like
is not used it means that we have in mind general, dag-like, protocols. However,
tree-like protocols (and proofs, as we shall see later) are not too interesting due
to the next observation.

Lemma 17.4.2
Assume U, V is a disjont pair of subsets of {0, 1}n and (G, lab, S, F ) is a

tree-like protocol for KW [U, V ] of size s and communication complexity t. Then
there is a KW-protocol of height O(t log s); i.e. CC(KW [U, V ]) ≤ O(t log s).

The same holds in the monotone case.

Proof:
The players use the Spira Lemma 1.1.4 to find an inner node x in G that

splits the tree in the 2/3 - 1/3 fashion. Then they decide if x ∈ F (u, v) (using
≤ t bits). If x ∈ F (u, v) they concentrate on the subtree of G with root x.
If x /∈ F (u, v) the concentrate on its complement. It takes O(log s) rounds,
exchanging ≤ t bits in each round, to find a leaf in F (u, v) and hence labelled
with a valid answer.

q.e.d.

Assume we have a circuit C(p) separating U form V . The construction
of the KW-protocol in the proof of Theorem 17.4.1 works here as well but it
produces the more general protocol: the graph G is the underlying graph of
C whose leaves and their labels correspond to the inputs of C, the strategy
function is the same as before and the consistency condition F (u, v) contains
the subcircuits which give different values for u and v (or give 1 for u and 0
for v in the monotone case). Hence the size of such a protocol is |C| and its
communication complexity is 2.

Crucially, the next statement shows that the opposite construction can be
also simulated.



416 Lower bounds

Theorem 17.4.3 (ess. Razborov [438]) Let U, V ⊆ {0, 1}n be two disjoint
sets and let (G, lab, S, F ) be a protocol for KW [U, V ] which has size s and com-
munication complexity t.

Then there is a circuit C(p) of size s2O(t) separating U from V . Moreover,
if G is monotone so is C.

Proof:
Let (G, lab, S, F ) be a protocol satisfying the hypothesis. For a node a

and w ∈ {0, 1}t, let Ra,w be the set of pairs (u, v) ∈ U × V such that the
communication of the players deciding a ∈? F (u, v) evolves according to w and
ends with the affirmation of the membership. It is easy to see that Ra,w is a
rectangle, i.e. of the form Ra,w = Ua,w×Va,w for some Ua,w ⊆ U and Va,w ⊆ V .

For a node a denote by ka the number of nodes in G that can be reached
from a by a (directed) path. So ka = 1 for a a leaf, while k∅ = s for the source
∅.

Claim 1: For all a ∈ G and w ∈ {0, 1}t there is a circuit Ca,w separating Ua,w

from Va,w and of size ≤ ka2O(t).
(The constant in the O(t) is independent of a.) This implies the theorem by
taking for a the source (which is in all F (u, v)).

The claim is proved by induction on ka. If a is a leaf the statement is clear.
Assume a is not a leaf and let w ∈ {0, 1}t. For u ∈ Ua,w let u∗ ∈ {0, 1}4t

be a
vector whose bits u∗ω are parameterized by ω = (ω1, ω2) ∈ {0, 1}t × {0, 1}t and
such that u∗ω = 1 if and only if there is a v ∈ Va,w such that the communication of
the players computing S(u, v, a) evolves according to ω1 and the computation
of S(u, v, a) ∈? F (u, v) evolves according to ω2. Define v∗ω ∈ {0, 1}4

t

dually:
v∗ω = 0 if and only if there is a u ∈ Ua,w such that the communication of the
players computing S(u, v, a) evolves according to ω1 and the computation of
S(u, v, a) ∈? F (u, v) evolves according to ω2.

Let U∗a,w and V ∗a,w be the sets of all these u∗ and v∗ respectively.

Claim 2: There is a monotone formula ϕa,w (in 4t atoms) separating U∗a,w

from V ∗a,w of size 2O(t).
Claim 2 follows from Theorem 17.4.1 as there is an obvious way how the players
can find a bit ω in which u∗ω = 1 and v∗ω = 0: They simply compute S(u, v, a)
(this gives them ω1) and then decide S(u, v, a) ∈? F (u, v) (this gives them ω2).

Let us resume the proof of Claim 1. For ω1 ∈ {0, 1}t let aω1 be the node
S(u, v, a) computed for some u, v with communication ω1. Define a circuit:

Ca,w := ϕa,w(. . . , yω1,ω2/Caω1 ,ω2 , . . . )

that is, we substitute the circuit Caω1 ,ω2 in the position of the (ω1, ω2)-th vari-
able in ϕa,w.

As kaω1
< ka, the induction hypothesis implies that all Caω1 ,ω2 work cor-

rectly on all Uaω1 ,ω2 × Vaω1 ,ω2 . The circuit Ca,w works then correctly by the
definition of the formula ϕa,w.
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This concludes the proof of the general case. But the same proof gives also
the monotone case (as ϕa,w is monotone).

q.e.d.

I consider protocols as defined here or generalized later to be the primary
objects for feasible interpolation and their possible transformations into circuits
of some sort as a technical vehicle when proving lower bounds.

17.5 Semantic Feasible Interpolation

Our proof of a fairly general feasible interpolation theorem (Theorem 17.5.1)
will not use any particular information about inference rules of a proof system.
It works with the sets of satisfying assignments defined by possible lines in a
proof. This means that we can generalize the feasible interpolation concept to
a more general situation which is grasped by the following notions.

Let N ≥ 1. The semantic rule allows to infer from two subsets X,Y ⊆
{0, 1}N a third one:

X Y

Z

if and only if Z ⊇ X ∩ Y .
A semantic derivation of a set C ⊆ {0, 1}N from sets D1, . . . , Dr ⊆

{0, 1}N is a sequence of sets E1, . . . , Ek ⊆ {0, 1}N such that Ek = C, and such
that each Ej is either one of Di or derived from two earlier Ei1 , Ei2 , i1, i2 < j,
by the semantic rule.

For a class X ⊆ P({0, 1}N ), a semantic derivation E1, . . . , Ek is an X -
derivation if and only if all Ei ∈ X .

Semantic derivations without a restriction to some class X would be rather
trivial: C is derivable from Dis if and only if C ⊇

⋂
iDi if and only if C is in

the filter on P({0, 1}N ) (a class closed under intersections and closed upwards)
generated by Dis. But when the family X is not a filter on {0, 1}N , the no-
tion of X -derivability becomes non-trivial. An important example are semantic
derivations determined by the family formed by the subsets of {0, 1}N definable
by clauses. Such semantic derivation are called sometimes semantic resolution
(cf. Section 17.6 for more examples).

Note that proofs in any of the usual propositional calculi based on binary (or,
more generally, bounded arity) inference rules translate into semantic deriva-
tions: Replace a clause, (a sequent, a formula, an equation, etc.) by the set of
its satisfying truth assignments. The soundness of the inference rules implies
that they translate into instances of the semantic rule.

The following technical definition abstracts a property of sets of truth as-
signments we shall use in the proof of the Feasible interpolation theorem 5.6.1.
We shall fix from now on

N := n+ s+ t
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where n, t, s are the parameters from the FI set-up (Section 17.1). In the fol-
lowing we shall talk about strings and strings indexed by strings and to ease on
the notation we shall stop now for a while to use the over-line to denote strings
of bits. There is no danger of a confusion.

Let A ⊆ {0, 1}N be an arbitrary set. We shall consider several tasks to be
solved by two players called again the U-player and the V-player, the U-player
knowing u ∈ {0, 1}n and qu ∈ {0, 1}s and the V-player knowing v ∈ {0, 1}n and
rv ∈ {0, 1}t. The communication complexity of A, to be denoted similarly
as for multi-functions by CC(A), is the minimum number of bits the two players
using a KW-protocol need to exchange in the worst case in solving any of the
following three tasks:

1. Decide whether (u, qu, rv) ∈ A.

2. Decide whether (v, qu, rv) ∈ A.

3. If (u, qu, rv) ∈ A 6≡ (v, qu, rv) ∈ A find i ≤ n such that ui 6= vi.

For U closed upwards, the monotone communication complexity with
respect to U of A, MCCU (A), is the minimum t ≥ CC(A) such that the next
task can be solved communicating at most t bits in the worst case:

4. If (u, qu, rv) ∈ A and (v, qu, rv) /∈ A either find i ≤ n such that

ui = 1 ∧ vi = 0

or learn that there is some u′ satisfying

u′ ≥ u ∧ (u′, qu, rv) /∈ A .

Recall that u′ ≥ u means that u′ can be obtained from u by changing some bits
0 to 1.

For a set A ⊆ {0, 1}n+s define a new set Ã ⊆ {0, 1}N by:

Ã :=
⋃

(a,b)∈A

{(a, b, c) | c ∈ {0, 1}t}

where a, b, c range over {0, 1}n, {0, 1}s and {0, 1}t respectively, and similarly
for B ⊆ {0, 1}n+t define B̃:

B̃ :=
⋃

(a,c)∈B

{(a, b, c) | b ∈ {0, 1}s} .

Theorem 17.5.1 (K.[282])
Let A1, . . . , Am ⊆ {0, 1}n+s and B1, . . . , B` ⊆ {0, 1}n+t. Assume that there

is a semantic derivation π : D1, . . . , Dk of the empty set ∅ = Dk from sets
Ã1, . . . , Ãm, B̃1, . . . , B̃`.
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If the communication complexity of all Di, i ≤ k, satisfies CC(Di) ≤ t
then there is a size k + 2n protocol of communication complexity at most t for
computing KW [U, V ] for the two sets

U = {u ∈ {0, 1}n | ∃qu ∈ {0, 1}s; (u, qu) ∈
⋂

j≤m

Aj}

and
V = {v ∈ {0, 1}n | ∃rv ∈ {0, 1}t; (v, rv) ∈

⋂
j≤`

Bj} .

In particular, U and V can be separated by a circuit of size at most (k+2n)2O(t).

If the sets A1, . . . , Am satisfy the following monotonicity condition with respect
to U :

(u, qu) ∈
⋂

j≤m

Aj ∧ u ≤ u′ → (u′, qu) ∈
⋂

j≤m

Aj

and MCCU (Di) ≤ t for all i ≤ k, then there is a size k+ n protocol of commu-
nication complexity at most t computing KWm[U, V ] and thus also a monotone
circuit separating U from V of size at most (k + n)2O(t).

Further, if π is tree-like then the protocol is tree-like and the separating circuit
is a formula.

Proof:
Assume π is a refutation satisfying the hypothesis of the theorem, and let

us leave the monotone case aside for a moment.
Define the protocol (G, lab, S, F ) as follows:

• G has k inner nodes corresponding to the k steps in π and additional 2n
leaves. The leaves are labelled by lab by all 2n formulas ui = 1 ∧ vi = 0
and ui = 0 ∧ vi = 1, i = 1, . . . , n.

We shall denote the inner nodes also by D1, . . . , Dk.

• The consistency condition F (u, v) is formed by those inner nodes Dj that
are not satisfied by (v, qu, rv), i.e. (v, qu, rv) /∈ Dj , and also by those
leaves whose label is valid for the pair u, v.

• The strategy function S(u, v, x) at an inner node x = Dj , with Dj derived
from earlier steps Di1 and Di2 , is defined as follows:

1. If (u, qu, rv) /∈ Dj then

S(u, v,Dj) :=
{
Di1 if (v, qu, rv) /∈ Di1

Di2 if (v, qu, rv) ∈ Di1 (and so (v, qu, rv) /∈ Di2).

2. If (u, qu, rv) ∈ Dj then the players find (item 3. in the definition of
CC) i ≤ n such that ui 6= vi and S(u, v,Dj) is then the one of the
two nodes labelled by ui = 1∧vi = 0 and ui = 0∧vi = 1 whose label
is valid for the pair u, v.
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Because (u, qu, rv) ∈
⋂

j≤mAj while (v, qu, rv) ∈
⋂

i≤`Bi the strategy is well-
defined at all inner nodes. As G has (k + 2n) nodes and communication com-
plexity ≤ 2t, Theorem 17.4.3 yields a circuit separating U from V and having
the size at most (k + 2n) · 2O(t).

In the monotone case we need to modify the definition of the protocol little
bit. Assume that clauses Ai satisfy the monotonicity condition (and hence U is
closed upwards). G has still k inner nodes corresponding to the steps in π but
now it has only n leaves labelled by all n formulas ui = 1∧ vi = 0, i = 1, . . . , n.
The consistency condition F (u, v) is defined as before but the strategy function
changes a bit. In the second case in the definition of S above the players use
their strategy for item 4. in the definition of MCCU and either find i ≤ n such
that:

ui = 1 ∧ vi = 0

in which case the strategy maps from Dj to the corresponding leaf, or learn that
there is some u′ satisfying

u′ ≥ u ∧ (u′, qu, rv) /∈ Dj

and the strategy is defined as before:

S(u, v,Dj) :=
{
Di1 if (v, qu, rv) /∈ Di1

Di2 if (v, qu, rv) ∈ Di1 .

By the monotonicity condition for every potential u′ occurring above it holds:

(u′, qu) ∈
⋂

j≤m

Aj .

Hence the strategy is well-defined. By Theorem 17.4.3 we get a monotone
separating circuit of size (k + n) · 2O(t).

q.e.d.

Given a proof system P whose proofs consists of steps derived using inference
rules we can consider class XP ⊆ {0, 1}N consisting of all sets definable by
possible lines (clauses, formulas, polynomials, inequalities, etc.) in P -proofs.
For example, for resolution R these are the sets definable by clauses and for the
degree d polynomial calculus PC/F they are defined by polynomials over F of
degree at most d. Semantic derivations using only sets from XP will be called
semantic P -proofs or somewhat more loosely P -like proofs, and we refer
informally to semantic P as if it were a proof system.

Using this terminology Theorems 17.5.1 and 13.5.3 imply the following lower
bound criterion.

Corollary 17.5.2 Let P be a proof system operating with steps derived by infer-
ence rules and assume that every set A ∈ XP has the monotone communication
complexity MCCU (A) ≤ t. Assume that 3 ≤ ξ < ω and

√
ξω ≤ n

8 log n .
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Then every semantic P -proof of the disjointness of Cliquen,ω and Colorn,ξ

must have at least
2Ω(

√
ξ)−O(t) − n

steps.
In particular, for ξ := n1/3, ω := n2/3 and t = no(1) the number of steps is

at least 2Ω(n1/6).

17.6 Simple Examples

Our first example considers the system LK−, the cut-free LK, and illustrates
well that it is useful to be flexible when applying the feasible interpolation
framework. Let clauses Ai, Bj obey the FI set-up and let cedent Γ(p, q) consists
of formulas

∨
Ai and cedent ∆(p, r) consists of formulas

∧
¬Bj (conjunctions

of the negations of literals from the clauses Bj). Assume π is a negation normal
form LK− proof (cf. Section 3.3) of the sequent

Γ(p, q) −→ ∆(p, r) .

Hence any sequent in π has the form

Π(p, q) −→ Σ(p, r) . (17.6.1)

Define a protocol (G, lab, S, F ) as follows:

• The nodes of G are the sequents in π. The leaves are the initial sequents
from (3.3.1) of the form

pi → pi and ¬pi → ¬pi

for all p-atoms pi. They are labelled by lab by formulas ui = 1 ∧ vi = 0
and ui = 0 ∧ vi = 1, respectively.

All other sequents in π are the inner nodes of G.

• The consistency condition F (u, v) contains those sequents (17.6.1) in π
such that Π(u, qu) is true and Σ(v, rv) is false.

• The strategy function S at a node in F moves to a hypothesis of the
inference that is in F , and anywhere otherwise.

Note that S preserves F as formulas from the antecedents and from the succe-
dents in π never mix, and that the (monotone) communication complexity of
the protocol is 2. In addition, if the monotone FI set-up holds then the initial
sequents of the form ¬pi → ¬pi do not occur in π and hence labels of all leaves
are of the form ui = 1 ∧ vi = 0. Theorem 17.4.3 thus implies a slightly weaker
version of Theorem 3.3.2.
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Corollary 17.6.1 Assume that clauses Ai and Bj obey the FI set-up and that
the sequent∨

A1(p, q), . . . ,
∨
Am(p, q) −→

∧
¬B1(p, r), . . . ,

∧
¬B`(p, r)

has a negation normal form LK− proof with k steps. Then U and V can be
separated by a circuit of size O(k).

If the clauses obey the monotone FI set-up then the separating circuit can be
chosen monotone too.

Now we shall consider three examples of subclasses of P({0, 1}N ) that cor-
respond to three proof systems and we shall derive feasible interpolation for
their semantic versions from Theorem 17.5.1 and a lower bound from Corollary
17.5.2.

Semantic R: clauses. Any A ⊆ {0, 1}N defined by a clause has CC(A) ≤
log n, if n > 1: item 1 and 2 in the definition of CC(A) require each player to
send one bit (the truth value of the portion of the clause they have evaluation
to) and log n bits for the binary search (item 3). Also MCCU (A) ≤ log n, as
the second option in item 4 can be decided by the U-player only.

In the FI set-up in Section 17.1 we required that all p occur only positively
in all clauses Ai (and hence U is closed upwards). Note that this condition also
implies the requirement

[ u′ ≥ u ∧
∧
i

Ai(u, qu) ] →
∧
i

Ai(u′, qu)

in the monotone case in Theorem 17.5.1.

Corollary 17.6.2

1. (Theorem 13.5.2 - another derivation)

Assume that clauses Ai and Bj obey the FI set-up. If they can be refuted
in resolution in k steps then there is a circuit separating U from V of size
at most (k + 2n)nO(1).

If also the conditions of the monotone FI set-up are obeyed, then there is
a monotone circuit separating U from V of size at most (k + n)nO(1).

2. Every semantic R-proof of the disjointness of Cliquen,n2/3 and Colorn,n1/3

must have at least 2Ω(n1/6) steps.

Semantic LEC: linear equations. If A ∈ {0, 1}N is defined by a linear
equation over F2 the same estimates to CC(A) and MCCU (A) as for clauses
apply. Hence also Corollary 17.6.2 holds for the linear equational calculus LEC
(cf. Section 7.1).
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Semantic CP: integer linear inequalities. Assume A ∈ {0, 1}N is defined
by an inequality:

e · x + f · y + g · z ≥ h
with e, f and g vectors of integers and h an integer. When solving the tasks
required in the definitions of CC(A) andMCCU (A) the players will send to each
other this time the values of the parts of the left-hand side they can evaluate.
However, if M is the maximum absolute value of a coefficient occurring in the
inequality this may need log(MnO(1)) = O(log n) + logM bits. Hence both
the CC(A) and MCCU (A) is estimated by (log n)(O(log n)+ logM) (the extra
log n factor comes from the binary search in solving tasks 3 or 4, respectively.
Hence we get

Corollary 17.6.3

1. Assume that clauses Ai and Bj obey the FI set-up and are represented for
the CP proof system by integer linear inequalities as in (6.0.2). If they
can be refuted in the semantic CP in k steps such that

(*) every set occurring in the derivation is defined by an inequality with
all coefficients bounded in absolute value by M

then there is a circuit separating U from V of size at most (k+2n)(MnO(1))log n.

If also the conditions of the monotone FI set-up are obeyed, then there is a
monotone circuit separating U from V of size at most (k+n)(MnO(1))log n.

2. Every semantic CP-proof of the disjointness of Cliquen,n2/3 and Colorn,n1/3

satisfying (*) must have at least

2Ω(n1/6)

M log n

steps.

Note that we could generalize the feasible interpolation (and the lower bounds)
from semantic R, LEC and CP to semantic proof systems operating with sets
that are defined by Boolean combinations of at most w original sets (in particu-
lar, to low-width proofs in the system R(CP) from Section 7.1): this causes the
increase of the (monotone) communication complexity of the protocol by the
multiplicative factor w and hence of the size of the separating circuits by the
multiplicative factor 2O(w). Hence we still get lower bounds for w = no(1).

17.7 Splitting Proofs

The proofs of feasible interpolation for tree-like and dag-like LK− (cut-free LK)
in Section 3.3 gave not only interpolants (a formula or a circuit) but also proofs
that it works. That is, from a proof of

Γ(p, q) −→ ∆(p, r) (17.7.1)
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we constructed an interpolating circuit C(p) (or just a formula if the proof was
tree-like) defined by the CNF DefC(p, y) with the output gate ys and short
proofs of the sequents:

Γ(p, q),DefC → ys and DefC , ys → ∆(p, r) .

If we now substitute p := a ∈ {0, 1}n and evaluate subcircuits yi := yi(a) on a,
all clauses in DefC will contain 1 and hence we get proofs of

Γ(a, q) → ys(a) and ys(a) → ∆(a, r) .

If ys(a) = 0 the first proof is a refutation of Γ(a, q), if ys(a) = 1 the second proof
is a proof of ∆(a, r). Moreover, by the constructions in Section 3.3 these proofs
are obtained from the original proof by a substitution and some deletions.

Once we have the idea that a proof of (17.7.1) ought to split after any sub-
stitution p := a ∈ {0, 1}n into essentially two separate proofs not mixing q and
r it is easy to do this splitting directly, without referencing to the earlier con-
struction. Namely, assume π is a negation normal form LK−-proof of (17.7.1).
For a sequent S in π let πS be the subproof ending with S. Given an assignment
a ∈ {0, 1}n we shall mark each sequent in the substituted π(a):

Π(a, q) −→ Σ(a, r) (17.7.2)

either 0, meaning that
Π(a, q) −→

is proved, or by 1, meaning that

−→ Σ(a, r)

is proved, where the proofs of these substituted sequents are obtained from
πS(a) by possibly deleting some sequents.

This is easy for initial sequents:

• mark pi → pi by ai and ¬pi → ¬pi by ¬ai,

• mark z,¬z → by 0 and → z,¬z by 1, where z is any atom not in p,

and by induction on the number of inferences for all other sequents as well

• mark the conclusion of a unary inference in the same way as its hypothesis,

• if the two hypotheses of a ∨:left inference were marked y and z, mark its
conclusion by y∨ z,and dually for ∧:right - the conclusion is marked y∧ z.

It is easy to check that if a sequent S of the form (17.7.2) is marked 0 (resp.
1), keeping in πS(a) only sequents marked 0 (resp. 1) and only ancestors of
formulas in the respective end-sequent will create a proof of

Π(a, q) −→ or −→ Σ(a, r) ,
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respectively. Actually the construction also yields a circuit C(p) which computes
the marking (the initial sequents in the first item above correspond to inputs pi

and ¬pi). Further note, that C is monotone if atoms pi occur only positively in
Γ(p, q): there are no initial sequents ¬pi → ¬pi in that case.

Let us summarize.

Lemma 17.7.1 There is a p-time algorithm that upon receiving an LK−-proof
π of (17.7.1)

1. it builds a circuit C(p) whose graph is obtained from the proof graph of π
by deleting some nodes,

2. and on any input a ∈ {0, 1}n it produces an LK− proof σ(a) of Γ(a, q)→,
if C(a) = 0, or of → ∆(a, r), if C(a) = 1.

The proofs σ(a) are obtained form π by substituting p := a and by deleting some
sequents and some formulas.

Moreover, if the atoms p occur only positively in Γ(p, q) the circuit C can be
chosen as monotone.

If the cedents Γ(p, q) and ∆(p, r) are obtained from the sets of clauses Ai and
Bj obeying the FI set-up as at the beginning of Section 17.6, Lemma 17.7.1 to-
gether with the derivation of feasible interpolation for R via LK− in the Feasible
interpolation theorem 5.6.1 yields a similar statement for R.We shall streamline
the proof without a reference to LK− (the construction is analogous though to
the construction with LK− just before Lemma 17.7.1).

We shall need the following ternary propositional connective:

sel(x, y, z) :=
{
y if x = 0
z if x = 1

Theorem 17.7.2 (Pudlák [416])
There is a p-time algorithm that upon receiving a R-refutation π of clauses

Ai, Bj obeying the FI set-up

1. it builds a circuit C(p) whose graph is obtained from the proof-graph of
π by deleting some nodes and placing at the initial clauses inputs pi,¬pi

and at other clauses the connectives ∨,∧ or sel(pi, y, z) or sel(¬pi, y, z)
for suitable choices of the atoms pi,

2. and on any input a ∈ {0, 1}n it produces an R-refutation σ(a) of clauses
Ai(a, q), if C(a) = 0, or of clauses Bj(a, r), if C(a) = 1.

The refutations σ(a) are obtained form π by substituting p := a and by deleting
some clauses and some literals.

Moreover, if the atoms p occur only positively in all Ai(p, q) the circuit C
can be chosen as monotone.
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Proof:
We shall describe a two-round procedure that first replaces each clause E in

π(a) by its subclause E′ and then marks each new clauses 0 or 1. The newly
created clauses will be branded as q-clauses or r-clauses; the former implies that
no r-atom occurs in it, the latter that no q-atom occurs in it. This simulates in
resolution refutations the notion of ancestors in cut-free proofs we used earlier.

The new clauses are created as follows:

1. The initial clauses are left unchanged, the clauses Ai are branded as q-
clauses and Bj as r-clauses.

2. Resolution of a p-atom:
E, pi F,¬pi

E ∪ F
and the hypotheses were replaced by E′ and F ′, respectively, replace E∪F
by E′ if ai = 0 and by F ′ if ai = 1, and the clause keeps its brand.

3. Resolution of a q-atom:
E, qi F,¬qi

E ∪ F
and the hypotheses were replaced by E′ and F ′, respectively.

If one of E′, F ′ is branded as an r-clause, it does not contain qi and we
replace E∪F by this clause. If both E′, F ′ are branded as q-clauses, either
resolve qi and brand the conclusion as a q-clause, or replace the conclusion
by E′ or by F ′ respectively, if it does not contain qi or ¬qi, respectively.

4. Resolution of an r-atom:

E, ri F,¬ri
E ∪ F

and the hypotheses were replaced by E′ and F ′, respectively. Proceed
dually to item 3.

After this reduction delete all clauses containing a literal true after the sub-
stitution p := a, and delete all such literals that become false. If the empty
end-clause is branded as a q-clause we delete also all r-clauses and get an R-
refutation of clauses Ai(a, q). If it is an r-clause we dually delete or q-clauses
and get an R-refutation of clauses Bj(a, r).

The wanted circuit C(p) computes the branding of clauses as q-clauses (by
computing 0) or as r-clauses (by computing 1). To create C do:

• place the constant 0 on all initial Ai clauses and the constant 1 on all
initial Bj clauses,

• In the resolution of atom pi (item 2. above) we compute the value x for
the conclusion from the value y of the left-hand hypothesis and the value
z of the right-hand hypothesis as

x := sel(pi, y, z) .
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• In the resolution of atom qi (item 3. above) we put:

x := y ∨ z .

• In the resolution of atom ri (item 4. above) we put:

x := y ∧ z .

To get a monotone circuit in the case of monotone set-up note that in item 2.
above, if E′ is a q-clause it cannot contain ¬pi and hence we can replace the
conclusion of the inference by E′ as well. This means that we can replace the
sel gate by

(pi ∨ y) ∧ z

which is monotone.

q.e.d.

The splitting proof approach to feasible interpolation will have some impor-
tant applications but it has also its limits. For example, it appears very hard to
split proofs operating with small Boolean combinations of clauses as considered
at the end of Section 17.6.

17.8 Splitting CNF Formulas

The syntactic format of clauses Ai, Bj obeying the FI set-up, and the division
of the atoms into three disjoint sets in particular, seems necessary for any ap-
plication of feasible interpolation. Hrubeš and Pudlák [239] found a way how
to circumvent this.

Assume C : C1, . . . , Cm are clauses in 2n atoms. Split the atoms arbitrarily
into two disjoint sets of size n:

p0 = p0
1, . . . , p

0
n and p1 = p1

1, . . . , p
1
n

and write each clause Cj as a disjoint union C0
j ∪ C1

j , with Cb
j containing only

literals corresponding to the atoms from pb, b = 0, 1.
Let q1, . . . , qm be new atoms and define a new set of clauses D consisting of:

D0
j := C0

j ∪ {¬qj} and D1
j := C1

j ∪ {qj} .

Lemma 17.8.1 C is unsatisfiable if and only if D is unsatisfiable, and every
monotone interpolant E(q) of unsatisfiable D satisfies for every J ⊆ [m]:

• if {C0
j }j∈[m]\J is satisfiable then E(aJ) = 1,

• if {C0
j }j∈J is satisfiable then E(aJ) = 0.
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where aJ is the characteristic function of J (aj = 1 if and only if j ∈ J).

Any monotone Boolean function E satisfying the property from the lemma
is called a monotone unsatisfiability certificate for the specific splitting of
the 2n atoms into two sets.

The lemma implies that for every proof system P admitting monotone feasi-
ble interpolation (using some computational model), if an unsatisfiable C has a
P -refutation of size s, C has also a size sO(1) monotone unsatisfiability certificate
for any splitting of the set of its atoms. This idea does not extend the class of
proof systems for which a lower bound can be established but it allows to prove
lower bounds for random CNFs (cf. Section 18.8).

17.9 Bibliographical and Other Remarks

History of the idea. Mundici [365, 366, 367, 368] pointed out in early 1980s
a relation between the sizes of interpolants of propositional implications as es-
timated in terms of the size of the implication to central problems of computa-
tional complexity theory. For example, any set in NP ∩ coNP is trivially the
unique set separating two disjoint NP sets. Hence if we could always find an
interpolating formula of size polynomial in the size of the implication the (un-
expected) inclusion NP ∩ coNP ⊆ NC1 would follow. For predicate logic there
were earlier lower bounds in terms of recursion theory (Friedman [191] in 1976
or unpublished results of Kreisel [332] from 1961). Gurevich [214] discussed
further connections to computer science.

The idea of what we call now feasible interpolation was first formulated in my
[278]; the paper was published in a journal in 1994 but its preprint circulated
in 1991 and it was noticed by everybody in the field as it proved the first
exponential lower bound for AC0 Frege systems. The idea is formulated there
explicitly as well as is the equivalent feasible Beth’s theorem (Lemma 17.1.4
here), and it was shown that it works for LK− (cut-free LK). My hope then
(explained there) was to extend feasible interpolation (and the implied Beth’s
property) to AC0 Frege systems and use it to show the mutual independence
of the modular counting principles for different primes, reducing it to AC0[p]
lower bounds for MODq. This did not work and the independence was eventually
proved differently (cf. Section 15.5).

Then things moved on in 1994. I obtained feasible interpolation for R by
reducing it to that for LK− (the proof of Theorem 5.6.1 in Section 5.6) but I
had no particular use for the result. My interest in it was renewed by a remark
in a 1994 preprint of Razborov [438] that the technical developments underlying
the unprovability results for bounded arithmetic there are certain interpolation
theorems for fragments of second-order bounded arithmetic. I realized that
if that is the case then these interpolation theorems and problems ought to
be studied at the more rudimentary level of propositional logic and that it
must relate to the feasible interpolation idea in [278], and I quickly proved that
my feasible interpolation for R implies (together with known relations between
R and bounded arithmetic established already also in [278]) the unprovability
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results of Razborov [438]. No propositional proof systems appear in [438] and the
feasible interpolation idea is not mentioned there. Nevertheless, this paper was a
crucial inspiration for me in several aspects. The interpolation in [438] is present
via a special and unusual technical definition of the formal systems studied there
(the so called split theories) which are tailored to allow some interpolation. I
would not be surprised if the interpolation, and a connection with [438], was
also behind the notion of natural proofs developed at that time (preprint 1994)
by Razborov and Rudich [448]. Then I proved the general feasible interpolation
theorem for semantic derivations (Theorem 17.5.1 here), using a modification
of a notion of protocols from [438], and applied it to few proof systems. After
hearing a lecture by Bonet at the meeting Logic and Computational Complexity
(Indianapolis, October 1994) about her work with Pitassi and Raz [95, 96] I
realized that their result follows from my general theorem and I replaced the
original example of linear calculus LEC by CP with small coefficients in [282]
(until then it did not occur to me to consider this version of CP). Originally
Bonet et.al. [95] did not know that their constructions is related to a more
general interpolating property (cf. their remark in [95]).

Razborov also explained to me the remarks on one-way functions he made
(but not elaborated upon) in [438, Sect. 8] and this resulted in conditional
lower bounds for feasible interpolation (for Beth’s theorem) in [282]. In 1994
Razborov [436] also wrote a preprint about the canonical pairs but the main
result (completeness of these pairs) was a simple reformulation of completeness
of the reflection principles for proof systems (cf. Section 17.2) as shown in
[282] and it was never published by him. Nevertheless the paper stimulated
a combinatorial approach to these pairs and to reflection principles in general
and although that still waits for some significant application it will eventually, I
think, be found. Expanding on this we established in 1995 with Pudlák [324, 325]
links between the security of RSA and the impossibility of feasible interpolation
for EF , and at the same time Pudlák [416] found a beautiful application of
feasible interpolation to unrestricted CP. After these developments the method
caught on and many other researchers contributed to it since then, finding new
and unforeseen notions and applications.

The reader can find historical notes also in Bonet, Pitassi and Raz [97],
Razborov [436], Pudlák [416, 417], Beame and Pitassi [58] and in other references
from late 1990s.

Secs.17.1, 17.4, 17.5 and 17.6 are based on [282]. The definition of the
general protocols in Section 17.4 is from [282] and it is a variant of a notion
defined by Razborov [438]. The strategy function S(u, v, x) may seem redundant
because the players can test which of the sons of x ∈ F (u, v) belong also to the
consistency condition set F (u, v), and choose one. However, this works only
for protocols with a bounded (or very small) out-degree (and even for those
sometimes another strategy is more natural). The second part of Corollary
17.6.3 is due to Bonet, Pitassi and Raz [95].

Sec. 17.2 Examples of pairs discussed here are from Razborov [434] and Alon
and Boppana [18] (the Clique-Coloring pair), Haken [219] (the Broken mosquito
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screen), Raz and Wigderson [433] and Impagliazzo, Pitassi and Urquhart [246]
(the Bipartite perfect matching), [282] (the reflection and OWPs) and K. -
Pudlák [325] (the RSA pair). The reformatting of the NP pair of sets from
the reflection principles into sets PROV(Q) and FALSI∗ was done by Razborov
[436] who called them the canonical pair of the proof system (he denoted our
PROV(Q) by REF (Q) and FALSI∗ by SAT∗).

Sec. 17.3 exposes an idea of Bonet, Pitassi and Raz [97].

Sec.17.7 The splitting construction for R is from Pudlák’s [416].

Sec.17.8 is based on Hrubeš and Pudlák [239].

Feasible disjunction property.
A feasible interpolation construction for P , which besides an interpolant

provides also a P -proof that it works (as in Section 17.7), implies, in particular,
that if a disjunction of the form

D1(q) ∨D2(r)

in disjoint sets of atoms q, r has a P -proof of size s then one of the two disjuncts
has a P -proof of size sO(1). We shall describe this situation by saying that P
has the feasible disjunction property (Pudlák [419] studies this property
under the name existential interpolation). Somewhat more generally, P has the
strong feasible disjunction property if the same is true also for arbitrary
long disjunctions

D1(q1) ∨ · · · ∨Dm(qm)

in disjoint sets of atoms qi, i ≤ m. Note that we do not require that a short proof
of one of the disjuncts is found feasibly - that would imply feasible interpolation
- but only that it exists.

If P has the feasible disjunction property and it proves in p-size the dis-
jointness of two NP sets U, V , then there are two disjoint coNP sets Ũ , Ṽ such
that

U ⊆ Ũ and V ⊆ Ṽ .

Take for Ũn the complement of the set of all a ∈ {0, 1}n for which P has a
short proof of a /∈ Un, and similarly for Ṽn. The existence of such a disjoint
coNP pair for every disjoint NP pair is not known to contradict some established
computational complexity conjecture and even strong proof systems may posses
the property.

Problem 17.9.1 (The feasible disjunction problem.)
Does F or EF admit the (strong) feasible disjunction property?

