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Homework 7

Problem 1 (Characteristic Equation and Eigenvalues).

Write the characteristic equations, Eigenvalues, and Eigenvectors of the following matrices.

A =

[

2 1
4 9

]

(1)

A =





1 −1 5
0 −7 3
−1 −6 −2



 (2)

solution

|A−λ I| =

∣

∣

∣

∣

2−λ 1
4 9−λ

∣

∣

∣

∣

= (2−λ )(9−λ )−4

= λ
2 −11λ +18−4

= λ
2 −11λ +14

= 0 (3)

λ1,2 =
11±

√
121−56

2

=
11±8.0623

2
= 9.53,1.47 (4)
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Problem 2 (Similarity Transform).

Find the Eigenvalues and Eigenvectors of the following matrix and convert the matrices into diagonal or block
diagonal form, whichever is approprate.

A =

[

1 2
5 4

]

(3)

A =

[

1 2
2 4

]

(4)

A =





1 2 0
−1 3 0
2 −4 3



 (5)











Problem 3. Prove the following Theorem:

Theorem 1 (Complex Conjugate Eigenvalues). Suppose A has the following eigenvalues,

λ◦ i = σi + iωi (6)

λ◦ i+1 = σi − iωi = λ◦ i (7)

(8)

for i = {1,3,5, · · · ,m−1} and

λ◦ i = λ◦ i (9)

for i = {m+1,m+2, · · · ,n}
and a linealy independent set of eigenvectors

ui = vi + iwi (10)

ui+1 = vi − iwi = ui (11)

(12)

for i = {1,3,5, · · · ,m−1} and

ui = ui (13)

for i = {m+1,m+2, · · · ,n}
The, the real-valued matrix,

U = [v1 w1 v3 w3 · · · vm−1 wm−1 um+1 un−1 · · · un] (14)

is nonsingular and may be used to transform A into the block-diagram form,

U
−1

AU =













ΛΛΛ1 0 · · · 0 0
0 ΛΛΛ3 · · · 0 0

· · · · · · · · ·
. . .

...
0 0 · · · ΛΛΛm−1 0
0 0 0 · · · ΛΛΛm+1













(15)

where,

ΛΛΛi =

[

σi ωi

−ωi σi

]

(16)

for i = {1,3,5, · · · ,m−1} and

ΛΛΛm+1 =













λ◦m+1 0 · · · 0 0
0 λ◦m+2 · · · 0 0

· · · · · · · · ·
. . .

...
0 0 · · · λ◦n−1 0
0 0 0 · · · λ◦n













(17)

This result also holds for non-distinct eigenvalues, provided that the eigenvectors are linearly independent.

Hint:

First show that

Avi = σivi −ωiwi (18)

Awi = ωivi +σiwi (19)



for i = {1,3,5, · · · ,m−1} and then proceed as if you have all diagonal elements.



Problem 4. If A : Rn 7→ Rn and m ≥ n, show that A
m may be written as,

A
m = λ0I+λ1A+λ2A

2 + · · ·+λn−1A
n−1 (20)

for some coefficients λi.
Hint:

Use the Cayley-Hamilton theorem recursively.