It is also unknown if the property for m = 2 implies the strong version.
Note however, that for the purpose of proving that a proof system is not

p-bounded one may assume without a loss of generality that the system has the
(strong) feasible disjunction property: one of the disjuncts must be a tautology
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and if it does not have a short proof we already know the proof systems is not
p-bounded (these remarks are from [306] where also a handy notation

∨̇
iDi for

a disjunction of formulas in disjoint sets of variables was used).
Note an observation linked to model theory in Section 20.1: applying the

feasible disjunction property to short P -proofs of RefP formulas implies that
for any tautology α, P either shortly proves α or it shortly proves that it cannot
prove α shortly (this is more memorable than the precise version with parame-
ters).
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Chapter 18

Feasible Interpolation:
Applications

This chapter presents several feasible interpolation results, sometimes using new
computational models to evaluate an interpolant. We will also prove that strong
proof systems above the ground level (cf. Chapter 22 discussing levels of proof
systems) do not admit feasible interpolation by Boolean circuits, assuming some
plausible conjectures from computational complexity theory. Possible general-
izations that may capture even these proof systems are discussed in Section
18.8.

We concentrate mostly on the more general dag-like case of proofs and pro-
tocols and consider the tree-like case only when the dag-like case is open. In
particular, tree-like protocols are discussed as a proof of the concept of the real
game in Section 18.2 (there are no known lower bounds for dag-like protocols
in that situation) and in Sections 18.4 and 18.6 where we present lower bounds
for the tree-like versions of LS and R(LIN), respectively, as the general cases
are open at present.

18.1 CP and Monotone Real Circuits

Recall the definition of the Cutting plane proof system CP in Section 6.3. The
lines in its proofs are integer linear inequalities and we shall thus use variables
x, y and z in place of atoms p, q, r, and we shall assume that the set of clauses
Ai, Bj obeying the FI set-up is expressed as a set of inequalities as (6.0.2) in
Chapter 6.

To establish feasible interpolation for CP we shall modify the splitting con-
struction from Section 17.7. In the non-monotone case this will be straightfor-
ward but for the monotone case we shall need to introduce a new monotone
computational model.

Let π be a CP refutation of a system of integer linear inequalities Ai(x, y)

433
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and Bj(x, z) obeying the FI set-up. A step in π has the form

a · x+ b · y + c · z ≥ d (18.1.1)

where a, b, c are tuples of integers and d is an integer. If some of these do not
actually occur we treat them as 0.

Given an assignment x := u we shall replace each inequality (18.1.1) in π by
a pair of inequalities

e · y ≥ dy and f · z ≥ dz (18.1.2)

and it will always hold that these two equations imply the original one, i.e.:

dy + dz ≥ d− a · u . (18.1.3)

We define the pairs by induction on the number of steps in π. Axioms x ≥ 0
and −x ≥ −1 are replaced by 0 ≥ 0 and those for the y- and z-variables are left
intact. An initial inequality Ai of the form

a · x+ b · y ≥ d

is replaced by the pair

b · y ≥ d− a · u and 0 ≥ 0

and analogously an initial inequality Bj of the form

a · x+ c · z ≥ d

is replaced by the pair

0 ≥ 0 and c · z ≥ d− a · u .

The addition rule is performed simultaneously on both inequalities in (18.1.2)
as well as is the multiplication rule. Clearly the condition(18.1.3) is maintained.

The division rule can be also performed on the equations in the pair because
the coefficients of the variables appearing in them are the same as in the original
inequality. But we need to check that the condition (18.1.3) will hold too. For
this to be the case it suffices that

dy + dz ≥ d− a · u

implies for any g > 0 diving all coefficients in a that

ddy/ge+ ddz/ge ≥ dd/ge −
∑
i∈[n]

ai

g
ui .

But that is obviously true.
Assume we reach the end step 0 ≥ 1 in π and that it was replaced by two

inequalities
0 ≥ dy and 0 ≥ dz
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for which
dy + dz ≥ 1 .

Therefore either dy ≥ 1 or dz ≥ 1 and thus we obtained a refutation of the
inequalities Ai(u, y) in the former case or of Bj(u, z) in the latter case.

The computation of the pairs and, in particular, of the coefficients in these
pairs can be done in time polynomial in the number of steps in π and the
maximum bit size of a coefficient in π. Thus we have proved:

Lemma 18.1.1 There is an algorithm that upon receiving a CP-refutation π
of inequalities Ai, Bj obeying the FI set-up, with k steps and and the maximum
absolute value M of a coefficient in π

1. builds in time polynomial in k, n, logM a circuit C(p),

2. and on any input u ∈ {0, 1}n it produces a CP-refutation of the inequalities
Ai(u, y), if C(u) = 0, or of the inequalities Bj(u, z), if C(u) = 1.

The occurrence of the bound M in the lemma spoils it a bit but fortunately
it can be removed via Theorem 6.3.3. By that lemma we may assume that for
some other CP refutation with possibly O(k3 log n) steps all integers occurring
in it have the absolute value at most O(k2knO(1)). As k and n are bounded by
the size of a refutation we get:

Theorem 18.1.2 (Pudlák [416]) CP admits feasible interpolation.

Hence we know, by Lemma 17.1.3, that CP is not p-bounded unless NP ⊆
P/poly. But we want an unconditional lower bound and this requires monotone
feasible interpolation. For that we need to introduce a stronger model of
monotone computation than are monotone Boolean circuit.

A monotone real circuit is a circuit which computes reals and whose gates
are computed by unary or binary non-decreasing real functions. Such a circuit
computes a Boolean function f on {0, 1}n if and only if on all inputs from
a ∈ {0, 1}n it computes the value f(a) (i.e. we do not care what it computes on
other tuples from Rn).

Replacing in an ordinary Boolean monotone circuit ∧ by min and ∨ by max
we get a monotone real circuit computing the same Boolean function. Hence
these new monotone circuits are at least as strong as the old ones.

Theorem 18.1.3 (Pudlák [416]) CP admits monotone feasible interpolation
by monotone real circuits. The size of the interpolating circuit is O(k), where k
is the number of steps in the original CP-refutation, and, in particular, it does
not depend on the bit size of coefficients occurring in it.

Proof:
Assume Ai, Bj are initial inequalities that obey the monotone FI set-up. In

particular, all coefficients of all x-variables in all Ai are non-negative. We shall
proceed as in the construction underlying Lemma 18.1.1 but we only need to
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compute dy and for the monotonicity reasons we shall compute −dy instead.
The computation will be done by a monotone circuit as in the case of resolution
but the circuit will be a real circuit this time.

The circuit will use various gates that will allow it to compute the initial
values of the dy numbers and then to simulate the inferences. These gates
include binary addition and also addition of a fixed constant, division by a
positive number and multiplication by a positive number, and unary rounding
to the next integer. It also uses a threshold gate that is identity below 1 and
constantly equal to 1 for w ≥ 1.

What such gates cannot a priori compute are the initial values when some
coefficient of the x-variables are negative. But by our hypothesis this does not
happen in any Ai and a negative coefficient occurs only in axioms −xj ≥ −1.
For those axioms we simply put dy := 0 as before.

q.e.d.

To get a lower bound for CP we need a lower bound for monotone real
circuits. In fact, it turned out that the methods to get such lower bounds for
monotone Boolean circuits work here as well.

Theorem 18.1.4 1. (Pudlák [416]) Every monotone real circuit separat-
ing the Clique-Coloring pair (Section 17.2) must have size 2nΩ(1)

.

2. (Cook and Haken [154]) Every monotone real circuit separating the
broken mosquito pair (Section 17.2) must have size 2nΩ(1)

.

Corollary 18.1.5 (Pudlák [416]) CP is not p-bounded. In fact, every CP
refutation of the Clique-Coloring pair must have size at least 2nΩ(1)

.

18.2 CP and Real Game

In this section we generalize the way the players communicate in protocols and
apply the new protocols to semantic CP refutations. This may seem redundant,
especially because it yields unconditional lower bounds only for the tree-like
case. But I think that the communication complexity approach is more robust
than the splitting-proof argument (cf. the remark at the end of Section 17.7)
and that lower bounds for the new protocols will be proved eventually.

Let U, V be two disjoint subsets of {0, 1}∗. The real game is played by two
players as the KW-game, one receiving u ∈ U and the other v ∈ V . The players
do not exchange bits, however, but in every round each player sends one real
number (say rU for the U -player and rV for the V -player) to a referee. The
referee then compares them and announces one bit: 1 if and only if rU > rV
and 0 if and only if rU ≤ rV . Each player decides on the next move (i.e.
what number to send to the referee) based on u and v, respectively, and on the
binary string (called a position) of the announcements the referee made until
that point in the play.
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Analogously to the definition of the communication complexity in Section
17.4 we can define a notion of complexity using the real game. For a multi-
function R ⊆ U × V × I, I 6= ∅, define its real communication complexity,
denoted by CCR(R), to be the minimum number h such that there are strategies
for the players for the real game on U, V to reach a position when they agree
on a valid value of R. That is, there is a function g : {0, 1}h → I such that for
every (u, v) ∈ U × V , if the position in the game after the hst step is w then
R(u, v, g(w)).

Analogously to a part of Theorem 17.4.1 we have (the second part follows
via a Spira-type argument):

Lemma 18.2.1 Let U be closed upwards. CCR(KWm[U, V ]) is at most the
minimum depth of a monotone real circuit C that separates U from V . In
fact, it is also at most log3/2 s where s is the minimum size of a monotone real
formula separating U and V .

It is open whether the opposite bound holds too as it does in the KW-game
case.

Working in the FI set-up and using the notation as in Section 17.5 define
the monotone real communication complexity with respect to U of
A ⊆ {0, 1}N , to be denoted by MCCR

U (A), to be the minimum t such that the
each task 1.-4. from Section 17.5 can be solved by real game in at most t rounds.

It is clear that MCCR
U (A) is bounded by log n for sets A defined by integer

linear inequalities: the first two tasks are solved in one round, tasks 3. and
4. in log n rounds via binary search. This is analogous to the case of sets
defined by clauses when using the ordinary communication complexity CC(A).
Considering just the monotone case, entirely analogously to Theorem 17.5.1 we
get:

Theorem 18.2.2 Assume that clauses Ai and Bj obey the monotone FI set-up
and are represented for by integer linear inequalities as in (6.0.2). If they can be
refuted in semantic CP in k steps then there is a size k + n protocol computing
KWm[U, V ] of monotone real communication complexity at most log n.

If π is tree-like, the protocol is a tree and, in this case, the real communication
complexity of KWm[U, V ] is at most O((log n)(log(k + n)).

Proof:
The protocol is constructed identically as in the proof of Theorem 17.5.1,

only its communication complexity is measured by the real game this time. The
estimate to the real communication complexity of KWm[U, V ] in the tree-like
case is as in Lemma 17.4.2 for the ordinary case.

q.e.d.

Now we link the real communication complexity of a multi-function R to its
probabilistic communication complexity Cpub

ε (R) using public coins and error
ε > 0. Let R>

m ⊆ {0, 1}m×{0, 1}m×{0, 1} be the characteristic function of the
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lexico-graphic ordering of {0, 1}m: the set of all triples R>
m(α, β, 1) if α >lex β

and R>
m(α, β, 0) if α ≤lex β. The probabilistic communication complexity of

this function is known.

Theorem 18.2.3 (Nisan [370]) For 0 < ε < 1
2 , Cpub

ε (R<
m) = O(logm +

log ε−1).

Using this lemma we can estimate the probabilistic complexity from the real
complexity of any multi-function.

Lemma 18.2.4 Let R ⊆ U×V ×I be a multifunction. Then for any 0 < ε < 1
2

we have:
Cpub

ε (R) ≤ CCR(R) ·O(log n+ log ε−1) .

Proof:
If h bounds the number of rounds in a real game, then at most

|U | · |V | · 2 · (2h − 1) < 22n+h+1

different reals will be sent to a referee by the players. If r0 < r1 < · · · < rk,
k < 22n+h+1 is their enumeration in the increasing order, the players may use
the index i in place of the original ri, without affecting what the referee replies.

By Theorem 18.2.3, each step in the resulting game can be simulated by
O(logm+log(ε−1h)), m = 2n+h+1, steps of the probabilistic KW-game with
an error εh−1. Thus the whole real game can be probabilistically simulated with
an error ε > 0 in

h ·O(logm+ log(ε−1h)) = h ·O(log n+ log ε−1)

rounds, as we may bound h ≤ n.

q.e.d.

Now we shall put these estimates to work. Recall the Bipartite matching
problem and the two (complementary) sets BPM+ and BPM− from Section
17.2.

Lemma 18.2.5 Let G be a tree-like protocol for KWm[BPM+, BPM−] of size
s and real communication complexity at most t. Then

s ≥ 2Ω(( n
t log n )1/2) .

Proof:
By Lemma 18.2.4 (the error is bounded by sε−1):

Cpub
ε (KWm[BPM+, BPM−]) ≤ log s · t ·O(log n+ log ε−1 + log s) .

By [433, Thm. 4.4]

Cpub
0 (KWm[BPM+, BPM−]) = Ω(n)
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while by [432, Lemma 1.4] for any R

Cpub
0 (R) ≤ (Cpub

ε (R) + 2)(log1/ε n+ 1)

Taking ε := n−1 we get
log2 s = Ω(

n

t log n
)

and the lemma follows.

q.e.d.

By combining Theorem 18.2.2 with Lemma 18.2.5 we get

Corollary 18.2.6 (Impagliazzo, Pitassi and Urquhart [246])
Let π be a tree-like semantic CP refutation of inequalities Halln (Section

17.2) with k steps.
Then

k ≥ exp
(

Ω((
n

log n
))1/2

)
.

18.3 NS, PC and Span Programs

We shall consider the algebraic proof systems NS and PC over a finite field or
over the rationals, to have an a priori efficient way how to represent the field
elements and how to perform the field operations. The symbol F will stand in
this section for one of these fields.

Let us first recall few facts from linear algebra. Let V be a D-dimensional
vector space over F. For vectors v1, . . . , va ∈ V , Span(v1, . . . , va) is the linear
subspace generated by the vectors. The question whether w ∈ Span(v1, . . . , va),
w ∈ V , is equivalent to the question whether a particular system of D linear
equations with a unknowns has a solution. This is answered by the Gaussian
elimination: after bringing the system into a row reduced form we can imme-
diately see what the answer is, and if it is affirmative we can read from it the
coefficients of a linear combination of vis witnessing it. The total number of
field operations this takes is bounded by O(Damin(D, a)) ≤ O(Da2) if a ≤ D,
and this also bounds the time if F is finite. For F = Q we need to consider also
the bit size of the coefficients that appear in the computation (this is often over-
looked). Assume each coefficient occurring in the vectors w and vi is expressed
explicitly as a fraction c/d of two integers and that b bounds the bit size of all
these c, d. The bit size of the input to the problem is now O(aDb). An analysis
of the Gaussian process in which we reduce all intermediate fractions to their
lowest terms shows that the bit size of each integer appearing in the process can
be kept polynomial.

Lemma 18.3.1 For F a finite field or F = Q, the problem w ∈? Span(v1, . . . , va)
can be solved in polynomial time; that is, in time bounded above by (a+D+b)O(1)

where D is the dimension of the vectors and b bounds the bit size of the fractional
representation of their coefficients (we may put b := 1 for finite F).
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In the next lemma we talk about bounded degree NS and PC proof systems
although they are not complete. Using Lemma 18.3.1 it is easy to derive:

Lemma 18.3.2
For F a finite field or F = Q and any fixed degree d, the degree ≤ d proof

systems NS/F and PC/F are automatizable.
In particular, there is a deterministic algorithm that for any unsolvable sys-

tem F of m polynomial equations of degree at most d0 in n unknowns finds in
time O(d(m+ nd + b)O(1)) an NS/F-refutation of the minimum degree d ≥ d0,
where b bounds the bit size of the fractional representation of the coefficients in
F for F = Q (and we put b := 1 for F finite).

The same holds also for PC/F with the time bound O(d(m+ nd + b)O(d)).

Proof:
For d ≥ d0 let Gd be all polynomials of the form

m · f

where f ∈ F , m is a monomial and deg(m · f) ≤ d. Gd is a subspace of a vector
space Vd of all degree ≤ d polynomials; its dimension is D = nO(d).

The existence of an NS-refutation of F of degree ≤ d is equivalent to the
question whether 1 ∈ Span(Gd), where 1 is the vector corresponding to the
constant 1 polynomial, and any solution of the corresponding linear system
contains the coefficients of a refutation. By Lemma 18.3.1 this can be computed
in polynomial time.

If d is not given, we try to find the refutation for d = d0, d0 + 1, . . . until we
succeed.

For PC we proceed similarly but in more rounds. Assume d ≥ d0 is fixed
and put H0 := F . For rounds t = 0, 1, . . . do the following:

• For each variable xi and each h ∈ Ht such that deg(h) < d, test if xih ∈
Span(Ht) and if not, add it to form Ht+1.

• Proceed until nothing can be added: Ht = Ht+1.

Because the dimension is bounded by nO(d), the process stops after at most
nO(d) rounds. Each round involves at most n · |Ht| ≤ n · nO(d) tests, each
solvable - by Lemma 18.3.1 - in polynomial time.

The lemma for PC follows from the next obvious claim.

Claim: If Ht is the least fixed point of the process then for all h ∈ Vd:

h ∈ Ht if and only if h has a degree ≤ d PC proof from F .

q.e.d.
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Note that for F = Q the size of the interpolating circuit depends also on the
maximum bit size of coefficients in the original refutation. Lemmas 18.3.2 and
17.3.1 yield feasible interpolation.

Corollary 18.3.3 For any fixed d ≥ 1 and F a finite field or F = Q, the
systems NS/F and PC/F restricted to degree ≤ d proofs admit feasible interpo-
lation.

The automatizing algorithms do not seem to yield monotone feasible inter-
polation but an analysis of the argument for NS in the proof of Lemma 18.3.2
does. It uses the notion of span programs for computing Boolean functions.

Let f : {0, 1}n → {0, 1} be a Boolean function. A span program (tacitly
over F) is a list of vectors A : v1, . . . , va from a D-dimensional vector space
over F, each labelled either by xi or by ¬xi. For u ∈ {0, 1}n, let A(u) be the
the set of those vectors from A that are labelled by xi if ui = 1 or by ¬xi if
ui = 0, all i. The size of the span program is defined to be the dimension D.
The span program computes f if for all u ∈ {0, 1}n:

f(u) = 1 if and only if 1 ∈ Span(A(u)) .

The span program is monotone if only positive labels xi are used. Clearly, a
monotone span program computes a monotone Boolean function.

We shall use this notion to establish a form of monotone feasible interpolation
for NS. Rather then talking about refutations of sets of clauses represented
by polynomials as in (6.0.1) it is easier to talk directly about refutations of
sets of polynomials of a particular form. Let fi(x, y), gj(x, z) be degree ≤ d0

polynomials over F in the variables shown. The pair of the sets U and V is
defined as those a ∈ {0, 1}n for which the system fi(a, y) = 0 or the system
gj(a, z) = 0, respectively, is solvable.

We say that the polynomial system obeys the monotone FI set-up with
respect to U if and only if all polynomials fi have the form∏

j∈Ji

(1− xj) · f ′i(y) (18.3.1)

where Ji ⊆ [n] (for Ji = ∅ define the product to be 1): changing some ai from 0
to 1 can only make more terms

∏
j∈Ji

(1−xj) equal to 0 and hence also preserve
a ∈ U . Analogously, the system obeys the monotone FI set-up with respect
to V if and only if all polynomials gj have the form∏

k∈Jj

xk · g′j(z) . (18.3.2)

For example, the pair of sets Cliquen,ω and Colorm,ξ can be defined using a
system obeying the monotone FI set-up with respect to both sets (analogously
to its definition by clauses in Section 13.5):

• (
∑

i∈[n] yui)− 1, for all u ∈ [ω],
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• yui · yuj , for all u ∈ [ω] and i 6= j ∈ [n],

• yui · yvi, for all u 6= v ∈ [ω] and i ∈ [n],

• yui · yvj · (1− xij), for all u 6= v ∈ [ω] and {i, j} ∈
(
n
2

)
.

and

• (
∑

a∈[ξ] zia)− 1, for all i ∈ [n],

• zia · zib, for all a 6= b ∈ [ξ] and i ∈ [n],

• zia · zja · xij , for all a ∈ [ξ] and {i, j} ∈
(
n
2

)
.

The size of a span program is defined in a way not referring to the bit size
of coefficients (i.e. the elements of F have unit size) and hence we do not need
to restrict to finite fields or the rationals.

Theorem 18.3.4 (Pudlák and Sgall [427])
For any fixed d ≥ 1 and F any field, NS/F restricted to degree ≤ d proofs

admits monotone feasible interpolation by monotone span programs.
In particular, if fi(x, y), gj(x, z) are degree ≤ d0 polynomials over F that

obey the monotone FI set-up with respect to V and have degree d ≥ d0 NS/F
refutation then there is a monotone span program of size nO(d) that separates U
from V .

Proof:
First note that we may assume without a loss of generality that all sets Jj

in (18.3.2) are either empty or singletons: if Jj = {k1, . . . , kr}, r ≥ 2, replace
the original polynomial (18.3.2) by:

xk1 · w2 · · · · · wr · g′j(z) ,

together with r − 1 polynomials:

xku
wu , for u = 2, . . . , r

where w2, . . . , wr are new variables, and also include all w2
u − wu. It is easy

to derive the original polynomials (18.3.2) form this set by a degree d0 + 1 NS
proof. We shall thus assume without a loss of generality that already the original
polynomials gj satisfy this restriction.

Let π be the degree ≤ d NS-refutation provided by the hypothesis. We want
to construct from π a span program A separating U from V . If {fi(a, y) = 0}i
is solvable, say by y := b, then substituting for x, y in π the values a, b yields a
degree ≤ d NS-refutation of {gj(a, z)}j .

This refutation uses a polynomial gj(a, z) if no x-variable occurs in gj , or
if xk occurs in it and ak = 1. In other words, a degree ≤ d polynomial in z
(considered as a vector in a space whose basis are all degree ≤ d monomials)
has a degree ≤ d NS proof from gj(a, z) if and only if it is in the span of the
following vectors:
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• all degree ≤ d polynomials of the form m(z)·gj(z), where m is a monomial
and no x-variable occurs in gj ,

• all degree ≤ d − 1 polynomials of the form m(z) · gj(z), where m is a
monomial and gj has the form (18.3.2) and ak = 1.

Hence the span program consisting of all vectors in the first item labelled by 1
and all vectors in the second item labelled by xk separates U from V .

q.e.d.

Super-polynomial lower bounds for monotone span programs are known (see
also Section 18.8). We shall formulate the second part of the statement rather
generically because the pair there is more difficult to define than the previous
examples.

Theorem 18.3.5

1. (Babai et.al. [43])

Let F be any field and let fi(x, y), gj(x, z) be the polynomials over F
described above that define the pair of sets U := Cliquen,n/2 and V :=
Colorn,n/2−1.

Then any monotone span program over F separating U from V must have
size at least nΩ(log n/ log log n).

2. (Robere et.al. [455])

There is a set of nO(1) polynomials fi(x, y), gj(x, z) over Q of O(1) degree
in nO(1) variables that obey the monotone FI set-up with respect to V such
that every monotone span program over Q that separates U from V must
have size at least nnΩ(1)

.

The last two theorems can be used to prove an nΩ(1) degree lower bound for
NS/Q (and NS/R) and Ω(log n/ log log n) for any F, although this route seems
to be more difficult than the original lower bound argument in Section 16.1.

18.4 The Lovász-Schrijver Proof System

Recall from Section 6.5 the proof system LS. We shall extend the splitting proofs
approach from Sections 17.7 and 18.1 to establish the non-monotone feasible
interpolation for the system. In fact, we can allow the union of CP and LS, i.e.
we may add the rounding rule of CP to LS.

Let Ai(x, y) and Bj(x, z) be integer linear inequalities obeying the FI set-up.
Assume π is an LS refutation of this system. Given an assignment x := a we
want to split π and to get either a refutation of clauses Ai(a, y) or of clauses
Bj(a, z), and we want to do this splitting by a polynomial time algorithm.

LS refutations contain in general quadratic inequalities and we cannot split
these into two inequalities separating the y and the z variables, as we did for
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linear inequalities in CP refutations in Section 18.1. However, if we create in
a refutation some quadratic inequalities the only thing we can do with them
is to form a suitable positive linear combination of these in which all degree 2
monomials cancel out. That is, we may look at an LS refutation as deriving
in rounds from a set of linear inequalities already derived, a set of quadratic
inequalities from which a new linear inequality (or more) are derived by positive
linear combinations. This view of refutations is faithful to the original Lovász -
Schrijver lift-and-project method.

From the LS refutation π construct (in p-time) a sequence of linear inequal-
ities

π̃ : L1, . . . , Lk

such that each Lt, t ≤ k, is either one of the initial inequalities Ai or Bj or
obtained from L1, . . . , Lt−1 by taking a positive linear combination of some
inequalities of the following types:

1. L1, . . . , Lt−1,

2. u and 1− u,

3. u2 − u ≥ 0 and u− u2 ≥ 0,

4. uv, u(1− v) and (1− u)(1− v),

5. uLs and (1− u)Ls for s < t,

where u, v are any of the x, y, z variables.
Given an assignment x := a ∈ {0, 1}n, we substitute it into the refutation

to get π̃(a) and then split π̃(a) into two proofs from clauses Ai(x, y) and from
clauses Bj(a, z), respectively, and see which one ends in the end-line 0 ≥ 1.

Assume we have already created derivations of two linear inequalities Ly
s , L

z
s

in the y and the z variables, respectively, for s < t such that these two in-
equalities imply the original Ls (as in Section 18.1). Take the same positive
linear combination that gave Lt in π̃ but this time with the splitted Ly

s and Lz
s .

Note that all quadratic terms have to cancel out in the two parts of the linear
combination that use inequalities of type 3 for u, and type 4 for u, v and type
5 for u and Lv

s where either u is from y and v is from z, or vice versa. That
is, in these parts the variables are splitted already and we only need to see how
to split and derive the linear inequality coming from the remaining part of the
inference, a positive linear combination of polynomials of the form:

zeyf , ze(1−ye) , yf (1−ze) , (1−yf )(1−ze) , zeL
y
s , (1−ze)Ly

s , yfL
z
s , (1−yf )Lz

s .

Write this remaining linear inequality as

b · y + c · z + d ≥ 0 . (18.4.1)

Note that the integrality conditions u2 − u ≥ 0 and u − u2 ≥ 0 are not among
these inequalities and hence the inequality (18.4.1) follows from the inequalities
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Ly
s and Lz

s , s < t, over the reals and it is thus its positive linear combination.
The y- and the z-parts of this combination express d as d = dy + dz (not
necessarily integers) and hence we derive

b · y + bdyc ≥ 0 and c · z + bdzc ≥ 0 . (18.4.2)

Lemma 18.4.1 Given π and a, the splitting of π̃(a) can be done in polynomial
time.

Proof: The process as described is p-time if one can compute the numbers dy

and dz in (18.4.2) in p-time. But that can be done using a p-time algorithm for
linear programming: to find −dy (and analogously −dz) maximize b · y subject
to the inequalities Ly

s , s < t, used in the derivation of (18.4.1).

q.e.d.

This implies the following theorem. Note that the size of the interpolating
circuit depends also on the maximum bit size of coefficients in the original
refutation.

Theorem 18.4.2 (Pudlák [418]) LS with CP admits feasible interpolation.

By Lemma 17.1.3 this implies that LS is not p-bounded, unless NP ⊆
P/poly. For an unconditional lower bound we need monotone feasible inter-
polation by some computational model for which we can establish an uncon-
ditional lower bound. That is open at present but Oliveira and Pudlák [380]
defined a new model of monotone linear programming circuits by which LS
admits monotone interpolation (cf. Section 18.8).

In the tree-like case the situation is better and we have an unconditional
lower bound. If we have a quadratic polynomial and the variables in its mono-
mials happen to be divided between the players then the communication com-
plexity (even real) to find out if the polynomial equals 0 is high. Beame, Pitassi
and Segerlind [59] came up with the idea to use a three-party communication to
bypass this problem. The suitable game uses the number-on-forehead set-up:
each of the three players has a (string of) numbers on his forehead visible to the
other two players but not to himself. They announce (according to some agreed
on protocol for the communication) bits of information visible to all. Assume
that variables of a quadratic polynomial are split among the three players and
each has on his forehead an evaluation of his variables. Then the two values
needed to evaluate any one quadratic monomial are visible to at least one of
the players. Hence they can evaluate the polynomial if each of them announces
the value of the portion of the polynomial they can compute. In particular, the
players can solve the CC (and the MCC) tasks for sets appearing in a seman-
tic LS-refutation by communicating three numbers in O(log n) rounds. In the
dag-like case this would lead to a generalization of the notion of communication
complexity of protocols and we do not have a lower bound for it, even in the
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monotone case. But for the tree-like case an adversary argument as in Lemma
17.4.2 produces ordinary tree-like protocols of a bounded height for the three-
party game. This allows to deduce size lower bounds for tree-like LS (i.e. LS∗)
from lower bounds for the multi-party communication complexity.

The communication complexity problem used for this purpose is the dis-
jointness problem: the players have on their foreheads subsets X,Y, Z ⊆ [n],
respectively, and their task is to find out if X ∩ Y ∩ Z is non-empty. The CNF
for which the lower bound is deduced is a substitution instance of a Tseitin
formula (cf. Section 13.3) for a suitable constant degree graph.

We state the following result without a proof. The involved part is not
the reduction from tree-like refutations to shallow protocols for the multi-party
game but the reduction from the CNF to the disjointness problem.

Theorem 18.4.3 (ess. Beame, Pitassi and Segerlind [59])
There exist CNFs Cn of total size nO(1) such that each tree-like LS refutation

of the CNF must have size 2nΩ(1)
.

Note that the lower bound is for size and not for the number of steps. The
lower bound applies to the semantic version of LS as well but it still depends
on the bit size of coefficients defining sets occurring in a derivation.

18.5 The OBDD Proof System

Recall the definition of the system from Section 7.4. It operates with OBDDs
which are branching programs querying variables in an order consistent with one
global linear ordering. We have defined it already there as a semantic system
using the only inference rule

fP fQ

fR
, if fP ∧ fQ ≤ fR

where fP , fQ, fR are the boolean functions defined by OBDDs P,Q,R.
We shall work under the FI set-up. Denote by V ar the set of all atoms in

p, q and r. We shall call a linear ordering π of V ar block consistent with
q < r < p if and only if π puts all q-variables before all p- and r-variables, and
all r-variables before all p-variables.

Lemma 18.5.1 Assume π is a linear ordering of V ar that is block consistent
with q < r < p. Let A ⊆ {0, 1}N be a set definable by a π-OBDD P of size S.
Then both CC(A) and MCCU (A) are bounded above by O(log(S) · log(n)).

Proof:
The U-player embarks on a path through P answering the q-queries accord-

ing to qu. Then he indicates to the V-player using log(S) bits the last node
he reached. The V-player then takes over and continues in the path answering
all r-queries via rv, and eventually sends to the U-player log(S) bits indicating
the last node she reached (it is labelled with the first p-query). Call this node
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Q. From this node onwards they travel on individual paths (answering the p-
queries according to u or v, respectively), and eventually send each other 1 bit:
the output they computed.

If these bits differ they use binary search to find a node whose p-query they
answered differently. This will take at most log(n) rounds in which they always
send each other log(S) bits naming the node querying the particular p-variable
on their paths. Thus CC(A) ≤ O(log(S) · log(n)).

Under the monotone FI set-up we need to explain how the players solve
the task 4. from the definition of MCCU (A). Assume (u, qu, rv) ∈ A while
(v, qu, rv) /∈ A. Let Q = Q0, . . . , Qw (with Q as above) be the path determined
by v (the v-path) ending in the leaf Qw which is labelled by 0. In particular,
w ≤ n. First the U-player sends 1 bit indicating whether or not there is a u′ ≥ u
such that (u′, qu, rv) /∈ A. If so, the players solved task 4. and they stop.

If no such u′ exists, the V-player finds the mid-point Qw/2 on her path and
sends its name (log(S) bits) to the U-player. The U-player then sends back 1
bit indicating whether or not there is u′ ≥ u such that the u′-path from Q0

leads to Qw/2. If yes, they concentrate on the sub-path Qw/2, . . . , Qw. If not,
they continue with the sub-path Q0, . . . , Qw/2.

In this process the U-player does not know the whole v-path from Q but only
the endpoints of the current sub-path considered. After r rounds of this process
the players will determine a sub-path of length ≤ n/2r (the U-player knowing
its endpoints only) with the property such that there is a u′ ≥ u for which
the u′-path from Q leads to the starting node of the sub-path but no u′ ≥ u
exists which would lead to the end-node of the sub-path. This means that in at
most log(n) rounds and exchanging in total at most log(n) · (1+log(S)) bits the
players find a node Qe on the v-path such that for no u′ ≥ u does the u′-path
leads from Qe to Qe+1. In particular, if pi is the label of Qe it was not queried
earlier and it must be that vi = 0 while ui = 1. This solves task 4. and the
players stop.

q.e.d.

The next lemma follows from Theorem 17.5.1 and Lemma 18.5.1 (we esti-
mate the number of lines by the size).

Corollary 18.5.2 Assume the FI set-up. Let π be a linear ordering of V ar
that is block consistent with q < r < p. Assume that there is a semantic OBDD
refutation of the sets Ã1, . . . , Ãm, B̃1, . . . , B̃` of size S.

Then the two sets U and V can be separated by a circuit of size at most
SO(log(n)).

Moreover, if the monotone FI set-up is obeyed then there is even a monotone
circuit separating U from V of size at most SO(log(n)).

This interpolation works only for orderings block consistent with q < r < p
but not for general ones. Our strategy now is to introduce an unknown permu-
tation of the atoms and rewrite the clauses using it and when these modified
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clauses are refuted under some ordering we substitute a suitable permutation
to recover an ordering for which Lemma 18.5.2 works.

We shall construct a new CNF formula from the set of clauses Ai and Bj .
This new formula will be D(w, f), where w is an N -tuple of atoms wi and f an
N2-tuple of atoms fij , with i, j ∈ [N ].

The following CNF formula, to be suggestively denoted byMap(f), expresses
that the atoms fij define a graph {(i, j) | fij = 1} of a permutation on [N ]:∧

i

∨
j

fij ∧
∧
j

∨
i

fij ∧
∧

i1 6=i2,j

(¬fi1j ∨ ¬fi2j) ∧
∧

i,j1 6=j2

(¬fij1 ∨ ¬fij2) .

Further define formulas:

• P 1
j and P 0

j by:

P 1
j :=

∧
i∈[N ]

¬fij ∨ wi and P 0
j :=

∧
i∈[N ]

¬fij ∨ ¬wi

for j ∈ [n],

• and formulas Q1
j and Q0

j :

Q1
j :=

∧
i∈[N ]

¬fi(n+j) ∨ wi and Q0
j :=

∧
i∈[N ]

¬fi(n+j) ∨ ¬wi

for j ∈ [s],

• and formulas R1
j and R0

j :

R1
j :=

∧
i∈[N ]

¬fi(n+s+j) ∨ wi and R0
j :=

∧
i∈[N ]

¬fi(n+s+j) ∨ ¬wi

for j ∈ [t].

Assuming that Map(f) is true, the formulas P 1
j and P 0

j , and similarly the Q-
and the R-formulas, are complementary.

The CNF formula D(w, f) is defined to be the conjunction of all clauses of
Map(f) together with all clauses obtained by the following process: For any
3-clause C, one of Ai or Bj , construct a CNF C̃ as follows:

1. Replace each positive literal pj in C by the formula P 1
j and each negative

literal ¬pj by P 0
j , and similarly for the atoms q and r. The resulting for-

mula is a disjunction of three conjunctions, each being itself a conjunction
of N 2-clauses.

2. Use the distributivity to replace this formula by a conjunctions of N3

6-clauses, the formula C̃.

3. Each 6-clause of C̃ is a clause of D(w, f).
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Lemma 18.5.3 Assume Ai, Bj are 3-clauses. Let σ be an arbitrary linear or-
dering of the variables w, f and let π be an arbitrary linear ordering of the
variables p, q, r.

If D(w, f) has a σ-OBDD refutation of size S then clauses Ai, Bj have a
π-OBDD refutation of size at most S.

Proof:
Enumerate the w atoms in the order induced by σ:

wi1 < wi2 < · · · < wiN
,

{i1, . . . , iN} = [N ]. Let F : [N ]→ [N ] to be a permutation such that F (ia), for
a ∈ [N ], is defined as:

• j, if the a-th element of π is pj ,

• n+ j, if the a-th element of π is qj ,

• n+ s+ j, if the a-th element of π is rj .

With this permutation in hand, substitute in the whole refutation fuv := 1 if
F (u) = v, and fuv := 0 otherwise. If Pj is the a-th element of the ordering π,
after the substitution the formula P 1

j reduces to wia (the a-th variable of w in σ)
and P 0

j reduces to ¬wia
(and analogously for the q- and the r-variables). This

means that the ordering of these resulted P -, Q- and R-formulas determined by
the ordering σ of w is identical to how π orders p-, q- and r-atoms.

The substitution also satisfies all clauses of Map(f) and so the σ-OBDD
refutation we started with is transformed into a π-OBDD refutation of the set
of initial clauses Ai, Bj .

q.e.d.

We shall use the Clique-Coloring pair as before but rewritten using auxiliary
variables to replace large clauses in the Clique and Color formulas by sets of
3-clauses.

Corollary 18.5.4 Let Ai, Bj be 3-clauses expressing the disjointness of the sets
Cliquen,n2/3 and Colorn,n1/3 and obeying the monotone FI set-up. Let D(w, f)
be the CNF defined from clauses Ai, Bj as above.

Then every semantic OBDD-refutation of D(w, f) must have size at least
2Ω(n1/6/ log n).

Proof:
Take an arbitrary linear ordering π of the p-, q- and r atoms in the clauses

Ai, Bj that is block consistent with q < r < p. Let σ be any ordering of the
atoms w and f of D and assume that D has a size S σ-OBDD refutation.

Lemma 18.5.3 implies that there is a π-OBDD proof of the disjointness of
Cliquen,n2/3 and Colorn,n1/3 of size at most S. But by Lemma 18.5.2 any such
refutation yields a monotone circuit of size at most SO(log(n)) separating the
two sets. Theorem 13.5.3 then implies that SO(log(n)) ≥ 2Ω(n1/6) which yields
the theorem.
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q.e.d.

18.6 R(LIN), CP and Randomized Protocols

Recall from Section 7.1 that R(LIN) is a proof system operating with clauses
of linear functions C := {f1, . . . , fw}. If a set A ⊆ {0, 1}N is defined by such
a clause its (monotone) communication complexity CC(A) and MCCU (A) is
bounded by max(2w, log n); if w is large, say bigger than n, then this gives no
useful information. However, there is a simple process replacing C with another
clause C̃ having a small linear width (i.e. the cardinality) and defining a set
Ã ⊆ A such that A \ Ã is small. The clause C̃ is constructed by a random
process: select randomly and independently J1, . . . , J` ⊆ [w] and define

C̃ := {
∑
j∈Ji

fj | i = 1, . . . , `} .

Any a ∈ {0, 1}n satisfying C̃ clearly satisfies C as well, and if a satisfies C then
with the probability ≥ 1 − 2−` over the choices of these sets Ji it also satisfies
C̃. By averaging there is a choice for the sets such that |A \ Ã| ≤ 2n−`. Hence
if we have an R(LIN) refutation of clauses Ai, Bj in the FI set-up, we may first
replace any C in it that has a large linear width by a random C̃ with a smaller
linear width but approximating C well, and use this modified refutation as the
basis for a protocol. The protocol will make some error but not too much.

A similar situation arises with CP. There we have protocols with small real
communication complexity and we may use Lemma 18.2.4 to simulate the com-
putation of the strategy and the consistency condition using the ordinary KW-
game, again introducing some, but not too much, error. These considerations
lead to the notion of a randomized protocol. We work under the FI set-up.

A randomized protocol for a multi-function R ⊆ U × V × I with error
ε > 0 is a random variable (Pr)r where each Pr is a 4-tuple satisfying the
conditions 1-3 and 4a from Section 17.4 defining protocols but instead of the
conditions 4b and 4c it satisfies weaker ones:

(4b’) For every (u, v) ∈ U × V ,

Probr[∃x, x ∈ Fr(u, v) ∧ Sr(u, v, x) /∈ Fr(u, v)] ≤ ε .

(4c’) For every (u, v) ∈ U × V ,

Probr[∃leaf x, x ∈ Fr(u, v) ∧ labr(x) = i ∧ ¬R(u, v, i)] ≤ ε .

The size of (Pr)r is defined to be maxr size(Pr) and its communication com-
plexity is maxr CC(Pr). If each Pr is tree-like, we call (Pr)r also tree-like.

One type of the errors can be eliminated: Introduce for each inner node
w ∈ Gr a new leaf w̃ and define a new strategy S̃R that first checks if

w ∈ Fr(u, v)→ Sr(u, v, w) ∈ Fr(u, v)
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holds true. If so it is defined as Sr, if not it sends w into w̃ and the failure of
the condition is the definition of w̃ ∈ F̃r(u, v). Hence we have:

Lemma 18.6.1 For any randomized protocol (Pr)r of size S, communication
complexity t and error ε there exists a randomized protocol (P̃r)r computing the
same multi-function such that (4b) never fails and which has size at most 2S,
communication complexity at most 3t and error ε.

We shall concentrate on randomized protocols for KWm[U, V ] only as there
are small protocols making a small error computing the non-monotoneKW [U, V ]
for any disjoint pair (cf. Section 18.8).

The next notion targets semantic derivations. For a set X ∈ {0, 1}N and a
random distributions of sets Y = (Yr)r, all subsets of {0, 1}N , and δ > 0 we say
that Y is a δ-approximation of X if and only if for all w ∈ {0, 1}N :

Probr[w ∈ X4Yr] ≤ δ

where X4Y is the symmetric difference. We define the (monotone) commu-
nication complexity of Y to be ≤ t if and only if this is true for all Yr, and
that the δ-approximate (monotone) communication complexity of X is
≤ t if and only if there is a δ-approximation Y of X with this property.

Theorem 18.6.2
Assume the monotone FI set-up and let π : D1, . . . , Dk = ∅ be a semantic

refutation of sets Ã1, . . . , Ãm, B̃1, . . . , B̃` such that the δ-approximate monotone
communication complexity of every Di is at most t.

Then there is a randomized protocol for KWm[U, V ]) of size at most k + n,
communication complexity O(t) and of error at most 3δk.

Moreover, if π is tree-like, so is (Pr)r.

Proof:
The strategy and the consistency condition of the protocol P = (G, lab, F, S)

provided by Theorem 17.5.1 are defined in terms of the sets Di. In particular,
for any (u, v) ∈ U × V and w ∈ G an inner node, both the value of S(u, v, w)
and the truth value of w ∈ F (u, v) are defined from at most three truth values
of statements of the form (u, qu, rv) ∈ Di or (v, qu, rv) ∈ Di for some specific
indices i ≤ k determined by w.

Assume (Ei
s)s are δ-approximations of sets Di, i ≤ k. We let the sample

space of r for Pr be the product of the sample spaces of these k δ-approximations
and define the strategy Sr and the consistency condition Fr as in the original
protocol but using sets Ei

s (with s determined by r) in place of sets Di. The
underlying graph and the labeling lab remain the same.

For any given (u, v) ∈ U × V and w a vertex of G the (truth) value of Sr

and Fr differs from the original values with probability bounded above by 3δ.
Hence for (u, v) the error in conditions (4b’) and (4c ’) is at most ε := 3δk.

q.e.d.
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Combining this with the discussion at the beginning of the section we get a
monotone feasible interpolation for R(LIN) and CP by monotone randomized
protocols.

Corollary 18.6.3 Assume the monotone FI set-up.

1. Assume that A1, . . . , Am, B1, . . . , B` are defined by R(LIN)-clauses.

Let π be a semantic R(LIN) refutation (i.e. only sets definable by an
R(LIN) clause are allowed) of these sets with k steps. Let w ≥ 1 be any
parameter.

Then there is a randomized protocol for KWm[U, V ]) of size at most k+n,
communication complexity O(w log n) and of error at most 3 · 2−wk.

2. Assume that the sets A1, . . . , Am and B1, . . . , B` are defined by integer
linear inequalities and that there is a semantic CP refutation π of the sets
Ã1, . . . , Ãm, B̃1, . . . , B̃` that has k steps.

Then for any ε < 1/k there is a randomized protocol for KWm[U, V ] of
size k + n, communication complexity O(log(n/ε)) and of error at most
εk.

Moreover, in both cases, if the refutation π is tree-like then also G is tree-like.

Proof:
For the first part we need the following estimate from [316, Thm.5.1] (we

refer the reader there).

Claim: Let D be an R(LIN)-clause of linear width w. Then MCCU (D) =
O(w log n).

The second part follows from Theorem 18.2.2 and Theorem 18.2.3.

q.e.d.

To use the monotone feasible interpolation for lengths-of-proofs lower bounds
we need a lower bound for randomized protocols computing some KWm[U, V ].
But in this case we seem to be in better position than in the cases of the
monotone computational models considered in some earlier sections: there is a
monotone circuit model related to randomized protocols (cf. Section 18.8).

As in the case of LS we have lower bounds for R(LIN) at least in the tree-like
case. The next theorem is proved completely analogously as Corollary 18.2.6,
using Corollary 18.6.3 (the first lower bound for tree-like R(LIN) was proved by
Itsykson and Sokolov [254] differently for another formulas, cf. Section 18.8).
We use the formula Halln (Section 17.2) written using clauses instead of linear
inequalities.
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Theorem 18.6.4 Any tree-like semantic R(LIN) refutation of clauses defining
Halln must have at least

exp
(

Ω((
n

log n
))1/2

)
steps.

The problem to establish a lower bound for general R(LIN) can be also
approached via protocols where the players compute the consistency conditions
and the strategy by the real game (in fact, its weakening), cf. Section 18.8.

18.7 Limits and Beyond

Are there any limits to the feasible interpolation method? If you mean the
question in a narrow sense of feasible interpolation by (monotone) Boolean cir-
cuits then the answer is yes, unconditional yes for the monotone version and
conditional yes for the non-monotone version.

But if we interpret the question broadly and ask if there are any limits to
the feasible interpolation idea then the answer is open and I tend to think that
it is no, there are no limits. I shall return to this at the end of the section (and
again in Chapter 22) but we start with the narrow (and well-defined) case.

There is an a priori limitation how strong a proof system can be if it ought
to admit the monotone feasible interpolation in the narrow sense: it must not
be able to prove the WPHP. The NP definitions of sets Cliquen,ω and Colorn,ξ

talk about maps
f : [ω]→ [n] and g : [n]→ [ξ]

coded by the atoms q and r, respectively. If we compose the maps to h := g ◦ f
we get a map h : [ω]→ [ξ]. Assuming that p defines a graph in the intersection
Cliquen,ω ∩ Colorn,ξ the map h is injective: the range of f is a clique and any
two vertices from it must get different colors by g. That is, assuming the FI
set-up, from the initial clauses Ai, Bj we can shortly prove ¬WPHPω

ξ (h), where
h are ω · ξ formulas hab, a ∈ [ω], b ∈ [ξ]:

hab :=
∨

i∈[n]

qai ∧ rib .

In particular, this derivation can be performed in R(2) (cf. Section 5.7) within
size nO(1). Choosing ω := n2/3 and ξ := n1/3 and combining this with Corollary
11.4.5 and Theorem 13.5.3 we get the following statement.

Theorem 18.7.1 No proof system simulating R(log) admits monotone feasible
interpolation by monotone Boolean circuits.

To establish a similar result in the non-monotone case we show that a strong
enough proof system proves shortly the disjointness of the RSA pair (or the
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hard bit of OWP pair by proving the injectivity of a suitable OWP, cf. Corol-
lary 17.3.2) from Section 17.2. The definition of the RSA pair there uses the
exponentiation of numbers modulo some number N ≥ 2. It is well-known that
(by repeated squaring modulo N) this function p-time computable. The algo-
rithm is easily definable in Cook’s PV or in S1

2 and its usual properties like
xy+z ≡ xyxz (mod N), xyz ≡ (xy)z (mod N) are provable there. Note that
these proofs need only induction on the length of the numbers involved and that
is available in the theories.

Theorem 18.7.2 (K. and Pudlák [325])
Theory S1

2 proves that the RSA pair as defined in Section 17.2 is disjoint.
Therefore EF does not admit feasible interpolation by Boolean circuits unless
RSA is not secure against P/poly adversaries.

Proof:
It suffices to prove in S1

2 that for every v there is at most one u < N
satisfying the definition of either RSA0 or RSA1. Suppose for the sake of a
contradiction that for some u0, u1 < N , r0, d0, d1, it holds that vr0 ≡ 1 (mod N)
and (e, r0) = 1 and also

ue
i ≡ v (mod N) ∧ vdi ≡ ui (mod N),

for both i = 0, 1. Euclid’s algorithm is definable in S1
2 and thus we can prove

the existence of an inverse d′ to e modulo r0. Using

ur0
i ≡ (vdi)r0 ≡ (vr0)di ≡ 1 (mod N),

for both i = 0, 1 we derive

vd′ ≡ ued′

i ≡ ui (mod N),

and so u0 = u1 as we wanted to establish.

The statement about EF follows from the p-simulation of S1
2 by EF (The-

orem 12.4.2).

q.e.d.

The issue one has to confront when trying to establish a similar result for
weaker proof systems is to make the arithmetical operations used in a defin-
ition of a suitable NP pair definable by formulas of the weaker system, and
their properties utilized in the computation involved in proving the disjointness
shortly provable in the proof system.

The addition and its iteration and the multiplication of n-bit numbers is
definable by TC0 formulas and their properties are provable in a corresponding
bounded arithmetic theory (in the sense of Theorem 10.2.3) (see e.g. Cook and
Nguyen [157, Chpt.IX]). The iterated multiplication, the repeated squaring or
the exponentiation, all modulo a number, are not known to be in TC0. Hence
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to be able to formalize a computation involving the exponentiation modulo a
number one has to find a pair of disjoint sets for which the computations of these
terms can be a part of the common information and does not reveal the secret
parts. This can be done using the Diffie-Hellman [171] commitment scheme.

Theorem 18.7.3

1. (Bonet, Pitassi and Raz [97])

TC0 Frege systems (and hence also Frege systems) do not admit feasi-
ble interpolation unless the Diffie-Hellman scheme is not secure against
adversaries in P/poly.

2. (Bonet et.al. [93])

There is d ≥ 2 such that the depth d Frege system (in the DeMorgan
language) does not admit feasible interpolation unless the Diffie-Hellman
scheme is not secure against non-uniform adversaries working in a subex-
ponential time 2no(1)

.

The question whether low depth AC0 Frege systems including R(log) or even
R(2) admit feasible interpolation in the narrow sense is closely linked to the
automatizability of resolution and related systems and we shall discuss this in
Section 21.5.

Let us now leave aside the narrow interpretation of feasible interpolation via
Boolean circuits or similar computational models and see if there are variants
of the underlying idea that could apply to strong systems.

One option is to use the reflection pair from Section 17.2 and Lemma 17.2.5.
This reduces the task to showing (perhaps using some established computational
complexity conjecture) that a certain pair of disjoint NP sets (determined by
the proof system) is not complete among all such pairs.

Another option is to demand that the proof system proves more than a
mere disjointness of two NP sets. An example of this is the chain interpolation
described at the end of Section 18.8. However, these approaches lead to difficult
and not too conceptual combinatorial problems even for moderately strong proof
systems.

I view the question if and how can be the feasible interpolation idea extended
to strong proof systems as a specific instance of the following informal problem:

• Is proof complexity an essentially different hardness measure than compu-
tational complexity?

To be a little bit more specific:

• Given a proof system P , can the proof complexity of a tautology τ be traced
back to the computational complexity of a task explicitly associated with
τ?
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I think that this problem, although informal at present, is a fundamental one
and lies under the three problems discussed in Section 1.5. We shall discuss
in Part IV two theories (proof complexity generators and forcing with random
variables) that aim at giving a tentative positive answer (cf. also Chapter 22).

18.8 Bibliographical and Other Remarks

Sec.18.1 is largely based on Pudlák [416]. Theorem 18.1.3 and Corollary 18.1.5
hold for the semantic version of CP as well but Filmus, Hrubeš and Lauria [185]
showed that, in general, the semantic version is stronger.

Sec. 18.2. The concepts of the real game and the real communication com-
plexity, as well as protocols from semantic CP refutations, are from [284]. We
have switched here the response of the referee: he announces 1 if rU > rV (in
[284] it was the other way around). This is in order to make the game itself
monotone in a sense: if at any point the U -player increases the numbers he
sends to the referee (or the V -player decreases them), the verdicts of the referee
can only switch from 0 to 1 but not the other way around. This could be useful
for an eventual lower bound proof for the protocols.

It is clear that a monotone real circuit separating U from V (under the
monotone set-up) can be turned into a protocol of about the same size and
small real communication complexity. However, it is open whether an opposite
transformation also exists, i.e. whether a statement analogous to Theorem
17.4.3 holds. Hrubeš and Pudlák [238] proved such a statement for a subclass
of protocols with small real communication complexity.

The lower bound in Corollary 18.2.6 is due to Impagliazzo, Pitassi and
Urquhart [246] for a slightly different formalization of the Hall theorem.

The real communication complexity is used in Bonet et.al. [94] to prove a
depth lower bound for monotone real circuits and to derive from it exponential
separations between (both tree-like and dag-like) R and CP.

The following appears to be a key problem if we want to use protocols with
small real communication complexity in feasible interpolation.

Problem 18.8.1 (Real protocols problem.) A prove a super-polynomial (or
an exponential) lower bound for the size of protocols having small real commu-
nication complexity that compute KWm[U, V ] for two some NP sets obeying the
monotone FI set-up.

The qualification small ought to be something like no(1) or maybe even n1−Ω(1),
as in the applications of such a lower bound for tree-like protocols (Lemma
18.2.5).

Another problem is to extend feasible interpolation by such protocols or
similar devices to systems R(CP) and LK(CP) of Section 7.1. Note that [285]
proves feasible interpolation for the systems when the size of coefficients in
inequalities in a proof is bounded. The system LK(CP) is fairly strong, it proves,
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for example, all counting principles Countm from Section 11.1, any fixed m ≥ 2,
in polynomial size (cf. [285]).

The systems R(CP) and LK(CP) were further studied by Hirsch and Ko-
jevnikov [233] who proved, among other results, that the cut-free subsystem of
LK(CP) p-simulates the lift-and-project proof system defined there. They also
list a number of open problems about these systems and their relations to the
Lovász-Schrijver system LS.

Sec. 18.3. The automatizability of bounded degree PC (a part of Lemma
18.3.2) was first noted by Clegg, Edmonds and Impagliazzo [144] using the
Gröbner basis algorithm (they do not consider the bit size of coefficients and
only count the number of field operations). Another algorithm is in Clote and
Kranakis [147].

Span programs were defined by Karchmer and Wigderson [267]. Theorem
18.3.4 (and its proof) is from Pudlák and Sgall [427]. We have formulated the
monotonicity condition dually (it seems more natural). They also showed that
PC has monotone interpolation by monotone polynomial programs, a notion
they invented. It is somewhat unsatisfactory as it is defined using the notion of
bounded degree derivability in PC; no lower bounds for this model are known.
They also considered monotone dependency programs as means to study
the strength of span and polynomial programs (it is a weaker model) and they
proved strong lower bounds for them.

Theorem 18.3.5 was improved by Robere et.al. [455] to an exponential one
for the real field R (and hence for the rationals Q we are interested in).

Sec. 18.4 is based on Pudlák [418]; the construction and Lemma 18.4.1 are
from that paper. He also notes an observation of Sgall that the use of linear
programming is inevitable as solving instances of LP can be reduced to finding
interpolants for specific sets of linear inequalities shortly refutable in LS.

Dash [167] found an extension of the argument to LS+. The problem one
encounters there is to express a sum of squares of linear functions

∑
u Lu(y, z)2

as ∑
v

Mv(y)2 +
∑
w

Nw(z)2 + j
∑
v,w

2Mv(y)Nw(z)

in way that the quadratic terms get canceled by the terms resulting from the
lifting rule and the integrality conditions. This task leads to a problem that can
be solved by semidefinite linear programing in p-time.

Oliveira and Pudlák [380] defined a new model of monotone linear pro-
gramming circuits with respect to which LS has monotone interpolation. A
monotone linear programming circuit is a circuit defined similarly as
monotone real circuits (cf. Section 18.1) that can use constants and other-
wise only partial monotone functions g : Rn → R ∪ {∗} of specific form: g
must be defined by a linear program as follows:

g(y) := max{(c+ C · y) · x | A · x ≤ b+B · y, x ≥ 0}

where the matrices B,C have non-negative entries only. They proved that their
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model is super-polynomially stronger than monotone Boolean circuits and even
exponentially stronger than monotone span programs (and extends both).

Theorem 18.4.3 was proved by Beame, Pitassi and Segerlind [59] as a condi-
tional statement but in the meantime a lower bound for the multi-party commu-
nication complexity of the disjointness problem sufficient to yield an exponential
lower bound on the size of tree-like LS were proved by Lee and Shraibman [343].
Allowing polynomials of degree d (i.e. aiming at tree-like LSd) an analogous
game with d+ 1 players can be used (and the lower bound still holds).

Sec. 18.5 is based on [303]. Segerlind [469, 468] proved a lower bound for
the tree-like version (the preprints of [303, 469] appeared in the same week).
One can combine R with the OBDD proof system into a system R(OBDD); it
operates with clauses {P1, . . . , Pk} formed by π-OBDDs (the same ordering π
in the whole refutation) and has just one rule:

Γ ∪ {P} ∆ ∪ {Q}
Γ ∪∆ ∪ {R}

, if fR ≥ fP ∧ fQ .

The target end-clause is {0} where 0 denotes the reduced OBDD representing
the constant 0. Mikle-Barát [358] considered a similar but syntactic system.
The system R(OBDD) p-simulates systems R(k) and it is an open problem to
prove some lower bounds for it. Also its relation to R(CP) of [287] is open.

Itsykson, Knop, Romashchenko and Sokolov [252] consider proof systems
extending the OBDD system by adding some more inference rules or allowing
some form of a reordering of the OBDDs during the course of a proof. In
particular, the disjointness of the Clique-Coloring pair has a short proof in one
of these system. The proof is similar to the proof in LS4 (as LS but with degree
4 polynomials) by Grigoriev, Hirsch and Pasechnik [211].

Sec. 18.6 is based on [316]. The remark after Lemma 18.6.1 that it makes
sense to consider only randomized protocols in the monotone case (i.e. for
KWm[U, V ]) stems from Raz and Wigderson [432]: for any disjoint pair U, V and
any ε > 0 there is a tree-like randomized protocol (Pr)r computing KW [U, V ]
of size S = (n+ε−1)O(1), the communication complexity t = O(log n+log(ε−1))
and the error ε. This is based on checking the parity of random subsets of the
coordinates of u, v and using the binary search.

The monotone circuit model mentioned towards the end of the section are
monotone circuits with a local oracle (monotone CLO, shortly). A monotone
CLO separating U from V is determined by an ordinary monotone Boolean cir-
cuitD(x1, . . . , xn, y1, . . . , ye) with inputs x and y and by a setR of combinatorial
rectangles Uj × Vj ⊆ U × V , for j ≤ e, called the oracle rectangles of the
CLO, satisfying the following condition:

• for all monotone Boolean functions fj : {0, 1}n → {0, 1}, j ≤ e, such that

fj(Uj) ⊆ {1} and fj(Vj) ⊆ {0}

the function
C(x) := D(x, f1(x), . . . , fe(x))
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separates U from V :

C(U) = {1} and C(V ) = {0} .

The size of the CLO is the size of D and its locality is

|
⋃

j≤e Uj × Vj |
|U × V |

.

It was proved in [316, L.3.1] that a randomized protocol for KWm[U, V ] yields a
small monotone CLO with a small locality separating U from V . K. and Oliveira
[318] proved a lower bound for monotone CLOs under additional restrictions.

An exponential lower bound for tree-like R(LIN) (Theorem 18.6.4) was
proved first by Itsykson and Sokolov [254] for the PHP formula and for a sub-
stitution instance of a Tseitin formula for a particular graph.

The problem to establish a lower bound for R(LIN) can be also approached
via the real game protocols. Let f be a linear polynomial. Given a partitioning
of its variables between two players we can write f = f1 + f2 such that player
i = 1, 2 owns variables of fi and can evaluate it on any assignment to them.
Hence if an assignment a to all variables is split into two parts corresponding to
the partitioning, say b and c, then f(a) = 0 if and only if f1(b) = f2(c). More
generally, given w linear polynomials fj , j ∈ [w], with variables partitioned
between two players it holds that:∧

j

fj(a) = 0 ⇔
∧
j

fj,1(b) = fj,2(c) ⇔ β = γ

where β, γ are reals defined by:

β :=
∑

j

fj,1(b) · 2j and γ :=
∑

j

fj,2(c) · 2j .

Hence the real communication complexity of deciding the membership in an
R(LIN) clause is 2. In fact, as pointed out by Sokolov [482], it may be advan-
tageous to modify in this situation the real game so that the referee announces
the equality of the two reals rather than their ordering (then the complexity
becomes 1).

Sec. 18.7. The limits for the monotone feasible interpolation in the narrow
sense were pointed out in [282].

The reader may wonder why not to use the hardness of prime factorization
as a tool to establish that a proof system does not admit feasible interpolation
via Corollary 17.1.5: just prove shortly in the proof system (the propositional
translations of the fact) that the prime factorization is unique. However, for this
one needs an NP definition PrimeNP (x) of primality such that its soundness:

PrimeNP (x)→ Prime(x)
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(where Prime(x) is the usual coNP definition) has feasible proofs. K. and
Pudlák [325, Sec.2] showed that the uniqueness of the prime factorization follows
in S1

2 from such a soundness statement and further showed that (over S1
2) the

soundness of the well-known NP definition by Pratt [409] implies the implicit
definability of the discrete logarithm. Jeřábek (unpublished) showed that the
soundness of the Pratt definition is provable in the extension of S1

2 by instances
of the WPHP for p-time functions.

We refer the reader to Bonet, Pitassi and Raz [97] for details of the formal-
ization involved in the proof of the first part of Theorem 18.7.3. Note that the
second part follows form the first part by Theorem 2.5.6.

Further generalizations.

Hrubeš [235, 236, 237] extended feasible interpolation method to some formal
systems for modal and for intuitionistic propositional logics (cf. Section 7.7.

In Section 18.7 we saw that having a proof of the disjointness of two NP sets
in a proof system containing a small depth Frege system likely does not imply
the existence of a feasible separating set. The idea proposed in [305] is that
we shall require the proof system to prove a stronger property than just the
disjointness and show that then any proof of the property must yield a feasible
interpolant (or some other non-trivial computational information). The specific
situation considered in [305], termed a chain interpolation, is the following.

For a first-order language L take two Σ1
1 L-sentences Φ and Ψ that cannot be

satisfied simultaneously in any finite L-structure (by Fagin’s Theorem 1.2.2 this
is the same as to talk about two disjoint NP sets). Then the following principle
ChainL,Φ,Ψ(n,m) holds:

• For any chain of finite L-structures C1, . . . , Cm, all with the universe [n],
one of the following conditions must fail:

1. C1 |= Φ,

2. Ci
∼= Ci+1, for i = 1, . . . ,m− 1,

3. Cm |= Ψ.

The principle translates (for a fixed L) into a DNF formula of size polynomial
in n,m. [305] proved that if L contains only constants and unary predicates
then there is a constant cL such that if an AC0 Frege system admits size s proof
of (the translation of) ChainL,Φ,Ψ(n,m) then the class of finite L-structures
with the universe [n] satisfying Φ can be separated from the class of those L-
structures with the same universe satisfying Ψ by a depth 3 formula of size
2log(s)O(1)

and with the bottom fan-in log(s)O(1). It is open to extend this to
any relational language L or to some stronger proof systems (some limits are
discussed in [305]).
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This Part presents results and ideas (and in few cases emerging theories)
that attempt to say something relevant about the fundamental problems from
Section 1.5. We aim at statements that are not specific to some weak proof
system but are possibly valid for all proof systems.

Some researchers believe that by proving lower bounds for stronger and
stronger proof systems we will accumulate knowledge that will lead eventually
to solutions of the fundamental problems. I think that this is unlikely to happen
without trying to formulate statements (and methods how to prove them) that
apply - at least in principle - to all proof systems. Having such statements it
is, of course, reassuring to establish them for weak ones. Likewise it is good to
know that a method we aim with at all proof systems actually works in some
particular cases. But I doubt that ideas that are specific to a weak system can
be of use in a general situation. For this reason I present in this part results
that are maybe weaker in the technical sense but are formulated and proved in
the spirit of what we believe to be true for all proof systems.

The gradual approach also has, I think, the negative psychological effect
that we feel we ought to solve first all problems about the weak systems before
moving on to strong ones. But weak systems are mathematically rich objects
and there will always be interesting open problems about them.

By a strong proof system I shall informally mean any proof system that
simulates EF . Chapter 19 will discuss which tautologies form plausible candi-
dates to be hard for strong proof systems. This is complemented in Chapter 20
which looks at possible methods to prove their hardness. Both these issues seem
key in order to attack the Main problem 1.5.3, the NP vs. coNP problem. The
choice of the material may seem subjective and it is close to my own research.
I wish I could present alternative approaches but I am not aware of any other
systematic proposals.

Chapter 21 will present results about the Optimality problem 1.5.5. There
is a fairly rich theory relating the problem to topics in proof theory, structural
complexity theory or finite model theory. The Proof search problem 1.5.6 is dis-
cussed in Section 21.5 and we focus there mostly on what is the right formulation
of the problem.

When investigating strong proof systems, i.e. EF and beyond, it is often
more convenient to use the single-sort bounded arithmetic theories and the
|| . . . || translation (as discussed in Chapter 12); this will be the case especially
in Chapter 21. For EF itself the 〈. . . 〉 translation is also helpful because of the
particular theory V 1

1 it corresponds to (Section 10.3); we shall take an advantage
of this in Chapter 19.

When dealing with strong proof systems we may consider without a loss of
generality tautologies in DNF as the theories corresponding to EF prove the
NP-completeness of the set of satisfiable CNFs. In fact, we do not need to be
too specific about the precise way formulas look like, when describing them as
formalizing this or that principle. While we shall formulate some statements
for proof systems containing EF they often hold for systems containing R only
(although that may require a careful formalization of various concepts involved).
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Chapter 19

Hard Tautologies

It seems that a good starting point with the Main problem 1.5.3 is to define
candidate hard tautologies (i.e. hard to prove) and to formulate a method how
to approach a potential lower bound proof. Two classes of formulas are often
mentioned as possible hard examples: random DNFs and formulas expressing
one of the combinatorial principles that was proved to be hard for Peano Arith-
metic PA or even for set theory ZFC. The former suggestion appears to be void
while the latter is incorrect.

Most researchers in proof complexity agree, I suppose, with the folklore
informal conjecture that for any proof system most formulas are hard. It is
more customary in this connection to talk about refuting random CNFs and a
statement that random CNFs with a specific distribution are hard to prove is
just a more formal version of the conjecture. Lower bound arguments invented
for some specific formulas as in Part III are sometimes recognized as using only
those properties of the formulas that are shared by random ones, and the lower
bound is extended to random CNFs. But I am not aware of any example where
the first non-trivial lower bound for a proof system was proved for random
formulas (see also the discussion at the beginning of Section 13.4).

The latter suggestion, to use a finite combinatorial principle unprovable in
very strong theories, unfortunately does not work. These principles have the
logical Π0

2 form: ∀x∃y . . . , and their unprovability is deduced from an enor-
mous growth rate any function finding a witness for y in terms of x must have.
Consider the most famous (though not the logically strongest) example, the
Paris-Harrington principle. This principle says that for any k, e, r ≥ 1 there
is M so large that for any partition

P :
(
M

e

)
→ [r]

of the e-element subsets of [M ] into r parts there is a homogeneous set H ⊆ [M ]
(all e-element subsets of H are in one part) such that

|H| ≥ k ∧ |H| ≥ minH . (19.0.1)

465
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If there was only the first conjunct in (19.0.1) the statement would be the well-
known finite Ramsey theorem. It is the second conjunct that makes the principle
very strong. In particular, Paris and Harrington [388] proved that the principle
is true but not provable in PA. To be able to formulate it in propositional logic we
need to take M is the main parameter, in order to turn it into a Π1,b

1 statement
and use the 〈. . . 〉 translation. In particular, if f : 〈k, e, r〉 → M is a non-
decreasing witnessing function for the principle, the propositional translation
with the parameter M will express that

• For any 〈k, e, r〉 ≤ f (−1)(M), for any partition P of
(
M
e

)
into r parts there

is a homogeneous set H satisfying (19.0.1).

The existence of H is expressed using a disjunction of size
(
M
k

)
<< M log M

over all possibilities. Unfortunately, the unprovability of the principle in PA
stems from the fact that every witnessing function f grows so fast that it is
not provably total in PA. But once we may assume that there is a number
at least as large as the minimum M witnessing the statement (for parameters
k, e, r) the principle is provable in bounded arithmetic T2(P ). In particular, the
propositional translation admits polynomial size AC0-Frege proofs.

There are also Π0
1 statements unprovable in ZFC provided by Gödel’s the-

orem: they express the consistency of the theory or some related property.
These statements can be reformulated to have a more combinatorial or number-
theoretic flavor. For example, by the negative solution to the Hilbert 10th
problem (Matiyasevich’s theorem) the consistency of ZFC can be expressed as a
statement that a particular Diophantine equation has no integer solution. But
it is more about encoding the syntax of first-order logic into the equation than
about number theory.

19.1 Levels of Uniformity

Recall the function sP from Section 1.5. A set H ⊆ TAUT is a hard set for a
proof system P if and only if

• For any constant c ≥ 1, all but finitely many φ ∈ H require a P -proof of
size bigger than |φ|c: sP (φ) > |φ|c.

It follows that such H is infinite and that there is a sequence {αk}k ⊆ H,
|αk| ≥ k, such that for all c ≥ 1, for k >> 1: sP (αk) > |αk|c. By filling the
sequence with some tautologies (not necessarily from H) this implies that there
is a sequence {βk}k ⊆ TAUT satisfying:

1. βk ∈ TAUT ∧ k ≤ |βk| ≤ kO(1),

2. for all c ≥ 1, for k >> 1: sP (βk) > kc.

We shall call any such sequence of tautologies a hard sequence for P . By
strengthening the lower bound requirement we could analogously define quasi-
polynomially or exponentially hard sets and sequences, respectively.
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Sets of tautologies hoping to be hard for all proof systems cannot be too
simple.

Lemma 19.1.1 No NP set H ⊆ TAUT is hard for all proof systems.

Proof:
Assume H is a set of tautologies with an NP definition of the form

φ ∈ H ⇔ ∃u(|u| ≤ |φ|c)R(φ, u)

where R is p-time and c is a constant. Define a proof system P by stipulating
that a string w is a P -proof of φ if and only if it is either an EF -proof of φ or
it is a witness for φ ∈ H, i.e. |w| ≤ |φ|c ∧R(φ,w). Clearly H is not hard for P .

q.e.d.

This statement means that we can either target a specific proof system P
and define a set of tautologies hard for P only and such a set could be compu-
tationally simple. After all, the sequences of tautologies hard for specific proof
systems we studied in Part III were all p-time constructible. This is true for
every particular proof system as the next lemma shows under a condition.

Or we may aim at all proof systems and try to define a set hard for all of
them but then it must be computationally unfeasible to certify the membership
in it. We can go from the former situation to the latter. Let Pi, i ≥ 1, be
an enumeration of all proof systems and assume that {βi

k}k, i ≥ 1, are hard
sequences for Pi. Then {

∧
j≤i β

j
i | i ≥ 1} is a set hard for all proof systems

but it is not computationally simple even if all sequences {βi
k}k were p-time

constructible.
We shall use results about the correspondence between theories and proof

systems from Chapter 12.

Lemma 19.1.2 Assume that a proof system P is not optimal. Then there is a
∀Πb

1 true LBA-sentence ∀xA(x) such that the sequence {||A||n}n is hard for P .
The sequence is computed by a p-time algorithm.

Proof:
The hypothesis implies that there is a proof system Q such that P does

not simulate Q. Take for ∀xA(x) the reflection principle RFNQ for Q defined
in Section 12.4. The lemma then follows from Corollary 12.4.3 (and the p-
constructibility follows from Lemma 12.3.2).

q.e.d.

We know from Chapter 8 that proving lower bounds for a proof system P is
equivalent to constructing models of the corresponding theory T with particular
properties (Ajtai’s argument, Sections 8.5 and 8.6). We shall discuss this in
detail in Chapter 20. For EF this means to construct models of the theory S1

2

in the first-order set-up or of the theory V 1
1 in the second-order set-up (or their
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suitable sub-theories as we shall see later) and that is difficult. So we may ask
if we could not simplify the matter and replace the model-theoretic criterion by
a mere unprovability in S1

2 . Unfortunately not.

Lemma 19.1.3 There is a ∀Πb
1 LBA-sentence ∀xA(x) such that

1. S1
2 6` ∀xA(x).

2. There are polynomial size EF -proofs πn of ||A||n; in fact, πn can be con-
structed by a p-time function from 1(n).

Proof:
Let B(y) be a Πb

1 LBA-formula such that ∀yB(y) is true but unprovable in
theory S1

2 + Exp, where Exp is the sentence

Exp : ∀u∃v u = |v| .

Gödel’s theorem provides such a formula. Then put:

A(x) := B(|x|) .

It follows that S1
2 does not prove ∀xA(x) but to prove ||A||n one only needs to

consider n assignments a ∈ {0, 1}log n to the atoms representing x, for each take
the unique assignment to the auxiliary variables in the formula making it true,
and evaluate it to the value 1. The overall size of the proof is n·(log n)O(1) ≤ n2,
for n ≥ 1 large enough.

q.e.d.

We have discusses three levels of uniformity of formulas βk and their propo-
sitional proofs πk so far; informally:

1. βk is a translation of an arithmetic formula and πk is a translation of an
arithmetic proof,

2. βk and πk are computed by a p-time algorithm from 1(k),

3. βk and πk are bounded in size by kO(1) but are not feasibly constructible.

In fact, there is a fourth variant sitting between 1. and 2.:

1.5 . βk and πk are computed bit-by-bit by circuits of size O(log k). That is, as
strings βk and πk are the truth tables of functions computed by circuits of
size O(log k), and the circuits are computable by a p-time algorithm from
1(log k).

We have considered this already when discussing the implicit proof systems in
Section 7.3, and will use it again in Sections 19.3 and 21.4.
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19.2 Reflection on Consistency

The bounded formulas RefQ from Section 8.4 expressing the reflection principle
for a proof system Q are of the form:

PrfQ(x, y, z, P, F )→ Sat2(x, y, E, F )

when talking about size z Q-proofs P of size y DNF F in x variables, or more
generally as in (8.4.4)

Prf0
Q(x, y, z, P, F,G1, . . . , Gt) → Sat0(x, y, E, F,H1, . . . ,Hr)

where the extra sets Gu and Hv help to express the provability predicate for Q
or the satisfiability relation for general formulas or circuits (cf. Section 8.4 for
the details).

A special case of a particular interest is for F := 0; F is unsatisfiable and
the principle reduces to the consistency formula ConQ:

¬PrfQ(0, 1, z, P, 0) .

Here we denote the set representing the formula 0 also 0 and we think of the
possible witnesses Gu as being a part of the proof P . That is, the formula
expresses that there is no size z Q-proof of contradiction (as represented by
0). The reader who might have skipped the treatment of propositional trans-
lations in Part II may appreciate an informal description of the propositional
(translations of the) consistency statements. The formula 〈ConQ〉n has nO(1)

atoms representing a size n Q-proof of a formula and the computation of the
provability predicate. The conditions posed on the provability predicate are in
a 3CNF form. The formula 〈ConQ〉n says that either one of the conditions fails
or the proven formula is not 0.

The consistency of Q is, however, a weaker statement than the soundness,
and ConQ implies RefQ (say over EF ), only under some conditions. These
conditions are met for all proof systems we have encountered but may not hold
for a general proof system.

Lemma 19.2.1 Let Q be a proof system and assume that theory V 1
1 proves the

following two conditions:

• if a formula F (p1, . . . , pn) is Q-provable and a ∈ {0, 1}n then also its
substitution instance F (a1, . . . , an) is Q-provable, and

• for any formula F (p1, . . . , pn) and any a ∈ {0, 1}n, F can be evaluated on
a and if b is the truth-value of F (a1, . . . , an) then b has a Q-proof from
F (a1, . . . , an).

Then V 1
1 proves the implication ConQ → RefQ.

Proof:
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We shall show that V 1
1 proves that ¬RefQ implies ¬ConQ. Work in V 1

1 and
assume G is a Q-proof of F (p) but F (a) = 0 for some a ∈ {0, 1}n. Use the
first condition to get a Q-proof G(a) of F (a) and then the second condition to
extend it to a Q-proof G′ of 0.

q.e.d.

For many proof systems Q we have encountered (R or ER, Frege systems
and its subsystems, G and its subsystems, algebro-geometric systems, etc.) sub-
stituting the constants ai for the atoms pi in the whole Q-proof is allowed and
proves the first condition (and already the theory corresponding to R formalizes
this). The second condition is slightly more subtle because in the general form
of the reflection above the succedent

Sat0(x, y, E, F,H1, . . . ,Hr)

with the witnesses Hv allows even very weak systems to talk about an evalua-
tion of F on an assignment E without being able to prove that the witnesses
(representing the evaluation) exist. For example, in I∆0(α) we can prove their
existence only for AC0-formulas F . However, we concentrate in this Part on
strong proof systems, ER and above, and theory V 1

1 corresponding to ER proves
that any circuit can be evaluated on any input (ER simulates such an argument
using the extension variables).

For ER we shall use often the formula ConER as the conditions in Lemma
19.2.1 are valid for ER. But for a general proof system we shall use the formula
RefQ although ConQ is simpler because we do not want to condition various
results on the hypotheses of Lemma 19.2.1. The following statement elucidates
the role of the 〈RefQ〉n formulas as hard formulas. For an implicationally com-
plete proof system P and any proof system Q denote by

P +RefQ

the proof system extending P by allowing any substitution instance of any
formula 〈RefQ〉n, n ≥ 1, as an axiom. In the format of refutation systems, as
is ER, we denote by ¬〈RefQ〉n the set of clauses expressing the negation of
the translations of RefQ and a refutation of a set of clauses D in the refutation
system

ER+RefQ

is the collection of ER-derivations from D of all clauses of a substitution instance
(that can involve extension variables) of ¬〈RefQ〉n, for some n ≥ 1.

In the following lemma we use the refutation system ER + RefQ in order
to be able to talk about simulations of proofs of all formulas or circuits (cf. the
discussion above). If we cared only for simulations of proofs of DNFs (or of AC0

formulas) we could use R (or AC0 Frege systems) instead of ER.

Lemma 19.2.2 Let Q be any proof system. Then:
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1. ER+RefQ ≥p Q.

2. If H ⊆ TAUT is a hard set for ER+RefQ then it is also hard for Q.

3. If P ≥ ER does not simulate Q then

〈RefQ〉n , n ≥ 1

is a hard sequence for P .

Proof:
The p-simulation in the first statement is constructed analogously as in the

special case of AC0-Frege systems in Theorem 8.4.3, and Consequence (2) in
Section 8.6. The remaining two statements follow from the first one.

q.e.d.

The lemma (and the underlying argument) is reminiscent of a well-known
fact of mathematical logic that all Π0

1 consequences of a theory T in the language
LPA containing Robinson’s arithmetic Q follow (over a fixed weak theory) from
the Π0

1 sentence ConT expressing the consistency of T . The next lemma breaks
this parallel: a statement analogous to Gödel’s Second Incompleteness theorem
fails.

Lemma 19.2.3
ER p-simulates ER + RefER. In fact, let P ≥p R and assume there is a

theory T corresponding to P (cf. Section 8.6). Then P p-simulates P + RefP

with respect to proofs of all DNFs.
If even P ≥p ER then P p-simulates P +RefP with respect to proofs of all

formulas (even circuits).

Proof:
By the hypothesis (condition (C) of the correspondence) T proves, in partic-

ular, the soundness of P with respect to proofs of depth 2 formulas (the formulas
RefP,2). As P p-simulates T , P ≥p P +RefP follows.

If P ≥p ER, T may be assumed to contain the theory V 1
1 (correspond-

ing to ER) which proves that any circuit can be evaluated on any assignment
(condition (D) in the correspondence).

q.e.d.

It follows from the above discussion that if there is no optimal proof system
then for each proof system P we can find a p-time constructible hard sequences
of the form 〈RefQ〉n. However, we do not have an a priori definition of a suitable
Q from P and Lemma 19.2.3 shows that a Gödel-like choice Q := P does not
work. We shall return to these formulas and to issues related to how to find Q
given P in Chapter 21.
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19.3 Combinatorics of Consistency

The propositional consistency statements appear to be plausibly hard but we
proved their hardness for a proof system P (Lemma 19.2.2) only using a hy-
pothesis about the non-optimality of P . That hypothesis looks, in fact, stronger
than the hypothesis that P is not p-bounded. In this section we shall give an
example of a combinatorial investigation of the consistency statements (and of-
fer more references in Section 19.6) that could possibly lead to an argument not
using other lengths-of-proofs conditions.

The ambient area in which our investigation lives are NP-search problems,
although we shall formulate the main result without an explicit reference to
them in order to give a precise quantitative version. NP-search problems play
a crucial role in bounded arithmetic in the so called witnessing theorems; these
are theorems that characterize the classes of provably total functions in theories
(see Section 19.6 for examples and references).

An NP search problem is a binary relation R(x, y) such that:

• There is a constant c ≥ 1 such that R(x, y)→ |y| ≤ |x|c.

• The relation R is p-time decidable.

• The relation R is a graph of a multi-function: ∀x∃yR(x, y).

The class of NP search problems is also called total NP functions and denoted
TFNP (we shall discuss the background more in Section 19.6). From the logical
point of view it is convenient to consider relativised NP-search problems: R
is p-time relative to an oracle. For example, an oracle may be a unary function
α : {0, 1}n → {0, 1}n satisfying α(α(z)) = z for all z ∈ {0, 1}n and the relation
R(x, y) may be defined as:

α(x) 6= x ∨ (x 6= y ∧ α(y) = y) .

Due to the condition on α, the pairs {{z, α(z)} | z ∈ {0, 1}n ∧ z 6= α(z)} form
a 2-partition of the set {0, 1}n \ { z ∈ {0, 1}n | z = α(z)}. Hence if x = α(x)
there must be at least one other y for which y = α(y). This is a reformulation
of the counting modulo 2 principle Count2 from Section 11.1.

Having two NP search problems R(x, y) and S(u, v), we say that S can be
p-reduced to R if and only if there are two p-time functions f(u) and g(u, y)
such that for all u, y it holds:

R(f(u), y) → S(u, g(u, y)) . (19.3.1)

That is, from an R-solution y for x := f(u) we can compute an S-solution
v := g(u, y) for u. The pair of the functions is called a p-reduction.

When the search problems are relativised and β is the oracle for S, both f
and g may use β and f poses an instance to R with an oracle α that is Turing
p-time reducible to β. For example, if S is defined as R in the Count2 example
above but with an oracle giving a partial 2-partition β as a set of unordered
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pairs, we may reduce S to R by taking f(u) := u, g(u, y) := y and α(z) defined
as the other element in the same β-pair as z is in, or as z if z is not covered by
β.

The consistency statement about a proof system Q formalizes, in particular,
that no Π is a Q-refutation of 1. In particular, for any potential string Π there is
a place in Π where the correct format of Q-proofs is broken. We shall interpret
this as an oracle NP search problem: Π is determined by an oracle, an input
specifies the size parameter of the consistency statement and a valid solution is
the index (bounded above by the size parameter) identifying the wrong place.

The fact that the consistency statement allows to p-simulate Q over a weak
proof system (Lemma 19.2.2) can be restated as follows. An unsatisfiable set
of clauses D determines the search problem Search(D) from Section 5.2: find a
clause unsatisfied by a particular truth assignment. A Q-refutation of a set of
clauses D determines a form of a reduction of Search(D) to a particular search
problem talking about proper format Q-proofs. This is analogous to an extent
to the fact that if the implication

∀x∃yR(x, y) → ∀u∃vS(u, v)

is provable in PV or S1
2 then S can be reduced to R (in the Turing sense in the

latter case - see Section 19.6 for an explanation).

We shall proceed formally now in order to be able to formulate later on a
precise statement about a relation of reductions and sizes of ER refutations. Let
C be a size s circuit with n Boolean inputs x = x1, . . . , xn over the DeMorgan
basis. The s instructions of C how to compute Boolean values y = y1, . . . , ys

are collected in the 3CNF DefC(x, y) from Section 1.4, and we shall indicate in
the notation the parameters n and s this time:

Defn,s
C (x, y) .

The formula has at most 3s 3-clauses.
It is easy to prove in R that the computation of C is unique, meaning that

yi ≡ zi has a short R proof from Defn,s
C (x, y) ∪Defn,s

C (x, z) (cf. Lemma 12.3.1).
Given an assignment x := a we can analogously derive in R from Defn,s

C (a, y)
for each i the clause {yb

i } where b := yi(a) is the value of the subcircuit yi at
the input a. However, how can we prove that there is not another R derivation
of the complementary value {y1−b

i }? The impossibility of such an alternative
derivation turns out to be equivalent to the consistency of ER.

For technical reasons we shall work with the system Rw defined in Section
5.4. Recall that it allows the constant 1 in clauses and any clause containing 1
is an allowed initial clause (called an 1-axiom). Further, both a variable and
its negation may occur in a clause, and there is also the the weakening rule:

C

D
, if C ⊆ D .
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The key property is that after substituting some constants for variables in an
Rw-derivation it remains an Rw-derivation (resolution inferences on variables
substituted for are replaced by weakenings, cf. Section 5.4). Also, instead of
considering instances of Defn,s

C for x := a ∈ {0, 1}n it is simpler to stipulate
n := 0, i.e. to consider circuits with no input variables. Such circuits are
straight line programs how to compute Boolean values.

We shall define an unsatisfiable set ¬ConER(s, k) of narrow clauses such
that a satisfying assignment for ¬ConER(s, k) would be precisely a k step Rw-
refutation of a set Def0,s

C (y). We shall show that the sets ¬ConER(s, k) express
the consistency of ER and hence any proof system that refutes these sets by
polynomial size proofs simulates ER. The simulation yields, in fact, a reduction
of unsatisfiable CNFs D to ¬ConER(s, k) (where k depends on the size of an
ER-refutation of D) in the sense discussed earlier.

Let us fix s, k ≥ 1. The clauses of the set ¬ConER(s, k) talk about k-step Rw-
refutations of Def0,s

C for an unspecified C coded by some atoms of ¬ConER(s, k).
The atoms the formula is built from are q and p. The former will encode the
sequence of clauses forming a refutation and the latter will encode the inference
structure of the refutation.

In the following discussion we call the clauses in the refutation P1, . . . , Pk.
The clauses Pi may contain the constant 1 or literals corresponding to the y
variables, i.e. all together up to 1 + 2s different objects. The intended meaning
of the atoms q the formula ¬ConER(s, k) uses:

qu
i , with u = 1, . . . , k and i ∈ {−s, . . . ,−1, 0, 1, . . . , s}

is:

• qu
0 = 1 if and only if 1 ∈ Pu,

• qu
j = 1 for j = 1, . . . , s if and only if yj ∈ Du, and

• qu
j = 1 for j = −1, . . . ,−s if and only if y0

j ∈ Du.

The atoms p are pu,v, u = 1, . . . , k and v = 1, . . . , t (with the parameter t
specified below). Their role is to encode the inference structure of the refutation:
an assignment au ∈ {0, 1}t to the atoms pu = pu,1, . . . , pu,t gives a complete
information how was the clause Pu derived and, if Pu ∈ Def0,s

C , it contains
additional information guaranteeing that the clauses of Def0,s

C have the expected
form.

We shall assume that k ≥ 3s > 0 and that the clauses of Def0,s
C are listed

as the first 3s clauses P1, . . . , P3s. Namely, we assume that P3r−2, P3r−1, P3r

define the instruction for yr (with one or two clauses being possibly {1} if not
all three are needed to represent the instruction).

The number of instructions how to compute yr is bounded above by

2 + (r − 1) + 2(r − 1)2 ≤ O(k2)
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and the string au has to specify this uniquely for all u = 1, . . . , 3s. For the other
u = 3s+ 1, . . . , k the string au has to determine the rule and the hypotheses of
the inference yielding Pu; the number of different possibilities is bounded above
by

2 + (u− 1) + (2 + s)(u− 1)2 ≤ k3 .

Hence with t := 3 log k the string {0, 1}t has enough bits to encode all possible
situations.

We shall depict the clauses of ¬ConER(s, k) as sequents

`1, . . . , `e → `e+1, . . . , `f

representing the clause
`01, . . . , `

0
e, `e+1, . . . , `f .

Given a ∈ {0, 1}t, we denote by pu(a) the set of the literals for which a is the
unique truth assignment satisfying all of them:

pu(a) := (pu,1)a1 , . . . , (pu,t)at .

Now we are ready to define the set ¬ConER(s, k). It consists of the following
five groups of clauses:

G1. For r = 1, . . . , s and u ∈ {3r − 2, 3r − 1, 3r}: if a ∈ {0, 1}t does not
specify a valid instruction for computing yr then ¬ConER(s, k) contains
the clause:

pu(a)→ .

G2. For r = 1, . . . , s and u ∈ {3r − 2, 3r − 1, 3r}: if a ∈ {0, 1}t does specify
a valid instruction for computing yr then we know about the constant 1
and about every y-atom whether or not it occurs positively or negatively
in Pu. We include in ¬ConER(s, k) for every q-variable qu

i exactly one of
the clauses:

pu(a)→ qu
i or pu(a)→ ¬qu

i

as specified by a.

G3. For u = 3s + 1, . . . , k, if a ∈ {0, 1}t does not specify a valid inference for
Pu then ¬ConER(s, k) contains the clause

pu(a)→ .

G4. For u = 3s + 1, . . . , k, if a ∈ {0, 1}t does specify a valid inference for Pu

we consider three separate subcases:

(a) Pu was derived from Pv, Pw by resolving literal `, where ` ∈ Pv and
`0 ∈ Pw, and ` an y-literal.
For i ∈ {−s, . . . ,−1, 1, . . . , s} corresponding to ` and −i to `0:
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• ¬ConER(s, k) contains the clauses:

pu(a)→ qv
i pu(a)→ qw

−i pu(a)→ ¬qu
i pu(a)→ ¬qu

−i

(they enforce that ` and `0 appear in Pu, Pv, Pw as prescribed by
the resolution rule),

• for j 6= i,−i, j ∈ {(−s, . . . ,−1, 1, . . . , s}, ¬ConER(s, k) contains
the clauses:

pu(a), qv
j → qu

j pu(a), qw
j → qu

j pu(a), qu
j → qv

j , q
w
j

(they enforce that other literals are passed from Pv, Pw to Pu

and that no other literals occur there).

(b) Pu was derived by the weakening rule from Pv, v < u. Then ¬ConER(s, k)
contains all clauses:

pu(a), qv
i → qu

i .

(c) Pu is a 1-axiom. Then ¬ConER(s, k) contains clause:

pu(a)→ qu
0 .

G5. The set ¬ConER(s, k) contains all clauses:

→ ¬qk
i , for all i

(they enforce that Pk = ∅).

Lemma 19.3.1 For all k ≥ 3s > 0 the set ¬ConER(s, k) is not satisfiable and
it contains O(k5) clauses of width at most 3 + 3 log k.

The formula ¬ConER(s, k) expresses conditions posed on a non-existent Rw-
refutation of Def0,s

C and its negation ConER(s, k) is the consistency statement for
ER. A refutation of a set of clauses D corresponds to proving its negation ¬

∧
D.

The use of the consistency statements as the strongest formulas provable in a
proof system mean that we look for Rw derivations of ¬

∧
D from a substitution

instance of ConER(s, k). In the refutation format this means that we want Rw

derivations from D of all clauses of some substitution instance of ¬ConER(s, k).
This motivates the following definition.

Let X,Y be two disjoint sets of propositional variables. A map σ assigning
to Y -variables either constants 0, 1 or disjunctions of X-literals is a clause
substitution and the maximum size of a disjunction σ assigns is the width of
σ.

Let C be set of clauses in Y -literals and D a set of clauses in X-literals. A
clause substitution σ is a clause reduction of D to C if and only if σ substitutes
for Y -variables clauses of X-literals such that for each clause C ∈ C one of the
following cases occurs:
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(a) σ(C) is a 1-axiom,

(when σ(C) is written in a sequent format then being a 1-axiom may also
mean that ¬1 is in its antecedent).

(b) σ(C) has the form:
U,

∨
E →

∨
F, V (19.3.2)

where E ⊆ F are sets of literals,

(c) σ(C) is a superset of a clause from D.

Note that σ(C) in the cases (a) and (b) is logically valid.
We shall use the following notation. For z a variable and a, b ∈ {0, 1}t define:

sel(z, a, b)

to be the t-tuple from {0, 1, z,¬z}t whose i-th coordinate is

sel(z, ai, bi) := (ai ∧ z) ∨ (bi ∧ ¬z) ∨ (ai ∧ bi) .

That is, it defines the following function:

sel(z, ai, bi) :=


0 if ai = bi = 0
1 if ai = bi = 1
z if ai = 1 ∧ bi = 0
¬z if ai = 0 ∧ bi = 1.

Theorem 19.3.2 Let D be a set of clauses in n variables and of width at most
w. Assume that D has an ER-refutation π with k(π) clauses.

Then for some k = O(nk(π)) and s ≤ k/3 there is a clause reduction σ of
D to ¬ConER(s, k) of width at most max(w, 3).

Proof:
Let x be the n variables of D. By Lemma 5.8.4 we may assume that there

is another refutation π′ of D with k = O(nk(π)) steps and of the width of π
is at most max(w, 3). Let y be s extensions atoms used in this refutation and
think of them as defining a circuit C. Further, without a loss of generality we
may assume that the clauses defining the extension variables y are the first 3s
clauses and are followed by all |D| clauses from D. Let Su, 1 ≤ u ≤ k, be the
steps in the refutation.

We shall define a clause substitution σ such that every clause σ(A) for A ∈
¬ConER(s, k) will be either logically valid or could be derived by a weakening
from a clause of D. In fact, all clauses A ∈ ¬ConER(s, k) will yield logically valid
σ(A) (by virtue of the items (a) and (b) in the definition of clause reductions)
except when A is from group G4(c): in that case either σ(A) will be a 1-axiom
or it will follow by a weakening from a clauses of D.

The variables of ¬ConER(s, k) are p and q and we define the substitution σ
as follows:
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1. For qu
i with i 6= 0 substitute 0 or 1, depending on whether the y-literal

corresponding to i occurs in Su.

2. For qu
0 substitute

∨
Eu, where Eu is the set of x-literals occurring in Su

together with 1, if 1 ∈ Su. (Note that |Eu| ≤ w.)

3. For pu with u = 3r − 2, 3r − 1, 3r and r ≤ s define:

(a) If Su is one of the three clauses corresponding to an instruction of
the form yr := xj , put

σ(pu) := sel(xj , a, b)

where a and b ∈ {0, 1}t define the instructions yr := 1 and yr := 0,
respectively.

(b) Otherwise substitute for pu the string au ∈ {0, 1}t defining the par-
ticular instruction of Defn,s

C in π′.

4. For pu with u = 3s + 1, . . . , 3s + |D| substitute a ∈ {0, 1}t defining the
clause Su as being a 1-axiom.

5. For u = 3s+ |D|+ 1, . . . , k we consider several subcases how to define the
substitution of pu:

(a) Su is a 1-axiom: substitute for pu as in item 4.

(b) Su was derived by weakening from Sv: substitute for pu the a speci-
fying this information.

(c) Su was derived by resolution from Se, Sf resolving the variable yi:
substitute for pu the a specifying this information.

(d) As in (c) but the resolved variable was xi. Assume xi ∈ Se and
¬xi ∈ Sf . Substitute for pu the term:

sel(xi, a, b)

where a, b ∈ {0, 1}t specify that Su was derived by the weakening
from Sf or Se, respectively.

We need to verify that for every clause A ∈ ¬ConER(s, k), σ(A) falls under one
of the three cases (a), (b) or (c) in the definition of clause reductions. Consider
the groups G1 - G5 forming ¬ConER(s, k) separately.

If A = pu(a)→ belongs to groups G1 or G3, σ(pu(a)) contains a false literal
and so σ(A) is a 1-axiom.

For A from group G2 the substitution instance σ(A) is clearly a 1-axiom
by the definition of σ(qu

i ) for all instructions for yr falling under 3(b) above,
i.e. except when it has the form yr := xj . In the latter case the instruction is
represented by clauses

{yr,¬xj} , {¬yr, xj} , {1}
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and A describes one of them. The definition of σ in 3(a) above using the selection
term on xj yields σ(A) which either contains 0 in the antecedent (and hence
σ(A) is a 1-axiom) or one of the literals xj , x

0
j occurs in both the antecedent

and the succedent of σ(A) and hence it falls under the case (b) of the definition
of reductions.

If A is from group G4(a) then by item 5(c) of the definition of σ, σ(A) is
a 1-axiom. If A is from group G4(b) then σ(A) is defined by the case (b) of
the definition of reductions; in particular, for i = 0, σ(qv

i ) is contained in σ(qu
i )

(the E and F in that definition). If A is from group G4(c) then σ(A) is either
a 1-axiom as σ(qu

0 ) contains constant 1 if Su was a 1-axiom, or it falls under
the case (c) of the definition of reductions as σ(qu

0 ) is Su ∈ D (item 4 of the
definition of σ).

And finally, for any A from group G5 the substitution instance σ(A) is
trivially a 1-axiom.

q.e.d.

We interpret the theorem as reducing the task to show the hardness of D
for ER to the task to show that D cannot be clause-reduced (with particular
parameters) to ¬ConER(s, k). Given an ER-refutation π of D in n variables x
with k(π) steps, we have ¬ConER(s, k) for specific s, k bounded by O(nk(π))
and a clause reduction σ of small width such that it holds:

• For any assignment α to variables x of D, if we find a clause A of
¬ConER(s, k) false under the assignment α ◦ σ to its variables, we get
a clause of D false under α: α ◦ σ(A) can only fail if it falls under item
2 of the definition of reductions and hence it contains a clause of D false
under α.

The width bound on σ means that for a fixed π and for ¬ConER(s, k) with
the parameters determined by π, evaluating σ requires at most w calls to the
assignment oracle α. Hence if w is a constant or at least bounded by log(n|D|)
the reduction is polynomial time in the sense of [50].

19.4 Proof Complexity Generators

Let 1 ≤ n < m and let gn : {0, 1}n → {0, 1}m be a function computed by
a size s circuit Cn(x) with m outputs. We shall denote the instructions of the
circuit y1, . . . , ys−m, z1, . . . , zm with the last m values being the output values
of Cn. Let DefCn

(x, y, z) be the 3CNF defining the circuit (cf. Section 1.4).
The set {0, 1}m \ Rng(gn) is non-empty and for any b ∈ {0, 1}m we define

the propositional τ-formula τ(C)b to be the 3DNF:

DefCn(x, y, z) →
∨

i≤m

bi 6= zi .

The size of the formula is O(s) and it is a tautology expressing that b is not in
the range of gn.
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A proof complexity generator is an informal name for a function g =
{gn}n for which the set of all τ -formulas is hard. We shall discuss in this and in
the next section (but see Section 19.6) mostly uniform functions g computed by
a deterministic algorithm. We shall think of such g as being explicitly associated
with a particular algorithm computing it and hence with an explicit sequence
of circuits Cn computing gn := g � {0, 1}n. Note that in this case, using the
language LPV of PV, the formula τ(g)b is simply the translation

||∀x(|x| ≤ |y|)g(x) 6= y||m(y/b) .

We shall assume that g satisfies the following properties:

• There is an injective function m : N+ → N such that n < m(n) and
|g(x)| = m(n) for any x ∈ {0, 1}n, for all n ≥ 1.

• The algorithm computing g runs on inputs from {0, 1}n in time polynomial
in m(n) and hence |Cn| ≤ mO(1).

We shall call such functions stretching. In this case we shall denote τ(Cn)b

simply τ(g)b (the length m of b determines n and thus also Cn). Note that the
length of the τ formula is polynomial in m. If g is p-time then m = nO(1) and
so is |τ(g)b| for b ∈ {0, 1}n.

Define a stretching function g to be hard for proof system P if and only if
the set {τ(g)b | b /∈ Rng(g)} is hard for P . That is: for all c ≥ 1, for all but
finitely many b ∈ {0, 1}∗ \Rng(g):

sP (τ(g)b) > |τ(g)b|
c . (19.4.1)

When (19.4.1) is satisfied with a bound of the form 2|τ(g)b|
Ω(1)

we call g expo-
nentially hard for P . Let us note a simple observation.

Lemma 19.4.1 A stretching function g is hard for all proof systems if and only
if Rng(g) intersects all infinite NP sets.

Proof:
Assume g is not hard for P , the condition (19.4.1) failing for some c ≥ 1 for

infinitely many b. Then

{b ∈ {0, 1}∗ | sP (|τ(g)b|) ≤ |τ(g)b|
c}

is an infinite NP set disjoint with Rng(g).
Assume on the other hand that an infinite NP set U with the definition

u ∈ U ⇔ ∃v(|v| ≤ |u|d)R(u, v)

with R a p-time relation, is disjoint with Rng(g). Then g is not hard for the
proof system extending, say, R by accepting as a proof of τ(g)b also any string
v such that

|v| ≤ |b|d ∧ R(b, v) .
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q.e.d.

It may seem that we are too strict to demand that (19.4.1) holds for all but
finitely many strings outside Rng(g): to get formulas hard for P it would suffice
if this held for a fraction of such strings or even for just one in {0, 1}m(n) \
Rng(gn) for infinitely many n. It is this strict property, however, that allows to
develop some theory underlying these formulas. With some relaxed definition
this would be just a version of hitting set generators, cf. Section 19.6.

The original motivations had a lot to do with cryptographic primitives (one-
way functions and pseudo-random generators) and their role in bounded arith-
metic and proof complexity (we shall discuss this in Section 19.6). This has
shifted now a bit but let us present two results about pseudo-random number
generators, one positive and one negative. First we need to recall their defini-
tion.

For a stretching function g = {gn}n, gn : {0, 1}n → {0, 1}m(n), define its
hardness H(g) to be the function assigning to n ≥ 1 the minimum S such that
there is a circuit C(y) with m(n) inputs and of size ≤ S such that

|Probx∈{0,1}n [C(g(x)) = 1] − Proby∈{0,1}m [C(y) = 1]| ≥ 1
S
.

A pseudo-random number generator (PRNG shortly) is a stretching func-
tion g computed by a deterministic algorithm running in time polynomial in
n and of super-polynomial hardness H(g) ≥ nω(1). The generator is strong
(SPRNG) if actually H(g) ≥ exp(nΩ(1)).

Lemma 19.4.2
Let g be a PRNG with m(n) ≥ 2n+ 1 and define g∗ : {0, 1}2n → {0, 1}m by:

g∗(u, v) := g(u)⊕ g(v)

where u, v ∈ {0, 1}n and ⊕ denotes the bit-wise sum modulo 2.
Then g∗ is a proof complexity generator hard for all proof systems simulating

R and admitting feasible interpolation (cf. Chapter 17).

Proof:
Let P be a proof system admitting feasible interpolation and assume τ(g∗)b

has a size s P -proof. Then (the || . . . || translation of)

g(u) 6= y ∨ g(v) 6= y ⊕ b

has a size s + mO(1) = sO(1) P -proof. Feasible interpolation then provides a
size sO(1) circuit I with m inputs y defining a set W separating Rng(g) from
b⊕Rng(g):

Rng(g) ⊆W and W ∩ b⊕Rng(g) = ∅ .

If W contains at most a half of {0, 1}m then ¬I defines a subset of measure ≥ 1
2

in the complement of Rng(g) and hence H(g) ≤ |I| ≤ sO(1). Otherwise I ⊕ b
defines such a subset. It follows that s ≥ H(g)Ω(1).
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q.e.d.

Recall from Section 17.2 the notions of one-way functions and permutations
(OWF and OWP) and of a hard bit predicate. If h is a OWP and B is a hard
bit predicate for h then

x→ (h(x), B(x))

is a PRNG (cf. Yao [513]).

Lemma 19.4.3 Assume h is a OWP, B is a hard bit predicate for h and g is
the PRNG defined above. Let P be any proof system simulating R and admitting
p-size proofs of (the || . . . || translation of) the injectivity of h, i.e. of the formulas:

h(u) = h(v)→ u = v .

Then g is not a hard proof complexity generator for P .
In particular, if g is constructed in this way from the RSA then g is not hard

for EF .

Proof:
Assume b = (b1, . . . , bn, bn+1) /∈ Rng(g). As h is OWP, its range is the whole

of {0, 1}n and for some a ∈ {0, 1}n,

h(a) = (b1, . . . , bn) and B(a) 6= bn+1 . (19.4.2)

A proof of τ(gb) may look as follows: take a and verify (19.4.2), and deduce
b /∈ Rng(g), using the injectivity of h:

h(x) = (b1, . . . , bn)→ x = a .

Hence if the injectivity has short P -proofs, so does τ(g)b.
The statement about EF follows as EF has p-size proofs of the injectivity

of the RSA - this is what the proof of Theorem 18.7.2 establishes.

q.e.d.

It follows from the lemma that PRNGs are not a priori hard proof complexity
generators. But it does not rule out that some other specific constructions of
PRNGs may produce strong proof complexity generators. A prominent example
is the Nisan-Wigderson construction to be discussed in Section 19.6.

We have seen actually a proof complexity generator already. The following
statement is a reformulation of the second part of Corollary 13.4.6.

Lemma 19.4.4 For every δ > 0 there is an ` ≥ 1 such that for all sufficiently
large n there exists an `-sparse n2 × n-matrix A such that the linear map from
{0, 1}n into {0, 1}n2

defined by A is an exponentially hard proof complexity
generator for R.
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Problem 19.4.5 (Linear generators for AC0-Frege)
Is the function from Lemma 19.4.4 also (exponentially) hard for AC0-Frege

systems?

Note that by the discussion at the end of Section 13.4 the affirmative answer
implies that random CNFs of some constant width are hard for AC0-Frege
systems.

We shall now describe one particular construction of proof complexity gen-
erators, the so called gadget generators. There is such a generator computed
by 2DNFs that is exponentially hard for AC0 Frege systems and another one
computed by degree 2 polynomials that is exponentially hard for PC (Lemma
19.4.7). In the class of these generators there is a universal one, so we may speak
of the gadget generator (Lemma 19.4.6). We shall present one more example of
a proof complexity generator (the truth-table function) in Section 19.5.

Given an arbitrary p-time function

f : {0, 1}` × {0, 1}k → {0, 1}k+1

we define another p-time function

Gadf : {0, 1}n → {0, 1}m

with
n := `+ k(`+ 1) and m := n+ 1

as follows:

1. Interpret an input x ∈ {0, 1}n as `+ 2 strings

v, u1, . . . , u`+1

where v ∈ {0, 1}` and all ui ∈ {0, 1}k, and

2. define the output y = Gadf (x) to be the concatenation of ` + 1 strings
ws ∈ {0, 1}k+1 where

ws := f(v, us) .

Note that ws has one more bit than us and hence the first ` strings ws have all
together as many bits as v together with the first ` strings us, and the last w`+1

produces one extra bit over u`+1.
Functions Gadf of this form will be called gadget generators and the

function f is its a gadget. We may fix the function f to be the circuit value
function

CV`,k(v, u)

which from a description v of a circuit with k inputs and k+1 outputs and from
u ∈ {0, 1}k computes the value in {0, 1}k+1. The only unknown in this set-up
is the value `, i.e how large circuits as compared to k we need to evaluate. In
fact, it turned out that we can restrict without a loss of generality to size k1+ε,
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any fixed ε > 0. The proof of the universality of such a generator needs a bit
stronger notion of the hardness than we have defined above, the iterability. We
shall introduce this in Section 19.5 but state the fact about the universal gadget
generator, without a proof, now. It is derived by a self-reducibility argument,
cf. [304]).

Recall that a size s circuit in k ≤ s inputs can be encoded by 10s log s bits.

Lemma 19.4.6 Assume that for any s = s(k) ≥ k a gadget generator using as
the gadget CV`,k with ` = 10s log s is (exponentially) iterable for a proof system
P containing R.

Then the gadget generator using CVk2,k is (exponentially) iterable for P as
well.

It thus makes a good sense to call the generator Gadf with the specific
f = CVk2,k the gadget generator a use the term gadget for the string v
itself rather then for f .

Lemma 19.4.7 There is a gadget generator Gadf using f defined by 2DNFs
(by degree 2 polynomials) that is exponentially hard for AC0-Frege systems (for
PC).

Proof:
Take ` := k(k + 1) and think of v = (vji)ji, with j ∈ [k] and i ∈ [k + 1].

Define the i-th bit of f(v, u) to be:∨
j

(uj ∧ vji) , for i ∈ [k + 1] .

Because AC0-Frege systems cannot rule out by a subexponential size proofs that
v is the graph of a bijection between [k] and [k + 1] (Ajtai’s Theorem 15.3.1),
they also cannot rule out that for some fixed v, the function u→ f(v, u) is onto
and so is Gadf .

For PC define the i-th bit of f to be:∑
j

uj · vji .

The lower bound follows by the same argument from Theorems 16.2.1 and 16.2.4.

q.e.d.

The gadget in the previous argument relied on lower bounds we have proved
already. A possible gadget generator aiming at strong proof systems is defined
as follows. Given two parameters 1 ≤ k and 1 ≤ c ≤ log k we consider gadgets
v with (k + 1)2 bits and use them to define a map nwk,c : {0, 1}n → {0, 1}n+2,
where

n := k(k + 2) + k((k + 1)2 + 1) .
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An input x ∈ {0, 1}n is interpreted as a tuple

x = (A, f, u1, . . . , ut)

where ui ∈ {0, 1}k for i = 1, . . . , t = (k + 1)2 + 1, and where v = (A, f) is read
from the gadget v as follows:

• The first (k + 1)k bits determine a (k + 1)× k 0-1 matrix A, and

• the subsequent 2c ≤ k bits in x define the truth table of a function f :
{0, 1}c → {0, 1}.

If A so determined has exactly c ones per row, we define the value y := nwk,c(x)
to be y = (v1, . . . , vt) with:

vj
i := f(uj(Ji)) , for j ∈ [t] and i ∈ [k + 1]

where x(Ji) is the c-tuple xj1 , . . . , xjc
where Ji = {j1 < · · · < jc} is the set of

ones in the i-th row of A. Otherwise we define y := 0 ∈ {0, 1}n+1.
Note that nwk,c is computed by a size O(n2+c) constant depth formula:

assuming the condition posed on A above (definable by a depth 3 formula) the
i-th bit in vj is expressible as:∨

J={j1<···<jc}⊆[n]

[ (
∧
r∈J

Air) ∧ (
∧

w∈{0,1}c

((
∧
r∈J

uj
r ≡ wr)→ fw) ) ] .

It is consistent with the present knowledge that nwk,c are hard for all proof
systems even with a small constant c. The gadget contains as a special case the
PHP-gadget from Lemma 19.4.7 and hence we at least have:

Lemma 19.4.8 The gadget generator nwk,c with any c ≥ 1 is exponentially
hard for AC0 Frege systems and for PC.

19.5 Circuit Lower Bounds

A size s circuit with k ≤ s inputs can be encoded by O(s log s) bits, say 10s log s
for definiteness. For k ≥ 1 and k ≤ s ≤ 2k/2, the truth-table function

tts,k : {0, 1}n → {0, 1}m

computes from n := 10s log s bits describing a circuit C with k inputs and of
size ≤ s the m := 2k bits of the truth table of the Boolean function computed by
C. We define tts,k to be 0 on inputs not encoding a circuit with the prescribed
parameters.

The formula τ(tts,k)b formalizes a lower bound s for the size of circuits
computing the Boolean function whose truth-table is b. It has therefore an
intuitive appeal as circuit lower bounds are the holy grail of complexity theory.
Let us make two observations, both on the positive and on the negative side.



486 Beyond bounds

Lemma 19.5.1 Let 1 ≤ k ≤ s = s(k) ≤ 2k/2.

1. Assume NE ∩ coNE 6⊆ Size(s). Then tts,k is not hard for some proof
system.

2. Assume there is a proof system P such that

(a) for some s(k) ≥ 2Ω(k) the function tts,k is not hard for P . Then
BPP ⊆i.o. NP.

(b) for some s(k) ≥ kω(1) the function tts,k is not hard for P . Then
NEXP 6⊆ P/poly.

Proof:
To prove the first statement note that for a specific function g ∈ NE∩coNE

the set of the truth tables of gk := g � {0, 1}k, k ≥ 1, is in NP. Hence we may
define a proof system whose proofs of a formula ϕ are either, say, Frege proofs
or the witnesses that ϕ = τ(tts,k)b for b the truth-table of some gk.

For (a) in the second statement, using the hypothesis, we can modify the
construction of Nisan and Wigderson [371] and Impagliazzo and Wigderson [251]
derandomizing BPP: guess a pair (b, π), where b is the truth-table of a function
with an exponential circuit complexity ≥ s(k), i.e. outside the range of tts,k,
and π is an mO(1) = 2O(k) size P -proof of τ(tts,k)b. Then use b as in [371, 251].

Part (b) holds because by a result of Impagliazzo, Kabanets and Wigderson
[243], if one could certify by p-size strings a superpolynomial circuit complexity
of a function then NEXP 6⊆ P/poly.

q.e.d.

Hence we should not expect that the truth-table function is a proof com-
plexity generator hard for all proof systems. But, on the other hand, to find
a proof system for which we could demonstrate that it is not hard for (uncon-
ditionally) appears difficult. In particular, the usual simple counting argument
showing that most functions require exponential size circuits does not lead to
any example within NE ∩ coNE.

But we have some hardness result nevertheless. The following statement is
proved by an argument analogous to the proof of Lemma 19.4.2, combined with
the natural proofs of Razborov and Rudich [448] (also recall strong PRNGs from
Section 19.4).

Lemma 19.5.2 Assume that there exists a strong PRNG. Let s(k) ≥ kω(1).
Then the truth-table function tts,k is hard for any proof system that simulates
R and admits feasible interpolation.

The τ formulas based on the truth-table function have not only an intuitive
appeal but are in a particular sense the hardest. Assume g is a P/poly map
with gn : {0, 1}n → {0, 1}n+1, i.e. stretching the input by one bit. Note that
the τ(gn) formulas have size polynomial in n. Define gn-circuits to be circuits
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which have n inputs and whose instructions can use the inputs, the two constants
0 and 1, and gn as the only connective (n-ary with n+ 1 outputs).

Let s(n) ≥ 1 be a function. A function g as above is s(n)-iterable for a
proof system P if and only if for any gn-circuit D computing m outputs, all
formulas τ(D)b, b ∈ {0, 1}m, require P-proofs of size at least s(n).

Note that s(n)-iterability implies, in particular, s(n) lower bound for P -
proofs of the τ(gn) formulas. The next statement shows why this concept is of
relevance.

Theorem 19.5.3 ([294])
Assume that a proof system P simulates R. Then the following two state-

ments hold:

1. There exists a P/poly map g stretching the input by one bit which is (ex-
ponentially) iterable for P if and only if for any 0 < δ < 1, the truth table
function tts,k with s = 2δk is (exponentially) iterable for P .

2. There exists a P/poly map g stretching the input by one bit which is ex-
ponentially iterable for P if and only if there is c ≥ 1 such that for s = kc

the truth table function tts,k is exponentially iterable for P .

Informally, if we replace the hardness by the iterability then the truth-table
function is the canonical hard function. The chief use of iterability is to establish
the hardness of the truth-table function by showing that there is some g iterable
for P : by the theorem tts,k is then iterable too and hence it is also hard. At
present we have iterable generators only for R and R(f) with f on the order of
log log (cf. Section 19.6). However, the next statement gives an indication that
the truth-table function may be hard for EF .

Lemma 19.5.4 Assume EF does not simulate the WPHP Frege system WF
(the system from Section 7.2). Then for any δ > 0, the truth-table function
tts,k with s = 2δk is iterable and hence hard for EF .

In particular, there exists stretching g computed in P/poly that is hard for
EF .

Proof:
The part about tts,k is proved via the first statement in Theorem 19.5.3 by

showing that an iterable function exists. Here we shall prove only the existence
of a suitable hard g.

We shall prove WF is CF that can use in a proof π extra axioms of the form

C(D1, . . . , Dn) 6≡ (rC
1 , . . . , r

C
m) (19.5.1)

where C is a circuit with n inputs and m outputs, Di are arbitrary circuits,
and the tuple of r-variables satisfies certain restrictions on their occurrence in
the proof π (cf. Section 7.2). By padding the output of C by |C| zeros we may
assume without a loss of generality that |C| = O(m) (this is only to appease
our earlier assumption that the size of C is polynomial in m).
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Assume that for some b ∈ {0, 1}m the formula τ(C)b has a size mO(1) proof
in EF and hence also in CF. Replace the tuple (rC

1 , . . . , r
C
m) everywhere in π by

b and derive the substitution instance of (19.5.1) by a substitution instance of
the CF proof of τ(C)b (it will have size mO(1) ·

∑
i≤n |Di|).

Removing in this way all extra axioms (19.5.1) will yield a CF proof which
can be p-simulated by an EF proof by Lemma 7.2.2.

q.e.d.

19.6 Bibliographical and Other Remarks

More on the Paris-Harrington principle and its unprovability can be found
in Hájek and Pudlák [216]. The statement that most formulas are hard for
any proof system is a folklore conjecture in proof complexity at least since the
Chvátal and Szemerédi [143] 1988 paper about random CNFs in R. It has been
proved for several proof systems besides R; for example, for PC by Ben-Sasson
and Impagliazzo [69] and for CP by Hrubeš and Pudlák [239] and Fleming et.al.
[189]. The statement is open for AC0 Frege systems.

A stand alone tautology suggested by Cook [160] as hard for Frege systems
expresses that matrix inverses commute:

A ·B = In → B ·A = In

where the matrices are 0/1 and n × n and In is the identity matrix. The
statement can be expressed by a formula, Cook’s formula, of size polynomial
in n. However, linear algebra proofs of this fact use concepts that are not known
to be definable by polynomial size formulas (but only by NC2 circuits). If a
proof system can express concepts inNC2 it also proves in p-size Cook’s formula,
cf. Hrubeš and Tzameret [240] and Cook an Tzameret [162]. There does not
seem to be a general argument why the hardness of defining proof concepts
ought to imply the proof complexity hardness. For example, all versions of
PHP are proved in elementary combinatorics by counting but you do not need
it to construct short proofs of WPHP (cf. Section 11.4). The definite advantage
of Cook’s formula is its transparency.

Sec.19.1. Lemma 19.1.2 relates to the Optimality problem 1.5.5 and it is a weak
version of a lemma from K. - Pudlák [321]; this topic will be studied extensively
in Chapter 21. Lemma 19.1.3 was pointed out to me by Cook. Gödel’s theorem
yields B(y) formalizing the consistency of S1

2 +Exp but a much stronger result
was proved by Paris and Wilkie [395]: one can take B formalizing the consistency
of Robinson’s arithmetic Q. This topic is also related to the formal system
S1

2 + 1− Exp discussed in Section 12.9.

Sec.19.2. The role of the propositional consistency statements was first pointed
out by Cook [151] and further developed in the connection to the Optimality
problem 1.5.5 in K. and Pudlák [321]. Consistency statements also play a sig-
nificant role in bounded arithmetic and were studied for a number of provability
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notions weaker than the standard one. For example, Paris and Wilkie [395] or
K. and Takeuti [331].

Sec.19.3. If we allow the relation R in the definition of NP search problems
to be itself NP nothing really changes and this relaxation seems more natural
and it is more useful for bounded arithmetic. The area of NP search problems
is tightly related to bounded arithmetic and to proof complexity. NP search
problems can be used to characterize provably total multi-functions in bounded
arithmetic theories. In the second-order set-up they relate to relativized NP
search problems and, typically, to theories up to V 1

1 and proof systems up to
EF . In the first-order set up they relate to non-relativized search problems,
theories beyond S1

2 and strong proof systems. For example, the well-known class
PLS (Polynomial Local Search) characterizes NP search problems provably total
in theory T 1

2 of Section 10.5, cf. Buss and K. [132].
Having two NP search problems R and S as in (19.3.1), we can obtain

a reduction of S to R by proving over a weak theory that S is well-defined
assuming that R is:

∀x∃yR(x, y) → ∀u∃vS(u, v) .

For example, in the first-order set-up, if the implication is provable in PV then
a p-reduction querying R finitely many times exists, and if it is provable in
S1

2 then a p-time Turing reduction (makes repeated calls to R) exists, cf.
Hanika [220, 221]. In addition, R can be replaced by a p-equivalent R̃ such that
these reductions become p-reductions as defined earlier. In this way one can
establish many reductions to familiar NP search problems. On the other hand,
showing that the implication is not provable typically means proving a lower
bound for the associated propositional formula (an inherently non-uniform task)
and that yields various relativized separations. For an example see Beame et.al.
[50] who transcribed Nullstellensatz lower bounds for counting principles (cf.
Sections 11.1 and 16.1) to proofs of the non-reducibility among various basic
(relativized) NP search classes of Papadimitriou [382]. The investigation of the
separation problems in bounded arithmetic lead also to definitions of new classes
of NP search problems, cf. Chiari - K.[140, 141], Pudlák [421], Thapen [492] or
Beckmann and Buss [60] (see these papers for further references).

In particular, Chiari and K. [141] introduced the search problem RAM: given
an undirected simple graph on {0, 1}n (by an oracle or by a (uniform or non-
uniform p-time algorithm) find its homogeneous subgraph of size n

2 (it exists
by Ramsey’s theorem, cf. Section 13.1). Using the so called structured PHP
approach [299] proved that RSA can be broken relative to RAM and finding a
collision in any candidate collision-free hash family can be reduced to RAM as
well. A number of other NP search problems and their properties in bounded
arithmetic are treated in Cook and Nguyen [157] where a more comprehensive
references for the topic can be found.

Arguably the links with bounded arithmetic is the most significant and de-
veloped theory around NP search problems and it is known for a large part over
twenty years. I do not understand why researchers in complexity theory prefer
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to ignore it and to rediscover specific known facts and immediate consequences
of the theory anew.

The construction in Section 19.3 is based on [312] and our argument for The-
orem 19.3.2 follows closely the proof of [312, Thm.2.1]. Theorem 19.3.2 may be
also interpreted as a proof-theoretic reduction: each clause of σ(¬ConER(s, k))
can be derived from D very easily in a weak proof system (e.g. tree-like R∗(log)),
cf. [312]. Theorem 19.3.2 also implies that a relativized NP search problem
that is provably total in bounded arithmetic theory V 1

1 polynomially reduces
to ¬ConER(s, k) (cf. [312]). This can be further generalized (using the idea of
implicit proofs from Section 7.3) to define non-relativized NP search problems
(denoted iΓ in [312]) that are complete among all NP search problems prov-
ably total in the theory V 1

2 of Buss [106] from Section 9.3. Other NP search
problems complete for this very strong theory were defined by Kolodziejczyk,
Nguyen and Thapen [273] and by Beckmann and Buss [61]. These NP search
problems can be used to define combinatorially looking formulations of the con-
sistency of strong proof systems, including ER. Avigad [42] proposed earlier
another simple looking combinatorial formulation of the consistency of ER (of
his system p-equivalent to it).

Note that it is possible to scale down the construction behind Theorem 19.3.2
from ER to weaker proof systems (e.g. Frege systems, AC0- , AC0[m]- or TC0-
Frege systems) by restricting circuits C that can be used in Defn,s

C to a suitable
class of circuits.

In fact, K., Skelley and Thapen [329] defined earlier a problem related to
¬ConER(s, k) but for R instead of ER (problem 1 − Ref(Res) in [329]). This
problem allows a clean combinatorial formulation as a p-equivalent colored
PLS problem of [329] or a generalized local search (GLS) defined earlier by
Chiari and K. [140].

Let us point out one interesting property of the construction related to ran-
dom formulas. For a given s ≥ 1 and k ≥ 3s define a set of clauses to be denoted
¬ConER(s, k)(Cr) by the following random process yielding a set of clauses (r
are random bits):

1. Pick s instructions for computing s subcircuits y defining a circuit Cr

with no input variables (the i-th instruction for yi is picked uniformly at
random from all legal instructions),

2. substitute in ¬ConER(s, k) for all variables pu and qu
i with u ≤ 3s the

bits defining the clauses of Def0,s
C corresponding to the circuit Cr defined

in the first step.

Is it possible that (with a high probability) the set ¬ConER(s, k)(Cr) is hard
in any proof system not simulating ER? If so, it would be a random source
of hard formulas that are always unsatisfiable (this is not true for many other
proposed constructions which provide sets unsatisfiable with a high probability
only). See the last section in [312] for more discussion.
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Sec.19.4. Lemma 19.4.1 is from [294] and it appears related to a conjecture
of Rudich [458] about the existence of a p-time function for which it is hard to
define by a small non-deterministic circuit a large set disjoint from its range.
Lemma 19.4.2 is from Alekhnovich et.al. [11], Lemma 19.4.3 from [292] and
Lemma 19.4.4 from [294]. Problem 19.4.5 can be viewed as asking for general-
izations of AC0-Frege lower bounds for the Tseitin formulas (cf. Section 13.3)
by Ben-Sasson [67] and Hastad [225]: these formulas are the τ -formulas of the
linear map associated with the underlying graph but the map shrinks the input
rather than stretching it.

The gadget generators were defined in [304] where Lemmas 19.4.7 and 19.4.8
were proved. The generator nwk,c was defined in [309].

The τ -formulas were defined independently in [291] and in Alekhnovich et.al.
[11]. My original motivation was the investigation into the role of cryptographic
primitives (OWFs, OWPs or PRNGs) in bounded arithmetic. In particular, I
recognized as fundamental in this context a theory I called BT (stands for Basic
Theory): PV extended by all instances of the dual WPHP (dWPHP) for p-time
functions. This theory is now called APC1, cf. Section 12.6. I tried but failed
to prove, using some plausible cryptographic assumption, that BT is stronger
than PV; the problem is still open. The dWPHP principle has one attractive
model-theoretic feature not shared by the original WPHP. Namely, if we have a
p-time function f : {0, 1}n+1 → {0, 1}n in a model of PV that satisfies WPHP
(i.e. there are two different u, v ∈ {0, 1}n+1 such that f(u) = f(v)), it will
satisfy it in all extensions of the model (the pair u, v will still be there). But
if g : {0, 1}n → {0, 1}n+1 satisfies dWPHP, say some b ∈ {0, 1}n+1 is not in
the range of g, you can, in principle, change that: just add a ∈ {0, 1}n to the
model with the property that g(a) = b. A less detailed but essentially equivalent
formulation of the feature is that WPHP is a ∀Σb

1 sentence while dWPHP is
∀Σb

2. But (as we shall see in Chapter 20) you can adjoin such a if and only if
there is no EF proof of τ(g)b in the ground model.

The motivations in Alekhnovich et.al. [11] were to understand the role of
PRNGs in proof complexity and to investigate from a unified perspective various
known lower bounds and how they could be possibly generalized to stronger
proof systems (see [11] for details of their view). Lemma 19.4.3 shows that
PRNGs are not a priori hard proof complexity generators as well but it does
not rule out that a specific construction of PRNGs yields such generators. In
particular, [11] investigated the Nisan-Wigderson generator.

The Nisan-Wigderson generator is constructed from an m× n 0-1 matrix A
(we shall assume that Aij = 1 if and only if j ∈ Ji ⊆ [n]) and a Boolean function
f similarly as a few maps we have seen already. Let us state this precisely. There
are two additional parameters d, ` ≥ 1 and A is required to be a (d, `)-design:
|Ji| = ` for all i and |Ju∩Jv| ≤ d for all different u, v. The function f is defined
on {0, 1}` and the i-th bit of the output of the Nisan-Wigderson generator
NWA,f (x) determined by A and f is:

f(x(Ji)) , where x(Ji) = xj1 , . . . , xj`
if Ji = {j1 < · · · < j`} .
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[11] proved the hardness of NWA,f for R, PC and their combination PCR (cf.
Section 7.5) under various encodings of the maps in the τ formulas, assuming
some expansion properties of A (as in Section 13.3) and some combinatorial
properties of f . Razborov [443, 444] subsequently extended these lower bounds
to some DNF-resolution systems R(h) (cf. Section 5.7) up to h proportional to
log log in [444] (the paper speaks about R(ε log n) but in our definition this is
R(Ω(log log)), see the discussion in Section 5.9).

We shall not present these lower bounds in detail but instead will discuss
a conjecture Razborov [444] made about the hardness of NWA,f as a proof
complexity generator. First note that if we allow g to be in NP∩coNP, meaning
that the predicate the i-th bit of g(x) is 1 is in NP ∩ coNP, then we can still
express b /∈ Rng(g) by a propositional formula. Razborov’s conjecture ([444,
Conj.2]) says that

• If g = NWA,f is based on a matrix A which is a combinatorial design
with the same parameters as in Nisan and Wigderson [371] and on any
function f in NP ∩ coNP that is hard on average for P/poly, is hard for
EF .

The parameters mentioned are likely those used by Nisan and Wigderson [371,
L.2.5]:

d = log(m) , log(m) ≤ ` ≤ m , n = O(`2)

(there are other sets of parameters in [371] but they lead to easy g). The
hardness on average is measured by the minimum S for which there is a
circuit C of size ≤ S such that

Probu∈{0,1}` [f(u) = C(u)] ≥ 1
2

+
1
S

and [371] require that it is 2Ω(`) and also ≥ m2. All these constrains together
allow the following set of parameters, for any ε > 0:

m = 2εn1/2
, d = εn1/2 , ` = n1/2 .

Note that this means that the τ(g) formulas are provable in quasi-polynomial
size m(log m)O(1)

in R already by going through all possible arguments and all
possible NP witnesses in the definition of f .

Pich [399, 400] proved that the conjecture holds for all proof systems with
feasible interpolation in place of EF (in fact, weaker assumptions on both A
and f suffice). The conjecture was also proved in [306] to be consistent with the
true universal theory in the language LBA(PV) (it contains PV). In fact, it is
consistent that Rng(NWA,f ) intersects every infinite NP set (cf. Lemma 19.4.1).
The conjecture is very sensitive to the choice of parameters. The size of τ(g) will
be polynomial inm even if we allow f to be in NTime(mO(1))∩coNTime(mO(1)).
But [295] proved that then the validity of the conjecture implies unconditionally
that EF is not p-bounded. It is not clear (or discussed in [444]) why the time
complexity of f should matter.
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There is also something opaque in using NP∩coNP functions in this context.
First, we cannot express propositionally that f is a total function. Having
only partial f could make the τ formula only harder to prove (there are less
constraints on the output). But what if we cannot prove that f has unique
values? Then we do not need to bother with the τ formulas as we already have
a lower bound. Moreover, in this case the τ formulas could be hard irrespective
of how hard it is to compute f . In particular, if U, V are two disjoint NP sets
whose disjointness is hard for EF then EF cannot prove feasibly that f(u) 6= b,
either b ∈ {0, 1}, for any f separating U from V . In particular, we could take
J1 = · · · = Jm (i.e. no design condition needed) and still get hard g. Recall that
such a pair U, V exists if EF is not optimal (cf. Lemmas 17.2.5 and 19.2.2). I
think that for these reasons it may be good to study the conjecture for some
specific f avoiding these pathologies, e.g. a hard bit of the RSA (cf. Theorem
18.7.2).

The advantage of the generator from the conjecture seems to be that there
are non-deterministic witnesses (feasibly unreachable from b) to play with. The
advantage of the gadget generator is that it reduces the task to prove the hard-
ness of a specific function (the generator) to the task to prove that it is consistent
with the proof system (i.e. not shortly refutable) that a hard function (the gad-
get) exists. Maybe it could be combined, similarly as the function nwk,c in
Section 19.4.

A theory around proof complexity generators slowly grows [292, 443, 294,
444, 295, 299, 302, 304, 306, 310] and [309, Chpts.29 and 30] offers an overview
(do not panic: you do not need to read the first 28 chapters in order to under-
stand it).

Sec.19.5.
The truth-table function was considered as a proof complexity generator in

[294]. Lemma 19.5.1 is [309, Thm.29.2.2] and Lemma 19.5.2 is [309, Thm.29.2.3]
(and its proof can be found there). The definition of iterability and Theorem
19.5.3 is from [294]. Iterability is a special case of a stronger property, pseudo-
surjectivity, that has a model-theoretic meaning. Pseudosurjective maps g
satisfy the same condition as iterable ones but for any circuit D using besides
the gate gn also the usual DeMorgan connectives.

The iterability and the pseudosurjectivity can be interpreted via the Student
- Teacher game from Section 12.2 (cf. [294, Sec.3] for details).

It is possible to avoid iterability when proving the hardness of the truth-table
function if a very weak WPHP with exponentially many pigeons is not shortly
provably in the proof system under consideration. Any function on {0, 1}k can
be defined by a size O(k2k) DNF and, when WPHP so badly fails, the terms
in the DNF can be enumerated by numbers up to kO(1), defining thus a circuit
of p-size computing the function. This relates to a construction of Razborov
[438]. An analogous construction works if one has a hard generator g with m
exponential in n and such that each output bit is computable in time polynomial
in n (cf. Razborov [444]).
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At present we have iterable generators only for R and R(f) with f on the
order of log log: it is the function from Lemma 19.4.4. It is a bit premature now
but if Problem 19.4.5 has an affirmative solution then it would be natural to ask
if the function is actually also iterable for AC0 Frege systems. The following
problem seems less premature.

Problem 19.6.1 (Iterability for AC0 Frege)
Is the linear map from Problem 19.4.5 or the gadget generator from Lemma

19.4.7 (exponentially) iterable for AC0 Frege systems?

If so then the truth-table function is hard for AC0 Frege systems and, in
particular, theory V 0

1 does not prove super-polynomial circuit lower bounds.
Such an unprovability result could be expected to hold even for lower bounds
for AC0 circuits but it is unknown at present (cf. [294, Thm.4.3]).

Lemma 19.5.4 is a variant of [294, Thm.5.2]. The original argument was
model-theoretic and showed that under the hypothesis, for any 0 < δ < 1, the
truth table function tts,k with s = 2δk is iterable and hence hard for EF .

There is an interesting parallel in how PRNGs are used and how proof com-
plexity generators may be used. PRNGs are used to reduce significantly the
number of random bits an algorithm needs to use, and possibly derandomize it
completely. In proof complexity we can consider the following situation. Let
ϕ(y1, . . . , ym) be an unsatisfiable CNF formula with m variables. We say that
a subset E ⊆ {y1, . . . , ym} is a set of essential variables (it is not necessarily
unique) if knowing the values of the variables in E allows to quickly deduce
- assuming ϕ - the values of all other variables. We formalize this as follows.
Let y1, . . . , ym = u, v. Then the set of the u-variables is essential if and only if
formulas vi ≡ wi for all possible i have p-size R-derivation from

ϕ(u, v) ∧ ϕ(u,w) .

It was proved in [302] using the generator exponentially iterable for R mentioned
above that there is a substitution h : {0, 1}` → {0, 1}m with ` = (logm)O(1)

such that ϕ(h(x)) has a set of ` essential variables x and any R-refutation of size
≤ m(log m)µ

for a fixed µ > 0 implies that the original formula ϕ(y1, . . . , ym) is
unsatisfiable.

There are other way how to represent Boolean functions and how to formu-
late circuit lower bounds in bounded arithmetic, cf. [281]. An overview may be
found in Müller and Pich [362]; we shall return to this topic in the last Chapter
22.



Chapter 20

Model Theory and Lower
Bounds

This chapter presents a model-theoretic framework for thinking about lower
bounds for strong proof systems and, ultimately, about the NP =? coNP Prob-
lem 1.5.3. The approach relies essentially on the Completeness and the Com-
pactness theorems for first-order logic. The unprovability of a sentence A in a
theory T is equivalent to the existence of a model of T in which A fails. The
equivalence replaces a task to show that something does not exists (a proof) by
a task to construct something else (a model). We would like something similar
for proof systems: to replace the task of showing that a tautology ϕ does not
have a short proof in a proof system P by a task to construct some model.
Models in propositional logic are truth-assignments and it seems that we can-
not construct a new one. Here the Compactness Theorem helps. Rather than
thinking about a single formula we think about sequences of formulas {ψk}k
and take ϕ to be ψn for a non-standard n. It represents the whole sequence and
its proof complexity reflects the asymptotic proof complexity of ψk. We shall
see that for this ϕ it is possible to add new truth assignments.

A simple statement (with remarkable consequences) underlying this informal
description will be given in Section 20.1. Section 20.2 gives a general formulation
of model-theoretic tasks equivalent to lower bounds (both in proof complexity
as well as in circuit complexity), and Sections 20.3 and 20.4 present two forcing
set-ups.

20.1 Short Proofs and Model-Extensions

This section present a simple model-theoretic construction which has, neverthe-
less, remarkable consequences (Corollary 20.1.4). It may be useful to refresh the
basic model theoretical example in Chapters 8 and 9. We shall take as our main
example EF and its corresponding theory PV1, and formulate most statement
for this pair only. We will work therefore in the first-order set-up and use the

495
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translation || . . . || (cf. Chapter 12). The arguments work, however, for all pairs
of a proof system P and a theory T satisfying the correspondence conditions.
It may be useful if the reader refreshes what the correspondence means (cf.
Section 8.6). In particular, it ought to hold that:

1. P ≥p EF and T is a theory in the language LBA(PV), T ⊇ PV1.

2. T proves the soundness of P , RFNP , and hence also its consistency, ConP .

3. If A(x) is an open LBA(PV)-formula and T proves ∀xA(x) then there are
polynomial size P -proofs of the formulas ||A||n.

In fact, such proofs can be constructed by a p-time algorithm f from 1(n)

and T proves that f constructs such proofs.

The first condition about the strength of P and T is added so that arguments
for EF and PV1 can be smoothly generalized to P and T . The second and
the third conditions were established for EF and PV1 in Theorem 12.4.2. The
part about provability in PV1 that f constructs proofs of the formulas was not
stated in Theorem 12.4.2 (it was not needed then) but it obviously follows from
the construction there.

We shall use the following LBA(PV) formulas:

• Sat0(x, y): an open formula formalizing that y is a satisfying assignment
for a formula x,

• Sat(x) := ∃y ≤ x Sat0(x, y),

• Taut(x) := ∀y ≤ x Sat0(x, y),

• PrfP (x, z): an open formula formalizing that z is a P -proof of x,

• PrP (x) := ∃zPrfP (x, z).

We shall often write ϕ for x and π for z. We shall also write in LBA(PV)-
formulas ¬ϕ as a shorthand for the LBA(PV)-function f¬(ϕ) that assigns to the
formula code ϕ the code of its negation.

Completeness of EF can be formalized by the sentence:

∀ϕ (Taut(ϕ)→ PrEF (ϕ)) . (20.1.1)

This sentence is true but it is not provable in PV1 unless P = NP. To see this
unwind the definitions of Taut and PrEF :

∀ϕ∃y, z (Sat0(¬ϕ, y) ∨ PrfEF (ϕ, z)) .

If this sentence was provable in PV1, by Herbrand’s Theorem 12.2.1 and its
Corollary 12.2.3 there would be finitely many LBA(PV) terms tj(x) such that
for each ϕ one of them tj(ϕ) computes either a falsifying assignment y or an
EF -proof z. We can combine them into one LBA(PV) function (p-time, in
particular) that would solve SAT.
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This observation implies that in a model M of PV1 there may exists a tau-
tology ϕ, M |= Taut(ϕ), without an EF -proof. Our first lemma characterizes
such models.

Lemma 20.1.1 Let M be a model of PV1 and assume that ϕ ∈M is a propo-
sitional formula. Then the following two statement are equivalent:

1. There is no EF -proof of ϕ in M:

M |= ∀z ¬PrfEF (ϕ, z) .

2. There is an extension M′ ⊇M in which ϕ is falsified:

M′ |= ∃y Sat0(¬ϕ, y) .

Proof:
Assume that 2. holds. Then M cannot contain an EF -proof π of ϕ because

such a proof would be also in M′ and that would violate the soundness of EF
(provable in PV1).

Assume now that 2. fails, i.e. in all extensions M′ ϕ remains a tautology.
This means that a theory S in the language LBA(PV) augmented by constants
for all elements of M and by a new constant c, and consisting of axioms:

• PV1,

• the diagram of M: all quantifier-free sentences true in M,

• Sat0(¬ϕ, c)

is inconsistent. Assume σ is a proof of the inconsistency; we may look at it as
a proof in PV1 of ∧

i≤t

Di → ¬Sat0(¬ϕ, c) (20.1.2)

where Di are some sentences from the diagram. If we think of all constants in
the implication that are not in LBA(PV) as of variables, the p-simulation of
PV1 by EF implies that each

||
∧
i≤t

Di → ¬Sat0(¬ϕ, c)||m

has an EF -proof πm constructed - provably in PV1 - by a p-time f from 1(m).
In particular, taking n a length in M majorizing the lengths of the constants

in (20.1.2), in M there is an EF -proof πn := f(1(n)) of

||
∧
i≤t

Di → ¬Sat0(¬ϕ, c)||n . (20.1.3)
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Now, working in M, substitute for all atoms corresponding to the variables
standing for constants for elements of M the actual bits these elements deter-
mine. This turns each Di into a true propositional sentence which has a simple
proof in M (by evaluating the sentence). Hence we have a proof of

||¬Sat0(¬ϕ, c)||n

from which ϕ can be deduced as in the claim showing (8.4.8) in the proof of
Theorem 8.4.3.

q.e.d.

An extension M′ of M is cofinal if every element of M′ is bounded above
by some element of M.

Corollary 20.1.2 Let M be a countable model of PV1. Then it has a cofinal
extension M′ ⊇cf M such that every tautology in M′ has an EF proof in M′.

Proof:
Enumerate in ϕ0, ϕ1, . . . all formulas in M as well as all formulas that may

appear in the following countable chain construction. Put M0 := M and for
i = 0, 1, . . . define:

• If Mi |= Taut(ϕi) ∧ ¬PrEF (ϕi) put Mi+1 to be an extension of Mi

provided by Lemma 20.1.1 (and possibly shortened to a cut so that Mi is
cofinal in it) in which ϕi is falsified.

Then define M′ :=
⋃

i Mi.

q.e.d.

Corollary 20.1.3 There is a model M∗ of PV1 such that any tautology in M∗

has an EFproof and there is a non-standard element a ∈M with length n := |a|
such that for any element b ∈M: |b| ≤ nk , for some standard k.

Proof:
Let M be any countable model of PV1 in which the standard powers nk of

some non-standard length n eventually majorize any length. Such a model can
be found as a cut (cf. Section 8.3) in an arbitrary non-standard model of PV1.
Then apply to it Corollary 20.1.2.

q.e.d.

This has a bearing on the provability of lengths-of-proofs lower bounds to
EFproofs in PV1. How can we express a particular super-polynomial lower
bound for EF , say a quasi-polynomial lower bound nlog n? Theory PV1 does
not prove that for any x with length n := |x| there is a string y of length
nlog n (cf. Parikh’s theorem 8.1.1) as it can prove the totality of functions of
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polynomial growth in length only. However, we do not need such function to
express the lower bound. We may write

∀x∃ϕ ≥ x [Taut(ϕ) ∧ ∀π(|π| ≤ |ϕ|log |ϕ|)¬PrfEF (ϕ, π)] . (20.1.4)

The next statement follows immediately from the model in Corollary 20.1.3.

Corollary 20.1.4 The lower bound (20.1.4) is not provable in PV1.

Considering the fact that PV1 proves a lot of complexity theory this unprov-
ability results seems interesting. We shall return to it in Chapter 22.

We now turn our attention to particular models which are relevant, as we
shall see, to lower bounds for EF -proofs of particular formulas. A small canon-
ical model M of PV1 is any non-standard model which is a cut in a model
of true arithmetic in the language LBA(PV) and in which standard powers of
some non-standard length eventually majorize any other length. In other words,
a small canonical model M is obtained from a model of true arithmetic in the
language LBA(PV) by picking its non-standard element a and taking for M the
smallest cut in the ambient model generated by a. These models are, in fact, not
only models of PV1 but of all true universal (Π0

1, in fact) LBA(PV) sentences.

Lemma 20.1.5 Let {ψk}k be a p-time constructible sequence of tautologies,
|ψk| ≥ k, and let f be a p-time function computing ψk from 1(k). Then the
following two statements are equivalent:

1. The sequence {ψk}k is a hard sequence for EF (cf. Section 19.1).

2. For any small canonical model M and any non-standard length n in it
there is an extension M′ ⊇M to a model of PV1 in which ψn := f(1(n))
is falsified.

Proof:
Assume first that the sequence is hard for EF . That is, for any c ≥ 1 there is

kc ≥ 1 such that for all k ≥ kc the formula ψk has no EF -proof of size ≤ |ψk|c.
The statement

∀a, n (|a| = n ∧ n ≥ kc → ∀z(|z| ≤ nc)¬PrfEF (f(1(n)), z)

(constants c and kc are represented by dyadic numerals from Section 7.4) is true
and hence it is also true in any non-standard model of true arithmetic and thus
also in any small canonical model. Taking all these statements together for all
c ≥ 1 (and for corresponding kc) shows that in any small canonical model no
ψn with a non-standard n has an EF -proof. The existence of M′ then follows
by Lemma 20.1.1.

For the opposite direction assume that the sequence is not hard for EF ,
i.e. there is a fixed c ≥ 1 such that infinitely many formulas ψk have an EF -
proof of size ≤ |ψk|c. Let M0 be a model of true arithmetic and b its arbitrary
non-standard element.
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Claim: In M0, there is a non-standard a ≤ b such that for n := |a| the formula
ψn has an EF -proof of size ≤ |ψn|c.

If not, we could define in M0 the standard cut N by the condition that
x ∈ N if and only if

∃k ≤ |b| x ≤ k ∧ (∃z(|z| ≤ |ψk|c)PrfEF (ψk, z) .

That would contradict induction in M0.
It follows that no small canonical model, a cut in M0, containing a admits

an extension falsifying ψn.

q.e.d.

All statements above can be proved by identical arguments for any pair of a
corresponding theory T and a proof system P satisfying the conditions stated at
the beginning of the section. While for some proof system Q we may not find a
corresponding theory (if Q does not admit p-size proofs of its own consistency)
we can construct P ≥p Q for which a suitable T exists. In particular, we can
take P := EF + RefQ (as in Section 19.2) and T := PV1 + RefQ. Note that
this construction applies also to those incredibly strong proof systems coming
from PA or ZFC (cf. Section 7.4).

To conclude, let us consider a model-theoretic situation that applies to all
proof systems at the same time, i.e. it relates to the NP =?coNP Problem 1.5.3.
Denote by ∀1ThPV(N) the true universal LBA(PV) theory: the set of all
universal LBA(PV)-sentences true in the standard model N. This theory is not
very transparent; as a consequence of Trakhtenbrot’s theorem [494] it is not even
recursively enumerable (cf. the introduction to Section 12.1). It is axiomatized
over PV by the set of all RFNP , for all proof system P . This allows to formulate
statements similar to (and, in fact, stronger than) the following one. We shall
skip its proof; it uses properties of non-standard models (overspill, in particular)
we have not discussed.

Lemma 20.1.6 The following two statements are equivalent:

• NP 6= coNP.

• There exists a small canonical model M containing a tautology ϕ that can
be falsified in some extension M′ ⊇M that satisfies ∀1ThPV(N).

20.2 Pseudo-finite Structures

Models of bounded arithmetic and their expansions can be replaced by a seem-
ingly more elementary, and thus more maybe accessible, model-theoretic frame-
work working with pseudofinite structures. It is essentially equivalent but it
can be formulated without a need to introduce first bounded arithmetic the-
ories. The idea is that what really matters in models M and M′ in Section
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20.1 is only the initial segment [0, n], where n bounds the length of all objects
under consideration (a formula, a proof, an assignment, etc.), together with the
objects themselves represented by relations on [0, n] coding them.

Let Lps be a finite first-order language. A pseudofinite Lps-structure is
an infinite structure satisfying the Lps-theory of all finite Lps-structures. There
is a number of equivalent definitions of this notion and the one most useful for
us is that it is

• an Lps-structure isomorphic to an Lps-structure definable in a non-standard
model of true arithmetic M whose universe is a non-standard initial in-
terval of M.

So we do not escape non-standard models. Pseudofinite structures encode in
a sense a sequence of larger and larger finite structures and their properties
reflect asymptotic properties of the sequence. Many computational and proof
complexity questions are about the asymptotic behavior of sequences of circuits
or propositional proofs or similar objects, all easily encodable by finite structures
(as we have seen in Lemma 1.4.4 or Section 8.4).

The general problem of expansions of pseudofinite structures can be for-
mulated as follows. Let A be a pseudofinite Lps-structure definable in a non-
standard model M of true arithmetic such that the universe of A is [0, N ], N
non-standard. We shall assume that Lps contains symbols for constants 0, 1
and binary relation symbols suc(x, y) and ≤ that are interpreted in A by the
elements 0, 1 of M and by the successor relation x < N ∧ x + 1 = y and by
the ordering ≤ of M, respectively. We may add, if needed, ternary relations
interpreted by the graphs of addition and multiplication in M. Note that if the
arithmetic structure is present on [0, N ] it uniquely determines the minimum
cut in M containing N and closed under the addition and the multiplication;
the cut is a model of I∆0(Lps) (cf. Claim 2 in the proof of Theorem 8.1.1 in
Section 8.3).

We have represented the successor function (and addition and multiplication)
by their graphs because we want relational languages; that is a helpful restriction
in finite model theory. Let L ⊇ Lps be a bigger finite relational language.
The general task is to expand A to an L-structure B such that B satisfies
some property. For example, it models an L-theory T . The model-theoretic
term expands means that B has the same universe as A and interprets Lps

identically, and only adds on top of A an interpretation of the symbols from
L \ Lps.

Let us consider a specific example, a reformulation of Ajtai’s argument (Sec-
tion 8.5) for Theorem 8.5.1. Let R be a binary relation symbol not in Lps. The
task is to interpret the relation symbol R by a relation R∗ on the universe [0, N ]
of A such that the expanded structure satisfies:

(a1) the least number principle LNP

∃xB(x) → (∃x∀y < x B(x) ∧ ¬B(y))

for all Lps(R)-formulas,
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(a2) R is the graph of an injective function from [0, N ] into [0, N − 1].

Lemma 20.2.1 Assume that for any finite language Lps, any pseudofinite Lps-
structure A has an expansion to B = (A, R∗) satisfying (a1) and (a2).

Then the PHP formulas PHPk do not have p-size AC0-Frege proofs.

Proof:
Assume that there are depth d size kc Frege proofs of PHPk, all k ≥ 1, for

some constants c, d ≥ 1. If A sits inside a non-standard model of true arithmetic
M, then such proofs exists also for all k from the model and, in particular, for
k := N . A depth d proof of size ≤ N c of PHPN can be encoded by a relation
Π on [0, N ] (as in Section 8.4), and let Lps has a name S for the relation and
A interprets S by Π.

The only point of talking about expansions is the following claim.

Claim: If B is an expansion of A then Π is a depth d proof of PHPN in B as
well.

This is simple but key: The property of S being a proof does not mention
R at all and the two structures A and B are identical as Lps-structures.

But the two conditions rule out the existence of such a proof, as in the proof
of Theorem 8.5.1.

q.e.d.

Note that it is easy to incorporate into this set-up stronger lower bounds. For
example, for n ∈ [0, N ] an element such that in M we have n = (logN)1/100,
modify (a2) into saying that R is the graph of an injection from [0, n] into
[0, n − 1]. Then A is large enough to encode proofs of size NO(1) = 2O(n1/100)

and we deduce from the existence of the expansion such a lower bound.

Ajtai [4] used earlier similarly strategy for his lower bound for AC0 circuits
computing parity (cf. Theorem 1.4.3). He reports in [4] that his first proof of
the lower bound was model-theoretic via non-standard models and only later he
choose to present it in a finitary way. The former argument may run as follows.

Binary strings w of length n+ 1 are in a correspondence with subsets W of
[0, n]. By Lemma 1.4.4 a property of binary strings is in class AC0 if and only if
there is a finite relational language L, L(X)-formula Φ(X) with X a new unary
predicate, and a sequence of L-structures Ak with universe [0, k], k ≥ 1, such
that a string w of length k+1 has the property if and only if the corresponding
set W satisfies Ak |= Φ(W ).

Assume now, for the sake of a contradiction, that parity is in AC0 for in-
finitely many lengths. Let L be a finite relational language and let Ak be
L-structures with the universe [0, k] for infinitely many k ≥ 1 such that parity
of X ⊆ [0, k] has an odd number of elements if and only if (Ak, X) |= Φ(X).

Hence for any non-standard model of true arithmetic M there will be a
non-standard N such that for all W ∈M, W ⊆ [0, N ]:

(b1) |W | is odd if and only if (AN ,W ) |= Φ(W ).
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Here the parity and the satisfiability relation |= are defined in M.
Given a pseudofinite structure AN , Ajtai [4] constructed two pseudofinite

structures, both expanding AN :

(AN , U,R) and (AN , V, S)

with U, V subsets of the universe and R, S binary relations, such that:

(b2) In (AN , U,R), R is a 2-partition of U ,

(b3) In (AN , V, S), S is a 2-partition of V with a remainder block of size 1,

(b4) (AN , U) is isomorphic to (AN , V ).

(see Section 11.1 for 2-partitions and their remainder blocks). The following is
then easy:

Lemma 20.2.2 There cannot be three pseudofinite structures AN , (AN , U,R)
and (AN , V, S) satisfying the four conditions (b1) - (b4).

We remark that the existence of the two expanded pseudofinite structures
satisfying (b1) - (b4) is actually equivalent to parity not being in AC0.

The condition that the expansions ought to be themselves pseudofinite is less
elementary than in the first example. But it can be replaced by the requirement
that:

• Y is a 2-partition of X, and

• the remainder of Y is 1 if and only if Φ(X),

where X (resp. Y ) is a unary (resp. binary) relation symbol interpreted by U, V
(resp. by R, S).

Both our examples concern AC0, i.e. a weak proof system and a weak
circuit class. We can generalize the expansion task to any proof system P by
considering instead of the LNP axiom a Π1

1 axiom stating that P is sound, as
the formula RefP in (8.4.4).

A task related to the NP =?coNP problem can be formulated analogously
to Lemma 20.1.6. The role of the theory ∀1ThPV(N) is taken over by the
requirement that the expansion is pseudofinite and hence automatically satisfies
all true Π1

1 sentences.

Lemma 20.2.3 The following two statement are equivalent:

1. NP 6= coNP.

2. Every pseudofinite A has a pseudofinite expansion of the form (A, F, E)
such that it holds:

• In (A, F ) F is a tautology, but

• in (A, F, E) E is an assignment falsifying F .
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20.3 Model-theoretic Forcing

Forcing is often used in two extreme meanings. It is either understood in a
narrow sense as set-theoretic forcing or in a wide sense as a framework in which
many model-theoretic constructions can be formulated. The former is attractive
but quite different from what we encounter in arithmetic; just note that PA is
essentially equivalent to set theory with the axiom of infinity replaced by its
negation. Various notions key to set-theoretic forcing then become undefinable,
an essential obstacle to make it work. The latter sense is too general to be
helpful. We shall settle in this section in the middle ground and present a
specific forcing going under the name model-theoretic forcing or Robinson’s
(finite) forcing.

Assume we have a countable pseudofinite A with the universe [0, N ] and we
want to add to it a binary relation R ⊆ [0, N ]2 with some special properties. We
shall built R from larger and larger finite chunks. Let P be a set of some (not
necessarily all) relations r on the universe partially ordered by inclusion. The
elements of P are called forcing conditions. Consider the following forcing
game played by two players, Abelard and Eloise. Abelard starts and picks any
condition r0, Eloise replies with r1 ⊇ r0. In general Abelard picks conditions
r2i ⊇ r2i−1 with even indices while Eloise those r2i+1 ⊇ r2i with odd ones. They
game is played for countably many rounds creating a particular play, an infinite
sequence:

r0 ⊆ r1 ⊆ r2 ⊆ . . . .

The play determines the relation R :=
⋃

i ri.
We say that a property Θ of the expanded structure (A, R) is enforceable

if and only if Eloise has a strategy that guarantees that the compiled structure
will satisfy Θ no matter how Abelard plays.

Let us give an example. Take for Pphp the set of all finite (in the absolute
sense) binary relations on the universe of A that are graphs of partial injective
functions from [0, N ] into [0, N − 1].

Lemma 20.3.1 It is enforceable that the compiled structure (A, R) satisfies:

• R is the graph of a total injective function from [0, N ] into [0, N − 1] (i.e.
it violates the PHP).

• The least number principle LNP (cf. Section 9.4) for any existential
Lps(R)-formula B(x):

∃xB(x)→ (∃u∀v B(u) ∧ (v < u→ ¬B(v))) .

Proof:
The relation R cannot violate the injectivity. To arrange that it is everywhere

defined Eloise enumerates (that is why we assumed above that A is countable)
all elements of [0, N ] as u0, u1, . . . and when she is creating r4i+1 she chooses
some whose domain contains ui.
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To enforce the LNP is a bit more complicated. LetB(x) = ∃y1, . . . , yk B
′(x, y)

be an existential formula, B′ open. To simplify things assume that Lps is rela-
tional. How much of R we need to know in order to assert for some u that B(u)
is true? We need k witnesses v1, . . . , vk for the y-variables and then we need to
fix the truth value of some atomic sentences of the form R(i, j), i, j either one
of u, v1, . . . , vk or a constant from Lps. The number of these atomic sentences
is bounded by some constant c ≥ 1 depending on B but not on u.

To enforce that R(i, j) is true Eloise simply chooses a condition where this
is true, to arrange that it is false she chooses a condition in which r(i, j′) for
some j′ 6= j.

To enforce the LNP she enumerates all existential formulas as B0, B1, . . . and
when she is choosing r4i+3 she proceeds as follows. Let c ≥ 1 be the constant
bounding the number of atomic sentences in Bi. She looks inside M for the
minimum u ∈ [0, N ] such that

• there exists a partial relation r satisfying

r ⊇ r4i+2 ∧ |r \ r4i+2| ≤ c (20.3.1)

such that r enforces that Bi(u) is true.

The key thing is that while P is not definable in M, in the requirement (20.3.1)
we quantify over its subset which is definable. Hence we can apply the LNP in
M and the minimum u exists.

q.e.d.

The reader may note the similarity of this forcing notion with the adversary
arguments in Chapter 13. The interesting thing is that to improve the result
and to enforce in the expanded structure the LNP for all formulas needs just a
change in the set of forcing conditions.

Lemma 20.3.2 Let P+ be the set of graphs of partial injective functions f from
[0, N ] into [0, N − 1] such that for some standard ε > 0, |dom(f)| ≤ N −N ε.

Then it is enforceable that R violates the PHP and that (A, R) satisfies the
LNP for all Lps(R) formulas.

The general idea is that the partial restrictions as in Section 15.2 reduce any
Lps sentence on (A, R) to an equivalent (in the sense of what can be enforced)
propositional N δ-DNF formulas built with atoms r(i, j), for some fixed δ > 0.
We shall not pursue the details here (cf. Section 20.5 for references).

The challenge is to find forcing conditions that would create a model for a
stronger theory than LNP . If aiming at EF we could try to force a model for V 1

1 .
This means expanding A not by one set or relation but by a family (containing
the original structure) of those: this is then the domain for the set-sort variables.
This is difficult as such a family is a priori very rich. A combinatorially easier
approach may be to use characterizations of bounded first-order consequences
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of V 1
1 . For example, using the results described in Section 19.3. Assuming that

D is an unsatisfiable set of narrow clauses and σ is a clause reduction of D to
¬ConER(s, k) as in Theorem 19.3.2, both encoded in A, we may try to add a
satisfying assignment E for D while arranging that σ(E) violates ¬ConER(s, k).
That would prove that no clause reduction σ with the required properties exists
and hence neither does a short refutation of D.

20.4 Forcing with Random Variables

We now turn to another forcing approach that can be used to construct suitable
expansions of pseudo-finite structures. We give its brief and informal outline;
the interested reader should consult [309] where it was defined and developed.
We use the same or similar notation as in [309] in order to allow for an easy
comparison among the two texts.

Let Lall be a language with a name for every relation and function on the
standard model N. This is for a convenience of a general development; at any
time we need only a finite part of language Lall. Let M be a non-standard
ℵ1-saturated model of true arithmetic in Lall. The saturation is a technical
condition imposed on the model and we state it here for the correctness of the
discussion but we shall not explain it here.

Let n ∈M be a fixed non-standard element. The cut Mn in M consists of
all elements m such that m < nk for some standard k. This could be denoted
informally m < nO(1). This cut plays the role of a small canonical model as
defined in Section 20.1.

Let Ln be the language consisting of all relations in Lall and all functions f
in Lall that map the cut into itself. For example, if f is bounded by a polynomial
then f ∈ Ln.

Let Ω be an infinite set such that Ω ∈M; it is therefore finite inside M and
in M we can count its cardinality as well as cardinalities of all its subsets if they
are definable in M. The set Ω is called the sample space and its elements
ω ∈ Ω are samples. Let F ⊆M be any family of partial functions

α :⊆ Ω→Mn

that are element of M, α ∈M, such that

|Ω \ dom(α)|
|Ω|

is infinitesimal, i.e. smaller that 1/k for all standard k (which is equivalent to
being smaller that 1/t for some non-standard t). We shall call the set Ω\dom(α)
the region of undefinability of α. As α is an element of M, the function is
definable there, but it is important that we do not require that the family F
itself is definable.

The family F is the universe of a Boolean-valued L-structure K(F ) for some
L ⊆ Ln. The symbols of L are interpreted by composing them with elements
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from F . For example, for a unary f ∈ L, f(α)(ω) = f(α(ω)). It is required
that this function f(α) is also in F , i.e. that F is L-closed in the terminology
of [309].

Every atomic L(F )-sentence A is naturally assigned a subset 〈〈A〉〉 ⊆ Ω
consisting of those samples ω ∈ Ω for which all elements α of F occurring in
A are defined and A is true in M. It was proved in [309, Sec.1.2] that if we
factor the Boolean algebra of M-definable subsets of Ω by the ideal of sets of an
infinitesimal counting measure we get a complete Boolean algebra B. The image
of 〈〈A〉〉 in B in this quotient is denoted [[A]]. This determines the truth value
[[A]] ∈ B for any L(F )-sentence A: [[. . .]] commutes with all Boolean connectives
and

[[∃xA(x)]] :=
∨

α∈F

[[A(α)]] and [[∀xA(x)]] :=
∧

α∈F

[[A(α)]]

(these values are well defined because B is complete). This defines a Boolean
valued structure K(F ). We say that an Ln(F )-sentence is valid in K(F ) if
and only if [[A]] = 1B. All logically valid sentences are valid in K(F ) and, more
generally, if B follows in the predicate calculus from A1, . . . , Ak then∧

i≤k

[[Ai]] ≤ [[B]]

and, in particular, also all axioms of equality are valid inK(F ) (cf.[309, Chpt.1]).

In the expansion tasks we studied in the previous sections we needed to add
a relation or a function to a structure. Let us describe what that means here,
discussing adding a unary function as an example. A unary function on K(F )
is a function Θ : F → F such that for all α, β ∈ F :

[[α = β]] ≤ [[Θ(α) = Θ(β)]]. (20.4.1)

This requirement arranges that equality axioms remain valid in the expansion.
A particular way how to arrange (20.4.1) is explained in [309, Chpt.5]. In
particular, we may add a family of such functions (and set represented by their
characteristic functions) and aim at a model of V 1

1 .
But where is in all this an expansion of a pseudofinite structure? This needs

to use some mathematical logic which we shall skip here. What one gets from
a suitable K(F ) is, given a countable A, its elementary extension A′ which is
then expanded to B. As we noted in the proof of Lemma 20.2.1 (the claim
there) the only use of B being an expansion of A is that it preserves the Lps

theory. But that is preserved to A′ as well.

20.5 Bibliographical and Other Remarks

Sec.20.1. This section is based on K. and Pudlák [323], although some state-
ments were generalized a bit. The paper also formulates several open questions.
The terminology a small canonical model is from [309], [290] gives several con-
structions of models of PV
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Sec.20.2. The pseudofinite set-up and the two examples go back to Ajtai’s
papers [4, 5]. Maté [355] earlier considered a reformulation of NP 6= coNP in
this vein, talking about expansions adding a 3-coloring for a previously not 3-
colorable graph. Tautologies expressing 3-colorability and graphs for which they
are similarly universal as the reflection principles were defined in [280, 281].

[314] offers an exposition of this topic; the parity example is treated differ-
ently there. Vaananen [503] is an exposition of pseudofinite structures from an
elementary perspective.

The various expansion tasks we discussed (and many other) can be put un-
der one umbrella, talking about expanded end-extensions: you allow to first end-
extend A and then expand it. The general question when does a pseudofinite
structure has an expanded-end-extension satisfying a given theory was answered
by Ajtai [9, 10], who characterized the situation as in the Completeness theorem
but using a notion of proofs definable in A. In the case when T is a bounded
arithmetic theory it is related to propositional translations. But his characteri-
zation works for any T (subject to a few technical conditions). Garĺık [197] gave
a simpler alternative construction.

Sec.20.3. More on a general model theoretic set-up of forcing can be found in
Hodges [234]. The names of the players, Abelard and Eloise, are taken from
there and they are supposed to evoke the ∀ and ∃ quantifiers. Lemma 20.3.1
is due to Paris and Wilkie [393], Riis [450] generalized it to Σb

1-LNP in the
language of LBA. This lead to the criterion in Theorem 13.1.2.

Details of forcing behind Lemma 20.3.2 can be found in [280] or [281, Sec.12.7],
albeit it is treated there without games.

Atserias and Müller [39] offer a general framework for (and a comprehensive
survey of) forcing in this area.

Sec.20.4. Forcing with random variables and structures K(F ) were defined in
[309]. The consistency of Razborov’s conjecture mentioned in Section 19.6 was
proved first using this method (cf. [309, Chpt.31] with a correction in [310]).

Further model theory. There are other relations between model theory and
proof systems not based on the Compactness theorem. Let D be any first-order
structure for a language containing some constant c. Think of variables xij as
being represented by the pair (i, j) and depth ≤ d monomials by ≤ d-tuples of
such pairs. Then the equations of polynomial system ¬PHP from Section 11.7
can be defined in D, where we think of [n+1] being represented by the universe
of D and [n] by the universe minus c. For example, to define which pairs (i, j)
appear in the equation 1−

∑
j∈[n] xij we write j 6= c, or to define the monomial

xi1jxi2k from the system we write: i1 6= i2 ∧ j 6= c. Such a system is infinite if
D is and a polynomial in it may have infinitely many monomials. But it can
still be evaluated on a definable assignment as long as the structure admits a
counting function for definable sets (an abstract Euler characteristic). It was
proved in [289] that solvability of such a definable system in an Euler structure
implies degree lower bounds for refutations of the system for finite n in both
Nullstellensatz and PC.
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An intriguing link between finite model theory and subsystems of semi-
algebraic calculus was shown Atserias and Maneva [38] and by Atserias and
Ochremiak [41]. They studied indistinguishability of finite structures by sen-
tences with a bounded number of variables and degree of Sherali-Adams re-
laxations. In particular, for two finite graphs we can write down a system of
equations over R that has a solution if and only if the two graphs are isomorphic
(analogous to the PHPn formula). If the graphs are not isomorphic the system
is unsatisfiable and has a SAC-refutation. In [41] they show that the minimum
Sherali-Adams degree of such a refutation is equal to the minimum number of
variables we need to use in a sentence of first-order logic with quantifiers allow-
ing to express there are at least k elements x such that ... in order to distinguish
the two graphs.

Another relation of proof systems to first-order structures was considered in
[297], defining what is called there a combinatorics of a structure and a covering
relation between a structure and a proof system. These remarks attempt to
inspire the reader not be a priori bounded by some framework but to try to
invent its own.
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Chapter 21

Optimality

This chapter is devoted to the Optimality Problem 1.5.5. We shall present sev-
eral equivalent problems from complexity theory and from mathematical logic,
as well as some closely related (though probably not equivalent) problems. A
solution to this problem, especially in the little bit more likely negative direc-
tion, has many implications and, in particular, the negative solution implies that
NP 6= coNP. That makes the problem a very attractive avenue that could lead
us to an insight what is beyond the proof complexity hardness. We shall con-
centrate in the whole chapter mostly on optimality rather than on p-optimality;
it yields simpler and more natural statements (and their modifications for p-
optimality, when available, are straightforward).

21.1 Hard Sequences

We have learned in Sections 19.1 and 19.2 that the tautologies formalizing the
reflection principles, or just the consistency statements for a lot of strong proof
systems, play a significant role for the existence of simulations among proof
systems. Recall the definition of the system P + RefQ from Section 19.2 and
the main fact (Lemmas 19.2.2 and 19.2.3):

• Q ≤p ER+RefQ (and for those Q ≥p ER having a corresponding theory
even Q ≡p Q+RefQ).

In this section we look at various consequences of this fact for the existence
of optimal proof systems. We first recall Lemma 19.2.2 (part 2.), to have the
relevant statements together.

Lemma 21.1.1 Assume P contains R and sP (τ ′) ≤ sP (τ)O(1), for any τ ′ ob-
tained from τ by substituting constants for some atoms (conditions on Q in
Lemma 19.2.1).

P is not an optimal proof system if and only if there is a proof system Q
such that

〈RefQ〉n , n ≥ 1

511
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is a hard sequence for P .

This has several corollaries. A set H ⊆ {0, 1}∗ is sparse if and only if the
intersection H ∩ {0, 1}n has at most nO(1) elements, for all n ≥ 1.

Corollary 21.1.2 P is not an optimal proof system if and only if there is an
NP set H ⊆ TAUT that is hard for P if and only if there is a p-time decidable
sparse set H ⊆ TAUT that is hard for P .

Now we shall use the fact that the sequence ||RefQ||n is very uniform. If no
optimal proof system exists then, of course, no proof system can be p-bounded
and NP 6= coNP. But one can improve this implication. Recall the classes NE
and coNE from Section 1.3.

Corollary 21.1.3 Assume that there is no optimal proof system. Then NE 6=
coNE. In particular, the spectra of first-order sentences are not closed under
complementation.

If there is no p-optimal proof system then E 6= NE.

Proof:
We shall derive from the assumption NE = coNE that there is a proof

system for which no sequence ||RefQ||n for any proof system Q is hard.
To construct the formula ||RefQ||n for a fixed Q an algorithm only needs

to know what the parameter n is. The parameter can be given as an input
in binary of the length proportional to ` := log n, and then it runs in time
nO(1) = 2O(`). However, if we want an algorithm constructing the formula for
a variable Q (presented as a string) we run into a problem that the exponent
O(1) depends on Q. But note that by padding proofs by a dummy symbol to
prolong them suitably we get:

Claim 1: Any proof system Q is p-equivalent with a proof system Q′ whose
provability predicate is decidable in linear time.

All formulas ||RefQ||n for linear-time proof systems Q and all n ≥ 1 are
then constructible in 2O(|Q|+log n)) time from Q,n. Let H be the set of these
formulas.

The second issue is that an algorithm constructing formulas ||RefQ||n in H
would not know if Q is indeed a proof system and ||RefQ||n is a tautology. This
is where we use the power of coNE that allows us to universally quantify over all
Q-proofs of size n. We take set H ′ ⊇ H consisting of all formulas ||RefQ||n for
linear-time Turing machines Q and all n ≥ 1 such that ||RefQ||n is a tautology.

Claim 2:The set H ′ is in the class coNE.

Using the hypothesisNE = coNE there is a non-deterministic acceptor of all
pairs (Q,n) yielding formulas inH ′ from Claim 2 (and hence, in particular, those
yielding the reflection formulas fromH) whose time is bounded by 2O(`) = nO(1).
This is the optimal proof system we want.
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The conclusion about spectra follows from the discussion about the Spectrum
problem in the Introduction. For the version with p-optimality see Section 21.6
for a reference.

q.e.d.

The next statement is for p-optimality. We shall call a deterministic Turing
machine M computing the characteristic function of TAUT a deterministic
acceptor for TAUT.

Lemma 21.1.4 There is a p-optimal proof system if and only if there is a
deterministic acceptor N for TAUT which is optimal on the instances from
TAUT: any deterministic acceptor M for TAUT has at most a polynomial speed-
up over N on the instances from TAUT.

Proof:
For the if-direction assumeN is an optimal deterministic acceptor for TAUT.

We shall construct a proof system P that p-simulates all linear-time proof sys-
tems Q and hence all proof systems, as in the proof of Corollary 21.1.3. Let H ′

be the set of all tautologies ||RefQ||n where Q is a linear-time clocked Turing
machine and n ≥ 1; by Claim 2 in that proof it is in P. Because N has the
optimality property it accepts all formulas from H ′ in a fixed-polynomial time.

Let PN be the proof system in which the unique proof of ϕ is the computation
of N on ϕ that ends with the output 1. Hence we can construct in p-time (using
N) PN -proofs of ϕ ∈ H ′ and hence PN is p-optimal.

For the only-if direction assume that Q is a p-optimal proof system. We
shall use it to define a deterministic acceptor N for TAUT with the optimality
property. For any deterministic acceptor M for TAUT let

• PM be the proof system defined above,

• M∗ is a Turing machine that on input u runs in time proportional to the
time M used on u and produces M ’s computation on u,

• fM is some p-simulation of PM by Q.

The idea how a suitable machine N is defined is that it ought to simulate any
M by computing fM (M∗(ϕ)) for ϕ ∈ TAUT. To define N formally we shall
proceed analogously (to an extent) with how the set H ′ was defined in the proof
of Corollary 21.1.3. But it is a bit more technical this time.

Let M1,M2, . . . be such an enumeration of all deterministic Turing machines
such that the property of a triple (w, i, u):

• w is the computation of Mi on input u

is p-time decidable. On input u, n := |u|, machine N will work in rounds
t = 1, 2, . . . as follows:

1. It simulates one more computational step of M1, . . . ,Mn on u,
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2. it simulates one more computational step of M1, . . . ,Mn on all 1, . . . , t,

3. it checks if

(a) for some i ≤ n and j ≤ t machine Mi accepted u in j steps, and

(b) for some k ≤ n and ` ≤ t machine Mk has produced on input `
a Q-proof of the (propositional translation of the) statement that
computations of Mi on inputs of the length ≤ n and running in ≤ t
steps are sound.

Item 3(b) is (a more complicated version of) analogous to the coNE check that
formulas from H ′ are tautologies in the proof of Corollary 21.1.3.

q.e.d.

21.2 Disjoint NP Pairs

For any two pairs of disjoint sets (A,B) and (U, V ), say that (A,B) is p-
reducible to (U, V ) and write (A,B) ≤p (U, V ) if and only if there is a p-time
computable f : {0, 1}∗ → {0, 1}∗ such that

f(A) ⊆ U and f(B) ⊆ V .

We have considered pairs of disjoint NP sets in Section 17.2 and, in partic-
ular, we have attached to a proof system P such a pair (the canonical pair):

(PROV(P ),FALSI∗) .

Lemma 21.2.1 For any proof systems P,Q:

P ≤ Q → (PROV(P ),FALSI∗) ≤p (PROV(Q),FALSI∗) .

Proof:
Assume sQ(τ) ≤ sP (τ)c, for all τ ∈ TAUT. Then

(ϕ, 1(m)) → (ϕ, 1(mc))

is the required p-reduction.

q.e.d.

Let (A,B) be a disjoint NP pair. In Lemma 17.2.5 we proved that if
the (propositional translation of the) disjointness of An := A ∩ {0, 1}n and
Bn := B ∩ {0, 1}n have p-size proofs in a proof system P then (A,B) ≤p

(PROV(P ),FALSI∗). This implies the following statement because we can add
the formulas An ∩Bn = ∅ as axioms (to any proof system).

Lemma 21.2.2 For any disjoint NP pair (A,B) there is a proof system Q such
that (A,B) ≤p (PROV(Q),FALSI∗).
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A disjoint NP pair is complete if and only if all other disjoint NP pairs are
p-reducible to it.

Corollary 21.2.3 Assume that there is no complete disjoint NP pair. Then
there is no optimal proof system.

A p-reducibility between the canonical pairs of two proof systems is linked to
the notion of automatizability of proof systems (cf. Section 21.5). We say that
a disjoint pair (A,B) is p-separable if and only if there is a p-time function
g that outputs 1 on A and 0 on B (this is a uniform version of separability
we considered in Chapter 17). The following statement flows directly from the
definitions.

Lemma 21.2.4 1. Let P,Q be two proof systems and assume

(PROV(Q),FALSI∗) ≤p (PROV(P ),FALSI∗) .

Then if (PROV(P ),FALSI∗) is p-separable, so is (PROV(Q),FALSI∗).

2. If P is automatizable then (PROV(P ),FALSI∗) is p-separable.

3. If (PROV(P ),FALSI∗) is p-separable then there is a proof system Q ≥p P
that is automatizable.

A proof system P for which there is no automatizable Q ≥p P is called essen-
tially non-automatizable, in reference to logic notion of essentially undecid-
able theories. We shall return to this notion in Section 21.5.

21.3 Quantitative Gödel’s Theorem

Gödel’s Incompleteness Theorems say that a sufficiently strong and consistent
theory whose set of axioms is algorithmically recognizable is incomplete (the
First Theorem) and, in fact, it does not prove the true sentence expressing
its own consistency (the Second Theorem). We shall look in this section at a
quantitative version of the Second Theorem which takes into account the lengths
of proofs involved.

Recall from Section 9.3 the language LBA(#) and theory S1
2 in this language,

the classes of LBA(#)-formulas Σb
1, sΣ

b
1, Πb

1 and ∆b
1, and Lemma 9.3.2 about

coding of finite sequences of numbers. Also recall that a finite binary word
w is represented for the theory by the dyadic numeral dwe whose length is
proportional to |w| (Section 7.4). For a first-order formula ϕ (or a term, a
proof, etc.) the numeral dϕe is often called Gödel’s number of ϕ

We may formalize the syntax of first-order logic in S1
2 in a natural way and

talk inside the theory about the provability from some theory T definable in S1
2 .

Let us stress that a theory is simply a set of sentences in a given language and we
do not assume that it is deductively closed. In particular, different theories may
have the same consequences. There is an added ambiguity that the same T may
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have different definitions in S1
2 that are not necessarily provably equivalent. All

this is a standard mathematical logic set-up and straightforward to deal with.
But to avoid all technicalities we shall concentrate on finite theories T in a
language containing LBA(#) that themselves contain S1

2 . Hence S1
2 serves as

our basic bottom theory here. It is finitely axiomatizable. The canonical formal
definition of T inside S1

2 is then just a list of the finitely many axioms, say in
the alphabetic order for definiteness.

Analogously to how the provability and the consistency of propositional logic
were formalized in Section 12.4 there is an LBA(#)-formula PrfT (x, z) formal-
izing that z is a T -proof of formula y, and this formula is - provably in S1

2 - ∆b
1.

The provability predicate itself is p-time decidable. Using the definition we may
define more formulas:

PrT (x) := ∃zPrfT (x, z) and ConT := ¬PrT (d0 6= 0e) .

Gödel’s Second Incompleteness Theorem (a special case) then says that a finite
consistent T ⊇ S1

2 does not prove ConT . The theorem is usually proved in
text-books by establishing four properties of the formula PrT . The first three
are called Löb’s conditions:

1. If T ` ϕ then S1
2 ` PrT (dϕe),

2. S1
2 ` PrT (dϕe)→ PrT (dPrT (dϕe)e),

3. S1
2 ` (PrT (dαe) ∧ PrT (dα→ βe))→ PrT (dβe)

where α, β, ϕ are any formulas. The fourth condition is (an instance of) Gödel’s
Diagonal Lemma:

4. There is a sentence δ such that S1
2 ` δ ≡ ¬PrT (dδe).

In the quantitative version of the Incompleteness Theorem we modify the prov-
ability formula PrT into:

Pry
T (x) := ∃z(|z| ≤ y)PrfT (x, z) .

Note that this is not a bounded formula because we are not bounding z but its
length only.

Using this formula one can reformulate Löb’s conditions in the following way.
We use the symbol S `m ϕ expressing that ϕ has an S-proof size at most m.
The revised conditions 1.-3. are:

1’. If T `m ϕ then S1
2 `` Pr

m
T (dϕe), where ` = mO(1),

2’. S1
2 ``O(1) Pr

m
T (dϕe)→ Pr

`
T (dPrm

T (dϕe)e), where ` = mO(1),

3’. S1
2 ``O(1) (Prm

T (dαe) ∧ Prm
T (dα→ βe))→ Pr

`
T (dβe), where ` = O(m).

The diagonal formula condition is changed into:
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4’. There is a formula δ(x) such that for all m ≥ 1,

S1
2 `` δ(m) ≡ ¬Prm

T (dδ(m)e) ,

where ` = mO(1) (in fact, it can be ` = O(logm)).

Define the formula
ConT (y) := ¬Pry

T (d0 6= 0e)
expressing that there is no T -proof of contradiction having size at most y. Using
the modified conditions the usual proof of the Second Theorem goes through
and leads to the first part of the following theorem.

Theorem 21.3.1
Let T ⊇ S1

2 be a finite, consistent theory. Then it holds:

1. (Friedman [192] and Pudlák [413])

There is an ε > 0 such that for all m ≥ 1: T 6`mε ConT (m).

2. (Pudlák [413])

For all m ≥ 1: T `mO(1) ConT (m).

Note that both the lower and the upper bound are non-trivial. The size of
the formula ConT (m) is O(logm) and hence the lower bound is exponential.
On the other hand, a proof of the formula by an exhaustive search ruling out
all potential proofs of size m would have itself size bigger than 2m. Also note
that the lower bound implies Gödel’s Theorem itself: if T proved ∀yConT (y)
then each instance ConT (m) has a T -proof of size O(logm).

The upper bound in the theorem is much more subtle than the lower bound.
It rests upon the possibility to define efficiently a partial truth predicate for
formulas of a bounded size, and to prove its properties by polynomial size proofs.
In particular, one needs to construct short proofs of the formal statement A is
true, where A is any axiom of T . Such a proof crucially utilizes the axiom A
itself (A implies that A is true) and it is not clear at all if and how this could
be done for a general A /∈ T . The following is an open problem.

Problem 21.3.2 (Finitistic consistency problem, Pudlák [413])
Is there a finite consistent theory S ⊇ S1

2 such that for any finite consistent
theory T ⊇ S1

2 there is c ≥ 1 such that for all m ≥ 1:

S `mc ConT (m) ?

Pudlák [413, after Probl.1] conjectured that no such theory exists and, in fact,
that S fails to prove in size mO(1) instances ConS+ConS

(m).
It turned out that this problem is equivalent to the Optimality problem

1.5.5.

Theorem 21.3.3 (K.- Pudlák [321])
An optimal proof system exists if and only if Problem 21.3.2 has an affirma-

tive answer.
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Proof:
Let P be an optimal proof system. Define theory SP := S1

2 +RefP . Assume
now that T is any theory as in Problem 21.3.2. Then the sequence of formulas

||ConT (y)||m (21.3.1)

is p-time constructible and hence they all have P -proofs πm of size mk, for some
fixed k ≥ 1. An SP -proof of ConT (m) is constructed as follows:

1. SP verifies that πm is a P -proof,

2. uses the axiom RefP to conclude that ||¬Pry
T (d0 6= 0e)||m is a tautology,

3. deduces from it ConT (m).

For the first step one needs

Claim:Let E(x) be a Σb
1-formula in LBA(#). Then there is e ≥ 1 such that for

all n ≥ 1:
If N |= E(m) then S1

2 `me E(m) .

which is established by induction in the logical complexity of E.

For the opposite direction assume S is a theory witnessing an affirmative
answer to Problem 21.3.2. Define a proof system PS whose proofs of a proposi-
tional formula ϕ are exactly S-proofs of the arithmetical Taut(dϕe). By Lemma
21.1.1 it suffices to show that for any proof system Q, PS has p-size proofs of
the formulas ||RefQ||n.

If Q is any proof system take T := SQ. By the hypothesis there are size
mc S-proofs σm of ConT (m). Hence PS has size mO(1) proofs of the formulas
(21.3.1) from which the formulas ||RefQ||m follow by p-size PS proofs.

q.e.d.

21.4 Diagonalization

It is a widespread opinion that diagonalization cannot help to solve the P =? NP
or the NP =? coNP problems because diagonalization relativizes and there are
oracles for which the classes are and are not equal (cf. Baker, Gill and Solovay
[44]. This concerns diagonalization of Turing machines. However, diagonaliza-
tion of arguments in logic is less straightforward to relativise and there are more
options. We considered various theories T in Part II that were formulated in
several languages of arithmetic like LBA or LBA(PV). We also studied their
versions T (α) that added to the language one or more relation or function sym-
bols and allowed these symbols to appear in axioms schemes (e.g. IND) defining
T . This is often considered to be a relativization of T . An example of a prop-
erty all theories T we considered have while none of T (α) does is the following
completeness:

If N |= A(n) then T ` A(n)
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for Σ0
1-formulas A, or a formalized completeness

T ` B(n)→ PrT (dB(n)e)

for Σb
1-formulas B. If we allow α (a unary predicate, say) then taking for

A or B the atomic formula α(x) is a counterexample to both properties for
T (α). To save the property theory T (α) would have to have as axioms all true
basic sentences α(n) or ¬α(n). Another example is offered by propositional
translations. Although T (α) talks about oracle α, propositional logic related to
T (α) via the 〈. . . 〉 translation does not.

In this section we combine the diagonalization as in Section 21.3 with the
idea of representing long proofs and formulas by small circuits (used for implicit
proof systems in Section 7.3) to prove a theorem about p-optimality. We shall
continue to use the formalism from Section 21.3. First we restate the diagonal
lemma in a form we need it. The formula in it has a free variable and the
notation ẋ is the formalization of dyadic numerals in S1

2 .

Lemma 21.4.1 Let T ⊇ S1
2 be any finite consistent theory. There is an LBA(#)-

formula D(x) satisfying:

S1
2 ` D(x) ≡ ¬Prx

T (dD(ẋ)e)

and for any n ≥ 1 the sentence D(n) is true, provable in T but any T -proof of
D(n) must have the size bigger than n.

Let C(x1, . . . , xk) be a circuit whose truth-table is a 3DNF formula ϕC of size
2k. We may define an LBA(#) formula BigTaut(x) such that BigTaut(dCe)
formalizes the fact that ϕC ∈ TAUT. It is not a bounded formula similarly
as ConT (y) before was not. The formula says that for any truth assignment y
(whose length is bounded by a suitable term in C) there is a term in ϕC satisfied
by y. The existential quantification over terms in ϕC is a quantification over
inputs of C and we do not need to have the whole big formula ϕC at hand.

The formula D(x) in the rest of the section is the diagonal formula from
Lemma 21.4.1

Lemma 21.4.2 There is a p-time function g(x) such that for any n ≥ 1 the
value g(n) is a size (log n)O(1) circuit representing the propositional formula
||D(x)||n. The implication:

BigTaut(g(x)) −→ D(x) (21.4.1)

is provable in theory S1
2 .

Proof:
The existence of such a function g follows from the uniformity of the || . . . ||

translation (as discussed at the end of Section 19.1). Implication (21.4.1) is
clearly valid. Its proof in S1

2 follows the following argument.
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Assume that w witnesses the failure of D(n):

|w| ≤ n ∧ PrfT (dD(n)e, w) . (21.4.2)

Then there is a truth assignment u to atoms of ||D||n that violates the formula,
and u is computed from n and w by a p-time function f . Theory S1

2 proves
that (21.4.2) implies that f(n,w) does not satisfy any term in ϕC represented
by C := g(n), and thus BigTaut(g(n)) fails.

q.e.d.

We shall need one more formula, this time propositional. Let P be a proof
system, C a circuit in k inputs as above defining ϕC and let E be a circuit in
O(k) variables that defines a p-time verification of a purported P -proof of ϕC .
Similarly to the formula Correctβ in Section 7.3 there is a propositional formula
πP

C,E of size polynomial in |C|+ |E| that expresses that the verification defined
by E is a valid computation of the provability predicate of P on ϕC and the
proof encoded in the computation.

The proof of the following theorem will use several times (in steps 2, 9 and
11) the fact that a true Σb

1-sentence has a polynomial size proof in S1
2 (cf. the

claim in the proof of Theorem 21.3.3).

Theorem 21.4.3 (K. [295])
At least one of the following three statements is true:

1. There is a function f : {0, 1}∗ → {0, 1} computable in time 2O(n) that has
circuit complexity 2Ω(n).

2. NP 6= coNP.

3. There is no p-optimal propositional proof system.

Proof:
Assume for the sake of a contradiction that all three statements are false.

We shall derive a contradiction via Lemma 21.4.1 by constructing a too short
proof of D(n). The construction is split into several steps.

1. Assume that P is a p-bounded and p-optimal proof system (i.e. it wit-
nesses the failure of the second and the third statement in the theorem).
In particular, P ≥p EF . Let PrfP be a Σb

1-formula formalizing its prov-
ability predicate.

2. Define theory T by a modification of how the theory SP was defined in
the proof of Theorem 21.3.3. T is S1

2 augmented by the following form of
the reflection principle as an extra axiom:

∀x, y, u, PrfP (dπP
x,ye, u) −→ BigTaut(x) .

The formula πP
x,y is p-time constructible from x, y and so the antecedent of

the implication is a Σb
1-formula. Hence all true instances of the antecedent

have p-size proofs in S1
2 .
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3. The propositional formula ||D||n is a tautology as D(n) is true, and its size
is nO(1). By Lemma 21.4.2 there is a circuit C := g(n) of size (log n)O(1)

defining the formula.

4. The set of all formulas ||D||n, n ≥ 1, is polynomial time decidable and
hence by Corollary 21.1.2 there is a (deterministic) polynomial time algo-
rithm M computing from ||D||n its P -proof.

5. We can use M to compute in deterministic p-time a particular accepting
computation of the provability predicate of P (i.e. an nO(1)×nO(1) matrix
W encoding the computation). The bits Wi,j as a function of i, j are
computed by a function in time 2O(n).

6. Assuming that also the first statement in the theorem fails, there exists a
circuit E in O(log n) variables and of size 2δ·log n = nδ that represents W ,
for an arbitrary small δ > 0. We shall choose a particular δ in the last
step of the construction.

7. Take an instance of the reflection principle axiom of T by substituting for
x and y the codes of C and E respectively:

∀u, PrfP (dπP
C,Ee, u) −→ BigTaut(C) .

8. The size of πP
C,E is polynomial in |C| + |E|, i.e. it is nO(δ). Because P

is p-bounded there is a P -proof σ of πP
C,E of size nO(δ). Note that the

constants implicit in the O-notation are independent of δ. Substituting σ
for u in the formula in step 7. we get:

PrfP (dπP
C,Ee, σ) −→ BigTaut(C) .

9. The antecedent of the formula in step 8. is a true Σb
1-sentence of size nO(δ)

and thus has a proof in S1
2 (and so in T too) of size nO(δ).

10. From the formulas in steps 8. and 9. we derive

BigTaut(C)

and the total size of the proof is nO(δ).

11. The implication
BigTaut(C) → D(n) (21.4.3)

can be obtained as an instance of a universal implication provable in S1
2

(Lemma 21.4.2):
BigTaut(g(x)) → D(x) .

Just substitute for x the numeral n and prove C = g(n) (that is a true
Σb

1-sentence of size (log n)O(1)).

Hence the implication (21.4.3) has an S1
2 -proof of size (log n)O(1).
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12. Combining the proofs in step 10. and 11. we get a size s := nO(δ) T -proof
of D(n). If δ > 0 is small enough so that s < n we get a contradiction
with Lemma 21.4.1.

q.e.d.

21.5 The Proof Search Problem

We have considered The Proof Search problem 1.5.6 but formulated it only
informally. We shall propose in this section a formal statement of the problem.

Proof search refers informally to the general task to find algorithmically
proofs of statements. We have seen a notion that is related to that: the au-
tomatizability of a proof system (cf. Section 17.3). I like that notion because it
gives an interesting meaning to the failure of feasible interpolation: if feasible
interpolation fails for a proof system then the proof system is not automatizable
(Lemma 17.3.1). However, the notion on its own does not seem to be that use-
ful because there are essentially no known automatizable proof systems. The
qualification essentially leaves a room for examples like the truth-table system:
the unique proof of a formula is its evaluation on all assignments. But not a
single one of (complete) proof system we have considered in this book is known
to be automatizable.

Automatizable but incomplete systems can be obtained by restricting severely
the space of all proofs. For example, if we restrict the allowed width of clauses
by a constant w then such a resolution refutation can be found in time nO(w), if
it exists. Just close the set of initial clauses under resolution inferences yielding
a clause of width at most w, as long as it is possible. Analogously, restricting
the degree of NS or PC refutations by a constant yields automatizable systems
(Lemma 18.3.2). This is also often claimed to hold for some of the semi-algebraic
systems and, in particular, for SOS, but that appears to be open at present (cf.
Section 21.6). As for the negative results we know that proof systems simulat-
ing resolution are not automatizable assuming various plausible computational
hypotheses; this is often proved by showing the failure of feasible interpolation:
see Section 18.7 for results about AC0-Frege systems and above and Section
21.6 for R-like proof systems.

A more general notion is that of weak automatizability introduced by Atse-
rias and Bonet [29]: a proof system P is weakly automatizable if and only
if there exists Q ≥ P that is automatizable. The following lemma follows form
the definition and from Lemma 21.2.4

Lemma 21.5.1 The following three conditions are equivalent:

1. P is weakly automatizable.

2. There exists a proof system Q and a deterministic algorithm A which,
when given as an input a tautology τ , finds its Q-proof in time polynomial
in sP (τ).
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3. The canonical pair (PROV(P ),FALSI∗) is p-separable.

Perhaps the most interesting open problem is whether resolution is weakly au-
tomatizable. The following statement clarifies the situation somewhat. Its heart
is in constructing a proof of the reflection principle for R in R(2) (feasible in-
terpolation for R(2) then implies the p-separability of the canonical pair for
R).

Theorem 21.5.2 (Atserias and Bonet [29])
For any constant k ≥ 2 the following three statements are equivalent:

1. R is weakly automatizable.

2. R(k) is weakly automatizable.

3. R(k) admits feasible interpolation.

We have no non-trivial examples of weakly automatizable systems and hence
the dual notion of essential non-automatizability is perhaps more useful: P is
essentially non-automatizable if and only if it is not weakly automatizable
(the terminology relates to the classical logic notion of essentially undecidable
theories). It may be that any proof system simulating R is essentially non-
automatizable.

The notion of (weak) automatizability describes the best possible situation
(one can find proofs feasibly) and it is in this respect similar to the notion of
p-bounded proofs systems (cf. Section 1.5): we also do not expect to find any.
Hence a notion comparing the relative efficiency of proof search algorithms may
be more useful. We propose the following one.

By a proof search algorithm we shall mean any pair (A,P ) where P
is a proof system and A is a deterministic algorithm that, given a tautology
τ , constructs some P -proof of τ . It is natural to compare two proof search
algorithms by the time they use. However, if Q is stronger than P and the
formulas (and theirQ-proofs) separatingQ from P are easy to construct by some
p-time function f (which was always the case in the separations we demonstrated
in Part III) it would automatically imply that no (A,P ) can be as good as (B,Q),
for an algorithm B incorporating f . But knowing few tricky formulas should
not be enough to claim superiority. This leads to the following definition.

Using the notation from Section 1.3 we define that (A,P ) is as good as
(B,Q) if and only if there are constant c ≥ 1 and a P/poly set E ⊆ TAUT such
that for all α ∈ TAUT \ E:

timeA(α) ≤ timeB(α)c .

We shall use the notation (A,P ) � (B,Q) for this situation. Note that � is a
quasi-ordering. If we were interested only in proof search algorithms (A,P ) for
a fixed P then it would make also a good sense to consider the same definition
but without the set E.

Now we may formulate the Proof Search Problem 1.5.6 formally as follows.
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Problem 21.5.3 (The proof search problem - formal statement)
Given a proof system P , is there a �-maximum element among all (A,P )?

Is there a pair (A,P ) that is �-maximum element among all (B,Q)?

A suitable name for any maximum element (if it exists) could be an optimal
proof search algorithm (relative to P in the first case).

A somewhat more complicated proof search problem Find which allows
to consider proof search algorithms without specifying the proof system was
considered in [315].

21.6 Bibliographical and Other Remarks

Although our interest lies in TAUT and propositional proof systems, the Op-
timality Problem has a good meaning for other languages as well, including
those in NP. Obviously, any NP language has an optimal proof system and any
language in P has a p-optimal proof system. But does SAT have a p-optimal
proof system? In particular, is the canonical definition of SAT a p-optimal proof
system for SAT? This would mean that we can compute a satisfying assignment
from any certificate of satisfiability in any proof system. Beyersdorff, Köbler
and Messner [78] offer an overview of this issue.

Sec.21.1. Lemma 21.1.1 and the fact recalled before it go back to Cook [151]
and K.-Pudlák [321]. It also implies that it suffices to compare any two strong
proof systems on p-time constructible sequences of tautologies. Corollary 21.1.3
is from [321] and it has a version for p-simulations: if there is no p-optimal proof
system then E 6= NE. It was improved by Messner and Torán [357] to show
that the hypothesis implies that not all sparse sets in NEE (doubly exponential
time) are in coNEE and then by Köbler and Messner [271] for unary languages
instead of just sparse. This was further generalized by Ben-David and Gringauze
[64] to some function classes. The details of the proof of Lemma 21.1.4 can be
found in [321] (the proof that (6) implies (9) on p.1071) and it was modified for
SAT by Sadowski [459] and to other languages by Messner [356].

Sec.21.2. The implication opposite to Lemma 21.2.1 does not hold in general,
cf. Pudlák [419] gives an example. Lemma 21.2.2 actually holds in a sharper
version: any disjoint NP pair is p-equivalent to the canonical pair of some proof
system. It is open whether Corollary 21.2.3 holds as an equivalence.

P-reductions between the canonical pairs of two proof system P,Q as in
Lemma 21.2.1 are called by Pitassi and Santhanam [406] strong effectively-p
simulations of P by Q. They discuss various examples and point out that
for quantified propositional logic the notion becomes void. A map sending a
(quantified propositional) formula ϕ to the implication (∀x ||RefP ||m)→ ϕ can
be shortly proved in any proof system that can handle Σq

∞ formulae, where
x are all variable in ||RefP ||m and m is arbitrary. Hence such a proof system
effectively-p simulates all proof systems with respect to quantified propositional
logic.
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We have discussed in Sections 19.3 and 19.6 total NP search problems and
p-reductions among them. It is an open problem whether there is a complete
problem with respect to to these reduction. It is also open whether the existence
or the non-existence of a complete total NP search problem relates in some way
to the Optimality Problem 1.5.5. Pudlák [426] showed that by a construction
analogous to how one associates the canonical pair to a proof system it is possible
to attach a pair of disjoint coNP sets to a total NP search problem. Using
that he proved that the non-existence of a complete pair among these implies
the non-existence of a complete total NP search problem. A number of related
conjectures are discussed in [426] under a common name Feasible Incompleteness
Thesis.

It is worth mentioning (and we shall return to this in Chapter 22) that rel-
ative to a theory T (subject to some technical conditions) there are optimal
proof systems, complete disjoint NP pairs or complete NP search problems.
This restriction to T means that we take only proof systems for which T proves
their soundness, disjoint NP pairs whose disjointness is T -provable or NP search
problems whose totality is T -provable (for some definitions). For proof systems
this is a consequence of the correspondence between a theory and a proof sys-
tem. Note that in general the insistence that the promise in the definition of
a particular promise class of problems is provable in T turns the class into a
syntactic one.

The existence of an optimal problem in promise classes was studied from
a broader perspective by Köbler, Messner and Torán [272]. Beyersdorff and
Sadowski [82, 83] studied links of the Optimality problem with p-representations
of promise classes (and the existence of complete sets therein); see also Sadowski
[460].

Sec.21.3. Gödel [202] encoded finite sequences of numbers differently than it
is done here. His method, based on the Chinese Remainder Theorem, is more
elementary and can be easily defined just in the language LPA. But the codes it
provides do not have feasible size and hence in bounded arithmetic it is not used.
A presentation of Löb’s conditions and their use in deriving the Incompleteness
Theorems can be found in Smorynski [479].

Pudlák [414] was able to improve both the lower and the upper bound in
Theorem 21.3.1 to Ω(m/(logm)2) and O(m), respectively. Such good bounds
depend on the underlying predicate calculus and its efficiency in writing proofs.
Roughly, better upper bounds in Löb’s conditions translate into a better lower
bound in the theorem. The particular predicate calculus he used has an in-
ference rule allowing to introduce constants witnessing existential quantifiers:
from ∃xφ(x) derive φ(c) for some new constant c. This shortens proofs because
one can talk about an element satisfying φ without the need to always mention
the formula.

The theorem can be also proved under weaker assumptions on T . In par-
ticular, one does not need to assume that T contains S1

2 or is even in LBA(#).
It suffices to assume that T is sequential which roughly means that T allows to



526 Beyond bounds

develop a rudimentary theory of finite sequences. A sufficient condition I noted
when trying (unsuccessfully) to simplify and improve Pudlák’s argument is that
T interprets a very weak set theory, having just the extensionality, axiom that
the empty set exists, and an axioms saying that x ∪ {y} exists for all sets x, y.

Given a theory S as in Problem 21.3.2 there are some natural candidates
for a theory T such that the formulas ConT (m) ought not to have a size mO(1)

S-proofs. For example, T := S + ConS ([414]) or T that has a truth predicate
for LBA(#) formulas and an axiom saying that all axioms of S are true. The
latter theory was proposed by Buss and termed a jump of S.

I think that in order to answer the problem negatively we shall need a
genuinely new proof of Gödel’s Second Incompleteness Theorem . It is known
that proving the consistency of one theory T in another S implies the existence
of an interpretation of T in S (in fact, it implies more, see e.g. [412]). The
following problem is in my head since Pudlák’s work in the 1980s. Can you prove
that Robinson’s arithmetic Q cannot interpret the Gödel-Bernays set theory GB
(to keep it finite) without using Gödel’s theorem? For weak theories (algebro-
geometric) the non-interpretability can be sometimes showed by demonstrating
that models of the stronger theory are in some sense much more complex than
of the weaker theory. But for Q and GB they are both very complex.

Sec.21.4. This section is based on [295, Thm.2.1]; some variants and related
statements are presented there.

Sec.21.5. Beame and Pitassi [57] showed that R∗ is automatizable in quasi-
polynomial time. Theorem 5.4.5 implies that if a size nO(1) R-refutation exists
one can find some refutation in subexponential time as the width can be bounded
by O(

√
n log n).

There are several results linking the weak automatizability of R with the
existence of p-time algorithms deciding which of the players has a positional
winning strategy in various two-player games on graphs. These include Atserias
and Maneva [37] (the mean-payoff game), Huang and Pitassi [241] (the simple
stochastic game) and Beckmann, Pudlák and Thapen [62] (the parity game).
[62] also define a game for which the decision problem is equivalent to the
separability of the canonical pair of R. Atserias [26] offers a comprehensive
survey of (weak) automatizability under width or degree restrictions.

Alekhnovich and Razborov [16] proved that a hypothesis from the area of
parameterized complexity implies that R is not automatizable (but it leaves
open possible automatizability in quasi-polynomial time). Note that a similar
situation is with AC0-Frege systems: while Theorems 18.7.2 and 18.7.3 (part 1)
yield non-automatizability of EF and Frege and TC0-Frege systems in subex-
ponential time (if the hypothesis about the RSA of the Diffie-Hellman scheme
are formulated about adversaries computing by subexponential size circuits),
this is not true for AC0-Frege systems 18.7.3 (part 2).

Atserias and Bonet [29] defined weak automatizability by condition 2. in
Lemma 21.5.1; the lemma is also immediate from Pudlák [419]. Note also that
the notion of strong effectively-p simulations defined earlier in this section pre-
serves weak automatizability down and hence essential non-automatizability up.



Optimality 527

The claimed automatizability of SOS is questioned by O’Donnell [379] who
points out that the claims forgot to take into account the bit size of coeffi-
cients occurring in the constructed SOS proof. He gave an example where the
coefficients have exponential size. Raghavendra and Weitz [429] found such an
example with Boolean axioms included but they also showed that in a number of
common situations where the SOS algorithm is used the bit size is polynomial.
The mere large bit size of coefficients does not disprove the automatizability
because an automatizing algorithm has at its disposal time polynomial in the
minimum size of a proof (hence bigger minimum bit size also means more time).
But clearly the automatizability of SOS needs a clarification.

Somewhat related to proof search are situations when short proofs do exist
for a non-trivial class of formulas. As an example consider dense random 3CNFs.
We know by Theorem 13.4.2 that random 3CNFs require exponentially long R-
refutations and the lower bound is actually valid up to density n3/2−Ω(1) (the
number of clauses when there are n variables), cf. Ben-Sasson [66]. Interestingly,
Müller and Tzameret [364] proved, building on ideas of Feige, Kim and Ofek
[181], that random 3CNFs with Ω(n1.4) clauses do have (with the probability
going to 1) polynomial size refutations in a TC0-Frege system.

Further topics. There are links of the Optimality problem to various other
parts of complexity theory. Chen and Flum [138] linked it with descriptive
complexity theory by proving that a p-optimal propositional proof system exists
if and only if a particular logic related to the least-fixed point logic captures
polynomial time predicates on finite structures. To find such a logic is a well-
known open problem in that area. In [137] they also established a link with
parameterized complexity (a parameterized halting problem).

Cook and K. [155] proved that in the class of proof system with advice (cf.
Section 7.6) there is an optimal one. In particular, there is a proof system with
advice of length 1 (i.e. 1 bit) that is optimal among all proof systems using at
most log n advice bits. Beyersdorff, Köbler and Müller [79] offer a comprehensive
presentation of this area.
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Chapter 22

The Nature of Proof
Complexity

We shall step back a little in this chapter in order to gain a larger perspective
of the field and to contemplate the nature of proof complexity. We have seen a
number of proof systems based on variety of ideas and using diverse formalisms.
They are quasi-ordered by (p-)simulations and this is often taken as the basis
for describing the realm of proof complexity. It seems to me that by taking into
account mathematical objects underlying proof systems (algorithms or theories)
allows to paint a somewhat different and more structured picture. Proof systems
are - in this view of proof complexity - divided into four levels that are fairly
clearly distinguished from each other. The separation is not absolutely crisp
and there are grey zones between the adjacent levels. We shall call these four
levels

Algorithmic, Combinatorial, Logical and Mathematical,
and we shall discuss them in separate sections. While describing them we shall
draw on concepts and results presented in all parts of the book without explicitly
citing them. The relevant places are easy to find. In addition, Section 22.5 lists
for each topic relevant sections or chapters and also gives references to all facts
that we shall mention but that were not covered in the book.

22.1 Algorithmic Level

The Algorithmic level (A-level) contains mostly proof systems that are closely
related to algorithms of some sort (SAT, optimization or approximation algo-
rithms). The qualification closely means literally that: a proof system in this
level is just one face of the associated algorithm. A proof in the system certifies
that the algorithm does not find a solution and it is essentially its failing run.

The A-level contain subsystems of resolution such as R∗, R∗(log) related
to the DPLL algorithm and its extensions, cutting planes system CP and the
Lovász - Schrijver system LS related to integer linear programming algorithms,

529
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(subsystems of the) semi-algebraic calculus SAC, and SOS in particular, related
to semi-algebraic relaxation methods, polynomial calculus PC and Nullstellen-
satz NS (and the combined system PCR) related to ideal membership algorithms
and to Gröbner’s algorithm, in particular. We also include in the A-level regular
R and the OBDD system because they are so close to computational devices
(read-once branching programs and OBDDs), and the very weak systems like
the truth-tables (the unique proof of a formula is some canonical computation
of its truth value on all assignments) and LK− (cut-free LK) for their trans-
parency. Resolution R sits in the grey zone between the A-level and the next
Combinatorial Level.

The A-level enjoys three widely applicable lower bound methods: adversary
arguments using width or degree restrictions, the (random) restriction method
and feasible interpolation. In addition there are few ad hoc arguments for NS
and PC describing exactly the space of derivable polynomials of a bounded
degree.

Upper bounds for the systems in this level are derived by analyzing the time
complexity of some specific algorithm solving the search problem Search(C)
associated with an unsatisfiable set of clauses C. Resolution R is related to a
simply defined first-order theory but in reality it is rarely used to get an upper
bound.

Researchers in the area perceive as the most pressing open problem to prove
an unconditional lower bound for LS. Connections of the proof systems in the
A-level to mathematics and to computer science are the richest of all four levels
and there will always be interesting open problems (as long as there will be
interesting algorithms). The research in the A-level forms, I think, the rudiments
from which proof complexity can grow.

22.2 Combinatorial Level

Resolution R lives in the grey zone between the A-level and the Combinatorial
level (C-level). Most lower bound methods from the A-level apply to R as well
but there is no exact correspondence with an algorithm but rather with a first-
order theory behind R.

Bottom of the C-level is occupied by proof systems adding just a little bit of
logic to algebraic and geometric proof systems: R(CP), R(LIN) and R(PC), or
R(OBDD). Slightly above R is R(log), an enigmatic and seemingly simple proof
system which resists a deeper analysis (cf. Problem 13.7.1). Above the system
R(CP) sits LK(CP) related to geometry of discretely ordered rings and to some
lattice algorithms.

At the top of the C-level are Frege systems; in fact, I think they are in
the grey zone between the C-level and the next Logical level. The space below
them is inhabited by subsystems of Frege systems defined by bounded depth
circuit classes in various languages; AC0-, AC0[p]- and TC0- Frege systems, in
particular.

The proof systems in this level do not correspond to algorithms but to first-
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order theories. In the two-sorted set-up these theories allow quantification only
over the first-order objects (bit positions). The theories are based on induction
axioms but are often augmented by some counting abilities: counting quantifiers
or counting principles of some type. Proofs in these theories translate into
propositional proofs in various languages but of a bounded depth. Often the
best way to establish a length-of-proof upper bound for (the translation of) a
principle is to translate a proof of the principle in the corresponding theory.

The restriction method applies to AC0-Frege systems (and their extensions
by some counting principles) and essentially collapses them to systems in the
A-level. Theorem 2.5.6 (part 2) offers a way how to prove, in principle, super-
polynomial lower bounds for Frege systems by proving very strong lower bounds
for AC0-Frege systems. Müller and Pich [362, Prop.4.14] proposed a reduction of
a super-polynomial lower bound for Frege proofs of specific formulas (expressing
circuit lower bounds) to very weak lower bounds for AC0-Frege systems; the
qualification weak means specific polynomial.

In my view the most pressing open problem is to extend some of the lower
bound methods from the A-level to systems like R(CP) or R(LIN). Feasible in-
terpolation seems to be best positioned for that. In addition, I think it would be
quite interesting to extend the correspondence of the A-level systems with algo-
rithms to a correspondence of some of these combined systems with algorithms
allowing forms of deduction.

There are several other well-known open problems perceived by researchers
as important for further developments, including Problems 14.3.2 (the depth d
vs. d + 1 problem), 15.3.2 (the WPHP problem) and 15.6.1 (the AC0[p]-Frege
problem). I find interesting also Problems 19.4.5 and 19.6.1 (linear generators
and iterability for AC0-Frege systems).

22.3 Logical Level

The grey zone between the C-level and the Logical level (L-level) contains
Frege systems but Extended Frege systems sit firmly at the bottom of the L-
level. The system EF is a pivotal proof system, separating in a sense the bottom
two levels (A and C) from the top two levels (L and M). It has a number of
different characterizations in terms of p-equivalence (SF, CF, ER or G∗1) and,
even better, the EF-size measure sEF can be equivalently characterized by the
number-of-steps measure kP for several proof systems including prominently
Frege systems. This is important because many lower bound methods prove
lower bounds for kP rather than for sP , and kP is proof-theoretically more
natural than size.

Slightly above EF are G1 and WF, and above them G2, G3, . . . all the way
up to G. Still in this level but above G is iEF. The iterates of the implicit
construction ikEF go to the top of the L-level but the system i∞EF (defined in
[296] but see the discussion about internal iteration of the implicit construction
in Section 7.7) is in the grey zone between the L-level and the next Mathematical
level. There are some ad hoc systems (UENS or IPS) floating near the bottom
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of the L-level.
Theories corresponding to proof systems in this level are in the two-sorted

set-up second-order or higher-order; they quantify over strings, sets of strings,
etc. In the more suitable (for this level) one-sorted set-up the theories start with
PV and S1

2 , go to T 1
2 , APC1 and APC2, and to theories T i

2, and then to U1
2 ,

V 1
2 and U i

2, V
i
2 , and to the systems S1

2 + k − Exp. A common feature of these
theories is that they are all interpretable in Robinson’s arithmetic and hence
also in the very rudimentary set theory discussed in Section 21.6.

These theories are mostly defined in a purely logical manner, based on induc-
tion axioms accepted for larger and large classes of formulas. The key feature
of these theories is that they do formalize a large part of finitary mathematics.
Computational complexity theory can be formalized in theories at the bottom
of this hierarchy (PV, S1

2 and APC1, in particular). The formalization does not
concern only simple concepts but also concepts that are rather more delicate to
formalize; for example, those involving randomness.

The bottom theories define a number of important p-time and probabilis-
tic p-time algorithms and prove their properties, and prove many key results
in computational complexity. These include Cook’s theorem and other NP-
completeness results, various circuit lower bounds (for AC0 and parity, for
AC0[p] and MODq, and for monotone circuits and the clique function), the
natural proofs barrier, the PCP theorem, the Goldreich - Levin theorem and
the soundness of a construction of a pseudo-random generator from a one-way
function, derandomization via the Nisan-Wigderson generator, constructions of
sorting networks, an expander construction, or Toda’s theorem, to name a few
(see Section 22.5 for references).

Of a particular interest are formalizations of fundamental conjectures as is
the P 6= NP conjecture. Assume A is a p-time algorithm solving SAT. This
can be expressed in the language of PV (it has a name for A) as a universal
statement:

∀ϕ , a , Sat(ϕ, a)→ Sat(ϕ,A(ϕ)) . (22.3.1)

Proof complexity has a bearing on the provability of such statements: by con-
sequence (4) of the correspondence between a proof system P and a theory T
in Section 8.6, a super-polynomial lower bound for P -proofs of any sequence of
tautologies implies that for all p-time algorithms A it is consistent with T that
(22.3.1) is false. In other words, P 6= NP is consistent with T (consequence (4)
is, in fact, stronger as it speaks about the consistency of NP 6= coNP).

What if we are interested in how hard it is to disprove that A is a SAT
algorithm? At a first sight it seems that in order to express that A fails for, say,
any large enough length we need to use an existential quantifier:

∀1(n)(n ≥ n0)∃ϕ, a , |ϕ| ≥ n ∧ Sat(ϕ, a) ∧ ¬Sat(ϕ,A(ϕ)) (22.3.2)

and thus this issue will escape propositional logic. But that is not so; we can
use A itself to find its own error. In fact, turning to circuits in order to avoid
talking about specific algorithms, consider the following formalization of the nc
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lower bound for circuits solving SAT:

∀1(n)(n ≥ n0)∀C(|C| ≤ nc)∃ϕ, a , |ϕ| = n∧Sat(ϕ, a)∧¬Sat(ϕ,C(ϕ)) (22.3.3)

It is not difficult to construct (cf. Section 22.5) a p-time algorithm F that finds
some witnesses (ϕ, a) to the existential quantifiers when given C, as long as SAT
has no size nc circuits for large enough n. In particular, (22.3.3) can be then
written as a universal statement (we leave out the universal quantifiers to fit on
one line):

[|C| ≤ nc ∧ (ϕ, a) = F (C)]→ [|ϕ| = n ∧ Sat(ϕ, a) ∧ ¬Sat(ϕ,C(ϕ))] (22.3.4)

It follows from the above discussion that having a super-polynomial lower bound
for EF, WF or for even a stronger system has a meta-mathematical significance
for complexity theory. Informally: any super-polynomial lower bound for these
proof systems implies that P 6= NP is consistent with a bulk of present day
complexity theory, and a super-polynomial lower bound for P -proofs of the
propositional translations of (22.3.4) implies that nc lower bound for circuits
solving SAT is not provable in a theory T corresponding to P .

In general, ifH is a hypothesis in complexity theory we conjecture to be true,
I find it more interesting to know that it is consistent with a theory like PV
or APC1 rather than to know that it is not provable. The consistency counts
towards the validity of H: it is true in a model of the theory, a structure very
close to the standard model from the point of view of complexity theory. On the
other hand, the unprovability says that the methods available in the respective
theory are insufficient to prove H. I suppose that can be useful to be aware of.

Unfortunately we have no lower bounds for any system in the L-level. Per-
haps the meta-mathematical connections hint why proving them seems so hard.

We know quite a lot about mutual (p-)simulations of the systems in the
L-level, and about their surprising strength in the sense what can be feasibly
proved in them. To me the most interesting research direction is to attempt to
extend the feasible interpolation idea (cf. Section 18.7) from the A-level through
the C-level up here, to the L-level. Proof complexity generators (Section 19.4)
can be seen as a generalization of formulas expressing the disjointness of an
NP pair (cf. Lemma 19.4.1) and forcing with random variables (Section 20.4)
reduces properties of a modelK(F ) (in particular, of a proof complexity relevant
one) to properties of the family of random variables F .

My working hypothesis is that these two strands will come together and
yield conditional lower bounds for all proof systems in the C-level and some
proof systems in the L-level.

22.4 Mathematical Level

The proof systems we included in the L-level are defined in a combinatorially
transparent (though not necessarily elementary) way, using either some logical
calculus or some bottom-up combinatorial construction. Proof systems I left
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for the Mathematical level (M-level) do not seem to allow such definitions
and are defined simply as first-order theories. That is, a proof system in this
level is described by defining a first-order theory T and interpreting a T -proof
of the formal statement ”α is a tautology” (as was Taut(dαe) in Section 7.4)
as proof of α in the system PT (cf. the system PPA in Section 7.4). Theory
T can be any one that contains Robinson’s arithmetic (or PV, for simplicity of
formalizations), has a p-time decidable set of axioms and is sound with respect
to the standard model N. Axioms of T may involve any mathematics available;
in particular, they do not reduce to logic.

The grey zone between the L-level and the M-level contains theory I∆0+Exp
corresponding to the union of systems ikEF, k ≥ 1. It is not interpretable in
Robinson’s arithmetic. The system i∞EF sits already inside the M-level, I think.

If ∀xA(x) is a true universal sentence in the language of PV, say, then proving
super-polynomial lower bound for PT -proofs of the propositional translations
||A||n implies that T does not prove the sentence. The only method mathematics
knows for showing that some universal statements are not provable in a strong
theory is diagonalization. It applies to statements talking directly or indirectly
about consistency. The propositional consistency statements do have, however,
short proofs (cf. Section 19.2). Hence we should either try to find a modification
of diagonalization for proof complexity or to look for non-uniform sets of hard
formulas to which the existing diagonalization methods apply (cf. Chapter 19).
I think we should try to do both at the same time. Note that diagonalization is
behind the very few results reaching to the M-level we know, including Theorems
21.3.3 and 21.4.3.

I think that the big question behind the lengths-of-proofs problems in the
M-level and, in a sense, behind most of proof complexity, is:

What is the nature of proof complexity?
That is, what are the intrinsic reasons that some formulas are hard to prove?
Can the proof complexity of some formulas be traced to the computational
complexity of associated computational tasks? In particular, does NP 6= coNP
follow from a plausible computational hypothesis about feasible computations?
Or is, in fact, the hardness of proving genuinely different from the hardness of
computing?

22.5 Bibliographical and Other Remarks

Sec.22.1. The proof systems included in the A-level (and their links to algo-
rithms) are discussed in Sections 5.2 and 5.3 (R-like systems), in Chapter 6
(algebraic and geometric systems), and in Sections 3.2 (cut-free LK) and 7.4
(OBDD). The lower bound methods are covered in Chapters 13, 16, 17 and 18.
The search problem Search(C) was defined in Section 5.2.

Sec.22.2. The theory corresponding to R was discussed in Section 10.5. The
combined systems were introduced in Section 7.1, the system R(log) in Section
5.7. The links of LK(CP) to a lattice algorithm was mentioned in Section
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5.7 and more details are in [285]. Frege systems are in Chapter 2, the various
bounded depth subsystems were introduced in Section 5.7 and modular counting
principles in Section 11.1.

The correspondence of these proof systems to various theories and their
applications to length-of-proofs upper bounds were discussed in Chapters 10
and 11. The restriction lower bound method is presented in Chapters 14 and
15.

The questions whether R(CP) is related to some extension of the Chvátal -
Gomory cuts is discussed in [285]. Investigating the same issue for LS or SOS
could be, I think, quite fruitful.

The AC0-Frege systems and their extensions by counting principles are
linked with SAT algorithms in an indirect way. Given a proof system P , [307] de-
fine Alg(P ) to be the class of SAT algorithms whose soundness have polynomial
size P -proofs (the soundness of an algorithm is formalized by reflection formulas
as for proof systems). The relation between the provability of reflection princi-
ples and the existence of a simulation (cf. Section 8.6) implies that P simulates
all algorithms A from Alg(P ), thinking of A as of a proof system. In particular,
a length-of-proof lower bound for P translates into a time lower bound for A.
It is not difficult to verify that most SAT algorithms proposed by researchers
belong to class Alg(P ) for some P for which we have a super-polynomial lower
bound. Also, having a restriction A′ of an algorithm A ∈ Alg(P ), a way how to
show that it is weaker than A is to show that it belongs to Alg(P ′) for P ′ that
is demonstrably weaker than P .

Sec.22.3. The systems included in this level were defined in Chapter 4 and
Sections 2.4, 7.2, 7.3 and 7.5, and the corresponding theories in Section 9.3 and
Chapter 12.

The systems S1
2 + k−Exp are defined analogously to how S1

2 +1−Exp was
defined in Section 12.9. The interpretability of these systems (and the theories)
in Robinson’s arithmetic goes back to Paris and Wilkie [395], utilizing a trick
due to Solovay (shortening of cuts).

The formalization of complexity theoretic concepts, constructions and results
started already with Paris and Wilkie [391, 390, 392, 393, 394, 395] and Buss
[106], and is treated also in [281], by Hájek and Pudlák [216] and by Cook and
Nguyen [157]. The mentioned circuit lower bounds were formalized in his par-
ticular formalization by Razborov [437, 438] (see also the discussion in Sections
19.5 and 19.6), and in the intrinsic formalization in theory APC1 in [281, 15.2]
(parity lower bound; the WPHP (f) there is what we call here dWPHP (f))
and by Müller and Pich [362]. They also formalized natural proofs of Razborov
and Rudich [448] and gave an overview of various formalizations and their rela-
tions. The PCP theorem was formalized in PV by Pich [402, 403]; paper [403]
offers also an overview of formalizations of various other results.

Probabilistic classes and computations, and approximate counting, were for-
malized in theories APC1 and APC2 by Jeřábek [257, 258, 259, 260, 262] who
also formalized derandomization via the Nisan - Wigderson generator and con-
structions of a sorting network and of an expander. Based on this work Le [342]
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formalized the Goldreich - Levin theorem. Another construction of an expander
was formalized by Buss et.al. [128] in theory V NC1. Toda’s theorem was proved
by Buss, Kolodziejczyk and Zdanowski [131] in an extension of APC2.

Witnessing the failure of a purported SAT algorithm A and replacing (22.3.2)
by a universal statement is simple: given n >> 1, apply A itself to a formula ψ
with two n-tuples of atoms x, y expressing that x is a formula satisfied by y but
not by A(x). This formula is satisfiable and hence either A finds a satisfying
assignment (and hence a counter-example to itself) or not, and then ψ is a
counter example (for some length nO(1)). This is not quite what we want because
in the latter case we do not have a satisfying assignment certifying that ψ ∈ SAT
but we can still use ψ to find a local inconsistency in how A decides satisfiability
and certify its failure by that. An analogous idea was generalized to randomized
A by Gutfreund, Shaltiel and Ta-Shma [215].

The formula (22.3.3) is denoted in Pich [401] SCE(SAT, nc). Its witnessing
by a p-time function is not so simple as for a uniform algorithm but can be done,
assuming the existence of a strong one-way permutation (it yields instances of
SAT hard to solve) and the existence of a language in E exponentially hard on
average for circuits (this then allows to construct a small pseudo-random set
of instances and an exhaustive search through it finds an instance hard for the
given circuit). See [401, Prop.4.2] for details and for other way how one can
witness the failure of circuits for SAT.

An important open problem is, I think, whether it is also possible to feasi-
bly witness the failure of a purported p-bounded proof system. That is, how
computationally difficult it is to find hard formulas for a given proof system.
In the uniform set-up this relates to the existence of an optimal proof system
(cf. Section 21.1). For the non-uniform set-up (proof systems are non-uniform
sequences of non-deterministic p-size circuits) there are, actually, conditional
negative results: assuming the existence of an exponentially hard one-way per-
mutation, no time 2O(n) algorithm can find hard instances (see the problem
Cert(c) in [315]).

There are some results establishing the consistency of a plausible conjecture,
or its unprovability, with a theory from the L-level. For example, it is consistent
with PV (or with S1

2) that NP 6⊆ P/poly if the polynomial time hierarchy does
not collapse to the Boolean hierarchy (or to the class PNP[log n], respectively)
(Cook and K. [155]) and that for any k ≥ 1 there is a language L in P that
has no size nk circuits (this is an unconditional result of K. and Oliveira [317]).
An example of an unprovable plausible conjecture is Pich’s [401] result that
theory TNC1 (analogous to PV but for uniform NC1 algorithms) does not prove
super-polynomial circuit lower bound for SAT unless all functions in P have
sub-exponential hardness on average with respect to formulas (see [401] for the
exact statement).

Problems concerning the L-level include also the Finite Axiomatizability
Problem 8.1.2 and this can serve as an example that conditional solutions are
possible: K., Pudlák and Takeuti [327] solved it in the negative assuming that
the polynomial time hierarchy does not collapse. Other problems in the L-level
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waiting for at least conditional solutions are the ∆0-PHP Problem 8.1.3 or the
problem whether PV =? APC1 (posed in [292]).

The computational relevance of forcing with random variables is discussed
in [309, p.3].

Sec.22.4. The non-interpretability of I∆0 + Exp in Robinson’s arithmetic is
due to Paris and Wilkie [395].

Pudlák [425] advocates the thesis (called Feasible Incompleteness Thesis by
him) that unprovability of universal statements in strong theories can be traced
to computational complexity.

Another statement similar in form to Theorem 21.4.3 and reaching to the
M-level (and based on diagonalization) can be derived from a result of Williams
[510]; namely, [510, Thm.1.1] implies that either there is no sub-exponentially
bounded proof system (i.e. 2no(1)

-bounded) or NEXP 6⊆ P/poly.
The possibility to reduce proof hardness to computational hardness is dis-

cussed also in [298].
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bounds on Hilbert’s Nullstellensatz and propositional proofs, Proceedings
of the London Mathematical Society, (3) 73, (1996), pp.1-26. 156, 265,
368, 378, 382, 394, 395

[53] P. Beame, R. Impagliazzo, J. Kraj́ıček, T. Pitassi, P. Pudlák, and
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[197] M. Garĺık, A New Proof of Ajtai’s Completeness Theorem for Nonstandard
Finite Structures, Archive for Mathematical Logic, 54(3-4), (2015), pp.
413-424. 508
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[216] P. Hájek and P. Pudlák, Metamathematics of first-order arithmetic, Per-
spectives in Mathematical Logic, (1993), 460 p. Springer-Verlag. 185, 488,
535

[217] G. Hajós, Über eine Konstruktion nicht n-färbbarer Graphen, Wiss.
Zeitschr. Martin Luther Univ. Halle-Wittenberg, A 10, (1961). 180

[218] A. Haken, The intractability of resolution, Theoretical Computer Science,
39, (1985), pp.297-308. 16, 332, 333

[219] A. Haken, Counting bottlenecks to show monotone P 6= NP, in: Proc.
36th IEEE Symposium on Foun- dations of Computer Science (FOCS),
(1995), pp.36-40. 406, 429

[220] J. Hanika, Search Problems and Bounded Arithmetic, PhD.Thesis, Charles
University, Prague, (2004). 489

[221] J. Hanika, Herbrandizing search problems in Bounded Arithmetic, Math-
ematical Logic Quarterly, 50(6), (2004), pp.577-586. 489



556 Proof complexity

[222] J. Hartmanis, P. M. Lewis and R. E. Stearns, Hierarchies of memory
limited computations, in: IEEE Conf. Res. on Switching Circuit th. and
Logic design, Ann Arbor, (1965), pp.179-190. 43, 55

[223] J. Hartmanis and R. E. Stearns, On the computational complexity of algo-
rithms, Transactions of the American Mathematical Society, 117, (1965),
pp.285-306. 42, 55

[224] J. Hastad, Almost optimal lower bounds for small depth circuits. in: Ran-
domness and Computation, ed. S.Micali, Ser.Adv.Comp.Res., 5, (1989),
pp.143-170. JAI Pres. 56, 339, 344

[225] J. Hastad, On small-depth Frege proofs for Tseitin for grids, in: Proc. of
the IEEE 58th Annual Symposium on Foundations of Computer Science
(FOCS 2017), pp.97-108. 377, 491
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[291] J. Kraj́ıček, On the weak pigeonhole principle, Fundamenta Mathematicae,
Vol.170(1-3), (2001), pp.123-140. 133, 138, 243, 330, 331, 378, 491
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329, Genéve. 212

[386] J. Paris and C. Dimitracopoulos, A note on undefinability of cuts, J. of
Symbolic Logic, 48, (1983), pp.564-569. 212

[387] J. B. Paris, W. G. Handley and A. J. Wilkie, Characterizing some low
arithmetic classes, Colloquia Mathematica Soc. J. Bolyai, 44, (1984),
pp.353-364. 212

[388] J. B. Paris and L. Harrington, A Mathematical Incompleteness in Peano
Arithmetic, in: Handbook of Mathematical Logic, J. Barwise ed., Amster-
dam, Netherlands; North-Holland, (1977). 466

[389] J. B. Paris and L. Kirby, Σn - collection schemes in arithmetic, in: Proc.
Logic Colloquium ’ 77, North-Holland, Amsterdam, (1978), pp.199-209.
212

[390] J. B. Paris and A. J. Wilkie, Models of arithmetic and rudimentary sets,
Bull. Soc. Mathem. Belg., Ser. B, 33, (1981), pp.157-169. 212, 535

[391] J. B. Paris and A. J. Wilkie, ∆0 sets and induction, in: Proc. of the
Jadwisin Logic Conf., Poland, (1983), pp.237-248. Leeds University Press.
212, 535

[392] J. B. Paris and A. J. Wilkie, Some results on bounded induction, in: Proc.
2nd Easter Conf. on Model Theory (Wittenberg 84), (1984), pp.223-228.
Humboldt Universitat, Berlin. 212, 535

[393] J. Paris and A. J. Wilkie, Counting problems in bounded arithmetic,
in: Methods in Mathematical Logic, LN in Mathematics, 1130, (1985),
pp.317-340. Springer-Verlag. 17, 81, 191, 193, 195, 197, 198, 212, 213,
242, 243, 255, 266, 296, 348, 379, 508, 535

[394] J. B. Paris and A. J. Wilkie, Counting ∆0 sets, Fundamenta Mathematica,
127, (1987), pp.67-76. 212, 296, 535

[395] J. B. Paris and A. J. Wilkie, On the scheme of induction for bounded arith-
metic formulas, Annals of Pure and Applied Logic, 35, (1987), pp.261-302.
194, 212, 488, 489, 535, 537



Bibliography 569

[396] J. Paris, A. J. Wilkie and A. Woods, Provability of the Pigeonhole Prin-
ciple and the Existence of Infinitely Many Primes, J. of Symbolic Logic,
53(4), (1988), pp.1235-1244. 56, 212, 252, 254, 265, 296, 379

[397] S. Perron, Examining fragments of the quantified propositional calculus
J. of Symbolic Logic, 73(3), (2008), pp.1051-1080. 114

[398] S. Perron, Power of non-uniformity in proof complexity, PhD Thesis, U.
of Toronto, (2009). 114

[399] J. Pich, Hard tautologies, MSc Thesis, Charles University in Prague,
(2011). 492

[400] J. Pich, Nisan-Wigderson generators in proof systems with forms of inter-
polation, Mathematical Logic Quarterly, 57(4), (2011), pp.379-383. 492

[401] J. Pich, Circuit lower bounds in bounded arithmetic, Annals of Pure and
Applied Logic, 166(1), (2015), pp.29-45. 536

[402] J. Pich, Complexity Theory in Feasible Mathematics, PhD Thesis, Charles
University, (2014). 535

[403] J. Pich, Logical strength of complexity theory and a formalization of the
PCP theorem in bounded arithmetic, Logical Methods in Computer Sci-
ence, 11(2), (2015). 535

[404] T. Pitassi, P. Beame, and R. Impagliazzo, Exponential lower bounds for
the pigeonhole principle, Computational complexity, 3, (1993), pp.97-308.
359, 377

[405] T. Pitassi and R. Raz, Regular Resolution Lower Bounds for the Weak
Pigeonhole Principle, Combinatorica, 24(3), (2004), pp.503-524. 332

[406] T. Pitassi and R. Santhanam, Effective polynomial simulations, in: Proc.
of the 1st symp. on Innovations in CS, (2010), pp.370-382. 56, 524

[407] T. Pitassi and N. Segerlind, Exponential Lower Bounds and Integral-
ity Gaps for Tree-Like Lovász-Schrijver Procedures, SIAM J. Comput.,
41(1), (2012), pp. 128-159. 394

[408] T. Pitassi and A. Urquhart, The complexity of the Hajos Calculus, SIAM
J. on Discrete Mathematics, 8(3), (1995), pp.464-483. 181, 186

[409] V. R. Pratt, Every prime has a succinct certificate, SIAM J. Computing,
4, (1975), pp.214-220. 460

[410] D. Prawitz, Natural deduction. A proof-theoretic study, Stockholm, 1965.
102

[411] P. Pudlák, A definition of exponentiation by bounded arithemtic formula,
Commentationes Mathematicae Universitas Carolinae, 24(4), (1983),
pp.667-671. 212



570 Proof complexity

[412] P. Pudlák, Cuts, consistency statements and interpretations, J. Symb.
Logic, 50, (1985), pp.423-441. 296, 526

[413] P. Pudlák, On the length of proofs of finitistic consistency statements in
first-order theories, in: Logic Colloquium 84, North Holland P.C., (1986),
pp.165-196. 296, 517

[414] P. Pudlák, Improved bounds to the length of proofs of finitistic consistency
statements, in: Contemporary mathematics, 65, (1987), pp.309-331. 296,
525, 526

[415] P. Pudlák, Ramsey’s Theorem in Bounded Arithmetic, in: Proc. Com-
puter Science Logic’90, eds. E.Borger, H.Kleine Buning, M.M.Richter,
W.Schonfeld, LN in Computer Science, 533, Springer-Verlag, (1991),
pp.308-317. 331

[416] P. Pudlák, Lower bounds for resolution and cutting planes proofs and
monotone computations, J. Symbolic Logic, 62(3), (1997), pp.981-998.
425, 429, 430, 435, 436, 456

[417] P. Pudlák, The lengths of proofs, in: Handbook of Proof Theory, S.R. Buss
ed., Elsevier, (1998), pp.547-637. 20, 429

[418] P. Pudlák, On the complexity of propositional calculus, in: Sets and
Proofs, Logic Colloquium97, Cambridge Univ. Press, (1999), pp.197-218.
157, 183, 184, 445, 457

[419] P. Pudlák, On reducibility and symmetry of disjoint NP-pairs, Theor.
Comput. Science, 295, (2003), pp.323-339. 430, 524, 526

[420] P. Pudlák, Proofs as games, American Math. Monthly, June-July 2000,
pp.541-550. 333

[421] P. Pudlák, Consistency and games - in search of new combinatorial princi-
ples, in: Proc. Logic Colloquium’03, Helsinki, eds. V. Stoltenberg-Hansen
and J. Vaananen, Assoc. for Symbolic Logic, (2006), pp.244-281. 489

[422] P. Pudlák, Twelve problems in proof complexity, in: Proc. 3rd Interna-
tional Computer Science Symposium in Russia (CSR), (2008), pp.13-27.
20

[423] P. Pudlák, Quantum deduction rules, Annals of Pure and Applied Logic,
157, (2009), pp.16-29. 186

[424] P. Pudlák, A lower bound on the size of resolution proofs of the Ramsey
theorem, Information Processing Letters, 112 (14-15), (2012), pp. 610-
611. 331

[425] P. Pudlák, Logical Foundations of Mathematics and Computational Com-
plexity, a gentle introduction, Springer-Verlag, 2013. 20, 537



Bibliography 571

[426] P. Pudlák, Incompleteness in the finite domain, Bulletin of Symbolic Logic,
23(4), (2017), pp.405-441. 525

[427] P. Pudlák and J. Sgall, Algebraic models of computation, and interpola-
tion for algebraic proof systems, in: Proof Complexity and Feasible Arith-
metic, ed. S. Buss, LN in Computer Science, DIMACS Series in Discrete
Mathematics and Theoretical Computer Science 39, (1998), pp.279-295.
442, 457

[428] P. Pudlák and N. Thapen, Random resolution refutations, preprint, in:
Proc. of the 32nd Computational Complexity Conference (CCC 2017),
Leibniz International Proceedings in Informatics, 79, (2017), pp.1:1-1:10.
181, 186, 332

[429] P. Raghavendra and B. Weitz, On the bit-complexity of sum-of-squars
proofs, in: Proc. 44th International Colloquium on Automata, Languages,
and Programming (ICALP 2017), (2017), pp.80:1–80:13. 527

[430] R. Raz, Resolution Lower Bounds for the Weak Pigeonhole Principle, J.
of the Association for Computing Machinery, 51(2), (2004), pp.115-138.
332

[431] R. Raz and I. Tzameret, Resolution over Linear Equations and Multilinear
Proofs, Annals of Pure and Applied Logic, 155(3), (2008), pp.194-224. 183

[432] R. Raz and A. Wigderson, Probabilistic communication complexity of
Boolean relations, in: Proc. IEEE 30th Annual Symp. on Foundation of
Computer Science (FOCS), (1989), pp.562-567. 439, 458

[433] R. Raz and A. Wigderson, Monotone circuits for matching require linear
depth, J. of the ACM, 39(3), (1992), pp.736-744. 407, 430, 438

[434] A. A. Razborov, Lower bounds for the monotone complexity of some
Boolean functions, Doklady Akademii Nauk SSSR, 281(4), (1985),
pp.798-801. English translation in Soviet Math. Doklady, 31:354-357,
1985. 47, 327, 429

[435] A. A. Razborov, Lower bounds on the size of bounded depth networks over
a complete basis with logical addition, Matem. Zametki, 41(4), (1987),
598-607. 47, 371

[436] A. A. Razborov, On provably disjoint NP-pairs, Basic Research in Com-
puter Science Center, Aarhus, RS-94-36, (1994), unpublished report. 429,
430

[437] A. A. Razborov, Bounded arithmetic and Lower Bounds in Boolean Com-
plexity, in: Feasible Mathematics II, P. Clote and J. Remmel (eds.),
(1995), pp.344-386. Birkhauser Verlag. 535



572 Proof complexity

[438] A. A. Razborov, Unprovability of lower bounds on the circuit size in cer-
tain fragments of bounded arithmetic, Izvestiya of the R.A.N., 59(1),
(1995), pp.201-224. 416, 428, 429, 493, 535

[439] A. A. Razborov, An Equivalence between Second-order Bounded Domain
Bounded Arithmetic and First Order Bounded Arithmetic, in: Arith-
metic, Proof Theory and Computational Complexity, Eds. P. Clote and
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Each special symbol is listed by the section where it was defined.

Sec.1.1 At, >, ⊥, `1, `0, TAUT, SAT, UNSAT, ttα, DNF, CNF, a ≤ b, kCNF,
kDNF, kSAT, T |= α, NAND, ⊕, MODm,j , THn,k, `dp.

Sec.1.2 CL, FL, RL, A |= B, Σ1
1, sΣ

1
1, 〈B(i1, . . . , ik)〉n, 〈B(i1, . . . , ik, j)〉n,A.

Sec.1.3 timeM (w), tM (n), ℵL, Time(f), NTime(f), P, NP, E, NE, EXP, NEXP,
spaceM (w), Space(f), NSpace(f), sM , L, NL, PSPACE, NPSPACE, coC, ≤p

(reduction), BPP.

Sec.1.4 DefC , ⊕n, P/poly, AC0, AC0[m], TC0, NC1, mP/poly, Cliquen,k, PT ,
sP (α), ≡p, P ≥p Q, P ≥ Q, PHPn.

Sec.2.1 k(π), kP (α), `F , w(π), F ∗, h(π), hF (α).

Sec.2.4 SF , EF , Ext(A), dp(A), Fd, `(π), `F (A).

Sec.3.1 LK, PK, LK−, LK∗.

Sec.3.4 LKd, LK∗
d, LKd+1/2.

Sec.4.1 Σq
∞, Σq

i , Πq
i , G, Gi, G∗

i , TAUTi, ≤i
p, ≡i

p, sΣ
q
1.

Sec.4.2 F (P ), BPF .

Sec.4.3 Sk[A], ASk, S2, S2F .

Sec.5.1 R, R∗.

Sec.5.2 Search(C).

Sec.5.3 w(C), w(D), w(π),

Sec.5.4 Rw, R∗w, wRw(C ` A), C `k A, C � ` = ε, C � ` = ε.

Sec.5.5 h(π), hR(C), Tsp(π), Csp(π), TspR(C), CspR(C).

Sec.5.6
∨
D, ¬D,

∧
¬D.

Sec.5.7 DNF-R, R(f), R(k), R(log),

Sec.6.1 EC, EC/F.

Sec.6.2 PC, PC/F, NS, NS/F, deg(π), PC∗.
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Sec.6.3 CP, CPc.

Sec.6.4 SAC, SOS.

Sec.6.5 LS, LS+.

Sec.6.6 rk(π).

Sec.6.7 PC<, LSd, LSd
+, LS∗, LS∗,split, LSd

+,×.

Sec.7.1 P ∨Q, R(CP ), LK(CP ), R(LIN), R(PC), R(PCd), PCR,

Sec.7.2 CF, WF, WPHP, dWPHP.

Sec.7.3 [P,Q], iP , iER.

Sec.7.4 MLK, OBDD, PA, LPA, sn, n, ∆0, Σ0
1, dwe, Taut(x), PPA.

Sec.7.5 ENS, UENS, IPS.

Sec.7.6 RR, NP/k(n).

Sec.7.7 Res− lin, GC, LS + CP, F c
d (MODp), LJ, R(OBDD).

Sec.8.1 I∆0, Ω1, ω − 1(x), |x|, ∆0 − PHP.

Sec.8.2 LPA(α), 〈. . . 〉n, LKB.

Sec.8.3 ThL(N).

Sec.8.4 Sat2, RefR, Flad, Prfd, Satd, Refd, PrfQ, Prf0
Q, Sat0, Sat, RefQ,

RefQ,d.

Sec.8.6 DNF-TAUT.

Sec.9.1 LBA, len(x), (x)i, bit(i, x), BASIC, 〈x, y〉, L(f), BASIC(α), L(α),
BASIC(f), L(α, f), BASIC(α, f).

Sec.9.2 Pb(N), N2, M2, LBA(#), x#y, BASIC(#), M(K), nb(A), K(M).

Sec.9.3 Σ1,b
0 , IΣ1,b

0 , V 0
1 , Σ1,b

0 -CA, X ≤ x, Σ1,b
1 , Π1,b

1 , sΣ1,b
1 , sΠ1,b

1 , V 1
1 , Σb

∞, T2,
LIND, PIND, S2, Si

2, T 2, Σb
i , Πb

i , sΣ
b
i , sΠ

b
i , T

i
2, S

i
2, S

1
1(α), V 1

2 , U1
1 , U1

2 .

Sec.9.4 ∆1,b
1 .

Sec.10.1 F (MODm), Fd(MODm), F (⊕), Qm, Qm,i, Q2Σ
1,b
0 , Satd(⊕), IQ2Σ

1,b
0 .

Sec.10.2 Cn,k, FC, FCd, ∃=, ∃=Σ1,b
0 , I∃=Σ1,b

0 , V TC0.

Sec.10.3 Enum(X,x, Y ).

Sec.10.5 ∀≤1
∧

(∨), ∀≤1
∧

(∨)− LNP

Sec.11.1 Countm(x,R), e ⊥ f , rem(R), Countmn .

Sec.11.2 PHP(R).

Sec.11.4 WPHP(s, t, R), WPHP2n
n , WPHPn2

n , ontoWPHP(s, t, R), ontoWPHPn2

n .

Sec.11.6 Eval.
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Sec.11.7 ¬PHPn, Evald.

Sec.12.1 PV, s0(x), s1(x), LRN, Tr(x), x _ y, Less(x, y), LPV, PV1, PV1,
S1

2(PV), BASIC(LPV).

Sec.12.3 || . . . ||n.

Sec.12.4 RFNP , Sat(x, z), RFNER.

Sec.12.5 i−RFNP , Sati, AxSk[A], ASk, Sk[T2].

Sec.12.6 dWPHP(g), APC1, APC2, RFNWF .

Sec.12.7 RFNiER.

Sec.13.1 RAM(R, k), RAMn, Tour(R,n), TOURn.

Sec.13.2 ΦSk, LSk, Φrel, Cρ, RAM(n, k), RAMU (n, k), Cli(H), Ind(H), RAMf (n, k).

Sec.13.3 degE , E −PHP, ∂A(I), E −WPHPm
n , bPHP, TSEG,f , e(G), bPHPn.

Sec.13.4 Dk
n,m, τb(A).

Sec.13.5 Cliquen,ω, Colorn,ξ.

Sec.13.6 PebG.

Sec.13.7 RR, GER, FCw
reason.

Sec.14.1 Sd,n, Sd,n
i , Q+ d, ¬(E − ontoWPHPn2

n ).

Sec.14.2 V ar(Sd,n

i
), R+

k,d,n(q), R−
k,d,n(q), T d,n,`

i
.

Sec.15.1 dp(A), ¬ontoPHPn, h(T ), Maps, α||β, α ⊥ β, H / T , S × T , S(H),
Hϕ, Sϕ.

Sec.15.2 αρ, Hρ, Dρ, Rρ, nρ, h(H), ϕρ.

Sec.15.4 rk, Field, Fieldn.

Sec.15.5 Partitions, ¬Coaunt3n, xα.

Sec.15.6 AC0[2]-R(PC), AC0[2]-R(LIN), Ax[f1, . . . , fm; z], disjm,a, Em,i,a, ENS,
Et.

Sec.15.7 PKc
d(⊕), UENS.

Sec.16.1 Orbit(X), Next(v), Partitionsn, Partitions5n.

Sec.16.2 ¬WPHPm
n , Ŝ, Maps, Mapst, Maps∗, Ŝt, Vt, ∆t, Ct, Bt.

Sec.17.1 FI.

Sec.17.2 BMS, BMS+
n , BMS−n , BMP+

n , BMP−n , FALSI, FALSI∗, PROV(Q),
OWF, OWP, RSA, RSAi.

Sec.17.4 CC(R), KW [U, V ], KWm[U, V ], (G, lab, S, F ).

Sec.17.5 CC(A), MCCU (A), Ã.
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Sec.17.7 sel(x, y, z).

Sec.17.9
∨̇

.

Sec.18.2 CCR(R), MCCR
U (A), Cpub

ε (R), R>
m.

Sec.18.6 Pr.

Sec.18.8 R(OBDD), CLO.

Sec.19.2 ConQ, P +RefQ.

Sec.19.3 TFNP, Defn,s
C , Def0,s

C , ¬ConER(s, k).

Sec.19.4 τ(C)b, τ(g)b, H(g), PRNG, SPRNG, Gadf , CV`,k, nwk,c.

Sec.19.5 tts,k.

Sec.19.6 PLS, GLS, RAM, BT.

Sec.20.1 Sat0, Taut, PrfP , PrP , ⊆cf , ∀1ThPV(N).

Sec.20.2 Lps.

Sec.20.4 Mn, Lall, Ln, Ω, K(F ), 〈〈A〉〉, B, [[A]].

Sec.21.2 ≤p (for disjoint pairs).

Sec.21.3 dϕe, PrfT , PrT , ConT , Pry
T (x), ConT (y), `m.

Sec.21.4 ẋ, BigTaut.

Sec.21.5 (A,P ), (A,P ) � (B,Q).

Sec.22.3 i∞EF.

Sec.22.6 Alg(P ).
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